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Highlights

What are the main findings?
• It is found that under large dynamic flight conditions, including non-horizontal and

non-constant speed flight tracks, the synthetic aperture radar altimeter (SARAL) with a
narrow-beam design is highly susceptible to attitude disturbances, which can lead to the
loss of the nadir echo signal. Although upgrading to a wide-beam architecture improves
robustness against large dynamic motion, it introduces pronounced spatial-variant delay
effects. As a result, conventional SARAL imaging algorithms become inadequate for
accurate imaging under large dynamic and wide-beam flight conditions.

What are the implications of the main findings?
• Under wide-beam illumination, the imaging processing of SARAL must explicitly ac-

count for spatial-variant delay effects. If left unaddressed, these effects degrade imaging
performance and, consequently, reduce the accuracy of terrain elevation extraction. To
this end, a spatial-variant Delay-Doppler (SVDD) method is developed in this work.

• With accurate elevation extraction achieved, the resulting elevation information pro-
vides a reliable foundation for terrain matching and localization. When GNSS-based
positioning systems are degraded or unavailable due to interference, this information
can effectively support localization solutions. This is particularly important during com-
plicated maneuvers, such as takeoff and landing, where robust and reliable positioning
is required.

Abstract

Synthetic aperture radar altimeter (SARAL) directs the radar beam toward the nadir point
of the flight trajectory. It is capable of capturing elevation variations in the terrain of interest.
To ensure that the nadir point remains within the beam coverage under complicated flight
attitudes, a wide beamwidth is necessary. However, the wide beamwidth introduces a
spatial-variant delay problem with respect to different scatters in the along-track direction,
which degrades the accuracy in obtaining the terrain elevation contour. To this end, a
spatial-variant Delay-Doppler (SVDD) algorithm is proposed in this paper. The core
advantage of the proposed algorithm is that an analytical spectrum is obtained through
rigorous mathematical derivation for the wide-beam SARAL geometry. Accordingly, all
correction functions are implemented via complicated multiplications without interpolation
operations. High computational efficiency is therefore ensured. To address the spatial-
variant delay problem, a direct geometric relationship is first established between the
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Doppler frequency and the azimuthal position. Based on this relationship, the spatial-
variant characteristic is mapped from the spatial domain to the Doppler domain. This
mapping is then directly employed to construct the spatial-variant delay correction function.
At the same time, range walk correction and range curve correction are carried out. In such
cases, the variation of the undulating terrain can be recovered from the Delay-Doppler
Map (DDM). Both simulated and raw data of the radar altimeter are applied to verify
the effectiveness of the proposed SVDD algorithm. Comparisons with the conventional
algorithm are also performed to demonstrate the superiority of the SVDD algorithm.

Keywords: wide-beam radar altimeter; spatial-variant coupling; Delay-Doppler Map;
terrain elevation variation

1. Introduction
Radar altimeter is an active microwave remote sensor that can continuously monitor

the wave height estimation of the ocean on a global scale [1–4]. Compared with visible light
and infrared remote sensors, radar altimeters can operate all day and in all weather [5,6].
Since conventional radar altimeters work in real aperture mode, their spatial resolution is
strictly limited by the physical antenna aperture, and the larger the antenna aperture, the
higher the spatial resolution. However, due to the influence of atmospheric turbulence, the
antenna aperture cannot be greatly improved, making it difficult to improve the azimuth
resolution of the radar altimeter [7,8]. At the same time, the height measurement of the
radar altimeter is also susceptible to various unfavorable factors such as environmental
noise and atmospheric disturbances, resulting in limitations in measurement accuracy.
Synthetic aperture radar altimeter (SARAL) introduces a virtual and large aperture in
the along-track direction, fully accounting for the Doppler bandwidth produced by the
movement of the platform, which significantly enhances the along-track resolution [9,10].

The radar altimeter transmits wideband pulses toward the nadir point and improves
range resolution through range compression while maintaining a high signal-to-noise
ratio, thereby obtaining the single-look echo of the target [11]. Compared with synthetic
aperture radar (SAR), SARAL operates in a nadir-looking mode [12,13]. SARAL transmits
multiple pulses to the nadir point within a pulse burst. After Doppler beam sharpening,
the two-dimensional echo signal of SARAL is transformed into the range–Doppler domain
to achieve the point scatter response, which significantly improves the azimuth resolution
compared with conventional radar altimeters [14]. At the same time, SARAL performs
range compression and range migration correction on the echo signal, obtaining multiple
echoes of the same target. By applying incoherent integration, multi-look echoes of the
target are generated, which effectively improve the echo signal-to-noise ratio compared
with single-look echoes, thereby enhancing the accuracy of target height measurement [15].
Since the echo signal of the range–Doppler domain can reflect terrain undulations, the
echo signal processing of SARAL is referred to as SARAL imaging. The echo signal of the
range–Doppler domain is usually called DDM. Therefore, SARAL imaging is also known
as Delay-Doppler imaging [3].

The DDM contains the terrain elevation information, which is capable of reflecting
the elevation variation in high spatial resolution [3]. While the movement of the aircraft
brings about high along-track resolution, it also introduces a range migration problem. The
range between the aircraft and a fixed ground point scatter varies as the aircraft moves,
affecting the DDM image. To this end, SARAL utilizes azimuth Doppler information to
remove the range migration [16,17]. Compared with conventional radar altimeters, SARAL
can obtain continuous terrain elevations. By matching the terrain undulations derived
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from SARAL with a Digital Elevation Model (DEM), it plays an important role in enabling
autonomous localization of aircraft. Therefore, studying the DDM imaging of SARAL is of
significant importance.

Localization requires matching with the terrain contour information. To extract the
terrain information, tracking processing is necessary. Due to the influence of echo noise
and instrumental thermal noise on the radar echo signal, it is necessary to perform tracking
processing on the echoes to obtain estimates of the observed parameters from the noisy
echoes [18]. Echo tracking can be divided into two parts, namely elevation tracking and
elevation retracking [19]. The purpose of elevation tracking is to capture the echo sig-
nal and achieve coarse tracking of the elevation. Retracking involves further processing,
using the energy distribution or shape of the echo to achieve more accurate elevation
measurements. Utilizing the echo tracking, the radar altimeter can determine the above-
ground level between the radar and the nadir point, thereby obtaining the elevation of the
ground terrain.

In conventional SARAL, a narrow beamwidth is preferred to avoid interference. How-
ever, for a fixed single-antenna system, complicated flight trajectories may cause the nadir
point to fall outside the beam coverage. In addition, conventional echo tracking is built
for flat terrains. In undulating terrains, the models become mismatched, resulting in el-
evation tracking failure [20]. To address this, the tracking gate can be pre-adjusted by
detecting large-scale terrain information using a wide beam, reducing the loss rate and
improving tracking performance. However, a wide beamwidth introduces a significant
azimuth spatial-variant problem. The core limitation of the conventional SARAL imag-
ing algorithm [15] lies in neglecting the spatial-variant delay introduced by wide beam
illumination. Under narrow-beam conditions, the slant range variation with azimuth is
negligible. However, with a wide beamwidth, the slant range varies significantly with
azimuth position. Consequently, pronounced spatial-variant delay is introduced. When
applied to wide-beam systems, the conventional algorithm therefore suffers from azimuth
defocusing and geometric distortion in the DDM.

Mature algorithms have been developed in SAR imaging to correct spatial-variant
phase errors caused by high squint angles [21–30]. However, these algorithms address the
coupling between azimuth frequency and range induced by squint. In SARAL, the problem
is the spatial-variant delay in the range dimension itself. Such a delay arises purely from
geometry, since different scatters within a wide nadir-pointing beam have different slant
ranges even at identical elevations. Therefore, existing SAR algorithms are not suitable for
the SARAL scenario. A dedicated algorithm for wide-beam SARAL imaging is accordingly
required. A preliminary concept for wide-beam SARAL imaging was introduced in the
authors’ previous work [31]. However, that study was limited to a simplified motion
model without acceleration and relied solely on simulated point targets for validation.
In practice, during takeoff and landing, aircraft do not maintain horizontal flight and
exhibit acceleration. This makes range migration more challenging than under typical flight
conditions. Motion errors can be partially corrected by onboard inertial navigation systems
for envelope errors, while phase errors are compensated using autofocus methods [32–35].

In this paper, an SVDD algorithm is proposed to accommodate the wide beamwidth of
SARAL and non-typical flight conditions, including non-horizontal and non-constant speed
flight tracks. The paper first derives a full spectrum for SARAL under the condition of the
wide beamwidth. Utilizing the spectrum, the effects of multiple conditions can be removed
in turn. Aiming at the range migration problem of non-typical flight conditions, the range
walk correction function and range curve correction function are derived in this paper.
Accurate range migration correction is possible. At the same time, range compression and
Doppler center compensation can also be achieved during the range migration correction
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process. For the problem of the wide beamwidth, a spatial-variant delay correction function
is constructed based on the relationship between the Doppler frequency and azimuthal
position for each Doppler channel in this paper. It successfully eliminates the impact of
the wide beamwidth on imaging. After step-by-step corrections, accurate DDM imaging
can be achieved. The elevation variation can be recovered even for the undulating terrain.
In the experiments, the effectiveness and superiority of the proposed SVDD algorithm
are verified by the simulated data and raw data of the radar altimeter compared with the
conventional algorithm.

2. Geometry and Signal Model of Airborne Synthetic Aperture
Radar Altimeter

Figure 1 demonstrates the geometry of airborne SARAL in a non-linear trajectory. The

aircraft moves along the curve
⌢

ABC. Under the “Stop-Go” assumption, the range to fast
time is denoted as τ, the azimuth to slow time is denoted as η. In practice, the aircraft may
be in non-horizontal and non-constant speed flight. The non-linear trajectory increases the
complexity of the aircraft’s motion characteristics. Therefore, these characteristics must
be carefully accounted for in the imaging algorithm to ensure accurate recovery of the
elevation variation in the intended Delay-Doppler domain.
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Figure 1. Imaging geometry of airborne SARAL.

In the non-linear trajectory, the velocity may be in an arbitrary direction, which can
be denoted as vx and vz, as shown in Figure 1 in an instantaneous plane on XOZ. When
η = 0, the aircraft is located at position B, the coordinate is (x0, y0, h0), where the velocity
vector is (vx0, 0, vz0), and the acceleration vector is (ax, 0, az). At this time, the nadir point
of the aircraft is O, the coordinate is (x0, y0, 0). For the sake of detection flexibility, the radar
beam in this paper can also be directed to any point in the along-track direction. In Figure 1,
Rx denotes the slant range between the radar and target at azimuth position xp, θs denotes
the angle between the center of the beam and the nadir point, hp is the ground elevation of
point scatter P. For any point scatter P on the ground, the coordinate is

(
x0 + xp, y0, hp

)
.

The definitions and units of all symbols used in this paper are summarized in Table A1 in
Appendix A. The aboveground level hx can be expressed as

hx = h0 − hp (1)
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where h0 denotes the initial flight elevation of the aircraft. When the aboveground level
hx is achieved accurately, the ground elevation hp can be obtained as hp = h0 − hx. By
measuring sequential hx, SARAL can obtain the ground elevation variation.

The instantaneous range between the radar and the point scatter R can be expressed as

R(η) =

√(
vx0η +

1
2

axη2 − xp

)2
+ (hx + vz0η +

1
2

azη2)
2

=
√

R2
x + µ1η + µ2η2 + µ3η3 + µ4η4

(2)

where the second equation is expanded up to η4 in the square root, with the coefficients
expressed as

Rx =
√

x2
p + hx

2

µ1 = −2(vx0xp − vz0hx)

µ2 = v2
x0 + v2

z0 − axxp + azhx

µ3 = vx0ax + vz0az

µ4 = 1
4 (a2

x + a2
z)

(3)

To facilitate the following range migration correction, the range equation in (2) is fur-
ther approximated out of the square root and up to η2. The range model can be expressed as

R(η) ≈ Rx + Aη + Bη2 (4)

where the high orders are ignored, and there are

A = µ1
2Rx

B = µ2
2Rx

− µ2
1

8R3
x

(5)

where A denotes the range walk rate, and B denotes the range curve rate. It can be seen
that the range walk rate and range curve rate are affected by the speed and acceleration of
the aircraft.

In order to evaluate the error caused by the approximation in (4), a numerical evalua-
tion is performed. The approximation error in (4) can be expressed as the envelope error
and phase error. The envelope error and the phase error can be respectively expressed as

∆R = R(η)−
(

Rx + Aη + Bη2
)

(6)

∆φ =
4π

λ
R(η)− 4π

λ

(
Rx + Aη + Bη2

)
(7)

where λ denotes the wavelength. Commonly, the SARAL is supposed to operate in the X
band. The pulse bandwidth of SARAL is 10 MHz. The aircraft is flying at an elevation of
three kilometers and at a speed of 150 m/s. According to the calculation, it can be seen that
the envelope error generated by the approximation is on the order of 10−6 m. The envelope
error is much less than the one-quarter range resolution unit (6 m). Again, the phase error
is on the order of 10−2, far less than π/4. Therefore, the approximation in (4) is accurate
enough and will not affect the image quality.

It can be noted from (5) that the range walk rate A is related to azimuthal position xp

and changes along the range with xp. A range walk rate varying with azimuthal position
will lead to different range walk momentum of scatters in different azimuths. To evaluate
the effect of spatial-variant range walk, the range walk difference requires detailed analysis.
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The range walk difference between the nearest point and the farthest point of the scene can
be expressed as

∆Rw
(
xp, η

)
= A

(
xp = xmax

)
· η − A

(
xp = 0

)
· η (8)

where xmax denotes the position at the farthest end of the scene. When the range walk
difference between the farthest and nearest points in the scene exceeds the one-quarter
range resolution unit, a range response widening phenomenon will occur. The widening
phenomenon caused by the spatial-variant range walk can be prevented by using different
range walk correction on the data of different range gates during imaging processing.
However, the spatial-variant range walk correction will increase the complexity of the
operation. Therefore, the synthetic aperture length can be adjusted in synthetic aperture
imaging to ensure that the range walk difference ∆Rw

(
xp, η

)
does not exceed the one-

quarter range resolution unit. In such a case, the spatial-variant range walk error can be
neglected. It allows for utilizing the range walk rate at the nearest range Rre f for completing
the range walk correction.

In order to analyze the effect of spatial-variant caused by the wide beamwidth, the
range difference within the beam between the nearest and farthest points in the scene is
given as

∆Rx = Rx(xmax)− Rx(0) (9)

Conventionally, the beamwidth is narrow, and the spatial-variant range difference
within the beam is less than one-quarter range resolution unit, which can be neglected.
However, when the beamwidth is wide, the spatial-variant range difference within the
beam cannot be ignored and requires further correction. It is necessary to develop a
spatial-variant delay correction function in the wide-beam applications.

3. Spatial-Variant Delay-Doppler Imagery for Synthetic Aperture
Radar Altimeter

Since this paper considers wide-beam imaging under non-horizontal flight conditions,
it is necessary to correct the spatial-variant range differences caused by the wide beamwidth,
as described in (9). Before performing the spatial-variant delay correction, we also need to
remove the range walk and range curve mentioned in (4). In the following, we provide a
detailed derivation of the imaging correction under wide-beam conditions. The focus is on
the derivation of spatial-variant delay correction and its effective compensation.

In general, the SARAL transmits linear frequency modulated pulses to the terrain of
interest, and the echoes are collected. The demodulated echo signal for a given point scatter
within the terrain of interest can be expressed as

s0(τ, η) = wr

(
τ − 2R(η)

c

)
wa(η) · exp

{
−j 4π f0R(η)

c

}
exp

{
jπKr

(
τ − 2R(η)

c

)2
}

(10)

where R(η) denotes the instantaneous range between the radar and the point scatter under
different slow time conditions, wr(·) denotes the range envelope. Commonly, after range
compression, wr(·) is a Sinc function [36]. In (10), wa(·) denotes the azimuth envelope.
wa(·) is determined by the azimuth antenna pattern and is generally a Sinc function [36].
Kr is the modulation frequency of the linear frequency modulated signal, f0 is the carrier
frequency, and c is the speed of light.

The following provides a detailed derivation of the SVDD algorithm. The SVDD
algorithm consists of four modules, namely range walk correction, range curve correction,
spatial-variant delay correction and DDM image formation.
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3.1. Range Walk Correction

Firstly, to decouple the linear coupling between the range–frequency and azimuth–
time domain, range walk correction is required. In (4), Aη is considered to be a range
walk. To achieve the range walk correction, a range walk correction function needs to
be constructed. To construct this function, it is necessary to perform a range fast Fourier
transform (FFT) on the echo signal represented by (10). The echo signal in the range
compression domain can be expressed as

s0( fτ , η) = Wr( fτ)wa(η) · exp
{
−j 4π( f0+ fτ)R(η)

c

}
exp

{
−jπ f 2

τ
Kr

}
(11)

where fτ denotes the range frequency, Wr( fτ) denotes the frequency-domain expression
of wr(τ). The first phase in (11) represents the target position term, reflecting the distance
information between the radar and the target, while also containing the effect of the range
walk. The second phase is the range modulation term, which needs to be removed using
range compression. Since range compression can be achieved through a frequency domain
filter in the range compression domain, it can be performed simultaneously with range
walk correction. Then, the function for range walk correction can be expressed as

H1( fτ , η) = exp
{

j4π
( fτ + f0)

c
Are f η

}
exp

{
jπ

f 2
τ

Kr

}
(12)

where Are f denotes the range walk rate at the nearest range Rre f . The function for the range
walk correction can effectively reduce the linear coupling and shift the Doppler spectrum
closer to the zero frequency. The range compression can be simultaneously executed. Then
multiplying (11) and (12), the echo signal in the range compression domain can be given as

s1( fτ , η) = Wr( fτ)wa(η) · exp
{
−j

4π( f0+ fτ)(R(η)−Are f η)
c

}
(13)

Substituting the approximated range equation in (4) into (13), the echo signal can be
expressed as

s1( fτ , η) = Wr( fτ)wa(η) · exp
{
−j

4π( f0+ fτ)(Rx+Aη+Bη2−Are f η)
c

}
(14)

Commonly, since the range walk difference between the nearest point and the farthest
point of the scene does not exceed one-quarter range resolution unit, the range walk
difference can be ignored. Therefore, (14) can be expressed as

s1( fτ , η) = Wr( fτ)wa(η) · exp
{
−j 4π( f0+ fτ)

√
R2

x+2Rx Bη2

c

}
(15)

It can be noted from (15) that the range walk in the range compression domain has been
removed. The next step is to perform range curve correction, secondary range compression
and cubic phase compensation to further correct the range migration and remove the
range defocusing.

3.2. Range Curve Correction

Secondly, to ensure the accuracy of the imaging, range curve correction needs to be
completed. In (4), Bη2 is considered to be a range curve. A range curve correction function
needs to be constructed. Since range curve correction is performed in the two-dimensional
frequency domain, the principle of the stationary phase is utilized to perform FFT in the
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azimuth domain on (15). Therefore, the spectrum in the two-dimensional frequency domain
of a point scatter of interest can be obtained as

S1( fτ , fη ; Rx) = Wr( fτ)Wa( fη) · exp

{
−j4πRx

√(
fτ+ f0

c

)2
−
(

fη

2
√

2Rx B

)2
}

(16)

where fη denotes the azimuth frequency, Wa( fη) denotes the frequency-domain expression
of wa(η). To facilitate subsequent range curve correction, the phase in (16) is expanded
around fτ = 0 using a Taylor series. The expansion is valid under the large time-bandwidth
product condition. Let D = c fη/(2

√
2RxB). The phase can be rewritten as

Φ = − 4πRx
c ( f0 + fτ)

√
1 −

(
D

f0+ fτ

)2
. (17)

Define α = D/ f0 and expand 1/(1 + fτ/ f0) as

1
1+ fτ/ f0

= 1 − fτ

f0
+ f 2

τ

f 2
0
− f 3

τ

f 3
0
+ · · · . (18)

Expand the square root term using the binomial series
√

1 − x = 1 − 1
2 x − 1

8 x2 − · · ·,
retaining terms up to f 3

τ . After multiplication and collecting terms of the same power in fτ ,
the following expression is obtained as

Φ( fτ , fη ; Rx) = ϕ0( fη ; Rx) + ϕ1( fη ; Rx) fτ + ϕ2( fη ; Rx) f 2
τ + ϕ3( fη ; Rx) f 3

τ + · · · . (19)

The explicit expressions for ϕ0 through ϕ3 can be expressed as

S1( fτ , fη ; Rx) = Wr( fτ)Wa( fη)·

exp
{

j
(

ϕ0( fη ; Rx) + ϕ1( fη ; Rx) fτ + ϕ2( fη ; Rx) f 2
τ + ϕ3( fη ; Rx) f 3

τ

)} (20)

where ϕ0
(

fη ; Rx
)
, ϕ1
(

fη ; Rx
)
, ϕ2
(

fη ; Rx
)

and ϕ3
(

fη ; Rx
)

are the azimuth modulation term,
the range migration term, the secondary range compression term, and the cubic term. The
specific expressions are given as

ϕ0
(

fη ; Rx
)
= − 2πRx√

2Rx B

√
2RxB

(
2 f0

c

)2
− f 2

η

ϕ1
(

fη ; Rx
)
= − 4π

c
Rx√

1− fηM

ϕ2
(

fη ; Rx
)
= − 2πRx fηM

c f0(1− fηM)
3
2

ϕ3
(

fη ; Rx
)
= − 2πRx fηM

c f 2
0 (1− fηM)

5
2

(21)

where fηM = c2 f 2
η /(8RxB f 2

0 ) is a dimensionless composite variable introduced to simplify
the expression and to evaluate the validity of the binomial expansion. It represents the
normalized square of the Doppler frequency relative to the system parameters.

The reference range Rre f can be used to construct a secondary range compression term
and compensate for the cubic phase to remove range defocusing. According to (20), the
secondary range compression and cubic phase compensation function can be given as

H2
(

fτ , fη

)
= exp

{
−jϕ2

(
fη ; Rre f

)
f 2
τ

}
· exp

{
−jϕ3

(
fη ; Rre f

)
f 3
τ

}
(22)
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After range walk correction is completed by (12), and given that the spatial-variant
range curve effect is negligible, the residual range migration term ϕ1

(
fη ; Rx

)
by using

binomial expansion can be approximated as

ϕ1
(

fη ; Rx
)
= −4π

c
Rx√

1 − fηM

≈ −4π

c

(
Rx +

1
2

Rre f fηM

)
(23)

According to (23), the range curve correction function can be given as

H3
(

fτ , fη

)
= exp

{
2π

c
Rre f fηM fτ

}
(24)

Then, multiplying (20), (22) and (24), the spectrum expression after secondary range
compression, cubic phase compensation, and range curve correction can be given as

S3
(

fτ , fη ; Rx
)
= Wr( fτ)Wa

(
fη

)
· exp

{
−j
(

4πRx
c fτ − ϕ0

(
fη ; Rx

))}
(25)

3.3. Spatial-Variant Delay Correction

Thirdly, in this paper, the spatial variant caused by the wide beam is the most important
problem that needs to be addressed. A correction function also needs to be constructed to
address this problem, as shown in (29). Before constructing the function, it is necessary to
perform the range inverse fast Fourier transform (IFFT) on (25) to transform the signal to
the Delay-Doppler domain. The Delay-Doppler domain signal can be expressed as

s3
(
τ, fη ; Rx

)
= pr

(
τ − 2Rx

c

)
Wa
(

fη

)
exp

{
jϕ0
(

fη ; Rx
)}

(26)

where pr(·) denotes the range envelope after range compression and secondary range
compression. Commonly, pr(·) is a Sinc function with a narrower main lobe [36]. It can
be noted from (26) that the delay of point scatter echoes at different azimuthal positions is
located at the range gate Rx after secondary range compression, cubic phase compensation,
and range curve correction. The range of the point scatter varies with the azimuthal position
xp. Point scatters with the same range unit yet different azimuthal positions will appear
in different range units after processing. Consequently, the spatial variant will lead to
geometric deformation in the range direction. In order to solve the spatial-variant problem,
it is necessary to correct point scatters in different azimuth positions to the same range unit
by the spatial-variant delay correction.

The spatial-variant delay correction function is constructed according to the rela-
tionship between the Doppler frequency and the azimuth position. The coarse Doppler
frequency for point scatters located at different range units can be expressed as

fη =
2v cos θ

λ
(27)

where v and θ denote the flight speed of the aircraft and the squint angle of each point
scatter. As shown in Figure 1, the geometric relationship between the azimuthal position
and the Doppler frequency can be expressed as

xp = tan
(

θs − arccos
(

fηλ

2v

))
h0 (28)
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According to the relationship between xp and fη , the spatial-variant delay correction
function H4 can be written as

H4
(

fτ , fη

)
= exp

j
4π

(√
h0

2+
(

tan
(

θs−arccos
( fη λ

2v

))
h0

)2
−h0

)
c fτ

 (29)

Then, by applying the IFFT to process the product of (25) and (29) along the range
direction, the echo signal can be derived as

s4(τ, fη) = pr

(
τ − 2hx

c

)
Wa
(

fη

)
exp

{
ϕ0

(
fη ; Rre f

)}
(30)

It can be noted from (30) that the echo delay is located at hx, where hx denotes a
series of continuous aboveground level heights. The echo delay is only related to the
aboveground level hx, but not to the azimuthal position xp. The geometric deformation in
the range direction caused by the wide beamwidth is removed.

3.4. DDM Image Formation

Finally, to obtain an accurate DDM, the DDM image formation module is achieved.
According to (10), after the correction of H1( fτ , η) in (12), H2

(
fτ , fη

)
in (22), H3

(
fτ , fη

)
in

(24), and H4
(

fτ , fη

)
in (29), (30) can be obtained, and the range migration of the echo signal

has been fully corrected. Further compensation for the residual phase can then be applied
to achieve DDM image formation.

To construct the residual phase correction function, performing azimuth IFFT on the
signal is required to transform the signal into the two-dimensional time domain. The signal
in the two-dimensional time domain can be given as

s4(τ, η) = pr

(
τ − 2hx

c

)
wa(η) exp

{
−j

4π(R0+Bη2)
λ

}
(31)

According to (31), the phase that performs the azimuth Dechirp and compensates for
the residual phase of the echo signal can be expressed as

H5(τ, η) = exp

{
j
4π
(

R0 + Bη2)
λ

}
(32)

Next, by applying the azimuth FFT to process the product of (31) and (32), the echo
signal can be derived as

s5(τ, fη) = pr

(
τ − 2hx

c

)
Wa
(

fη

)
(33)

The DDM image can be obtained as in (33), where hx denotes a series of continuous
aboveground level heights, fη denotes the Doppler frequency representing the azimuthal
position. Then, the terrain elevation information can be obtained according to hp = h0 − hx.

4. Processing Procedure of Spatial-Variant Delay-Doppler Imagery
Figure 2 demonstrates the processing procedure of the proposed SVDD algorithm. The

algorithm framework consists of four modules, namely range walk correction, range curve
correction, spatial-variant delay correction and DDM image formation. The demodulated
echo data, after being processed through four modules, can yield a DDM image that reflects
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the undulations of the terrain. Details about the processing procedure in each module are
as follows.

Echo data

Two-dimensional IFFT

Azimuth FFT

DDM

Azimuth FFT

Range FFT

Range compression

   Doppler center compensation 

Range walk correction

Secondary range compression

Cubic phase compensation

Range curve correction

Spatial-variant delay correction

Azimuth Dechirp

Spatial-Variant Delay Correction Module

Range Curve Correction Module

Range Walk Correction Module

DDM Image Formation Module

 1 ,H f 

 2 ,H f f 

 3 ,H f f 

 4 ,H f f 

 5 ,H  

Figure 2. Processing procedure of proposed spatial-variant Delay-Doppler algorithm.

4.1. Range Walk Correction

The range walk correction module achieves range compression, Doppler center com-
pensation, and range walk correction. Through range FFT, the echo data in (10) is first
converted to the range compression domain. Then, the correction function H1( fτ , η) in (12)
is used to implement the correction processing.

4.2. Range Curve Correction

The range curve correction module achieves secondary range compression, cubic phase
compensation, and range curve correction. Through azimuth FFT, the range compression
domain signal processed by the range walk module is converted to the two-dimensional
frequency domain. The correction function H2

(
fτ , fη

)
in (22) is used to realize secondary

range compression and cubic phase compensation. The range curve correction is performed
using the correction function H3

(
fτ , fη

)
in (24).

4.3. Spatial-Variant Delay Correction

The spatial-variant delay correction module realizes the spatial-variant delay correc-
tion. It can remove the influence of spatial-variant caused by the wide beamwidth on the
DDM image. The two-dimensional frequency signal processed by the range curve module
is multiplied with the correction function H4

(
fτ , fη

)
in (29) to realize the spatial-variant

delay correction.
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4.4. DDM Image Formation

The purpose of the DDM image formation module is to obtain the final DDM image.
Therefore, it is necessary to carry out two-dimensional IFFT for the two-dimensional
frequency domain signal processed by the spatial-variant delay correction module. In the
two-dimensional time domain, the residual phase is compensated using the correction
function H5(τ, η) in (32). Through azimuth FFT, the compensated signal is transformed
into the Delay-Doppler domain to obtain the DDM.

After processing through the four modules, the corrected DDM can be obtained,
with the spatial-variant caused by the wide beam already corrected. In the following, the
effectiveness and superiority of the proposed algorithm are experimentally validated using
both simulated and raw data.

5. Experiments
In this section, the effectiveness and superiority of the SVDD algorithm will be vali-

dated by using simulated data and raw data. The effectiveness is validated by comparing
the terrain extracted from the DDM after processing with the real terrain, and the supe-
riority is verified through a comparison with conventional algorithms. In the simulated
data experiments, the point scatter imaging experiments are carried out first to image the
different point scatter in the flat scene. Then, the Digital Elevation Model (DEM) is used
to generate the simulated data of the real terrain. The simulated imaging experiments are
carried out. At the same time, experiments under long coherent conditions were also added
to ensure the rigor of the validation. In the raw data experiments, the collected echoes are
processed to verify the performance of the proposed SVDD algorithm.

5.1. Simulated Data Experiments
5.1.1. Point Scatter Simulation Experiments

To validate the effectiveness of the azimuth imaging of the proposed algorithm in the
case of the wide beamwidth, the point scatter experiments are carried out for the center
point and edge points of the beam. The simulated radar parameters are given in Table 1.
The proposed algorithm is compared with the conventional SARAL imaging algorithm [15].
The simulation scenario depicting a point scatter for the airborne SARAL is illustrated in
Figure 1. The flight path is equipped with three point scatters, where x1 and x3 represent
the edge point scatters, while x2 represents the beam center point scatter. The elevation of
the aircraft is 3100 m, and the distance between point scatters is 2000 m.

Table 1. Parameters of simulated data experiments.

Parameter Value

Centered Frequency X-band
Pulse Repetition Frequency (PRF) 220 kHz

Pulse Width 0.9 µs
Pulse Bandwidth 10 MHz

Imaging Squint Angle 10◦

Radar Beamwidth 50◦

Signal-to-noise Ratio 10 dB
Vertical Initial Speed −50 m/s

Horizontal Initial Speed 87 m/s
Vertical Acceleration −4.9 m/s2

Horizontal Acceleration 4.9 m/s2

Flight Elevation 3.1 km
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The imaging results of scene edge points x1 and x3, as well as the scene center point x2,
were analyzed in order to validate the imaging focusing performance. Figure 3 shows the
azimuth profile results of scene edge points x1, x3 and the scene center point x2 obtained by
the conventional algorithm and the SVDD algorithm. It can be seen from the azimuth profile
of the conventional algorithm that the neglect of azimuth spatial-variant in echo delay
leads to the increase of the first zero point and first sidelobe. The increase causes the loss
of peak sidelobe ratio (PSLR) and integrated sidelobe ratio (ISLR), thereby impacting the
azimuth resolution. The first sidelobe of the azimuth profile obtained by the conventional
algorithm is asymmetrical. The most important difference between the proposed SVDD
algorithm and the conventional algorithm lies in the spatial-variant delay correction. By
considering the influence of azimuth spatial-variant on echo delay, both the first sidelobe
and the first zero point are effectively reduced. The first sidelobe of the azimuth profile
obtained by the SVDD algorithm is symmetrical.
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Figure 3. The azimuth profile results of the points obtained by conventional algorithm and SVDD
algorithm. (a) Point x1. (b) Point x2. (c) Point x3.

The performance evaluation of the conventional algorithm and the SVDD algorithm
is presented in Table 2, which includes the PSLR and the ISLR for both point scatters
at the center and edge of the scene. It can be observed that for both PSLR or ISLR, the
value obtained by the SVDD algorithm is smaller than that obtained by the conventional
algorithm. The result demonstrates the effectiveness of the proposed SVDD algorithm.

Table 2. Results of imaging quality indices for point scatters.

Index Scatter Conventional Proposed

PSLR (dB)
x1 −11.27 −15.78
x2 −11.66 −15.31
x3 −12.02 −14.79

ISLR (dB)
x1 −9.29 −11.29
x2 −9.49 −11.06
x3 −9.61 −10.75

In general, it can be seen from the point scatter experiments that the proposed SVDD
algorithm is superior to the conventional algorithm in effect. In the next step, the DEM-
based simulation experiments will be carried out to further verify the superiority of the
proposed SVDD algorithm.

5.1.2. DEM-Based Simulation Experiments

In order to further verify the effectiveness of the SVDD algorithm, the proposed algo-
rithm is used to process the DEM-based simulated data. The simulated data is generated
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from the real ground elevation in the DEM. By processing the simulated data, DDM re-
flecting the ground elevation variation can be obtained. The performance of the imaging
algorithm can be verified by comparing the real ground elevation variation with the ex-
tracted ground elevation variation from the DDM. The experimental parameters are the
same as the parameters of the point scatter experiments in Table 1. The number of coherent
pulses is 128. The conventional SARAL imaging algorithm [15] is compared with the SVDD
algorithm in this paper. The simulation experiments are carried out for the terrain with
small undulation and large undulation, respectively. Figure 4 demonstrates the DEMs of
two terrains used in the experiments, where the indicated line represents the flight path of
the aircraft.

Figure 4. DEM of the terrain. (a) Small undulation. (b) Large undulation.

To verify the imaging quality, elevation retracking is necessary after imaging to com-
pare the extracted contour with the real ground elevation variation. Different from the
conventional SARAL retracking process, in order to obtain the continuous terrain contour,
the elevation of each Doppler channel is extracted instead of multi-view processing. Re-
tracking methods can be divided into parametric model-based methods and non-parametric
energy-based methods. The parametric model-based method fits the echo with the model
and inverts the model parameters to obtain the elevation data. The most commonly used
model is the Brown model at present [37,38]. Common fitting methods include Least
Squares (LS) and the Maximum A Posteriori (MAP) method, which can effectively extract
ground elevations [18,39–42]. Non-parametric energy-based methods often use the Offset
Center of Gravity (OCOG) method, which only fits according to echo energy [43]. Since
retracking algorithms are not the focus of this paper, the subsequent experiments adopt the
OCOG algorithm for elevation retracking.

Figure 5 shows the imaging results of the terrain with small undulation. Figure 5a
is the original DDM after range compression only. Figure 5b,c are the DDM images
sequentially processed by the two functions H1 and H4 presented in the proposed SVDD
algorithm, respectively. To more intuitively demonstrate the imaging effects, the red
auxiliary line is added to indicate the truth of the ground terrain variation. Figure 6 shows
the imaging results of the terrain with large undulation. It can be seen that after each
correction function, DDM is gradually closer to the real terrain elevation. After the H1

function correction, the Doppler center frequency is moved to the zero Doppler position.
After the H4 correction, the azimuth spatial-variant delay is corrected effectively. In the
short-CPI case, the main factors affecting imaging quality are range walk correction and
spatial-variant delay correction. The effects of secondary range compression and range
curve correction are negligible in this scenario. Due to Doppler bandwidth ambiguity,
the terrain variation on the right side of DDM is different from the real terrain variation.
Figure 7 shows the elevation retracking results after the conventional algorithm and the
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SVDD algorithm of the terrain with small undulation. Figure 8 shows the elevation retracking
results of the terrain with large undulation.
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Figure 5. The terrain with small undulation imaging result of short coherent processing interval
(128 coherent pulses). (a) Imaging result before processing. (b) Imaging result after function H1

processing. (c) Imaging result after function H4 processing.
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Figure 6. The terrain with large undulation imaging result of short coherent processing interval
(128 coherent pulses). (a) Imaging result before processing. (b) Imaging result after function H1

processing. (c) Imaging result after function H4 processing.
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Figure 7. Contour extraction results of the terrain with small undulation.
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Figure 8. Contour extraction results of the terrain with large undulation.

Table 3 shows the Root Mean Square Error (RMSE) results of contour extraction for
two kinds of terrain. It can be seen that the RMSE of the terrain with small undulation and
large undulation after SVDD processing is smaller than that after conventional processing.
The conventional algorithm only carries out Doppler center correction and range migration
correction, and does not consider the spatial-variant of the wide beamwidth. Consequently,
the imaging effect is poor. It results in a big difference between the extracted contour
and the real ground contour. The SVDD algorithm removes the spatial-variant delay; the
extracted contour is consistent with the real ground contour.

Table 3. RMSE results of contour extraction for two imaging algorithms under short coherent
processing interval.

Terrain Type Conventional SVDD

Terrain with small undulation 91.92 m 10.80 m
Terrain with large undulation 94.92 m 15.34 m

Experimental results show that the SVDD algorithm has the advantage of imaging un-
der the condition of the wide beamwidth, and can reflect elevation variation with a DDM.

5.1.3. Long Coherent Processing Interval Experiment

In order to verify the performance of the imaging algorithm with a long coherent
processing interval (CPI), experiments with 1024 coherent pulses are carried out. The
OCOG method is used for elevation retracking. The experimental parameters are the
same as the parameters of the point scatter experiments in Table 1. Figure 9 shows the
experimental results of the terrain with a small undulation of long CPI. Figure 9a shows
the DDM after range compression only. Figure 9b shows the DDM after processing by the
SVDD algorithm. Figure 9c shows the DDM after processing by the conventional algorithm.
The added red auxiliary line represents the truth of the ground terrain variation. Figure 9d
shows the comparison results between the extracted ground contour and the real ground
contour. Figure 10 shows the experimental results of the terrain with a large undulation of
long CPI.
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Figure 9. The terrain with small undulation imaging result of long coherent processing interval
(1024 coherent pulses). (a) Imaging result before processing. (b) Imaging result after SVDD process-
ing. (c) Imaging result after conventional processing. (d) Contour extraction results.
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Figure 10. The terrain with large undulation imaging result of long coherent processing interval
(1024 coherent pulses). (a) Imaging result before processing. (b) Imaging result after SVDD process-
ing. (c) Imaging result after conventional processing. (d) Contour extraction results.
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Table 4 shows the contour extraction results of DDM after two imaging processes. The
RMSE of the SVDD algorithm is smaller than that of the conventional algorithm. For the
terrain with small undulation, the RMSE of the extracted elevation is 17.44 m, while for
the terrain with large undulation, the RMSE is 16.70 m. This slight decrease in extraction
accuracy for larger undulations can be attributed to two primary factors. First, a longer
coherent integration time increases the sensitivity to residual uncorrected motion errors
and phase noise. Such errors, while negligible under short-CPI conditions, accumulate
over longer integration periods. Consequently, a slight degradation in DDM quality is
observed for highly complicated terrain. Second, the OCOG retracking algorithm, though
robust, is a non-parametric method whose performance is directly influenced by the shape
of the returned echo. In highly undulating terrain, the returned echo often exhibits a multi-
peak nature because multiple scattering centers at different elevations are simultaneously
illuminated within the same wide beam. This introduces ambiguities in leading-edge
detection, to which the energy-based OCOG algorithm is particularly susceptible. Despite
this slight decrease, the extracted elevations still show high similarity to the real terrain
elevation and can effectively reflect the ground elevation variation. Compared with short
CPI, the terrain coverage in long CPI has little change, as the extraction range is mainly
determined by beamwidth. However, the number of Doppler channels in long CPI is larger,
enabling a more detailed representation of ground elevation variation.

Table 4. RMSE results of contour extraction for two imaging algorithms under long coherent
processing interval.

Terrain Type Conventional SVDD

Terrain with small undulation 76.14 m 17.44 m
Terrain with large undulation 87.30 m 16.70 m

In general, the results provide empirical evidence for the effectiveness of the proposed
SVDD algorithm. The proposed SVDD algorithm can realize SARAL imaging under
the condition of the wide beamwidth in both long and short CPI. The obtained high-
accuracy DDM can reflect the ground elevation variation, which can be extracted by the
OCOG method.

5.2. Raw Data Experiments

In the experiments, the raw data is utilized to verify the superior imagery performance
of the proposed SVDD algorithm. The radar parameters are given in Table 5. Figure 11
demonstrates the DEM in the experiments, where the indicated line represents the flight
path of the aircraft.

Table 5. System parameters for the raw data.

Parameter Value

Band X-band
Pulse Repetition Frequency (PRF) 12.5 kHz

Pulse Width 0.9 µs
Pulse Bandwidth 10 MHz

Imaging Squint Angle 0◦

Imaging Beamwidth 50◦

Vertical Initial Speed 0 m/s
Horizontal Initial Speed 33 m/s
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Table 5. Cont.

Parameter Value

Vertical Acceleration 0 m/s2

Horizontal Acceleration 0 m/s2

Flight Elevation 3 km

Figure 11. DEM of raw data experiments.

Figure 12 shows the experimental results of the raw data. Figure 12a shows the
DDM after range compression only. Figure 12b shows the DDM after the SVDD algorithm
processing. Figure 12c shows the DDM after the conventional algorithm processing. The
added red auxiliary line represents the truth of the ground terrain variation. Figure 12d
shows the comparison results between the extracted ground contour by the OCOG method
and the real ground contour. Because Doppler band ambiguities exist in the DDM, elevation
retracking during contour extraction is performed only on Doppler channels that are free
of ambiguity. The results show that the DDM obtained using the conventional algorithm
is quite similar to the DDM after range compression. The aircraft is in level flight, and
the movement distance is short. Therefore, the range migration caused by motion had
a minor impact on the DDM. The conventional imaging algorithm only considered the
range migration caused by motion, leading to poorer imaging quality. In contrast, the
SVDD algorithm takes into account the spatial-variant caused by the wide beamwidth,
enabling accurate DDM imaging that reflects the real undulations of the ground. The RMSE
of contour extraction using the conventional algorithm is 177.42 m, while the RMSE of
contour extraction using the SVDD algorithm is 32.60 m. It can be seen that, even when
applied to the raw data, the processing flow presented in this paper remains effective. The
obtained ground elevation variations are consistent with the real elevation variation.
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Figure 12. Raw data imaging result. (a) Imaging result before processing. (b) Imaging result after
SVDD processing. (c) Imaging result after conventional processing. (d) Contour extraction results.

6. Conclusions
Aiming at the spatial-variant problem of airborne SARAL under wide beamwidth

conditions, the proposed SVDD algorithm realizes azimuth spatial-variant delay correction
and obtains accurate DDM images. The DDM obtained by the SVDD algorithm is consistent
with the real elevation variation. The algorithm involves no interpolation and features
a modular design with analytically derived pre-computed correction functions. Conse-
quently, it imposes low demands on computational hardware, as the core operations are
based on FFTs and complicated multiplications without interpolation. However, the stor-
age of pre-computed correction functions and the modular architecture require sufficient
memory capacity. The algorithm is well-suited for non-horizontal and non-constant speed
flight conditions, particularly during takeoff and landing phases. Combined with elevation
extraction and matching positioning algorithms, autonomous aircraft positioning can be
achieved without external references. The effectiveness and practicability of the proposed
algorithm are verified through simulated data experiments and raw data experiments.
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Appendix A

Table A1. Nomenclature.

Symbol Meaning Unit

η Azimuth slow time s
τ Range fast time s
f0 Carrier frequency Hz
fτ Range frequency Hz
fη Azimuth frequency Hz

fηM Normalized azimuth frequency square 1
Rx Slant range between radar and target at xp m

Rre f Reference range at nadir (xp = 0) m
hx Vertical height between radar and target m
h0 Aircraft altitude above reference plane m
xp Azimuth position of target relative to nadir m

vx0, vz0 Initial velocity components in X and Z directions m/s
ax, az Acceleration components in X and Z directions m/s2

θs Angle between the beam center direction and the
nadir point

rad

λ Wavelength m
c Speed of light m/s

Kr Range chirp rate Hz/s
A Range walk rate m/s
B Range curve rate m/s2

ϕ0 Azimuth modulation term in 2D spectrum rad
ϕ1 Range migration term in 2D spectrum rad
ϕ2 Secondary range compression term in 2D spectrum rad
ϕ3 Cubic phase term in 2D spectrum rad
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