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Highlights

What are the main findings?

• An XGBoost-based multi-feature fusion framework for DDM matching is presented,
which adaptively integrates complementary similarity features to achieve robust single-
frame matching and positioning, with matching accuracy improved by approximately
22 percentage points compared to optimal single-feature methods. Additionally, an
adaptive sequential positioning method based on particle filtering is proposed, which
employs a fast reference template generation method and adaptive sequential filtering
to realize online generation and matching of dynamic spatial grids, eliminating the
constraints of fixed search grids while achieving convergence within 10 frames across
diverse motion scenarios.

What are the implications of the main findings?

• The proposed framework provides a high-precision autonomous positioning solution
for airborne platforms in GNSS-denied environments, particularly under challenging
conditions, including wide-beam configurations and high-altitude maneuvering flight.

• The ensemble learning approach achieves robust generalization with limited training
data, facilitating practical engineering deployment. The dynamic grid mechanism
addresses the specific positioning demands of aperture-constrained maneuvering plat-
forms operating under wide-beam conditions, where conventional fixed-grid TAN
suffers from boundary truncation and elevation measurement degradation induced by
large footprint deviations.

Abstract

Terrain-aided navigation (TAN) enables autonomous positioning through fusing prior ter-
rain databases with real-time sensor measurements in GNSS-denied environments. Typical
factors, including wide beam width and terrain elevation variations, introduce inaccuracies
in elevation measurements, degrading the performance of classical elevation-based TAN
methods. The SAR altimeter operates in nadir-looking mode to acquire range–Doppler
projection images with inherent cross-track ambiguity for positioning based on image
information, yet its accuracy is limited by single-feature and fixed-grid approaches. In
this paper, we introduce an adaptive positioning framework for the SAR altimeter that
combines XGBoost-based multi-feature fusion with Bayesian particle filtering. First, a fast
DDM template generation algorithm is employed to improve computational efficiency.
Then, an ensemble learning framework integrating complementary similarity features is in-
troduced to achieve robust single-frame matching. Additionally, a Bayesian filtering-based
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dynamic grid construction method is developed to concentrate particles in high-probability
regions, eliminating boundary truncation errors inherent to fixed approaches. The pro-
posed method’s primary advantage is the reliable three-dimensional localization under
extreme radar configurations, such as wide beam width and high-altitude maneuvering
platforms. Experimental results based on both simulated and real data validate the method,
demonstrating superior positioning performance under wide-beam conditions.

Keywords: terrain-aided navigation (TAN); SAR altimeter; Delay-Doppler Map (DDM);
multi-feature fusion; particle filtering; dynamic grid; Bayesian filtering

1. Introduction
Applying radar altimeters to airborne platform positioning is an effective geophysical

positioning technology. Radar altimeters have evolved from primitive one-dimensional
ranging devices into sophisticated sensors capable of acquiring high-resolution terrain infor-
mation. These systems have become indispensable for topographic measurement, playing
a vital role in applications ranging from oceanography to terrestrial mapping [1–3]. Unlike
optical sensors, which are susceptible to weather and lighting conditions, radar altimeters
operate on the principle of active microwave transmission and reception, thereby enabling
all-weather, day–night operational capability. This characteristic, combined with their
ability to provide direct measurements of terrain elevation, has established radar altimeters
as critical components in modern navigation systems—particularly in scenarios where
Global Navigation Satellite Systems (GNSSs) are unavailable, jammed, or degraded [4–6].

The integration of radar altimeters into Terrain-Aided Navigation (TAN) systems rep-
resents a significant advancement in autonomous positioning technology for GNSS-denied
environments. TAN estimates spatial position by fusing a priori terrain reference databases
with real-time sensor measurements [7]. Conventional TAN approaches primarily rely
on one-dimensional terrain elevation profiles, with two classical algorithms typifying this
paradigm: Terrain Contour Matching (TERCOM), which correlates measured elevation
sequences with pre-stored Digital Elevation Model (DEM) profiles, and Sandia Inertial
Terrain-Aided Navigation (SITAN), which fuses INS data with radar altimeter measure-
ments through an Extended Kalman Filter (EKF) framework [8,9]. However, these methods
are fundamentally constrained by their reliance on one-dimensional elevation information,
rendering them susceptible to multi-peak ambiguity in flat areas, leading to the invalidity
of local linearization assumptions and further significant positioning errors in areas with se-
vere terrain undulations [10–12]. Furthermore, practical constraints often necessitate wide
beamwidth operation, either due to application requirements or platform limitations. Wide
beamwidth causes the closest surface point to deviate from the nadir point when surface
roughness is relative to aircraft altitude, resulting in inaccurate elevation measurements
that further degrade positioning accuracy [13]. These limitations necessitate the exploration
of alternative approaches leveraging richer terrain information.

The development of Synthetic Aperture Radar (SAR) technology has made high-
resolution imaging of terrain assisted positioning possible. Early methods focused on
side view SAR systems, which used optical matching algorithms [14] or deep learning
methods [15–17] to match real-time SAR images with reference images. While demonstrat-
ing promising results, these methods typically impose strict constraints on the flight dynam-
ics of the platform [18] and face generalization challenges with limited training data [19].
Additionally, SAR images are often affected by speckle noise, and the matching effect of
SAR images using optical matching algorithms is relatively poor. Currently, most research
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on SAR-based positioning focuses on side-looking SAR systems, while nadir-looking SAR
altimeter positioning based on two-dimensional DDM image matching remains relatively
underexplored compared to conventional POCA-based ranging approaches.

The advent of the Synthetic Aperture Radar Altimeter (SAR altimeter) marks a signifi-
cant technological convergence, effectively bridging the gap between traditional altimetry
and imaging radar capabilities [20]. By applying synthetic aperture technology to altime-
ters, the SAR altimeter overcomes the resolution limitations inherent in traditional radar
altimeters. Within the beam observation range, the SAR altimeter enables the fine-grained
processing of backscattered signals, extracting rich two-dimensional scattering features
and thereby allowing for the accurate inversion of ground elevation data [21]. Unlike
side-looking SAR, which achieves lateral high resolution via azimuth synthetic aperture,
the SAR altimeter operates in a nadir-looking observation mode. It enhances along-track
resolution through Delay-Doppler processing, establishing a unique two-dimensional ob-
servation space defined by the range–Doppler domain. This configuration facilitates the
generation of Delay-Doppler Maps (DDMs), which encode comprehensive terrain char-
acteristics within the radar footprint while maintaining a compact system architecture
suitable for airborne deployment.

In recent years, three-dimensional positioning technology based on two-dimensional
SAR altimeter DDM images has gradually emerged as a promising approach for terrain-
aided navigation. Unlike traditional altimeters that solely rely on single-point elevation
measurements for terrain-aided positioning, DDM-based methods exploit the rich two-
dimensional scattering information inherent in nadir-looking imagery to achieve robust
localization. For instance, Wei et al. [22] presented a hybrid three-dimensional positioning
framework that combines DDM Phase Correlation (PC) matching with spatio-temporal
echo similarity, demonstrating high-precision positioning capability with enhanced terrain
adaptability and robustness. Lu et al. [23] developed a model-driven neural network
algorithm named “TMP-Net” that acquires terrain DDMs via an SAR altimeter and em-
ploys a presented three-point weighted positioning scheme to match with reference maps
generated from DEM data. The core principle underlying these methods involves dynami-
cally comparing real-time radar altimeter nadir-looking DDMs with a bank of candidate
reference images utilizing various similarity metrics to inversely solve for spatial position.
Leveraging the richer ground information embedded in nadir-looking DDMs, these ap-
proaches have significantly improved the accuracy and reliability of TAN, particularly in
complex terrain and wide-beam scenarios.

However, despite the demonstrated potential of DDMs for three-dimensional localiza-
tion, two interrelated challenges persist, hindering further performance enhancement. First,
the inherent low-dimensional and potential aliased nature of nadir-looking DDMs [22]
renders similarity metrics highly sensitive to the specific choice of feature extraction and
comparison algorithms. The complexity and diversity of terrain features often induces
instability in single-feature matching, while deep learning approaches face generalization
challenges despite their strong performance capabilities. Second, current DDM-based
positioning methods predominantly rely on pre-computed, fixed search grids that are
defined a priori based on approximate position estimates. This approach fundamentally re-
stricts real-time adaptability to unpredicted platform maneuvers and imposes unnecessary
computational loads on irrelevant search regions. When an aircraft deviates from preset
trajectories due to tactical requirements or environmental factors, fixed-grid methods may
fail to converge or produce significant positioning errors due to boundary truncation effects.

In this paper, an adaptive positioning framework integrating XGBoost-based multi-
feature fusion with Bayesian particle filtering is proposed for the SAR altimeter. First,
to enhance computational efficiency, a fast DDM template generation algorithm is in-
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troduced. Then, an ensemble learning framework integrating complementary similarity
features is developed to achieve robust single-frame matching. Additionally, to address
the limitations of fixed search grids, a particle-filtering-based dynamic grid construction
method is employed, effectively concentrating particles within high-probability regions and
thereby mitigating boundary truncation errors. Comprehensive experimental validation
using both simulated and real SAR altimeter data is conducted, demonstrating superior
positioning performance under wide-beam conditions.

The main contributions of this work are as follows:

1. An XGBoost-based multi-feature fusion framework for DDM matching is introduced.
This approach adaptively integrates complementary similarity features to achieve
robust single-frame matching and positioning.

2. An adaptive sequential positioning method based on Bayesian filtering is developed
to address the severe boundary truncation errors inherent to wide-beam footprints.
By employing a fast reference template generation method and adaptive sequential
filtering, this method enables the online generation and matching of dynamic spatial
grids, thereby eliminating the constraints imposed by fixed search grids.

3. Comprehensive experimental validation using both simulated and real SAR altimeter
data is conducted, demonstrating the superiority and robustness of the proposed
approach compared with existing methods under wide-beam conditions.

2. Airborne SAR Altimeter: Geometric and Signal Models
This section introduces the theoretical foundation for the airborne SAR altimeter.

By integrating nadir-looking observation geometry with Delay-Doppler processing, the
SAR altimeter synthesizes two-dimensional Delay-Doppler Maps (DDMs) that encode
detailed terrain information. The geometric observation and signal transmission models
detailed herein constitute the fundamental basis for subsequent DDM generation and
terrain matching algorithms.

2.1. Geometric Observation Model

To accurately describe the spatial relationships between the SAR altimeter platform
and ground scatterers, we establish a three-dimensional Cartesian coordinate system
as shown in Figure 1a. This coordinate system provides a convenient framework for
analyzing the kinematics and signal propagation characteristics inherent to the nadir-
looking geometry. We consider an airborne SAR altimeter platform moving at a constant
velocity v⃗ along the positive X-direction at a nominal altitude h0 above the reference plane.
The platform position at time t is denoted as P(t) = (vt, 0, h0).

For an arbitrary ground scatterer L located at coordinates (xL, yL, zL), where zL rep-
resents the elevation relative to the reference plane, the relative position vector from the
platform to the scatterer is given by

rpL = (xL − vt, yL, zL − h0). (1)

The instantaneous slant range from the platform to scatterer L is R(t) =
∥∥rpL

∥∥ (∥∥ is
the Euclidean norm). Of particular significance is the nadir observation condition, occurring
when the radar platform travels directly over scatterer L. At this instance, xp = xL and
yp = yL, causing the horizontal projections of the radar and scatterer positions to coincide.
Under nadir conditions, the slant range is the shortest [24].
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Figure 1. Airborne SAR altimeter geometry: (a) the geometric model of airborne SAR altimeter.
(b) Doppler pulse footprint.

The SAR altimeter antenna transmits a beam with finite angular width, typically
quantified by the half-power beamwidth θhp. This beam illuminates an elliptical footprint
on the ground surface, as illustrated in Figure 1a. A key characteristic of nadir-looking
geometry is that the beam coverage extends beyond the nadir point to include scatterers
positioned both ahead of and behind the platform along the flight direction. Consequently,
the received echo signal consists of superimposed backscattering contributions from multi-
ple scatterers within the illuminated area, thereby providing the spatial diversity essential
for two-dimensional imaging.

To overcome the inherent limitation of conventional radar altimeters, namely, poor
azimuth resolution, the SAR altimeter incorporates Delay-Doppler processing [25]. The fun-
damental principle of Delay-Doppler processing exploits the differential Doppler frequency
shifts induced by scatterers at distinct along-track positions. As the platform moves for-
ward, scatterers ahead of the nadir point exhibit positive Doppler shifts, whereas those
behind exhibit negative Doppler shifts. Through azimuthal signal processing, the wide
beam is effectively divided into multiple narrow sub-beams, each corresponding to a
specific Doppler frequency band.

As shown in Figure 1b, the beam illumination area forms a concentric circular footprint
on the ground, subdivided into multiple azimuthal sub-regions by isodoppler lines. Each
sub-region corresponds to a specific Doppler frequency band. By performing azimuthal
Fourier transform on the echo signal, signal components within different Doppler fre-
quency bands can be extracted, effectively simulating high-precision observation using
multiple narrow beams. The resolution improvement multiple achieved via Delay-Doppler
processing is proportional to the Doppler frequency band width, significantly improving
the detection accuracy in the along-track direction without increasing the antenna size.

2.2. SAR Altimeter Signal Model

The SAR altimeter achieves imaging by transmitting Linear-Frequency-Modulated
(LFM) signals [26] and receiving echoes from ground scatterers. Its echo signals contain
two-dimensional information in the range direction (fast time) and azimuth direction
(slow time):

st(τ) = wr exp
(

jπKrτ2
)

, (2)
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where τ is the fast time (range-direction time variable), wr(τ) is the range-direction window
function (usually a rectangular window or Hanning window), and Kr is the frequency mod-
ulation slope. This signal is modulated by the carrier frequency f0 (with a corresponding
wavelength of λ, where c is the speed of light) before transmission.

When the radar platform observes the ground scatterer L at the slow time η(azimuth-
direction time variable), the round-trip propagation distance of the signal is R(η). At this
time, the received echo signal can be expressed as

spul(τ) = A0wr

{
τ − 2R(η)

c

}
wa(η − ηc)

× cos

{
2π f0

(
τ − 2R(η)

c

)
+ πKr

(
τ − 2R(η)

c

)2
+ ψ

}
,

(3)

where A0 is the constant related to the backscattering coefficient of the scatterer, wa(η − ηc)

is the azimuth-direction window function (with ηc being the azimuthal center time), and ψ

is the phase change introduced by the scattering process.
By performing operations such as de-slope compression, matched filtering, and slow-

time processing on the original echo signal [27], the signal expression can be obtained as

sr(τ, η) = wr

{
τ − 2R(η)

c

}
Wa

(
fη − fηc

)
· exp

{
−j

4π f0R0

c

}
exp

{
−jπ

f 2
η

Ka

}
, (4)

where Wa is the frequency-domain form of the azimuth-direction window function and fη

is Doppler frequency.
The azimuth resolution is determined by the Doppler bandwidth, with a larger band-

width yielding a higher resolution. Its theoretical value is λh0/(2vLa) (where La is the
synthetic aperture length). The instantaneous distance R(η) is a key parameter describing
the echo characteristics, and its expression is

R(η) =
√

R2
0 + v2η2 ≈ R0 +

v2η2

2R0
, (5)

where R0 is the minimum slant range. The corresponding Doppler frequency is approximately

fd(η) ≈ −
(

2v2/λR0

)
η. (6)

This linear relationship between Doppler frequency and azimuth time enables the
formation of the two-dimensional Delay-Doppler Map through coherent integration over
the azimuth observation window. The final DDM is generated by organizing the processed
echo signals into a two-dimensional matrix, where the horizontal axis represents range
(or equivalently, delay) and the vertical axis represents Doppler frequency. Mathematically,
the DDM intensity at range gate m and Doppler bin n is given by

DDM[m, n] =
∣∣∣∣∫ sr(τm, η) exp[−j2π fnη]dη

∣∣∣∣2, (7)

where τm corresponds to the m-th range gate and fn corresponds to the n-th Doppler frequency.
The range dimension of the DDM corresponds to the slant range from ground scatter-

ers to the radar platform. This dimension is directly related to terrain elevation: for a given
platform altitude, scatterers at higher elevation yield shorter slant ranges and thus appear
at lower range gate indices. The range resolution pr is determined by the signal bandwidth
B: pr = c/(2B).
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In traditional SAR imaging, methods such as range migration correction can be used
to obtain spatially undistorted focused images. However, considering the azimuth aliasing
characteristics of nadir-looking radar images, range migration correction cannot completely
decouple the influence of platform motion and does not provide additional terrain infor-
mation. Therefore, in this paper, uncorrected DDM images are used for terrain matching
processing to improve computational efficiency.

Due to the nadir-looking observation geometry, scatterers symmetric about the nadir
point are mapped to the same range–Doppler bins, resulting in inherent forward–backward
Doppler symmetry. Meanwhile, cross-track position information is aliased into the DDM
through the range dimension, making cross-track features poorly observable but strongly
coupled to the image structure. These properties lead to high inter-frame similarity and
necessitate refined feature extraction algorithms to capture subtle cross-track variations
essential for terrain matching.

3. Methodology
This section presents the proposed methodology for DDM-based terrain matching

and positioning. The framework addresses the unique challenges identified in Section 2
through three synergistic components: (1) a multi-feature fusion strategy based on XGBoost
ensemble learning for robust single-frame matching; (2) a fast reference template generation
method for efficient DDM computation; and (3) an adaptive particle filtering framework
that constructs dynamic reference matching grids for sequential Bayesian positioning.

3.1. Overall Framework

The proposed matching and positioning framework is based on real-time radar echo
processing, integrating reference database management with dynamic state estimation to
achieve full-process closed-loop optimization from raw signal to final three-dimensional
position estimates. As illustrated in Figure 2, the framework comprises five intercon-
nected modules.

Module 1: Data Preprocessing and Initialization. This module reads the initial three-
dimensional position and flight state information from the Inertial Measurement Unit
(IMU) at time k = 0, initializes the positioning grid, and loads the system state model. It
synchronously ingests raw radar echo data and pre-stored reference DEM data and then
generates the measured DDM from the radar signal using the signal model introduced in
Section 2.2.

Module 2: Reference DDM Generation. For each particle within the matching grid
(detailed in Section 3.4), this module generates a simulated reference DDM on-the-fly
via the efficient DDM generation algorithm introduced in Section 3.3. The generated
reference DDMs serve as templates for subsequent similarity comparison with the real-
time observation.

Module 3: Similarity Calculation. Serving as the framework’s core, this module
executes a combined feature measurement strategy based on the XGBoost algorithm as
shown in Figure 3. It quantifies the spatial correlation between the measured DDM and each
reference DDM by extracting and fusing multiple complementary feature types, as detailed
in Section 3.2.

Module 4: Bayesian Estimation and Weighted Positioning. This module dynamically
adjusts the particle distribution of the reference matching grid according to the Bayesian
filtering framework. Particle weights are updated based on the similarity-likelihood implicit
model, and state focusing is achieved through resampling. The final position estimate for
the current frame is output through weighted averaging of particle states.
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Module 5: Adaptive Grid Management. Operating synergistically with the Bayesian
filtering concept, this module dynamically generates the matching point grid by fusing par-
ticle filter predictions with the SAR altimeter motion state model. This adaptive approach
ensures an efficient concentration of particles within high-probability regions, as discussed
in Section 3.4.

Fast Generation Image (Alg.1)Initial positioning grid Real Image

Image Matching and Similarity Calculation Trained XGBoost (Fig.3)

Weights Update and Weighted Localization (Alg.2) Current Positioning

Bayesian based Prediction (Alg.2)

End of Iteration?

Finish

k=k+1

Y

N

Start (k=0)

DEM Data
INS Data

Raw Echo Data

Figure 2. The flowchart of the introduced matching and positioning algorithm.

Real-time DDM

DEM-based  DDM
       Reference

Input Layer

Feature
Vector

XGBoost Model

···

Ensemble of N Decision Trees

Gradient Boosting Iterative Training

Accuracy Analysis

Matching

Target Loss

Feature
Splitting

Feature
Importance

Analysis

True
Position

Matching
Accuracy

Model Prediction

Figure 3. The algorithm block diagram of XGBoost model.

The framework operates iteratively, with the output position estimate at time k serving
as the prior information for particle prediction at time k + 1, thereby forming a continuous
positioning loop that exploits spatio-temporal correlations.

3.2. Single DDM Matching Method Based on Combined Features

Image similarity measurement realizes the spatial solution of matching positioning by
quantifying differences in pixel distribution, structural features, and gradient characteristics
between real-time images and reference images [28]. Due to the complexity of terrain, it
is challenging to analytically determine the optimal feature similarity metric for DDM
image matching from a mathematical perspective. Generally, DDM images have unique
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characteristics, such as strong speckle noise, low contrast, and observation aliasing under
nadir geometry, making it difficult for a single similarity measurement method to fully
characterize the spatial correlation between images. For example, ORB [29] suffers from in-
sufficient matching points in low-feature areas, while single-scale SSIM [30] cannot balance
macro contours and micro details. Given these limitations, we posit that a robust matching
criterion can be constructed through multi-feature fusion. Traditional manual weighted
fusion methods, however, struggle to handle the nonlinear redundant relationships that
exist between features [31]. For instance, grayscale-based NCorr2 and structure-based
MS-SSIM encode overlapping information regarding macro terrain contours, and simple
linear combination cannot adaptively balance their contributions across diverse terrain
types. Thus, we introduce an XGBoost-based adaptive similarity learning framework that
achieves strong generalization with few training samples while maintaining computational
efficiency for online operation.

XGBoost is an ensemble learning algorithm based on Gradient Boosting Decision Trees
(GBDTs) [32]. Its training strategy follows the boosting paradigm in ensemble learning:
multiple “weak learners” (simple decision trees) [33] are sequentially trained, with each new
learner focusing on correcting the errors of the existing ensemble. The final model combines
all weak learners through weighted voting to form a powerful predictor. Mathematically,
given a training set {(xi, yi)}, where xi represents the feature vector and yi represents the
target label, XGBoost minimizes the following regularized objective:

L(θ) = ∑θ
l(yi, ŷi) + ∑k Ω( fk), (8)

where l is a differentiable convex loss function, Ω penalizes model complexity, and fk

represents the prediction of the k-th tree.
Based on the physical characteristics of DDM images, we select five types of sim-

ilarity features: statistical correlation, structural, point-based, line-based, and gradient
features, which together constitute the input feature vector. The local correlation coefficient
(NCorr2) [34] is selected for statistical correlation features; Multi-Scale Structural Similarity
(MS-SSIM) [35] for structural features; the ORB feature point detection for point features;
the HoughLineP algorithm [36] for line features; and the Histogram of Oriented Gradients
(HOG) [37] for gradient features. The core principles, adaptability, and limitations of each
type of feature are summarized in Table 1.

Table 1. Characteristics of DDM matching methods.

Method Core Principle Advantages Limitations

NCorr2 Sliding-window local correlation Sensitive to local features High computational complexity
MS-SSIM Multi-scale structural similarity Balances multi-scale information High computational complexity

ORB FAST detection + BRIEF descriptor Fast, rotation-invariant Insufficient feature points
HoughLineP Hough transform line detection Robust to edge breakage Limited valid lines

HOG Cell-based gradient orientation Strong texture discrimination Weak features in smooth terrain

For the training label of the XGBoost model in this experiment, it is necessary to
establish a quantitative mapping relationship between “feature similarity” and “spatial
position correlation”. Based on the spatial positioning requirements of DDM matching, we
introduce a target value constructed based on Euclidean distance to quantify the spatial
similarity between the reference point and the real track:

target =
(

1−
√

r
Rmax

)2

, (9)
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where r is the 3D Euclidean distance between the reference point and the real position of
the track and Rmax is the maximum search distance (set to 300 m in the experiment), which
can cover most of the initial positioning error range. The squared form (1−

√
r/Rmax)2

serves two purposes: it ensures that the target value decreases monotonically as the spatial
deviation increases, and that the square root operation compresses the dynamic range,
preventing small distance variations from causing drastic target changes. This design
facilitates smoother optimization during gradient boosting and aligns with the similarity-
likelihood mapping required for particle weight updates in Section 3.4.

The input of the training model is the five-dimensional feature vector described in
Table 1, and the output is the predicted similarity value. To train the XGBoost regression
model, we construct a training set that comprehensively covers the spatial search space.
For each true trajectory point, we generate reference points by sampling uniformly within
the search radius Rmax = 300 m. This sampling strategy ensures the inclusion of both
proximal samples and distal samples, enabling the model to learn the full spectrum of the
similarity–distance relationship. The target value is computed using Equation (9).

The hyperparameters in Table 2 were determined through a combination of domain
knowledge and systematic cross-validation. We performed a grid search over learning
rate η ∈ {0.05, 0.1, 0.2, 0.3}, maximum depth ∈ {4, 5, 6, 7, 8}, and regularization coeffi-
cient λ ∈ {0.5, 1.0, 2.0}. The combination (η = 0.2, depth = 6, λ = 1.0) achieved the
highest 5-fold cross-validation accuracy [38]. The 1000-iteration limit was determined
through early stopping analysis, where validation accuracy plateaued after approximately
800–900 iterations across all folds. Beyond 5-fold cross-validation, we adopt three com-
plementary regularization mechanisms: L2 regularization (λ = 1), early stopping with a
patience of 50 rounds, and a maximum tree depth of 6. Together, these strategies effectively
prevent overfitting and promote reliable generalization to unseen terrain data.

Table 2. Core parameters of XGBoost model.

Parameter Value Function

Learning Rate (η) 0.2 Controls the weight contribution of each tree
Maximum Tree Depth 6 Limits the complexity of decision trees
Number of Leaf Nodes 64 Prevents insufficient samples in leaf nodes

Regularization Coefficient (λ) 1 Constrains the sum of squares of tree weights
Number of Iterations 1000 Number of decision trees

During training, a gradient boosting strategy of “iterating tree by tree” is adopted.
Initially, one decision tree is constructed to fit the target values; each subsequent tree aims
to minimize the residual (difference between predicted and target values) of the previous
model. Feature selection at each split is optimized via gradient descent, and the importance
of input features is ranked based on the split gain metric.

Subsequently, the model results of the test set are evaluated. The core indicator is
the matching accuracy, i.e., the proportion of reference points with the highest predicted
similarity where the Euclidean distance to the real position is less than the threshold.
The calculation logic for determining whether the i-th sample matches accurately is

Ii =

{
1, if ri ≤ γ

0, if ri > γ
, (10)

where Ii is the indicator function and ri is the three-dimensional Euclidean distance between
the reference point with the highest prediction similarity of the i-th test sample and the true
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position. Then, 5-fold cross-validation is used, and the average accuracy of each method is
obtained by calculating the accuracy of each fold and taking the average.

3.3. Fast Reference Template Generation Method

The generation efficiency of DDM templates directly determines the real-time perfor-
mance. In the subsequent adaptive grid algorithm, the particle filter needs to dynamically
generate corresponding reference DDMs for hundreds of particles per frame. If the tra-
ditional finite element echo generation method is adopted, its complex signal processing
workflow may lead to computational delays exceeding the tolerance range of the airborne
platform. To address this, we introduce a fast reference DDM template generation method.

In Section 2.2, we mentioned the range–elevation mapping relationship: the range
gate of the DDM is directly related to the slant range from the ground scatterer to the
radar, and this mapping relationship can be directly established through simple geometric
calculations. Meanwhile, the Doppler channel corresponds one-to-one with the along-track
position of the scatterer, which can be calculated via speed and angle without FFT. For the
backscattering coefficient of ground objects σ0, it can be directly calculated through an
empirical model. Based on the above theory, the fast method generates the reference DDM
mainly through three steps: “geometric mapping, scattering coefficient calculation, power
superposition”. The workflow comparison between this method and the traditional method
is shown in Table 3.

Table 3. Comparison of flow between traditional finite element method and fast method.

Workflow Step Traditional Finite Element Method Fast Method

Signal Simulation Generates and modulates LFM signal Direct geometric mapping
Echo Calculation Computes complex echoes per scatterer Direct power contribution calculation

Range Compression Matched filtering for de-chirping Direct slant-range to range-gate mapping
Azimuth Processing Azimuth FFT for Doppler analysis frequency shift Direct speed/angle to Doppler mapping

Backscattering Model Electromagnetic scattering equation Empirical model

The specific workflow of fast DDM template generation is described in Algorithm 1.
We assume that the number of range gates in the DDM image is M, the number of
Doppler channels is N, and the number of discrete ground scatterers in the traditional
finite element method is K. The computational complexity of the traditional finite-element
method primarily arises from echo calculation, range compression, and azimuthal FFT,
with complexities of O(KMN), O

(
M2N

)
, and O(MN log(N)), respectively. However,

the fast reference template generation method introduced in this paper skips the above
high-complexity steps. Its core workflow is geometric mapping → empirical scattering coef-
ficient calculation → power superposition, and the computational burden of these steps is
linear with respect to O(KMN), with no high-order terms, resulting in a significant reduc-
tion in computational complexity. K is bounded by the ratio of the radar beam footprint area
to the DEM cell area. For a given system configuration with fixed beamwidth and platform
altitude, the footprint area remains constant, and K is therefore a bounded parameter.

3.4. Adaptive Reference Matching Grid Based on Particle Filtering

While single-frame matching identifies candidate positions, it does not exploit spatio-
temporal continuity or adapt to dynamic maneuvering. This subsection introduces an
adaptive positioning framework integrating Bayesian filtering with the matching algorithm,
where particle filtering constructs a dynamic reference matching grid for autonomous three-
dimensional positioning.
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Algorithm 1 Fast DDM generation algorithm.

Input: Wavelength, λ; sensor position, l1 ∈ R3×1; sensor velocity, v ∈ R3×1; scatterer
positions, l2 ∈ RK×3; DEM gradients, gx, gy ∈ RK×1; reference area, A0; distance range,
rx ∈ RM×1; Doppler range, fD ∈ RN×1.

1: Step-0. Basic calculation:

2: d =
∥∥l1 − lT

2

∥∥
2; r̄ = l1−lT

2
d ; vr = vT · r̄T ; fd = − 2vr

λ ;
3: Step-1. Target screening:
4: id0 = {n|d(n) ∈ rx ∩ fd(n) ∈ fD}; r̄′ = r̄(id0, :); d′ = d(id0, :); fd

′ = fd(id0, :); g′x = gx(id0);
g′y = gy(id0);

5: Step-2. Terrain slope correction:

6: n =
(−g′x ,−g′y ,1)√

g′2x +g′2y +1
; θlocal = arccos(|r̄′ · n|); α = arcsin

√
g′2x +g′2y√

g′2x +g′2y +1
;

7: Ae f f = A0 · cos θlocal
cos α ;

8: Step-3. Scattering cross section:
9: σ0

′ = σ0
Kulemin(θlocal), where σ0

Kulemin(·) adopts the Kulemin model [39];

10: Sp =

√
λ2·Ae f f

(4π)3 · σ0′ · (d′)−4 · exp
(

j · 4π
λ · d

′
)

;

11: Step-4. Accumulation and normalization:

12: id1 =
[

d′−rx(1)
rx(2)−rx(1)

+ 1
]
, id1 ∈M = [1, M]; id2 = round

(
fd
′− fD(1)

fD(2)− fD(1)
+ 1

)
, id2 ∈ N = [1, N];

13: RD(m, k) = ∑
id1∈M

∑
id2∈N

∣∣Sp
∣∣;

Output: Power map, RD;

3.4.1. Adaptive Positioning Under Bayesian Framework

PF is essentially a Monte Carlo implementation of Bayesian filtering. Conventional
methods are mostly designed for general nonlinear systems and lack adaptability to radar
altimeter DDM matching scenarios. In this subsection, we discuss the logic of radar
matching positioning under the Bayesian framework and the implicit modeling of the
observation likelihood function.

Conventional PF mostly adopts a 3D position state, which ignores the impact of motion
continuity on grid tracking. For the motion scenario of airborne radar altimeters, we employ
a 3D spatial motion model (Constant Velocity/Constant Acceleration, CV/CA) [40], which
includes both position and velocity information to ensure that particles can follow the
maneuvering trend of the carrier. The state model is defined as

xk =
[

xk, yk, zk, vx,k, vy,k, vz,k

]T
, (11)

(xk, yk, zk) are the 3D position coordinates of the carrier, representing the along-track, cross-
track, and elevation directions, respectively;

(
vx,k, vy,k, vz,k

)
are the motion velocities in the

corresponding directions.
The localization is essentially a dynamic state estimation problem: under the premise

of the known carrier motion model and observation model, the probability distribution
of the current position is recursively updated based on historical positioning results and
real-time observation data (image matching similarity). Bayesian filtering [11] realizes
this process through two core steps, which form the theoretical basis for the adaptive
adjustment of the reference grid.

The first is the prediction step: predicting the probability distribution of the current
state based on prior knowledge (e.g., carrier motion model). Let the state at time k be
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xk, the state at time k-1 be xk−1, the state transition probability be ρ(xk|xk−1), and the
observation at time k be zk. The predicted prior probability distribution is

ρ(xk|z1:k−1) =
∫

ρ(xk|xk−1)ρ(xk−1|z1:k−1)dxk−1. (12)

This step dynamically adjusts the spatial distribution of particles through the carrier
motion model (e.g., CV model, CA model), enabling the reference grid to naturally focus
on the area where the carrier may move and avoiding redundant calculations of fixed grids
in invalid areas.

The second is the update step: correcting the prior distribution by combining real-
time observation data (i.e., image matching similarity zk at time k) to obtain the posterior
probability distribution:

ρ(xk|z1:k) =
ρ(zk|xk)ρ(xk|z1:k−1)

ρ(zk|z1:k−1)
, (13)

where ρ(zk|xk) is the likelihood function, which quantifies the matching degree between
the state xk and the observation zk. Through this step, the reference grid strengthens the
particle density in high-similarity areas and weakens that in low-similarity areas according
to real-time matching results, realizing dynamic optimization of spatial distribution.

As shown in Figure 4, the fixed grid method is essentially uniform sampling of the state
space [23], which cannot reflect the dynamic changes of the state probability distribution;
however, through the Bayesian recursive framework, particle filtering ensures that the
distribution of the reference grid is always consistent with the carrier motion trend and
terrain matching characteristics, thereby realizing the adaptability of the reference grid.
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Figure 4. Grid comparison: (a) fixed mesh matching. (b) Adaptive mesh matching.

3.4.2. Particle Filtering Implementation
Monte Carlo Approximation

Particle filtering provides a practical implementation of Bayesian filtering for nonlinear,
non-Gaussian systems through Monte Carlo approximation [41]. Rather than computing
the posterior probability distribution analytically, which is intractable for our problem, PF
approximates the distribution using a set of N weighted particles:

ρ(xk|z1:k) ≈
N

∑
i=1

wi
kδ
(

xk − xi
k

)
, (14)

where
{

xi
k, wi

k
}N

i=1 represents the particle set, with xi
k denoting the i-th particle’s state

hypothesis and wi
k denoting its corresponding weight (normalized such that ∑N

i=1 wk
i = 1).

The Dirac delta function δ(·) [42] concentrates probability mass at particle positions.
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The key advantage of PF is that it does not require linearization assumptions for the
system model or Gaussian noise distributions, and it naturally integrates the complex
similarity measurement information from DDM matching, providing a flexible framework
for adaptive reference grid generation.

Adaptive Grid Matching Algorithm

The adaptive grid matching algorithm implements a closed-loop “prediction–matching–
correction” cycle that integrates PF design with the DDM single-frame matching technology
introduced in Section 3.2. Centered on real-time radar echo processing, the algorithm
achieves high-precision autonomous positioning in complex scenarios through dynamic
reference grid generation, combined-feature similarity calculation, and Bayesian state
estimation. The algorithm flow is described in Algorithm 2.

Algorithm 2 Adaptive grid-based matching and positioning algorithm.

Input: Rraw: measured radar echoes; µ0, Σ0: initial state and covariance; DDEM: DEM;
MXGB: XGBoost model; θrad, θPF: system parameters.

1: Data preprocessing:
Generate Dk

real fromRraw via Algorithm 1; extract INS initial state.
2: Particle prediction:
3: if k = 0 then
4: Sample {xi

0, wi
0}N

i=1 ∼ N (µ0, Σ0) with wi
0 = 1/N.

5: else
6: Propagate xi

k−1 to xi
k via CV/CA model.

7: end if
8: Reference DDM generation:

For each particle xi
k, generate reference DDM Dk,i

ref via Algorithm 1.
9: Similarity calculation: Compute similarity si

k =MXGB(Dk
real,D

k,i
ref).

10: Weight update: w̃i
k ← si

k via implicit likelihood model; wi
k ← w̃i

k/ ∑j w̃j
k.

11: State estimation: x̂k ← ∑N
i=1 wi

kxi
k; feed back to next frame.

12: Resampling: Compute the effective sample size Ne f f = 1/ ∑N
i=1(w

i
k)

2. If Ne f f < N/2,
resample particles {xi

k, wi
k}

N
i=1 to obtain {x̂i

k, 1/N}N
i=1.

Output: x̂k: position estimate; {x̂i
k, 1/N}N

i=1: particle set for next frame.

Discussion

A critical implementation challenge in applying Bayesian filtering to DDM matching
is constructing an appropriate likelihood function ρ(zk|xk) that quantifies the observation
quality given a hypothesized state. Conventional approaches require explicit noise models
that are difficult to formulate for the complex, terrain-dependent DDM characteristics
identified in Section 2.2. We introduce an implicit likelihood modeling approach that
directly utilizes the similarity score output by the XGBoost-based multi-feature matcher:

ρ(zk|xk) ∝ s(xk), (15)

s(xk) ∈ [0, 1] is the matching similarity produced by the XGBoost ensemble model described
in Section 3.2. We note that the similarity score s(xk) serves as a heuristic surrogate for the
likelihood function, as the proportionality constant is not explicitly defined. However, since
the subsequent weight normalization eliminates this constant, only the relative ranking
of similarity scores influences the particle distribution. The resulting posterior should
therefore be interpreted as a practical approximation whose effectiveness is validated
empirically through the experimental results in Section 4.

This approach is justified on both theoretical and practical grounds. In the field of sta-
tistical signal processing, PF provide a flexible framework that allows matching scores from
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complex observations, such as terrain elevation and map correlation, to be directly utilized
in constructing the likelihood function [43]. Based on the core principles of statistical signal
processing and the derivation of DDM matching characteristics, this implicit modeling
is mainly based on two points: first, the monotonic consistency between similarity and
posterior probability. In statistical signal processing, the core physical meaning of the
likelihood function is “the degree of support of observation data for the state”; the closer
the state is to the true value, the higher the probability of the observation data appearing.
In DDM matching, when the particle position is close to the true position, the feature
consistency between the reference DDM and measured DDM is high, and the similarity
output by XGBoost is high; when the particle position deviates, the similarity decreases
rapidly. This conforms to the physical meaning of the likelihood function. Second, the simi-
larity satisfies non-negativity and normalization feasibility. The likelihood function must
satisfy two mathematical conditions: “non-negativity” and “normalizability (integrability)”.
In Section 3.2, the XGBoost combined features have constrained the similarity s(xk) to the
interval [0, 1] through regression training, satisfying non-negativity. Meanwhile, in the sub-
sequent particle weight update process of particle filtering, the probability normalization of
the likelihood function is realized through “weight normalization”. At this time, the relative
magnitude of similarity s(xk) determines the weight distribution of particles, which meets
the calculation requirements of the Bayesian posterior distribution. In engineering practice,
this method is equivalent to treating similarity as an implicit observation noise model [44]
and completing Bayesian inference through the particle filtering framework. Its effective-
ness depends on the ability of the similarity function to truly characterize the observation
quality. The XGBoost model itself has strong nonlinear fitting ability, and the similarity
s(xk) it outputs already implicitly models the “state-observation” nonlinear relationship
of the DDM.

The adaptive reference matching grid generation method based on PF constructs
a closed-loop positioning framework of “state prediction → image matching → weight
update → dynamic focusing.” Together with the XGBoost-based multi-feature matching
and the fast DDM generation method, this methodology systematically addresses key
challenges in DDM-based terrain navigation: fixed reference grid constraints, insufficient
robustness of single-feature matching, and poor adaptability to maneuvering platforms.

4. Experiments
This section presents comprehensive experimental validation using both simulated

and real airborne SAR altimeter data. The fast DDM generation algorithm is evaluated for
terrain information fidelity and computational efficiency. The XGBoost-based multi-feature
fusion is assessed against single-feature approaches, and the adaptive particle filtering
framework is compared with fixed-grid baselines to verify positioning performance.

4.1. Experimental Setup and Scenario

As shown in Figure 5, the experimental data were acquired using a custom nadir-
looking X-band airborne SAR altimeter , designated as an NWAPRA (Nadir-looking Wide-
beam Autonomous Positioning Radar Altimeter). The complete system specifications are
provided in Table 4. The experimental flight area was selected in a mountainous area in
Southwest China, which has complex terrain covering various typical terrain types.

High-precision Digital Elevation Model (DEM) data with 30 m × 30 m spatial resolution
were obtained from the ASTER GDEM V2 global database. The DEM data serve as the
ground truth for reference DDM generation and position validation. A tactical-grade INS
provides the initial position reference with static accuracy better than 1 m (horizontal) and
2 m (vertical). In the GNSS-denied scenario addressed by this study, the INS-predicted
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position accumulates drift over time without external corrections, and the maximum search
distance Rmax = 300 m is designed to encompass this accumulated propagation error.
The dynamic velocity measurement accuracy is better than 0.1 m/s with a data sampling
interval of 1 s.

Table 4. System parameters of the NWAPRA.

Parameter Value Parameter Value

Band X Sample Frequency 16.7 MHz
Bandwidth 20 MHz Pulses of each burst 125

3 dB Beamwidth 60° Altitude 3.7 km to 3.8 km
PRI 200 µs Flight Duration 30 s

Real-time DDM

DDM Reference

Raw Echo 

: Actual Trajectory
: Indicate Trajectory(INS)3D-Searching Space

: Adaptive Grid

Figure 5. The scenario of airborne SAR altimeter.

4.2. Evaluation Indicators

The test result indicators include positioning error, three-dimensional Root Mean
Square Error (3D RMSE), and convergence step size. Positioning error is defined as the
three-dimensional Euclidean distance between the actual trajectory points and the matched
trajectory points, as shown in Equation:

errori = ∥x̂i − xi∥2, (16)

where x̂i represents the coordinates of the i-th matched trajectory point and xi represents
the coordinates of the i-th actual trajectory point.

When the algorithm converges, the i-th output position coordinate vector is defined
as xoutput

i , and the i-th true position coordinate vector is defined as xtrue
i ; then, the error

vector is defined as ei = xoutput
i − xtrue

i . RMSE represents the root mean square error over
the entire trajectory, including the pre-convergence phase, and its calculation formula is
expressed as

RMSE =

√
1
M ∑M

i=1 ∥ei∥2
2, (17)

where M denotes the total number of trajectory frames. A smaller RMSE indicates higher
positioning accuracy.

The convergence step size is defined as the number of frames required from the
start of the experiment until the positioning error meets the conditions: the position
error of 3 consecutive frames is less than 15 m and the error fluctuation between adjacent
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frames is less than 5 m. The 15 m threshold corresponds to approximately half the DEM
resolution, ensuring that the converged estimate falls within one resolution cell of the true
location. The 5 m fluctuation criterion prevents premature convergence when the particle
distribution is still evolving. The 3-consecutive-frame requirement provides robustness
against transient noise, and the convergence assessment is insensitive to moderate threshold
variations. A smaller convergence step size indicates a stronger dynamic response capability
of the algorithm.

4.3. Fast DDM Imaging

This section validates that the fast DDM generation algorithm introduced in Section 3.3
maintains sufficient fidelity for terrain matching while achieving substantial computational
efficiency gains. The radar echoes were obtained from the measured data of airborne nadir
SAR radar. The aircraft was in CV motion at a speed of 75 m/s. One frame of measured
echo data was selected and processed with both the traditional finite element method and
the fast DDM generation method for comparison.

Figure 6 introduces the representative DDM generated by both methods for identical
terrain conditions. The energy peak positions and texture distribution trends exhibit
excellent correspondence, confirming that the fast method preserves the essential scattering
features required for terrain matching. The fast DDM generation algorithm preserves most
of the structural and edge texture information, enabling effective image-based matching
for positioning while achieving significant computational efficiency gains. SSIM analysis
across 10 frames yields 0.6 ± 0.04 (mean ± std). This is validated by the positioning results
in subsequent experiments.
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Figure 6. Simulated and real DDM: (a) simulated DDM. (b) Real DDM.

Meanwhile, we evaluated the generation time for 10 consecutive DDM frames under
identical hardware conditions. The average single-frame generation time of the fast process
is 0.91 s compared to 4.52 s for the traditional method, representing a 4.97× speedup. These
timings were obtained using a MATLAB (v2023) implementation on a standard laptop and
serve as a relative performance benchmark. On embedded platforms based on compiled
code (e.g., C++/Verilog), the processing time is expected to be substantially reduced to
meet real-time operational requirements.

4.4. XGBoost Feature Importance and Performance Verification

This section validates the effectiveness of the XGBoost ensemble learning framework
for DDM similarity assessment.
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4.4.1. Dataset Partitioning Strategy

Model training and testing are carried out based on measured trajectory data of
9 segments from an airborne nadir-looking SAR altimeter; the parameter setting of the
airborne SAR altimeter is consistent with Table 4. The dataset covers various terrains and
flight states. Measured DDMs are generated from measured echoes using the SAR altimeter
signal model (Section 2.2), while reference DDMs are generated via fast DDM simulation
(Section 3.3) based on INS-predicted positions.

Relie f = zmax
L − zmin

L . (18)

Slope = arctan

√(
∂zL
∂xL

)2
+

(
∂zL
∂yL

)2
. (19)

To characterize the terrain diversity, the DEM scatterer areas of all 9 trajectory segments
were partitioned into spatial tiles. Each tile was classified by terrain relief and average
surface slope, as defined in Equations (18) and (19). As summarized in Table 5, eight
distinct terrain types were identified. These span from Hills Flat Terrain to Mid Relief Mild
Mountains. The two training trajectories, T2 and T8, were selected to span the full terrain
complexity spectrum. T2 covers high-relief steep terrain. T8 covers moderate to low-relief
gentle terrain. Together, the training set encompasses 7 of the 8 identified terrain types.
The remaining 7 test trajectories contain all 8 types, including Hills Gentle Terrain absent
from the training set.

Table 5. Terrain classification of the experimental dataset.

Terrain Type Relief (m) Slope (◦) Track Coverage

Mid Relief Mild Mountains 500–881 15.1–22.9 T1–T9
Low Relief Gentle Mountains 205–500 7.0–14.9 T1–T9
Mid Relief Gentle Mountains 503–816 8.6–15.0 T1–T9

Hills Undulating Terrain 91–194 2.0–6.5 T6–T9
Low Relief Undulating Mtns 203–338 2.0–6.9 T3, T6–T9
Low Relief Mild Mountains 356–490 15.4–19.2 T1–T7

Hills Flat Terrain 37–134 1.0–1.9 T3, T6–T8
Hills Gentle Terrain 186–192 7.5–8.7 T9

4.4.2. Feature Importance Analysis

The split gain metric in XGBoost quantifies each feature’s contribution to the deci-
sion tree splitting process. Figure 7a introduces the normalized feature importance scores.
The dominance of MS-SSIM (34.8%) and NCorr2 (30.1%) confirms that multi-scale struc-
tural and grayscale correlation features constitute the core information for DDM matching.
The low importance of ORB (1.4%) indicates that point-based features are less effective
for nadir-looking DDMs, which typically exhibit sparse distinctive keypoints due to the
observation aliasing effect identified in Section 2.2. ORB is retained in the framework as
XGBoost automatically downweights low-importance features, and it may still contribute
marginally to specific frames where structural features are insufficient. The quantitative
feature importance results not only justify our combination strategy but also inform subse-
quent weight allocation and model optimization. Essentially, it quantifies the contribution
of each feature to the spatial position solution of DDM matching.
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Figure 7. Performance analysis of XGBoost: (a) the importance proportion of five features. (b) The
accuracy of different methods.

4.4.3. Matching Accuracy Comparison

We compare five single features against the combined feature method using matching
accuracy (Section 3.2, γ = 50 m). As shown in Figure 7b, MS-SSIM ranks first among
single features (70.17%), followed by NCorr2 (53.33%) and HOG (35.67%). Multi-feature
fusion improves accuracy to 92.13%, which is a 21.96 percentage point gain over the best
single feature. This means that, in the selected reference grid, the combined feature can
lock the local area where the real position is located with a higher probability. In this way,
the combined feature not only brings higher matching precision but also provides an initial
basis for the state focusing of subsequent particle filtering. The combined feature’s high
accuracy validates the monotonic similarity–likelihood relationship supporting the implicit
likelihood model.

4.5. Adaptive Grid Performance Validation
4.5.1. Comparison Between Fixed Grid and Adaptive Grid

To evaluate the performance advantages of the adaptive grid algorithm, localization
experiments were conducted on simulated curved trajectories using both fixed and adaptive
grid approaches. As shown in Figure 8, the average positioning error of the fixed grid
method is 36.15 m, whereas the adaptive grid method achieves 15.27 m, representing a
57.8% reduction in error. This significant improvement demonstrates that the adaptive grid
effectively concentrates computational resources in high-probability regions, eliminating
boundary truncation errors inherent to fixed approaches.

4.5.2. Maneuvering Trajectory Adaptability

To verify the matching and positioning performance under maneuvering conditions,
we conducted continuous positioning verification through simulation experiments. The pa-
rameters of the simulated SAR altimeter are consistent with those in Table 4. For the
trajectory generated by simulated flight, the Constant Velocity (CV) model is used to gener-
ate trajectories by adjusting the covariance matrix. We design two simulation scenarios with
increasing maneuvering complexity: Scenario A (Gentler Curve): low trajectory curvature
with gradual heading changes; Scenario B (More Complex Curve): moderate trajectory
curvature with intermittent heading changes. The adaptive grid-based combined feature
algorithm is used for matching and positioning in all scenarios.
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Figure 8. Comparison between fixed grid and adaptive grid: (a) Matching positioning of fixed grid.
(b) Matching positioning of adaptive grid.

The XY-plane schematics of the matched trajectory and actual trajectory, along with the
average positioning errors, are shown in Figure 9a,b. Simulation experiments demonstrate
that the adaptive grid matching and positioning algorithm based on combined features
exhibits good performance across curved maneuvering trajectories with varying complexity.
The dynamic focusing results of adaptive grid particles are further validated through the
measured data analysis in Section 4.6, where the evolution of particle probability density
under real flight conditions is introduced.

4.6. Robustness and Generalization Analysis
4.6.1. Per-Terrain Positioning Performance

To evaluate the per-terrain positioning performance, we grouped the positioning
results by the terrain type at each frame’s position according to the classification in Table 5.
The aircraft is in a uniform straight flight state. The results are summarized in Table 6.
As shown in Table 6, two physically consistent trends are observed: (i) at similar slope
levels, higher terrain relief yields lower error, as greater elevation variation produces
more distinctive DDM scattering patterns; (ii) at similar relief levels, steeper slopes yield
lower error, as steeper surfaces enhance backscatter variation. The positioning results
in different terrain types demonstrate the robustness of the proposed framework across
diverse terrain conditions.
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Figure 9. Maneuvering trajectory adaptability: (a) The gentler simulation curve trajectory. (b) A more
complex simulation curve trajectory.
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Table 6. Positioning error performance across terrain types.

Terrain Mid Relief Low Relief Mid Relief Low Relief Low Relief Hills Hills Hills
Type Mild Mtns Mild Mtns Gentle Mtns Gentle Mtns Und. Mtns Gentle Und. Flat

Error (m) 7.82 13.05 11.20 15.43 25.89 35.27 33.74 41.39

4.6.2. Simulation-Based Validation

To further verify the generalization of the multi-feature fusion framework, we designed
a controlled sim-to-real transfer experiment. A representative complex-terrain region was
extracted from the measured DEM. Five virtual flight trajectories were designed over
this region, as shown in Figure 10a. Their DDMs were generated using the fast DDM
simulation method (Section 3.3). Two of the five simulated trajectories were used to train
an XGBoost model. This model was then evaluated on the identical measured-DDM test
set used in Section 4.4. As summarized in Table 7, both the measured-DDM and simulated-
DDM models achieve high matching accuracy with the same top-two feature ranking.
These results confirm that the fusion framework generalizes across independent DDM
data sources.

Table 7. XGBoost performance with simulated versus measured DDMs for training.

Training DDMs Train Test Acc. (%) Imp. of NCorr2 Imp. of MS-SSIM

Measured DDMs T2, T8 T1, T3–T7, T9 92.13 30.1% 34.8%
Simulated DDMs 2 virtual tracks 90.4 47.1% 28.2%

Note: both models are tested on the same measured-DDM test set. “Measured DDMs” are derived from real radar
echoes; “Simulated DDMs” are generated over the same measured terrain with virtual flight trajectories.

To evaluate noise robustness, the simulated-DDM model was further tested under
varying noise conditions. Multiplicative speckle noise and additive thermal noise were
introduced to the DDMs at five SNR levels. Particle filter positioning was evaluated over
all five simulated trajectories at each level. As shown in Figure 10b, the RMSE increases
monotonically with decreasing SNR. It ranges from approximately 22 m at +20 dB to
81 m at −20 dB. Under moderate-to-high SNR conditions (0 dB to +20 dB), the RMSE
remains below 50 m. This confirms that the framework maintains effective positioning
accuracy under noise degradation. The elevated baseline RMSE relative to real-data results
is attributed to the limited terrain diversity in the simulation environment.
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Figure 10. Simulation-based validation: (a) measured terrain with flight trajectories. (b) Distribution
of positioning errors under different SNR levels.

4.7. Measured Data Validation

To validate the method’s effectiveness with real-world data, we utilize original airborne
SAR altimeter data over complex terrain. To assess the algorithm’s adaptability to different
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maneuvers, we conduct three experiments with distinct flight states. In order to verify the
superiority of the combined feature method, a contrast experiment with five kinds of single
features is designed. In order to show the convergence of the algorithm intuitively, the iterative
convergence process diagram and the positioning error convergence are displayed.

4.7.1. Data Acquisition

Three typical trajectory segments were selected for result analysis, with the aircraft’s
flight states being uniform linear motion, uniformly accelerated linear motion, and curvi-
linear motion. The core parameter settings of the SAR altimeter are shown in Table 4.
The uniform linear flight trajectory has a speed of 75 m/s with no attitude change; the
uniformly accelerated trajectory has an initial speed of 60 m/s and an acceleration of 1 m/s²;
the curvilinear trajectory has a speed ranging from 65 m/s to 75 m/s. XGBoost parameters
were set consistent with those in Table 2, the division of the training set and test set was the
same as in Section 4.2, the maximum search distance was set to 300 m, and the number of
initial grid particles was 1000.

4.7.2. Performance Analysis and Discussion

To evaluate the matching and positioning performance of the system algorithm under
different scenarios, the RMSE and convergence step size of the system under three scenarios
were statistically analyzed, as shown in Table 8. It can be seen that the algorithm exhibits
excellent matching and positioning performance under different flight motion scenarios,
and all scenarios achieve convergence within 10 steps. In particular, the results of the
curvilinear motion scenario show that the algorithm can still achieve effective convergence
under complex maneuvers with changes in the carrier’s heading and speed fluctuations,
and the RMSE is controlled within 30 m, verifying the good adaptability of the algorithm
to maneuvering platforms.
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Figure 11. Error of different characteristics in curve trajectory.

Table 8. Matching and positioning performance in different scenes.

Motion Type RMSE (m) Convergence Step Size (Frames)

Uniform Linear Motion 7.82 5
Uniformly Accelerated Linear Motion 11.77 7

Curvilinear Motion 26.33 10

Note: RMSE is computed over the entire trajectory. After convergence, the steady-state error is 6–15 m for the
curvilinear motion scenario as shown in Figure 11.
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Figure 12 intuitively shows the evolution of the probability density of the grid particles.
It can be observed that when the aircraft is in curvilinear flight, the adaptive grid particles
can focus on the motion trajectory and flexibly cover the effective echo area. Compared
with the fixed grid, the adaptive grid does not require preset trajectory boundaries, can
flexibly adapt to changes in the carrier’s heading, avoids the “boundary truncation error”
and “redundant sampling in invalid areas” of the fixed grid under maneuvering scenarios,
and can meet the matching and positioning requirements of maneuvering flight platforms.

Figure 11 shows the positioning error convergence results for the most complex
curvilinear maneuvering trajectory. As can be seen from the result diagram, compared with
the single-feature measurement method, the adaptive matching and positioning system
based on the combined-feature measurement method has a faster convergence speed and
smaller convergence error: the error can converge to approximately 10 m within about
10 steps, and the minimum error can be reduced to between 3 m and 5 m. Moreover,
the combined-feature method maintains fast convergence even with large initial errors,
leading to a significant performance improvement. The combined-feature method has
stronger robustness: when the initial position error of the carrier is large, the combined
feature can still quickly correct the error, while single features such as ORB exhibit error
fluctuations and even local divergence.
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Figure 12. The evolution of the probability density of the grid particles: (a) the convergence process
of grid particles. (b–d) The particles and error of Frame 1, Frame 5 and Frame 15.
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4.8. Comparative Discussion with Related Works

To evaluate the positioning performance under complex maneuvering conditions,
comparative experiments were conducted using identical DDM data from the curvilinear
motion trajectory. All methods shared the following conditions: maximum search distance
of 300 m, particle count of 1000 for grid-based methods, and DEM resolution of 30 m × 30 m.
Wei et al.’s method was re-implemented based on the algorithm descriptions in [22] with
the parameters reported therein. Lu et al.’s method was evaluated using the original code
provided by the authors of [23]. Both baselines were run with their published parameter
settings. Figure 13a illustrates the positioning error convergence over 30 frames, revealing
distinct behavioral characteristics among methods. Wei et al.’s method exhibits large initial
error followed by rapid initial decay, yet subsequently demonstrates sustained fluctuation
around 70 m without effective convergence, attributable to the absence of adaptation
mechanisms for maneuvering trajectories. Lu et al.’s approach, leveraging deep learning
for feature extraction, achieves partial convergence from 70 m to approximately 40 m
but continues to exhibit fluctuation due to limited generalization to unseen maneuvering
patterns. In contrast, the proposed XGBoost-based adaptive particle filtering framework
achieves rapid convergence within approximately 10 frames and finally stabilizes at around
15 m error, demonstrating robust adaptation to complex flight maneuvers. Figure 13b
presents the positioning RMSE comparison. The proposed framework achieves 26.33 m
RMSE, representing reductions of 70.2% and 48.7% compared to Wei et al. (88.24 m) and
Lu et al. (51.35 m), respectively.
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Figure 13. Comparison with related works [22,23]: (a) positioning error convergence. (b) Distribution
of measured positioning errors.

Each method addresses distinct aspects of the SAR altimeter localization challenge.
Wei et al. focus on resolving cross-track ambiguity through spatio-temporal echo simi-
larity analysis, which complements DDM matching. Lu et al. employ end-to-end deep
learning for feature extraction, capable of capturing complex nonlinear relationships. Our
framework leverages ensemble learning to achieve efficient and stable combined feature
matching, while Bayesian sequential estimation enables iterative error convergence through
recursive state updates.

5. Conclusions
This paper presents an autonomous wide-beam-tolerant positioning framework in-

tegrating Bayesian filtering with Delay-Doppler Map (DDM) matching for terrain-aided
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navigation in GNSS-denied environments. We established geometric observation and signal
models for airborne Synthetic Aperture Radar Altimeters (SAR altimeters) and developed a
fast DDM generation algorithm achieving 4.97× computational speedup while maintaining
terrain feature fidelity. An XGBoost-based multi-feature similarity learning framework
was proposed to adaptively fuse complementary features for robust single-frame matching.
Additionally, an adaptive particle filtering framework was developed to construct dy-
namic reference matching grids, addressing fixed grid constraints, single-feature instability,
and limited adaptability to platform maneuvers.

Experimental validation using both simulated and real airborne SAR altimeter data
confirmed the effectiveness of the proposed method. The XGBoost-based multi-feature
fusion achieved 92.13% matching accuracy, a 21.96 percentage point improvement over the
best single feature. Measured data experiments across three motion scenarios yielded RMSE
values of 7.82 m (uniform linear), 11.77 m (uniformly accelerated), and 26.33 m (curvilinear),
with all scenarios achieving convergence within 10 frames. Comparative experiments on
identical datasets demonstrated that the proposed framework achieves 26.33 m RMSE for
curvilinear motion, representing reductions of 70.2% and 48.7% compared to Wei et al.
(88.24 m) and Lu et al. (51.35 m), respectively.

Limitations of the current work include dependence on pre-trained models, compu-
tational demands for resource-constrained platforms, and performance degradation on
steep terrain. Future research directions include online learning mechanisms, algorithmic
refinements (adaptive particle numbers), hardware acceleration strategies, and multi-modal
sensor integration.
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