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Highlights

What are the main findings?
• Given known ground conductivity, peak arrival-time shifts and amplitude changes 

are corrected separately: time correction improves TDOA location accuracy, while 
amplitude correction recovers multistation peaks for ACM consistency testing.

• Once candidate locations are fixed, ACM peak electric field consistency distinguishes 
correct and spurious solutions in the controlled in-network test, the out-of-network 
simulation, and the rocket-triggered lightning case.

What are the implications of the findings?
• Three-station peak arrival times and amplitudes support separate stages for location 

correction and candidate discrimination without requiring additional stations.
• More reliable lightning locations can support the spatial analysis of thunderstorm 

electrical activity, severe-convection studies, and joint applications with radar and 
satellite observations.

Abstract

Sparse very-low-frequency/low-frequency (VLF/LF) lightning location is a ground-based 
passive remote-sensing technique, but sparse station geometry and finite-conductivity 
propagation can shift peak arrival times, alter peak amplitudes, and produce spurious 
solutions. This study proposes a three-station method integrating propagation correction 
with accelerating charge method (ACM)-based peak-electric-field consistency. Based on 
the Liénard–Wiechert field, the ACM relates the radiation field to charge acceleration and 
assumes a common source-side peak for the same return stroke. For given ground conduc-
tivity, relative permittivity, and an ACM reference field, the range-dependent additional 
delay 𝜏𝐸 corrects TDOA to obtain candidate locations. After candidate coordinates are fixed, 
the peak-retention factor 𝐴𝐸, candidate-to-station distances, and local response 𝐾𝑖 recover 
equivalent source-side peaks, while 𝐽amp discriminates between correct and spurious candi-
dates. In simulations, the in-network location error decreased from 46.0 to 21.8 m and the 
out-of-network error from 1867.3 to 394.8 m; the ACM-based criterion selected the correct 
candidate in both cases. For the S7–S8–S9 rocket-triggered-lightning case, the near-candidate 
error decreased from 1.333 to 0.360 km, and 𝐽amp values of 0.0419 and 0.2238 distinguished 
the correct and spurious solutions. The method therefore improves sparse VLF/LF lightning 
location accuracy through propagation-time correction and supports spurious-solution 
discrimination through propagation-corrected peak-field consistency.
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1. Introduction
Lightning return strokes produce very-low-frequency/low-frequency (VLF/LF) 

electromagnetic pulses that propagate over long distances. By retrieving discharge 
locations from multistation observations, VLF/LF lightning location provides a ground-
based passive remote-sensing tool for atmospheric electrical activity. It supports severe-
convection monitoring, thunderstorm analysis, and lightning-protection assessment [1,2], 
as well as coordinated observations with radar, satellites, and other meteorological 
sensors. Ground-based lightning location networks typically receive electromagnetic 
pulses synchronously and infer strike locations from interstation time differences of 
arrival. With sparse stations or sources near or outside the network boundary, however, 
the results are sensitive to network geometry, noise, and propagation conditions [1–8]. 
During VLF/LF ground-wave propagation, surface electrical properties, terrain, and prop-
agation paths can shift peak times, attenuate amplitudes, and broaden wavefronts [9–13]. 
Dowden et al. extracted group arrival times from the phase–frequency relationship 
of VLF waveforms [14]; Said et al. used a waveform bank and template matching for 
long-range location [15]; Xu et al. combined LWPC and IRI models to estimate path 
group velocities [16]; and Zhang et al. improved location results by compensating 
for ground-wave delays [17]. These studies primarily address arrival-time extraction 
and propagation modeling. The consistency of multistation peak electric fields with a 
common radiation source remains less fully exploited.

TDOA uses only interstation arrival-time differences. Three stations are the mini-
mum configuration for two-dimensional location, and a timing error at any station can 
displace the intersection of the constraint hyperbolas. Near or outside the network bound-
ary, the hyperbolas often intersect at a small angle, amplifying timing errors geometrically. 
Location accuracy depends on the number and layout of participating stations, the strike 
position, and synchronization and propagation errors [6,7,18,19]. Conventional TDOA 
also makes limited use of peak electric fields. When two candidates satisfy the same time-
difference constraints, timing alone may not identify which better represents the physical 
radiation process.

Using waveform information beyond geometric timing constraints requires an under-
standing of how the received electric field relates to the lightning source. Conventional 
return-stroke field calculations start from channel current or current density and calculate 
the electromagnetic fields generated as the current pulse travels along the channel [20–24]. 
Here, we use the term accelerating charge method (ACM) for return-stroke field calcu-
lations based on the field expressions of moving and accelerating charges. This formula-
tion interprets channel current in terms of charge motion and acceleration. Cooray et al. 
demonstrated the physical equivalence of current-based and charge-acceleration-based 
calculations [20–23,25]. The ACM thus provides a physical basis for common source-side 
radiation from a single event. Differences among station peaks mainly reflect distance, 
propagation loss, station response, and noise, providing the basis for a peak electric field 
consistency criterion.

Transmission-line models and their variants calculate return-stroke far fields and chan-
nel currents from a prescribed channel-base current, return-stroke speed, height-dependent 
attenuation, and propagation assumptions. Even with the same base current, different 
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propagation assumptions yield different current distributions and far-field waveforms [26]. 
Results also depend on channel segmentation, per-unit-length parameters, and boundary 
conditions [27]. Retrieving these source and path parameters for each location estimate 
would increase the number of unknowns and the computational cost, while making source 
and propagation effects difficult to separate.

The ACM directly relates radiation to charge acceleration. In Liénard–Wiechert field 
theory, accelerating charges generate radiation fields [20,21,25,28,29], allowing common 
source radiation to be distinguished from station-dependent propagation effects. This sepa-
ration offers three advantages for location. First, only the peak arrival time and peak electric 
field are needed for each event, without retrieving the complete channel current, return-
stroke speed, or height distribution. Second, TDOA constrains range differences, whereas 
peak fields contain information about absolute distances. Third, after the timing branch 
independently generates candidates, AE  and local station responses recover equivalent 
source-side peaks whose consistency is tested by the ACM. Thus, the ACM discriminates 
among candidates, while propagation-time correction reduces location bias.

This study addresses two problems in sparse three-station VLF/LF lightning location: 
spatial ambiguity caused by multiple TDOA candidates, and the peak-time shifts and ampli-
tude changes caused by finitely conducting ground. The latter require separate timing and 
amplitude corrections to support candidate location and consistency testing [9–13,17,30–33]. 
We combine TDOA geometry, conductivity-based propagation correction, and ACM peak 
electric field consistency. Given the regional equivalent ground conductivity σ, the addi-
tional peak delay τE (R,σ) and peak-retention factor AE (R,σ) are calculated as functions 
of distance. The delay corrects TDOA range differences to generate candidate coordinates. 
The amplitude branch then uses AE (R,σ), the local response Ki , and candidate-to-station 
distances to recover equivalent source-side peaks. The ACM residual Jamp  distinguishes 
correct and spurious solutions. The propagation response is calculated using the Wait 
surface-impedance model in Section 2.3.

Section 2 presents the theoretical basis of ACM peak electric field consistency, TDOA 
candidate formulation, and propagation correction based on ground electrical properties. 
Section 3 examines in-network and out-of-network scenarios, reports three sets of Monte 
Carlo experiments with timing, amplitude, and joint perturbations, and validates location 
correction and candidate discrimination using S7–S8–S9 rocket-triggered lightning data. 
Section 4 discusses the roles of the simulations and observations, the limits of the propaga-
tion model, and the significance of the measured results. Section 5 presents the conclusions.

2. Theory and Methods
2.1. Accelerating-Charge Radiation and Peak Electric Field Consistency

At VLF/LF frequencies, distant return-stroke signals recorded by wide-area lightning 
location networks can be interpreted in terms of rapid charge acceleration within the channel. 
For an approximately vertical channel and a ground-based far-field observation direction 
nearly perpendicular to charge motion, the dominant radiation term of a single accelerating 
charge follows from the Liénard–Wiechert field [20–24]

𝐄𝑟𝑎𝑑(𝐫, 𝑡) =
𝑞

4𝜋𝜀0𝑐2𝑅
ˆ𝐞𝑅 × (𝐞̂𝑅 × .𝐮)|

𝑡′=𝑡−𝑅/𝑐
. (1)

In Equation (1), 𝐄rad is the radiation electric field, 𝐫 is the observation position, 𝑡 is 
the observation time, 𝑞 is the charge, 𝜀0 is the vacuum permittivity, 𝑐 is the speed of light 
in vacuum, 𝑅 is the distance from the charge to the observer, ˆ𝐞𝑅 is the corresponding 
unit vector, 𝐮 and .𝐮 are the charge velocity and acceleration, and 𝑡′ = 𝑡 − 𝑅/𝑐 is the 
retarded time. This projection approximation requires an approximately vertical channel 
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and horizontal source-to-station distances much greater than the height of the dominant 
radiating region, so that all observation directions are nearly horizontal. Its validity therefore 
depends on both channel height and source-to-station distances, rather than station spacing 
alone. Under Equation (1), if 𝜃 is the angle between the charge-to-station direction and the 
vertical, the angular factor of the vertical radiation field is sin2𝜃. Replacing this factor by 
its horizontal-observation value of 1 introduces a deviation of cos2𝜃 relative to that value. 
For example, an angular departure of no more than 10° from 90° gives a projection deviation 
of approximately 3% or less. This estimate applies only to the angular projection. Nearby 
stations or substantially inclined or tortuous channels may introduce larger interstation 
differences in projection and channel retardation, affecting recovered source-side peaks and 
Jamp . Incorporating channel-internal retardation into a common source-time function S(t), 
the far field at station i is written as

𝐸𝑖(𝑡) =
𝑆(𝑡 − 𝑅𝑖/𝑐)

𝑅𝑖
. (2)

In Equation (2), i denotes the station, Ei (t) is its far-field electric field, Ri  is its distance 
from the lightning source, and S(t) is the common source-time function determined by the 
source-side acceleration process of the same return stroke. We extract the peak arrival time 
and peak electric field. Denoting the source-side peak by Speak  gives

𝑆𝑝𝑒𝑎𝑘 = max
𝑡

|𝑆(𝑡)|, |𝐸𝑝𝑒𝑎𝑘,𝑖| =
𝑆𝑝𝑒𝑎𝑘

𝑅𝑖
. (3)

In Equation (3), Speak  is the source-side peak and |Epeak,i | is the peak electric field 
magnitude at station i. For the same event, source-side peak consistency and interstation 
peak ratios therefore satisfy

|𝐸𝑝𝑒𝑎𝑘,𝑖|𝑅𝑖 = |𝐸𝑝𝑒𝑎𝑘,𝑗|𝑅𝑗 = 𝑆𝑝𝑒𝑎𝑘,
|𝐸𝑝𝑒𝑎𝑘,𝑖|

|𝐸𝑝𝑒𝑎𝑘,𝑗|
=

𝑅𝑗

𝑅𝑖
. (4)

In Equation (4), i and j denote different stations; and Rj  and |Epeak,j | are the source 
distance and peak field magnitude at station j. Different candidates imply different combi-
nations of absolute station distances. After compensating for propagation and local station 
responses, the correct candidate should yield the most consistent source-side peaks.

The ACM reference field is constructed using a one-dimensional straight vertical 
channel and the modified transmission-line model with exponential decay (MTLE). 
The channel-base current follows a double-Heidler waveform with subsequent-return-stroke 
parameters [26,34]. The return-stroke speed is constant, and current decays exponentially 
with height. For the constant-speed MTLE model, the two radiation terms given by V. 
Cooray and G. Cooray [25] can be expressed through a common source-time function

𝑆𝐴𝐶𝑀(𝑡) ∝ −𝑣𝑖𝑏(𝑡) +
𝑣
𝜆 ∫

𝐻

0
𝑖𝑏(𝑡 −

𝑧
𝑣)𝑒−𝑧/𝜆 𝑑𝑧. (5)

In Equation (5), SACM (t) is the ACM source-time function, ib (t) is the channel-base 
current, z is height along the channel, H is channel height, v is return-stroke speed, and λ 
is the current-decay height. We use H = 7.5 km, v = 1.5 × 108 m/s, and λ = 2 km [26,34]. 
Comparison with the finite-geometry radiation terms in Equations (19) and (22) in Ref. [25] 
gives maximum differences of 0.28 ns in τE  and 5 × 10−5 in AE , indicating that the reduced 
representation has little effect on peak propagation characteristics.

2.2. TDOA Candidates and ACM Discrimination of Spurious Solutions
Three-station TDOA can yield multiple candidates. Here, a spurious solution is a 

location that satisfies the time-difference constraints but differs from the true strike point. 
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For the in-network scenario, the original branch g = +1 produces the correct candidate, 
while reversing the signs of the entire constraint set with g = −1 constructs a controlled 
spurious candidate. The out-of-network simulation and the rocket-triggered lightning 
case use only g = +1 and retain the two candidates produced by that constraint set. All 
candidates are ranked using the same ACM criterion after their coordinates are fixed.

With station 1 as the reference, constraints are formed from the observed arrival-time 
differences between the other stations and station 1. For a trial location x, the relative 
additional peak delays are obtained from the station distances. The propagation-corrected 
TDOA constraints are

𝑅𝑖(𝐱) − 𝑅1(𝐱) + 𝑐 Δ𝜏𝐸,𝑖1(𝐱, 𝜎) = 𝑔 𝑐 Δ𝑡𝑜𝑏𝑠
𝑖1 , 𝑖 = 2, 3, 𝑔 ∈ {−1, +1}. (6)

In Equation (6), x is the trial location, and Ri (x) and R1 (x) are its distances to station 
i and reference station 1. Δti1 obs  is the observed peak arrival-time difference, defined as 
station i minus station 1; the superscript obs denotes an observation. The equivalent 
ground conductivity is σ, and ΔτE,i1 (x,σ) is the additional peak-delay difference between 
the two paths, in the same station order. Each path delay τE  is obtained from the propagation 
response in Section 2.3, and c is the speed of light in vacuum. The common branch factor 
g applies to the entire constraint set: g = +1 denotes the original branch, while g = −1 
reverses both range-difference constraints in the in-network test. Mixed-sign combinations 
are not used. For a prescribed g, bounded least squares minimizes the timing residual to 
obtain candidate locations.

The g = +1 and g = −1 branches are solved separately in the in-network scenario. Only 
g = +1 is solved for the out-of-network simulation and rocket-triggered lightning case; both 
candidates, when present, enter the ACM comparison. Once fixed, candidate k is denoted 
by x(𝑘), with station distances R𝑖

(𝑘). Its equivalent source-side peaks are recovered as

ˆ𝑆(𝑘)
𝑖 =

|𝐸𝑜𝑏𝑠
𝑝𝑒𝑎𝑘,𝑖| 𝑅(𝑘)

𝑖

𝐾𝑖 𝐴𝐸(𝑅(𝑘)
𝑖 , 𝜎)

. (7)

In Equation (7), k denotes the candidate, S𝑖
(𝑘) is the equivalent source-side peak 

recovered at station i for candidate k, R𝑖
(𝑘) is the corresponding distance, |Epeak,i obs | is the 

observed peak electric field magnitude, Ki  is the local station peak-field response coefficient, 
and AE  is the peak-retention factor for the candidate path. After correcting for distance, 
local response, and propagation attenuation, the correct candidate should produce more 
consistent source-side peaks across stations.

To remove the dependence on absolute source strength, the ACM consistency residual 
is defined from the dispersion of the logarithmic source-side peaks

𝐽(𝑘)
𝑎𝑚𝑝 =

𝑁
∑
𝑖=1

[ln ˆ𝑆(𝑘)
𝑖 − ln ˆ𝑆

(𝑘)
]

2

. (8)

In Equation (8), Jamp (𝑘) is the ACM consistency residual for candidate k, N is the 
number of stations (N = 3 here), and the overbar denotes the station average of the loga-
rithmic source-side peaks. A smaller residual indicates greater agreement among the peaks 
recovered after propagation and station-response compensation. This quantity only ranks 
candidates already fixed by the timing branch.

2.3. Conductivity-Based Wait Propagation Response and Peak Corrections
A finitely conducting ground causes frequency-dependent amplitude and phase 

changes in lightning electromagnetic pulses [9–12]. Wait ground-wave theory describes 
these effects using surface impedance and the Sommerfeld attenuation function [30,31]. 
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Shoory et al. [32] evaluated the accuracy of the approximation, and related propagation 
delays have been used to correct lightning locations [17]. For angular frequency ω, we define

𝛾0 ≡ 𝑗𝜔√𝜇0𝜀0, 𝛾1 = √𝑗𝜔𝜇0(𝜎 + 𝑗𝜔𝜀0𝜀𝑟). (9)

In Equation (9), 𝛾0  and 𝛾1  are the complex propagation constants of air and ground; 
ω is angular frequency, j is the imaginary unit, σ is the equivalent ground conductivity, εr  is 
relative permittivity, and μ0  and ε0  are the vacuum permeability and permittivity. Following 
the ground-parameter setting in Ref. [33], we use εr  = 10.

𝑢1 = √𝛾2
1 − 𝛾2

0 , 𝐾1 =
𝑢1

𝜎 + 𝑗𝜔𝜀0𝜀𝑟
, Δ𝑠𝑡𝑟 = √

𝜀0
𝜇0

𝐾1. (10)

In Equation (10), u1  is an auxiliary quantity for calculating surface impedance, K1  is 
the ground surface impedance, and Δstr  is the normalized surface impedance. Here, K1 
differs from the local station response coefficient Ki  in Equation (7). For homogeneous 
ground, the numerical distance p and Wait frequency-domain attenuation function FW  are

𝑝 = −
1
2𝛾0𝑅Δ2

𝑠𝑡𝑟, 𝐹𝑊(𝑝) = 1 − 𝑗√𝜋𝑝 𝑒−𝑝𝑒𝑟𝑓 𝑐(𝑗√𝑝). (11)

In Equation (11), p is the numerical distance, R is propagation distance, FW (p) is the 
Wait frequency-domain attenuation function, and erfc is the complementary error function. 
The magnitude and phase of FW  describe amplitude changes and propagation phase shifts, 
respectively. Applying this response to the spectrum of the perfectly electrically conducting 
(PEC) ground reference field from Section 2.1 and taking the inverse Fourier transform 
yields the propagated waveform.

The numerical frequency band extends to 2 MHz. We use a 180 μs window with 
32,768 samples, shift the reference waveform by 30 μs, and apply a cosine taper over 
1.8–2.0 MHz. Propagation responses are precomputed at 600 distances from 0.2 to 120 km; 
τE  and AE  are linearly interpolated during location. Peak times are estimated by three-
point parabolic interpolation around each peak. Comparing the reference and propagated 
waveforms defines

𝜏𝐸(𝑅, 𝜎) = 𝑡𝑝𝑒𝑎𝑘,𝜎(𝑅) − 𝑡𝑝𝑒𝑎𝑘,𝑃𝐸𝐶(𝑅)

𝐴𝐸(𝑅, 𝜎) =
|𝐸𝑝𝑒𝑎𝑘,𝜎(𝑅)|

|𝐸𝑝𝑒𝑎𝑘,𝑃𝐸𝐶(𝑅)|
.

(12)

In Equation (12), τE  and AE  are the additional peak delay and peak-retention factor. 
The times tpeak,σ  and tpeak,PEC  denote the peak arrivals of the finite-conductivity waveform 
and the PEC reference, respectively; Epeak,σ  and Epeak,PEC  are the corresponding peak electric 
fields. The delay enters the TDOA correction in Equation (6), while AE  enters the amplitude 
recovery in Equation (7). We use σ = 0.010 S/m for simulations and 0.005 S/m for the 
rocket-triggered lightning case [35].

2.4. Location and Candidate Discrimination Workflow
Figure 1 summarizes the distinct roles of timing and amplitude in the three-station 

workflow. Peak arrival times ti  and peak electric fields Ei  are extracted from the simulated 
or measured waveforms, then passed to two branches. The timing branch combines ti  with 
τE (Ri ) for the prescribed ground parameters to generate and retain time-feasible TDOA 
candidates. The amplitude branch retains Ei  and prepares AE (Ri ) and Ki  without updating 
coordinates. The branches meet at candidate scoring: for each fixed candidate, the station 
distances Ri  are calculated, equivalent source-side peaks Si  are recovered, and Jamp  is 
evaluated. The candidate with the smaller residual is selected. Although their roles are 
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separate, amplitude scoring uses distances supplied by the timing branch; these are therefore 
not two fully independent location algorithms. 

Figure 1. Three-station propagation correction and candidate discrimination. Peak-feature extrac-
tion feeds separate timing and amplitude branches. The timing branch generates candidates us-
ing 𝜏E-corrected TDOA, while the amplitude branch prepares the peak electric fields, AE, and Ki. 
The branches meet when fixed candidates are scored by Jamp; the output is the two-dimensional 
location with the smallest peak electric field consistency residual.

3. Results
3.1. Simulation Results
3.1.1. Station Geometry, Finite-Conductivity Propagation, and Peak Generation

This study considers cloud-to-ground return strokes, with rocket-triggered return 
strokes used for observational validation. Intracloud, intercloud, and other lightning types 
are outside its scope. The simulated stations are S1 = (−30, 20) km, S2 = (18, 30) km, 
and S3 = (32, −18) km. The in-network and out-of-network sources are at (2, 8) km and 
(60, 60) km, respectively. The PEC reference field is generated using a double-Heidler base 
current, MTLE, and ACM, with I01  = 10.7 kA, τ11  = 0.25 μs, τ12  = 2.5 μs, n1  = 2; I02  = 6.5 kA, 
τ21  = 2.1 μs, τ22  = 230 μs, n2  = 2; v = 1.5 × 108 m/s, λ = 2 km, and H = 7.5 km. Here, 
I01  and I02  are the amplitudes of the two Heidler components, τ11  and τ21  are their front 
time constants, τ12  and τ22  are their tail time constants, and n1  and n2  control the front 
shape. Propagation uses σ = 0.010 S/m and εr  = 10, with K1  = K2  = K3  = 1. The received 
waveforms in Figures 2–5 include samplewise noise with an RMS level of 0.6% of the 
peak. The illustrated realization additionally includes 80 ns timing and 1.5% amplitude 
perturbations. Monte Carlo Set 1 applies 80 ns timing perturbations to compare location 
errors before and after time correction. Set 2 uses candidates without timing perturbations 
and applies amplitude perturbations of 1.5%, 5%, 10%, 20%, and 30%. Set 3 combines 
timing standard deviations of 80 and 160 ns with relative amplitude standard deviations of 
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5%, 10%, and 20% to test candidate discrimination when both errors are present. The 80 ns 
level is comparable to the 100 ns sampling interval of the 10 MHz measurements, with 
sub-sample timing available through peak interpolation. In all three sets, timing generates 
coordinates and amplitude only ranks candidates. Table 1 lists the main parameters.

Figure 2. In-network station geometry and received electric fields. (a) Station and prescribed source 
locations; (b–d) approximately 50 μs waveform windows around the peaks at S1–S3. Dashed lines 
show finite-conductivity received waveforms with samplewise noise; solid lines show the same noisy 
waveforms after a −𝜏E time shift and 1/AE peak-amplitude compensation. All waveform panels 
share the same V/m scale and retain interstation propagation delays, 1/R amplitude differences, 
and random noise.

The functions τE (R) and AE (R) are obtained by comparing unperturbed PEC reference 
and Wait-propagated waveforms. Figures 2–5 use the same random realization so that 
the continuous waveforms, extracted peaks, and candidate locations correspond. In the 
forward calculation, the known distances Ri  from the prescribed source are used to apply 
1/Ri  geometric attenuation and generate station fields in V/m before adding samplewise 
noise. These distances are used only to synthesize observations; during inversion, Ri (x) is 
calculated from each trial location, without using the true source position. The Monte Carlo 
experiments apply random perturbations directly to peak times and amplitudes: timing 
only, amplitude only, and both together, as detailed in Sections 3.1.3–3.1.5. For the waveform 
illustrations, the reference correction applies only a −τE  time shift and a 1/AE  amplitude 
rescaling to the same noisy waveform. It does not perform full-band deconvolution or 
recover a noise-free source waveform. Interstation arrival-time differences, 1/R amplitude 
differences, and random noise are therefore retained.
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Table 1. Main parameters of the three-station simulations.

Parameter Value Purpose

Station coordinates
S1/S2/S3

(−30, 20)/(18, 30)/
(32, −18) km Three-station network

Propagation band 0–2 MHz; cosine taper
over 1.8–2.0 MHz Wait frequency-domain calculation

Source locations
In-network/out-of-network (2, 8)/(60, 60) km Two location scenarios

Equivalent conductivity σ 0.010 S/m Wait propagation input

Reference electric field
Double-Heidler base current; MTLE; 
ACM; v = 1.5 × 108 m/s; 𝜆 = 2 km; 
H = 7.5 km

PEC reference waveform

Local station response 𝐾𝑖 1/1/1 No interstation enhancement differences

Samplewise noise
Illustrated waveforms RMS = 0.6% of received peak Noise in forward waveforms

Peak-time perturbation SD = 80 ns; also 160 ns in Set 3 Sets 1 and 3; illustrated realization

Peak-amplitude 
perturbation

1.5% (illustration);
1.5%, 5%, 10%, 20%, 30% (Set 2);
5%, 10%, 20% (Set 3)

Sets 2 and 3; illustrated realization

Monte Carlo trials 500 per condition and scenario Sets 1, 2, and 3

Figure 3. Out-of-network station geometry and received electric fields. (a) Station and prescribed 
source locations; (b–d) approximately 50 μs waveform windows around the peaks at S1–S3. Dashed 
lines show finite-conductivity received waveforms with samplewise noise; solid lines show the 
same noisy waveforms after a −𝜏E time shift and 1/AE peak-amplitude compensation. All waveform 
panels share the same V/m scale and retain interstation propagation delays, 1/R amplitude differences, 
and random noise.
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Figure 4. Controlled in-network spurious candidate and ACM discrimination. With S1 as the refer-
ence, solid blue curves are the 𝜏E-corrected S1–S2 and S1–S3 TDOA constraints for g = +1; dashed 
orange curves are the corresponding constraints after jointly reversing their signs with g = −1. Inter-
sections between curves of the same line style form candidates; mixed-style intersections are excluded. 
Once coordinates are fixed, candidate distances determine AE and, together with station responses, 
recover source-side peaks for Jamp ranking. Triangles mark stations, the red star the prescribed 
source, the purple dot the selected candidate with lower Jamp, and the brown cross the rejected 
spurious candidate.

3.1.2. In-Network and Out-of-Network Candidate Discrimination
The in-network and out-of-network tests use different ways of generating candidates 

but apply the same peak-consistency criterion. In Figure 4, g = +1 produces the correct in-
network candidate and g = −1 produces a controlled spurious candidate. For this random 
realization, time correction reduces the location error from 46.0 to 21.8 m, and the two Jamp 
values are 0.00102 and 0.263. In Figure 5, the out-of-network scenario uses only g = +1; the 
same constraint set produces both the correct and spurious candidates. The error decreases 
from 1867.3 to 394.8 m, with Jamp  values of 0.00088 and 0.518. In both cases, TDOA and 
τE  determine coordinates, and Jamp  ranks candidates only after the coordinates are fixed. 
Amplitude information therefore does not alter the timing-based locations.

3.1.3. Location Accuracy Under Timing Perturbations
Monte Carlo Set 1 evaluates only the effect of propagation-time correction on location 

accuracy. For each scenario, 500 paired trials add random perturbations with a standard 
deviation of 80 ns to the three peak arrival times. Exactly the same perturbations are used 
before and after correction. The timing branch solves for coordinates with and without τE , 
and the resulting location errors are compared. Table 2 reports the 10th–90th percentile 
interval (P10–P90), which contains the middle 80% of trial errors.
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Figure 5. Two out-of-network candidates from the original signed TDOA constraints and their ACM 
discrimination. With S1 as the reference, the two purple curves are the 𝜏E-corrected S1–S2 and S1–S3 
constraints. Both intersections are retained as time-feasible candidates. Once coordinates are fixed, 
candidate distances determine AE and, together with station responses, recover source-side peaks for 
Jamp ranking. Triangles mark stations, the red star the prescribed source, the purple dot the selected 
candidate with lower Jamp, and the brown cross the rejected spurious candidate.

Table 2. Location errors in 500 paired Monte Carlo trials with and without propagation-time correction.

Scenario Uncorrected Error
P10–P90 (m)

Corrected Error
P10–P90 (m)

In-network 12.8–59.7 9.8–46.2
Out-of-network 870.6–2130.5 75.4–808.0

3.1.4. ACM Candidate Selection Under Amplitude Perturbations
Monte Carlo Set 2 evaluates the effect of amplitude perturbations on ACM candidate 

discrimination. Propagation-corrected candidates are first generated from peak times 
without timing perturbations, and their coordinates remain fixed across all five amplitude 
levels. Each scenario uses 500 trials, with the same standardized random samples scaled to 
relative amplitude perturbations of 1.5%, 5%, 10%, 20%, and 30%. The paired ablation with 
and without AE  uses identical coordinates and amplitude perturbations. The full method 
uses the candidate-specific AE  in Equation (7); the comparison sets only AE  = 1, leaving 
Ki , the Jamp  formula, and all other parameters unchanged. The in-network test compares 
the correct g = +1 candidate with the controlled g = −1 spurious candidate, while the 
out-of-network test compares the two g = +1 candidates. A selection is correct when the 
correct candidate has the smaller Jamp .

To quantify how AE  affects candidate separation, we define the residual difference 
ΔJamp  = Jamp,spurious − Jamp,correct . A positive value indicates correct selection, whereas a 
negative value indicates selection of the spurious candidate. Table 3 reports its median over 
500 trials. Including AE  slightly increases the median difference in the in-network scenario, 
indicating improved separation. The increase is larger outside the network and improves 
the correct-selection rate at higher amplitude perturbation levels.
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Table 3. Correct-selection rates and median candidate-residual differences under relative peak-amplitude 
perturbations (500 trials per scenario). Paired values are without AE/with AE compensation.

Amplitude SD (%)
In-Network Out-of-Network

Correct Selection (%) Median 𝚫𝑱amp Correct Selection (%) Median 𝚫𝑱amp

1.5 100.0/100.0 0.234/0.241 100.0/100.0 0.525/0.565
5 100.0/100.0 0.234/0.242 100.0/100.0 0.526/0.565

10 99.4/99.4 0.236/0.243 100.0/100.0 0.526/0.565
20 87.4/87.4 0.239/0.246 95.4/96.2 0.518/0.558
30 79.4/79.4 0.243/0.251 84.0/86.2 0.504/0.543

3.1.5. ACM Candidate Selection Under Joint Timing and Amplitude Perturbations
Monte Carlo Set 3 considers timing and amplitude errors simultaneously. Timing 

standard deviations of 80 and 160 ns are combined with relative amplitude standard devia-
tions of 5%, 10%, and 20%, with 500 trials for each combination and scenario. In each trial, 
Gaussian timing and amplitude perturbations are generated independently and applied 
together to the three peak times and amplitudes. The perturbed times generate propagation-
corrected TDOA candidates, and the perturbed amplitudes determine Jamp . Coordinates 
are recalculated for each timing realization. All six combinations use the same standardized 
random samples, scaled by their respective standard deviations; the three amplitude levels 
at a given timing level share candidate coordinates. Sets 2 and 3 reuse amplitude samples at 
matching amplitude levels. Scoring with and without AE  uses identical noisy observations 
and candidates.

Table 4 summarizes the six joint-perturbation conditions. With AE  compensation, 
80 ns timing and 5% amplitude perturbations give 100% correct selection in both scenarios. 
The median ΔJamp  values are 0.242 and 0.565, and the minimum values are 0.102 and 
0.325 for the in-network and out-of-network scenarios, respectively, indicating separation 
of the candidates in every trial. At 20% amplitude perturbation, the correct-selection rates 
are 87.4% inside the network and 96.2% outside it at both timing levels. Within the tested 
conditions, increasing the timing standard deviation from 80 to 160 ns has little effect on 
the selection rate or median ΔJamp , whereas larger amplitude perturbations reduce the 
correct-selection rate.

Table 4. Correct-selection rates and median ΔJamp under six combinations of timing and ampli-
tude perturbations (500 trials per combination and scenario). Paired values are without AE/with 
AE compensation.

Timing SD (ns) Amplitude SD (%)
In-Network Out-of-Network

Correct Selection (%) Median 𝚫𝑱amp Correct Selection (%) Median 𝚫𝑱amp

80 5 100.0/100.0 0.234/0.242 100.0/100.0 0.525/0.565
80 10 99.4/99.4 0.235/0.243 100.0/100.0 0.525/0.565
80 20 87.4/87.4 0.239/0.247 95.4/96.2 0.520/0.559

160 5 100.0/100.0 0.235/0.242 100.0/100.0 0.526/0.566
160 10 99.4/99.2 0.236/0.243 100.0/100.0 0.524/0.564
160 20 87.4/87.4 0.239/0.247 95.4/96.2 0.522/0.561

3.2. Validation with Rocket-Triggered Lightning
3.2.1. Data, Three-Station Geometry, and Propagation Environment

The measured case is the second return stroke of a rocket-triggered flash recorded 
during the Guangdong Comprehensive Observation Experiment on Lightning Discharge at 
18:22 Beijing time on 11 June 2015. Each .fig file in the archive supplied by the experimental 
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team contains a 1 ms digitized waveform with 10,000 samples (10 MHz). Accompanying text 
files provide return-stroke sample indices, absolute peak times, precise station coordinates, 
and the triggering location. The original .fig YData arrays contain digitizer counts, without a 
complete set of station-specific conversion factors from ADC counts to V/m. Stations S7, S8, 
and S9 correspond to XTC, TMZ, and ZCJ, at (113.680980°E, 23.559921°N), (113.289740°E, 
23.547201°N), and (113.820678°E, 23.298667°N), respectively. The triggering point is at 
(113.5953°E, 23.6389°N). The location is performed in a WGS84 azimuthal equidistant pro-
jection centered on the station network. After inversion, the triggering point is transformed 
into the same coordinate system for error evaluation. For display only, Figures 6–8 translate 
all coordinates so that the triggering point is the origin.

Table 5 lists station distances, absolute peak times, peak electric fields, and local re-
sponses; the geometry follows Zhang et al. [35]. Figure 6a shows the relative station 
geometry. Waveform shapes and sampling times in Figure 6b–d are read directly from 
the original .fig arrays. To match the processing bandwidth used by Zhang et al. [35] 
for Case 2, we remove the pre-pulse baseline and apply a fourth-order zero-phase But-
terworth low-pass filter with a 2 MHz cutoff before plotting. Because the original arrays 
lack complete ADC-to-V/m calibration factors, each waveform is scaled at a single point 
to the corresponding S7, S8, or S9 peak field reported for Case 2, without using the trig-
gering location or the locations estimated here. All three panels use the S7 peak as time 
zero, but each displays only the interval from 10 μs before to 45 μs after its own peak. 
The red peak markers therefore remain at approximately 0, 68.684, and 106.774 μs, pre-
serving the measured interstation time differences. Absolute peak times are taken from 
Table 5. This plotting procedure does not change the location or ACM inputs. The measured 
case uses σ = 0.005 S/m, εr  = 10, and a 2 MHz propagation bandwidth. The simulated 
conductivity, 0.010 S/m, is one of the standard representative values in the ITU-R P.832-4 
ground-conductivity classification [36,37]. It serves as a uniform-ground benchmark for 
testing location and discrimination under known propagation conditions. The measured 
value, 0.005 S/m, follows Zhang et al. [35,38], who describe it as typical of dry soil at the 
Guangdong experimental site. Thus, the simulation uses a standard reference value and the 
measured case uses a site-specific literature value; they do not use the same conductivity. 
The method is not restricted to either value. In practice, equivalent conductivity can be 
obtained from regional measurements or conductivity maps suitable for the frequency 
band, after which τE  and AE  are recalculated. We do not infer or optimize conductivity 
using the triggering location. Its influence is tested in Section 3.3.

Table 5. Peak observations and local response parameters for the S7–S8–S9 rocket-triggered light-
ning case.

Station Distance to Source
(km)

Absolute Peak Time
(s)

Peak Field
(V/m)

Local Enhancement
𝑲𝒊

S7 12.369 51.750245386 24.5 1.82
S8 32.800 51.750314070 5.5 1.44
S9 44.159 51.750352160 4.6 1.62

For this case, Ki  in Equation (7) is taken from the building-related local peak-field 
enhancement factors in Table 1 of Zhang et al. [35]: 1.82, 1.44, and 1.62 for S7, S8, and S9, 
respectively. That study used the measured channel-base current as input and fitted the 
electric field at Station No. 1 to determine channel-model parameters. It defined local 
enhancement as the ratio of the rooftop peak field to the ground-reference peak field and 
applied the same estimation approach to Case 2. These Ki  values are therefore site-response 
estimates derived from comparisons of return-stroke observations and modeling. They are 
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neither instrument coefficients calibrated independently of lightning data nor ADC-to-V/m 
conversion factors. Here, they are fixed inputs shared by all candidates and are not refitted 
or adjusted using candidate positions or Jamp .

Figure 6. S7–S8–S9 geometry and measured electric fields for the rocket-triggered lightning case. 
(a) Relative station geometry; (b–d) waveforms read from the original .fig arrays, with pre-pulse 
baseline removal and 2 MHz zero-phase low-pass filtering, then scaled to V/m using the corresponding 
measured peaks reported by Zhang et al. [35] for Case 2. All waveform panels share the same vertical 
scale and S7 peak-time reference. Each shows only the interval from 10 μs before to 45 μs after its 
own peak. The red markers retain the measured interstation peak-time differences.

3.2.2. Conductivity-Based Peak-Time Correction and Candidate Generation
The timing branch uses only the original S7–S8–S9 peak times, precise station coor-

dinates, the prescribed σ = 0.005 S/m propagation environment, and the g = +1 branch 
consistent with the observed arrival order. For each trial location x, distances Ri (x) are calcu-
lated and the corresponding τE [Ri (x),σ] values are combined with geometric travel times in 
the TDOA residual. Candidate coordinates use no amplitude information, and propagation 
coefficients are not calibrated against the true triggering position. As a reference for the 
delay magnitude, the model gives additional delays of 0.295, 0.653, and 0.801 μs for S7, S8, 
and S9 at the true source-to-station distances listed in Table 5.

The two uncorrected candidates are 1.333 and 11.198 km from the triggering point. 
After time correction with σ = 0.005 S/m, the respective errors are 0.360 and 12.798 km. 
Coordinates are generated exclusively by the propagation-corrected TDOA timing branch. 
The amplitude branch in Section 3.2.3 calculates Jamp  only after the candidates are fixed; it 
does not participate in coordinate estimation.
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Figure 7. TDOA candidates and ACM discrimination for the S7–S8–S9 rocket-triggered lightning 
case. With S7 as the reference, the purple curves are the 𝜏E-corrected S7–S8 and S7–S9 constraints for 
g = +1. Both intersections are retained as time-feasible candidates. Candidate distances determine 
AE and, together with station responses, recover source-side peaks for Jamp ranking. Triangles mark 
stations, the red star the triggering point, the purple dot the selected candidate with lower Jamp, 
and the brown cross the rejected spurious candidate. Coordinates are translated so that the triggering 
point is the origin.

Figure 8. Geometric back-propagation for two propagation-corrected S7–S8–S9 TDOA candidates. 
Colored annuli are centered on the stations, with radii determined by travel time. All panels share a 
dimensionless 0–1 scale; blue to red indicates increasing relative overlap of the three annuli. Axes 
show east–west and south–north distances from the triggering point in kilometers. White triangles 
mark stations, the green star the triggering point, and the white cross Candidate 2. Each row uses its 
own candidate time reference: (a,b) Candidate 1 at 10.0 μs before convergence and at convergence; 
(c,d) the corresponding instants for Candidate 2. This is a geometric illustration of timing constraints, 
not a complete electromagnetic wavefield.
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Figure 8 illustrates the travel-time geometry of the two time-feasible candidates by 
geometric back-propagation. For each fixed candidate from Equation (6), the travel time 
Ri /c + τE (Ri ,σ) is subtracted from each observed peak time. The average over the three 
stations defines that candidate’s source-side peak time. Using this time as the reference 
and the travel-time–distance relationship from Section 2.3, circle radii are calculated and 
circles are drawn around the stations. The upper and lower rows use their respective 
candidate time references and show 10.0 μs before convergence and the convergence instant. 
Gaussian annuli visualize the circles; color shows their dimensionless relative overlap. No 
full-waveform time reversal or electromagnetic wavefield solution is performed. Color 
represents neither field strength nor energy. Convergence only shows that a candidate 
satisfies the corrected timing constraints; it is not independent evidence of a correct location 
and is not used in candidate estimation or scoring. Candidate selection remains based on 
ACM peak electric field consistency.

3.2.3. Amplitude Compensation and ACM Candidate Discrimination
The amplitude branch is applied after the coordinates are fixed. S7, S8, and S9 peak 

electric field magnitudes are taken from the measured waveforms in V/m reported by 
Zhang et al. [35] for Case 2, and local building enhancement factors are taken from their 
Table 1. The values are listed in Table 5. For each candidate k, distances R𝑖

(𝑘) are calculated 
and the precomputed distance-dependent peak attenuation gives AE (R𝑖

(𝑘),0.005) for each 
path. Equation (7) then compensates for local response and finite-conductivity attenuation, 
recovers equivalent source-side peaks at the three stations, and permits the candidates to 
be compared using peak electric field consistency.

After compensation for distance, local response, and propagation attenuation, Candi-
date 1 yields more consistent source-side peaks. The two Jamp  values are 0.0419 and 0.2238, 
respectively, so the ACM selects Candidate 1 (Table 6).

Table 6. S7–S8–S9 candidate locations before and after ACM–Wait propagation correction, and ACM 
selection results.

Candidate Propagation Correction Distance to Source (km) 𝑱amp ACM Selection

1 None 1.333 — —
2 None 11.198 — —
1 σ = 0.005 S/m 0.360 0.0419 Selected
2 σ = 0.005 S/m 12.798 0.2238 Rejected

3.3. Sensitivity to Ground Conductivity
To assess the influence of conductivity on location and candidate selection, the correc-

tion-model σ is varied over 0.002, 0.005, 0.010, 0.015, and 0.020 S/m, with εr  = 10 and the 
original bandwidth unchanged. Inputs are the two simulated observation sets used for the 
individual examples in Section 3.1 and the measured observations from Section 3.2. Peak 
times, peak amplitudes, and Ki  remain fixed. The simulated observations were generated at 
σ = 0.010 S/m and are not regenerated for each test conductivity. For each σ, τE  and AE  are 
recalculated, candidates are obtained from timing, and Jamp  ranks them. Candidate genera-
tion follows the earlier procedure, including the controlled conjugate spurious candidate 
for the in-network scenario. Known source locations are used only to calculate errors and 
identify the correct candidates.

In Table 7, error is the distance between the ACM-selected candidate and the known 
source, and ΔJamp  follows Section 3.1.4. All three cases have positive ΔJamp  at every tested 
conductivity, so candidate selection does not reverse. Location errors nevertheless vary 
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with σ: the measured-case error ranges from 59.4 to 1038.0 m. Stable candidate selection 
therefore does not imply conductivity-independent location accuracy. Smaller errors at 
some nonbaseline values may reflect cancellation between propagation-parameter and 
observation errors; they do not establish the true site conductivity. We retain the origi-
nal baseline values. These results concern two fixed simulated observation sets and one 
measured event, not a statistical success rate across events.

Table 7. Location errors and candidate-residual differences for different correction-model conductivi-
ties with fixed observations (𝜀r = 10).

𝝈 (S/m)
In-Network Out-of-Network Measured Case

Error (m) 𝚫𝑱amp Error (m) 𝚫𝑱amp Error (m) 𝚫𝑱amp

0.002 12.3 0.2720 1003.9 0.6002 59.4 0.1884
0.005 7.1 0.2657 124.2 0.5506 359.9 0.1819
0.010 21.8 0.2623 394.8 0.5176 731.5 0.1725
0.015 29.3 0.2599 667.2 0.5004 924.4 0.1682
0.020 33.5 0.2581 928.3 0.4913 1038.0 0.1660

4. Discussion
4.1. Roles of Simulations and Observational Validation

The simulations use the same ACM–MTLE–Wait model to generate observations and 
correction quantities. The three Monte Carlo sets serve distinct purposes. Set 1 compares 
location errors before and after time correction under timing perturbations. Set 2 uses 
candidates without timing perturbations and compares selection with and without AE  at 
different amplitude levels. Set 3 combines 80 and 160 ns timing perturbations with 5%, 10%, 
and 20% amplitude perturbations to evaluate selection when both errors are present. Sets 
2 and 3 share amplitude samples at matching levels to compare results with and without 
timing errors. All before/after and with/without-AE  comparisons use the same observation 
perturbations. These simulations test the internal consistency and numerical stability 
of the workflow. Because the forward and correction calculations share a propagation 
model, however, the reduction in timing error is not independent evidence of real-world 
propagation accuracy.

The rocket-triggered lightning data provide complementary external validation. Nei-
ther the measured peak times nor the published peak electric fields are fitted to the prop-
agation corrections using the true triggering position. The conductivity of 0.005 S/m is 
prescribed in advance, and the triggering coordinates are used only for error evaluation 
after inversion. In both the simulations and measured case, timing generates coordinates 
and amplitude ranks peak consistency only after the candidates are fixed.

4.2. Separate Roles of Time Correction and ACM Peak Consistency
The roles of τE  and AE  are distinct. The delay enters the TDOA range-difference 

constraints and changes candidate coordinates; AE  leaves coordinates unchanged and 
affects Jamp  through source-side peak recovery. The Wait surface impedance and attenuation 
function generate these two responses for specified conductivity, permittivity, bandwidth, 
and distance. Paired comparisons show that AE  increases the candidate-residual difference 
in both scenarios. The increase is modest inside the network and larger outside it, where 
AE  also improves correct selection at higher amplitude perturbations. This difference 
may reflect propagation paths, network geometry, and candidate distributions, as well 
as perturbation levels; the present tests do not isolate a single cause. The conductivity 
used here is an equivalent uniform value for a region or path, not a complete retrieval 
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of a heterogeneous surface. The interpretation of τE  and AE  is therefore limited to the 
prescribed ground parameters and applicable band. The Wait approximation is not treated 
as a complete propagation model for complex paths.

4.3. Physical Significance of the Three-Station Measured Case
S7–S8–S9 provides the minimum three-station configuration for two-dimensional 

TDOA and yields two spatially separated candidates under the same g = +1 constraints. 
This case tests two distinct questions: whether τE  reduces the geometric bias of the correct 
candidate under a known propagation environment, and whether the same three peak 
fields provide an additional physical criterion between two time-feasible locations. After cor-
rection, Candidate 1 lies closer to the triggering point and gives less dispersed recovered 
source-side peaks and a lower Jamp . Amplitude information can therefore help reject a 
time-feasible candidate with weaker physical consistency.

4.4. Limitations and Future Work
Four main limitations apply. First, propagation correction uses a single equivalent 

conductivity and does not represent heterogeneous surfaces or complex terrain along 
the three paths. Second, the Wait attenuation function primarily applies to propagation 
over finitely conducting ground where radiation dominates [32]. With εr  fixed at 10 and 
bandwidth limited to 2 MHz, applications across frequency bands, in the near field, or along 
complex paths require renewed validation. Third, the ACM reference assumes a straight 
vertical channel, constant return-stroke speed, and exponential MTLE attenuation to obtain 
far-field peak characteristics; realistic three-dimensional channel tortuosity is not included. 
Fourth, the original .fig waveforms lack a complete set of station-specific ADC-to-V/m 
conversion factors. Figure 6 uses waveform shapes and timing from the original arrays, 
with traceable single-point amplitude scaling to the peaks reported by Zhang et al. [35] for 
Case 2. Measured amplitude discrimination therefore depends on the published V/m peaks 
and local response coefficients, without independent absolute-amplitude recalibration of the 
observation system. Section 3.3 tests only uniform conductivity changes, not permittivity 
uncertainty or its interaction with conductivity. Fixing εr  = 10 is thus a condition of the 
analysis, not evidence that permittivity effects are negligible. Spatially heterogeneous or 
frequency-dependent ground properties may still bias τE  and AE  and affect location errors 
and Jamp  ranking.

The joint-perturbation experiments include both peak-time and peak-amplitude errors, 
but generate them as separate Gaussian random variables. They do not model the correlated 
errors that may arise when both features are extracted from the same noisy waveform. 
The results assess candidate discrimination under simultaneous independent errors and 
cannot establish robustness to correlated errors or actual receiver noise.

The minimum three-station two-dimensional TDOA configuration targets sparse net-
works with limited installation and maintenance budgets. The aim is to improve accuracy 
through propagation-time correction and discriminate spurious candidates through ACM 
amplitude consistency without adding stations. Additional stations provide redundant 
observations that, together with least-squares adjustment and residual tests, can further 
improve accuracy and identify station-specific gross errors. They also increase deployment, 
synchronization, and maintenance costs. The performance of the proposed method in larger 
networks remains to be evaluated.

Future work could use soil-moisture, land-cover, and other remote-sensing products 
to characterize surface differences along individual paths and develop spatially heteroge-
neous propagation corrections. Larger samples of rocket-triggered and natural lightning 
would help assess the stability of τE  and AE  across waveforms and propagation conditions. 
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The reference field could also be extended to more realistic three-dimensional channels, 
including inclined and tortuous geometries.

5. Conclusions
We propose a propagation-correction and candidate-discrimination method for sparse 

three-station VLF/LF lightning location, using peak-time correction to improve candidate 
positions and ACM peak electric field consistency to select among them. In the S7–S8–S9 
rocket-triggered lightning case, time correction with prescribed ground parameters reduces 
the near-candidate error from 1.333 to 0.360 km, after which the ACM criterion selects 
that candidate and rejects the spurious solution. The results show that time correction 
and ACM consistency respectively support lower location error and rejection of spurious 
candidates without additional stations; because performance may depend on network 
geometry and terrain, validation across different baselines and layout orientations is still 
needed to establish the range of applicability. 
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