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Abstract

Debris flows pose significant risks to mountainous regions, and quick, accurate volume
estimation is crucial for hazard assessment and post-disaster response. Traditional volume
estimation methods, such as ground surveys and aerial photogrammetry, are often limited
by cost, accessibility, and timeliness. While remote sensing offers wide coverage, existing
optical and Synthetic Aperture Radar (SAR)-based techniques face challenges in direct
volume estimation due to resolution constraints and rapid terrain changes. This study
proposes a Super-Resolution Shape from Shading (SRSFS) approach enhanced by a Non-
local Piecewise-smooth albedo Constraint (NPC), hereafter referred to as NPC SRSFS, to
estimate debris-flow erosion volume using single high-resolution optical satellite imagery.
By integrating publicly available global Digital Elevation Model (DEM) data as prior terrain
reference, the method enables accurate post-disaster topography reconstruction from a
single optical image, thereby reducing reliance on stereo imagery. The NPC constraint
improves the robustness of albedo estimation under heterogeneous surface conditions,
enhancing depth recovery accuracy. The methodology is evaluated using Gaofen-6 satellite
imagery, with quantitative comparisons to aerial Light Detection and Ranging (LiDAR)
data. Results show that the proposed method achieves reliable terrain reconstruction
and erosion volume estimates, with accuracy comparable to airborne LiDAR. This study
demonstrates the potential of NPC SRSFS as a rapid, cost-effective alternative for post-
disaster debris-flow assessment.

Keywords: debris flow; volume estimation; shape from shading

1. Introduction

Debris flows are rapid and highly destructive geological hazards, consisting of a
mixture of solid debris of varying sizes and moisture content. Within catchment areas,
solid accumulations or unstable and fragile surface layers, upon infiltrating or scouring by
substantial volumes of water, exhibit decreased stability and consequently mobilize under
the influence of gravity, leading to the formation of debris flows. Debris flows often occur
suddenly and have short durations, with their destructive impact primarily confined to
the areas they traverse. Based on topographic changes observed after debris-flow events,
the affected areas can be divided into erosion and deposition zones. The erosion volume
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exhibits a strong correlation with the magnitude of the debris flow. Debris-flow monitor-
ing [1] involves pre-disaster susceptible area delineation, movement process observation,
and post-disaster assessment. Based on monitoring methods, it can be categorized into
ground-based techniques such as fixed station monitoring and field survey, as well as
remote sensing-based monitoring techniques.

For ground-based techniques, field instruments can be deployed to detect and warn of
debris flows in progress or conditions that might initiate debris flows. Typically, monitoring
factors include precipitation, subsurface hydrological conditions, and ground deforma-
tion [2]. Ground topographic surveys can be carried out to estimate the debris-flow vol-
ume [3]. To calculate debris-flow dynamics, seismic data can be used with stations along the
channel [4]. With video images, it is possible to estimate the 3D motion of debris flows [5].
However, project budget and site access may limit the implementation of ground-based
monitoring schemes.

Satellite and airborne observation data have been widely applied in the quantification
of debris flow and risk. Satellite precipitation data have been used to identify the condi-
tions relevant for post-fire debris-flow initiation processes [6]. Automatic extraction of a
potential debris-flow area can be accomplished based on optical satellite data [7,8]. High-
resolution optical satellite images have been used to delineate the catchment boundary of
the watershed and interpret the distribution of the shallow landslides and debris flows [9].
Debris-flow volume is one of the most important parameters. The material source volume
refers to the potential volume of loose sediments or unstable slope materials available for
mobilization prior to the event. This volume is typically assessed through field surveys
and plays a critical role in pre-disaster hazard forecasting and early warning. The erosion
volume, by contrast, refers to the actual volume of material eroded and mobilized during
the debris-flow event. This is typically estimated from post-disaster terrain changes and
serves as a key metric in evaluating disaster magnitude and impact. Before the design
of any protection measures, material source volume prediction of debris flow has to be
performed. The erosion volume is also an important issue for post-disaster responses such
as rescue activities and the disposal of deposited materials. Machine learning models can
give the estimate of potential debris-flow source volumes [10]. For earthquake-induced
landslides, connectivity with debris-flow channels is used to analyze the landslide sediment
volume that is transported into debris flows [11].

Despite advances in remote sensing, direct debris-flow volume estimation using optical
satellite image and Synthetic Aperture Radar (SAR) data remains limited. One of the reasons
is that debris flows are characterized by narrower widths compared with landslides [12,13],
which challenge the resolution capabilities of non-commercial optical satellites. The other
reason is that debris flows move rapidly with short durations and erosion zones are
typically located in mountainous valleys with steep slopes. While interferometric SAR is
effective for slow-moving landslides [14], rapid movements like debris flows often cause
decorrelation, limiting phase-based displacement monitoring. As a result, debris-flow
erosion volume estimation commonly relies on aerial photogrammetry [15] or aerial Light
Detection and Ranging (LiDAR) data. By comparing the Digital Surface Model (DSM)
derived from surveys before and after disaster, the erosion volume of a debris flow can be
identified by morphological changes [16]. However, satellite imagery remains one of the
fastest and easiest-to-use data sources shortly after a debris-flow event. In particular, the
Gaofen (GF) satellite series provides high-resolution and frequent revisit data, making it
valuable for disaster monitoring [12,17,18]. GF-2 and GF-7 offer higher spatial resolution
but have narrower swath widths, while GF-1 and GF-6 feature wider swath widths with
lower spatial resolution [19]. Early post-disaster imagery is valuable for timely assessment,
particularly under clear atmospheric conditions with minimal cloud obstruction.
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Based on a single optical image, it is possible not only to determine the extent of a
debris-flow event but also to obtain terrain change information. Compared with stereo-pair
approaches that require multiple post-disaster images for terrain reconstruction [20], single-
image-based methods offer a data-efficient alternative [21,22], making them more suitable
for rapid assessment of debris-flow hazards. Monocular depth estimation has emerged as a
key research topic in computer vision due to its ability to infer depth from a single RGB
image. However, accurate monocular metric depth estimation in unconstrained outdoor
environments remains a significant challenge that demands further investigation. Many
deep learning-based monocular depth estimation methods rely on video sequences [23] or
multi-view pose-supervised datasets for training [24], which are often unavailable in remote
sensing applications. To improve generalizability across scenes, normalization-based strate-
gies are commonly employed in monocular depth estimation [25]. Nevertheless, the ability
to accurately predict absolute depth from a single image is crucial for downstream tasks in
3D perception and terrain modeling [26]. Monocular satellite and aerial images have been
successfully applied in specific domains such as Martian terrain reconstruction [27]. Recent
studies have explored the generation of elevation surfaces from single RGB remotely sensed
images using deep learning approaches [28]. However, most of these works primarily
provide qualitative results and lack rigorous quantitative evaluation. Publicly available
Digital Elevation Models (DEMs), such as the Shuttle Radar Topography Mission (SRTM)
elevation data and the Advanced Spaceborne Thermal Emission and Reflection radiometer
(ASTER) elevation data [29], now provide near-global coverage with resolutions reaching
30 m or higher. DEMs from different data sources vary in accuracy [30] but can all serve as
a good fundamental representation of the pre-disaster terrain in geologically stable areas.
DEM fusion techniques have been proposed to leverage complementary information from
multiple DEM sources [31], although such approaches typically require access to multi-
source datasets, which may not be available in rapid response scenarios. In fact, public
global DEM data can be used as a baseline reference, while terrain changes can be derived
by comparing with DSM reconstructed from post-disaster imagery. To extract terrain or
depth information from a single image, Shape from Shading (SFS) is also widely applied
in computer vision [32]. SFS itself is an ill-posed problem [33], requiring the application
of prior constraints for its solution. In SFS, the imaging model typically represents the
combined effects of illumination, surface albedo, and depth, which corresponds to terrain.
The extraction of surface albedo information [34,35] focuses on surface classification, while
depth information is mainly derived from shading variations. The primary challenge in
SFS lies in the decoupling of surface albedo and depth. With low-frequency geometric
information, depth Super-Resolution Shape from Shading (SRSFS) [36] can even simultane-
ously recover illumination, surface albedo, and terrain features. It is worth noting that in
remote sensing applications, SFS tends to perform well when the albedo is relatively uni-
form [37,38], as demonstrated in planetary terrain recovery applications [39-41]. However,
SFS has rarely been applied to terrain change monitoring in debris-flow studies.

In this paper, we propose an improved SRSFS method with Non-local Piecewise-
smooth albedo Constraint (NPC), which adapts to the variation of albedo across the entire
image. The debris-flow-affected areas and other mountainous regions often exhibit sig-
nificant differences in surface albedo. The proposed method enables the use of SFS for
terrain reconstruction in images with heterogeneous albedo. By differencing the recon-
structed terrain with the one of pre-disaster, the erosion volume is estimated to quantify
the debris-flow scale. The major contributions of this paper are listed as follows:

e An NPC constraint is introduced using a random permutation operator to handle
heterogeneous albedo distributions.
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e  The adaptability of the SFS-based depth super-resolution is extended, using publicly
available global DEM as the initial reference, enabling terrain estimation under more
complex surface conditions.

e  High-resolution GF-6 optical satellite data are used for debris-flow erosion volume
estimation, and results are quantitatively compared with airborne LiDAR-derived
erosion volumes.

The rest of this article is organized as follows. Section 2 presents a comprehensive
exposition of the proposed Non-local Piecewise-smooth albedo Constrained SRSFS (NPC
SRSFS) algorithm. Section 3 follows with a detailed experimental study and analysis of a
debris-flow case in the rural area of Beijing. Finally, Section 4 concludes this article.

2. Methodology
2.1. Background of SRSFS

In this subsection, we provide a brief review of the SRSFS method [33,36] for the
general imaging conditions.

2.1.1. Imaging Model

Take the observation data as a multi-band image I, ¢ = 1,...,C, where C is the
number of bands. Suppose the local surface is Lambertian with albedo p°, then for an image
pixel p, the imaging model is

1(p) = [, ()1 (w)max(ew - n(p), O)de, )

where [, dw is the integration along all incoming light directions w, 52 is the unit sphere
in R3, p°(p) is the albedo at pixel p of band ¢, I€ is the incoming light radiance, n is the
surface normal pointing toward the camera.

To simplify (1), spherical harmonics are introduced. By defining k as

k(w,n) := max|w - n(p),0], )

(1) can be rewritten in a convolutional form,

I5(p) = () [, K(w, n(p))I*(w)de ©

With the Funk-Hecke theorem, the spherical harmonic expansion of the integral part
in (3) is
<) n
K@ n(p)IE@)dw = Y- Y Kl ((p), @

n=0m=—n
where hy, ;; is the orthogonal spherical harmonic basis on the unit sphere, and k, I, , is
the expansion coefficients of k, I°, respectively. Under distant lighting conditions, first- or
second-order spherical harmonics can make good approximation of incoming radiance.
Substituting (4) into (3), the imaging model can be expressed as

I(p) = p°(p)I° - h(n(p)), ®)

where, for second-order spherical harmonic approximation h(n(p)) = [1, 11, na, n3, n1nz, ny
nz, Nohs, n% — n%, 3n§ —1]%, I¢ is the spherical harmonic illumination vector incorporating
ky, I ,, and the constant factor in h;, ;. The advantage of using (5) is that the illumination
vector I° no longer changes across the spatial domain. The disadvantage is that the relation-
ship with surface normal vector n(p) becomes non-linear, which will be addressed later in
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the numerical optimization procedure. Since each channel of the image can be processed
independently, we omit the superscript c for simplicity in the following derivations.

2.1.2. Piecewise Constant Albedo

A piecewise constant constraint is a natural representation of the spatial distribution
of ground objects. In the SRSFS framework, albedo is assumed to be piecewise constant
with the regularization item || Vp||,. However, directly optimizing the Ly-norm constraint
item is challenging. To address this, the Mumford-Shah Functional (MF) [42] is employed
as an approximation of ||Vp||,.Then, taking 1 - h as the shading variable s, the problem of
albedo estimation in SRSFS becomes

argmin|ps — 1|3 + R(Vp). ©)
4

The R(Vp) item represents min {zxﬂVp\z, /\1], where a1, Aq are the constants that
balance smoothness and the number of significant discontinuities. The problem of (6)
can be solved with the primal-dual algorithm. In practice, the accurate estimation of
albedo is critical to the success of SRSFS, and the piecewise constant constraint plays a
key role in reducing the inherent ambiguity in the SFS problem. The SRSFS algorithm has
demonstrated promising results when applied to RGB imagery in computer vision tasks.

However, the piecewise smooth constraint is typically implemented via gradient
operators, which only capture local differences between adjacent pixels. The MF constraint,
as a local smoothness prior, may inadvertently suppress elongated and isolated structures
by misinterpreting them as noise. Moreover, spatially disjoint regions of the same land
cover class cannot be constrained as belonging to the same category under such local
constraints. This poses a significant challenge for debris-flow studies, as erosion zones often
follow elongated patterns along flow paths and are typically situated in local topographic
depressions. Due to the limited spatial resolution of commonly used satellite imagery, the
narrow upstream areas of erosion zones are only captured by sparse pixels. To overcome
these limitations, a novel NPC SRSFS algorithm is proposed in the next subsection to
better capture elongated and spatially discontinuous features while preserving meaningful
structural patterns.

2.2. NPC SRSFS

Since the gradient-based constraint of SRSFS operates locally, it fails to capture sim-
ilarities between spatially disconnected regions that may belong to the same class. The
non-local prior assumes that regions with similar albedo values are likely to be related,
regardless of their spatial proximity. This assumption enables the albedo sparsity prior
to enforce global consistency by linking non-adjacent but spectrally similar regions. The
non-local means [43] searches across the entire image for similar patches and performs a
similarity-weighted average. Random sampling [44] can also associate a given pixel with
distant pixels of the same category. This non-local cue becomes particularly effective when
combined with the albedo sparsity prior. However, traditional non-local similarity oper-
ators (e.g., non-local means, random sampling, and clustering) are inherently non-linear,
which complicates the inversion of the albedo estimation problem. To address this, we
propose using a random permutation operator as a linear alternative.

A permutation operator is a linear transformation that reorders the elements of a vector
or sequence without changing their individual values. Specifically, it preserves vector
addition and scalar multiplication, thereby satisfying the properties of linearity. Moreover,
the inverse of a permutation operator is straightforward to compute. This simplicity stems
from the fact that the inverse operation merely reverses the permutation, restoring the
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original order of elements. To leverage the benefits of both random sampling and linear
transformations, we propose permuting the image array using a random sequence, namely,
a random permutation operator, denoted as P. Then, we define (E — P) as the operator M,
where E is the identity operator. Here, M serves as the non-local differential operator that
captures differences across randomly sampled, non-local pixel pairs. The corresponding
albedo estimation problem with NPC can be formulated as

argmin||ps — I||5 +R(Vp) + G(Mp), @)
14

where R(Vp) represents min {al |Vp|2, /\1] , G(Mp) represents min [Déz |Mp|2, Az} , &1, 0 and
A1, Ap are the constants balancing non-local smoothness and the number of sharp albedo
discontinuities. Donate the entire objective function in (7) as J(p). Using the Legendre—
Fenchel convex conjugate, J(p) can be expressed as

J(p) = sup(ps — I)* + (p, Vp) — R*(p) + (g, Mp) — G*(q), (8)

where * is the convex conjugate operator, p, q are the dual variables of Vp, Mp, respectively.
Take the derivative of J(p) respect to p, q, p and set the derivatives to be zeros; the solution
can be found using the primal-dual algorithm. With the detailed derivations provided
in Appendix A, the complete update procedure for the albedo estimation with NPC is
summarized in Algorithm 1.

Algorithm 1 Update of the non-local piecewise smooth constrained albedo.

Input: Image I, parameters ay, a3, A1, Ay, €, d, where ¢ is the iteration tolerance, d is the
dimensionality of the image, step factors o, T

NI—

1. Initialize:p = 0* = Ls =1,p° =" = 0,1 = 0 =
% %main loops
2. while ||px+1 — k|| > € do

%Dual ascentin p,q
3. p=rpr+aoVp

Y ‘N‘ < /Moo +2a7)
4 p=qormb o P “ !
0 , else

5. q = qx + oMp
20y ™ ~ A
6. k1= {Hﬁzq ' ‘q’ <\ igolo+2u)
0

, else
%Primal descent inp

7. p=pk— VT p — Mg

_ ;+2TSI
8. Pk+1 = 142752

%Auxiliary variables update step

- _1 — — T o1
9. e—m,T—eT,G—G,S—p
10. o= prs1 +0(0ks1 — pox)
end while

Output: albedo p

To briefly evaluate the performance of the albedo update algorithm with NPC, we
applied it to a series of remote sensing images covering landform types with diverse to-
pographic characteristics. The albedo results obtained through the NPC filtering were
compared with those generated by the MF filtering based on local constraints. The compar-
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Image

MF

NPC

ative results are illustrated in Figure 1. All datasets were sourced from the U.S. Geological
Survey Earth Explorer platform (https://earthexplorer.usgs.gov/, accessed on 3 July 2025).
Columns (a)—(c) in Figure 1 display 0.3 m high-resolution airborne data, while columns
(d)—(e) show Landsat 9 OLI L2 data with a spatial resolution of 30 m. In each subfigure,
the first row displays the RGB imagery in the visible spectrum, the second row presents
the albedo results obtained using MF filtering, and the third row shows the albedo re-
sults from NPC filtering. Figure 1a depicts the sand dunes and surrounding vegetation
in Oceano, California, a region with moderate topographic undulations. The hillside
scene near Carson City, Nevada, is shown in Figure 1b, characterized by sparse vegetation
and moderate terrain relief. Figure 1c illustrates the dry riverbed of Lytle Creek in San
Bernardino, California. Sediment deposits shaped by historical water flow introduce subtle
terrain variations. Mingsha Mountain near Dunhuang, China, is presented in Figure 1d,
where large-scale sand dunes create significant topographic variations. Finally, Figure 1e
displays a mountainous region near Zhaoqing, China, where the Xijiang River cuts through
complex landscape. The mountains, covered with evergreen broadleaf forests, exhibit
significant elevation changes, while agricultural fields and urban areas add to the surface
heterogeneity. Overall, across a range of natural landscapes, NPC filtering consistently
proves effective in mitigating topographically induced brightness variations, resulting in
more uniform albedo distributions than those achieved with MF filtering. Furthermore, it
enhances discontinuous but similar surface patches, which benefits the albedo estimation

step within the SFS framework.

(b)

(d) (@)

Figure 1. Comparison of albedo results based on different priors: (a) beach; (b) hillside; (c) riverbed;
(d) sand dune; (e) mountain. In each column, the first row shows the input image, the second row
presents the MF-filtered albedo, and the third row displays the NPC-filtered albedo.

Due to the ill-posed nature of the SFS problem, additional prior information beyond
albedo is required. Specifically, the surface area formed by the depth map is assumed to
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satisfy a minimal surface constraint [45], supported by a coarse-resolution initial depth.
The resulting constrained optimization problem of NPC SRSFS is

2
;1111'Zn9||pl h—I|5+ ptHKz - zOH2 +v||dAgl, + R(Vp) + G(Mp),s.t.6 = (Vz,2)", (9)

of which z° is the initial low-resolution depth, K is the downsampling matrix for depth
values, dAy is the area of unit surface element, 0 is the auxiliary variable. In (9), the first
item ||pl -h — I ||§ is the data misfit, p, v are the weights of depth prior constraint ||[Kz — zg ||§
and minimal surface area constraint ||dAg||;, respectively. Similar to SFSRS, the numerical
solution of NPC SRSFS is obtained using the multi-block ADMM algorithm [36]. The whole
optimization process terminates either when the estimated depth converges or a predefined
maximum number of iterations is reached. The complete procedure of the NPC SRSFS
algorithm is summarized in Algorithm 2.

The proposed NPC SRSFS algorithm is compatible with both perspective and ortho-
graphic imaging models. However, in the context of remote sensing, available imagery
products are typically preprocessed through radiometric calibration, geometric corrections,
and orthorectification. Furthermore, the intrinsic parameters of satellite-mounted optical
cameras are often inaccessible or undisclosed, with most datasets providing only Rational
Polynomial Coefficients (RPCs). As a result, when intrinsic parameters are unavailable,
practical implementations of NPC SRSFS generally adopt the orthographic imaging model.
The derivation of the orthographic imaging model, along with its associated surface nor-
mal and unit surface element formulations, is presented in Appendix A. The following
subsection explores the application of the NPC SRSFS algorithm in debris-flow erosion
volume estimation.

2.3. Debris-Flow Erosion Volume Estimation

Debris flows primarily exert their destructive impact within localized regions, which
can be categorized into erosion and deposition zones based on topographic differences
before and after the event. The magnitude of a debris flow is closely related to the volume
of the eroded zone. The affected regions often exhibit distinct surface albedo characteristics
compared to the surrounding terrain. The proposed NPC SRSFS algorithm enables terrain
reconstruction in debris-flow regions by accounting for albedo variations across the entire
image. Using high-resolution post-disaster optical satellite imagery and incorporating
Global DEM (GDEM) as an initial depth prior, the post-event DSM can be estimated. With
the GDEM products offering resolutions of 30 m or finer, reliable baseline elevation data
are readily accessible. If pre-disaster satellite imagery is available, it can also be processed
using the same method to estimate a pre-event DSM. In its absence, the GDEM can be
interpolated to approximate the terrain prior to the disaster. By comparing the DSMs
before and after the event, changes in terrain elevation can be directly extracted, enabling
quantitative estimation of erosion volume.

In addition to the primary debris-flow body, adjacent regions may also experience
landslides or collapses of varying scales. Moreover, vegetation cover on mountainous
slopes may introduce minor elevation changes between observation periods. To isolate
debris-flow-affected areas, a basic land cover classification is first performed using the
k-means clustering algorithm, distinguishing disturbed surfaces from undisturbed terrain.
To further refine this classification, a manually defined Region of Interest (ROI) is applied
to delineate the erosion mask more precisely. The complete procedure for estimating debris-
flow erosion volume is outlined in Algorithm 3.
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Algorithm 2 NPC SRSEFS.

Input: Image I, low-resolution z¥, parameters p, v, weight of the augmented
Lagrangian «

1. Initialize: py, Iy, zo, B0, Uo

%%main steps of ADMM

k+1_k
2. while % > tol do
%Albedo update

3. Update py,1 using the primal-dual method as

pr1 = argmin||oli - by — I+ R(Vp) + G(Mp),
L 2
%Lighting update

4. Estimate ;1 using pseudo-inverse as
. 2
liyr = argmin||pg1ly - e — II5,
1

%Auxiliary variable update
5. Update 61 using L-BFGS as
Ops1 = ngﬂi”HPkHlkH hi(8) = 113 + VI dAglly + 511(V2,2); — O+ i3,

%Depth update
6.  Refine z;,1 by the conjugate gradient method as
. 2 2
zj4+1 = argminp|| Kz — ZO||2 + 511(Vz,2), — 0,1 + 1[5
z

%Extrapolation step
7. Perform uyq extrapolation as
w1 = g+ (VZ,2)4q — Ot
end while
Output: estimated p,1, z

Algorithm 3 Debris-flow erosion volume estimation.

Input: Post-disaster image, Pre-disaster image (optional), GDEM
Main steps:
%Post-disaster image processing
1. Generate the debris-flow area mask
2. Estimate the post-disaster DSM using NPC SRSFS
%Pre-disaster image processing (optional)
3. Estimate the pre-disaster DSM using NPC SRSFS (or simply interpolate from
GDEM)
%DSM differencing
4. Compute the difference between post-disaster and pre-disaster DSMs
% Volume calculation
5. Calculate debris-flow erosion volume within the left area
Output: estimated debris-flow erosion volume

3. Experiments and Discussion

Climate change has significantly increased the risk of debris-flow events, with extreme
precipitation and post-wildfire rainfall emerging as major triggers. Unlike remote regions,
urban-adjacent areas benefit from more frequent satellite observations, offering a practical
advantage for geohazard monitoring. High-resolution satellite imagery facilitates the
precise identification of fine-scale debris-flow features, accurate delineation of affected
zones, and reliable estimation of erosion volume. Accordingly, this study focuses on the
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mountainous regions surrounding Beijing, leveraging high-resolution satellite imagery for
accurate debris-flow erosion volume estimation.

3.1. Research Area and Datasets

Beijing is situated at the intersection of the Yan Mountains and the Taihang Mountains,
featuring a terrain that slopes from high elevations in the northwest to lower elevations
in the southeast. The mountainous regions of Beijing, dominated by low to mid-elevation
hills, are highly susceptible to geological hazards. In recent years, the frequency of extreme
rainfall events has increased. Notably, between 20:00 on 29 July and 07:00 on 2 August 2023,
Beijing experienced an extreme rainstorm caused by Typhoon Doksuri [46]. Within just 83 h,
the citywide average rainfall reached 331 mm, equivalent to 60% of the annual average
precipitation. The hardest-hit areas included Mentougou District, with an average of
538.1 mm of rainfall, and Fangshan District, with 598.7 mm. The disaster caused 33 fatalities
and left 18 people missing. The extreme rainstorm also triggered debris-flow events.

The study area is located in Mentougou District of western Beijing, a region renowned
for its rich natural landscapes and cultural heritage. Mentougou features mountainous
terrain with significant elevation variations. These topographical conditions make the
area highly susceptible to debris flows during heavy rainfall. Using the China land cover
dataset [47], Figure 2a illustrates Beijing’s administrative map, highlighting the dense
vegetation coverage in the western and northern mountainous regions, while impervious
surfaces are concentrated in the urban core. The administrative boundaries of Mentougou
are outlined in black. The selected study area, outlined by the black box in Figure 2b, lies
within Mentougou. The figure also shows that impervious surfaces are more concentrated
in the eastern areas adjacent to the urban center, while the majority of the district comprises
mountainous terrain covered by vegetation.

(b) (d)

Figure 2. Location of the study area: (a) land use map of Beijing; (b) zoomed-in land use map of
Mentougou District, with the study area marked in a black box; (c) pre-disaster GF-6 image of the
study area; (d) post-disaster GF-6 image of the study area.

Considering that debris-flow events in Beijing are generally of small to medium scale,
the width of the upstream erosion zones is typically only a few meters. To effectively
monitor the fine-scale erosion features, high-spatial resolution optical satellite imagery is
essential. Among the available data sources, China’s GF series satellites, primarily GF-1,
GF-2, and GF-6, offer suitable imagery. GF-6 has enhanced imaging capabilities compared
to GF-1 and GF-2, including a 2 m panchromatic/8 m multispectral camera with a 90 km
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swath [19]. It primarily supports precision agriculture and ecological monitoring. For this
study, high-resolution multispectral data from the PMS camera onboard the GF-6 satellite
were chosen (https:/ /data.cresda.cn/#/home, accessed on 3 July 2025). Images acquired
on 5 July (pre-event) and 19 August 2023 (post-event) were selected based on a cloud
cover threshold of less than 5% during the July—August 2023 period to ensure minimal
obstruction of ground features.

The Level-1A satellite data were geometrically corrected using RPCs and orthorectified.
Additionally, pan-sharpening merged the panchromatic and multispectral bands, gener-
ating high-resolution RGB and near-infrared images with 2 m resolution. These images
served as the input for subsequent analysis. On-site observations and satellite imagery con-
firmed that a notable debris-flow event occurred near Lingshui Village, Mentougou District.
Figure 2c presents pre-disaster imagery of the mountainous terrain near Lingshui village,
while Figure 2d displays the corresponding post-disaster scene. Lingshui Village is located
in the upper-right section of both images. A comparison of the pre- and post-disaster
imagery clearly reveals the debris-flow-affected areas and minor flow traces on adjacent
slopes. The debris flow was caused by sustained heavy rainfall at the end of July 2023.
Prior to the event, a strong rainfall warning prompted the village to implement evacuation
measures. The affected area suffered significant damage, with erosion concentrated in the
upstream mountainous regions. As the terrain gradually flattened toward the downstream
village area, the debris flow lost momentum, leading to sediment deposition and the spread
of debris-laden slurry. This transition caused considerable damage to buildings and blocked
most of the roads. After the disaster, the village underwent prolonged cleanup efforts to
reduce impacts and prevent secondary hazards.

For comparison, a 0.3 m post-disaster image from Google Earth (GE) is presented
in Figure 3 (https:/ /earth.google.com/, accessed on 3 July 2025), clearly showing severe
upstream erosion. In March 2024, we conducted an on-site survey, capturing photographs
along the debris-flow path at locations marked as points (a-d) in Figure 3. Corresponding
ground-level photographs in Figure 4 document the progressive geomorphic changes
caused by the debris flow. In Figure 4a, near the source, the debris-flow channel appears
relatively narrow, indicating initial erosion. Moving forward, Figure 4b shows a sudden
drop in terrain, which significantly increased flow energy and erosive force. Figure 4c
depicts intense erosion along the valley floor and adjacent slopes, reflecting the high-
energy impact of the flow. Finally, Figure 4d captures the site where a mountain road
was destroyed. Beyond this point, the terrain widens and flattens, leading to a gradual
reduction in erosive force as the debris flow approached the village.

Pre- and post-disaster airborne LiDAR data within the study area are collected to
establish ground truth DSMs. The raw point cloud data from the airborne LiDAR were
processed through automatic filtering, classification, and manual refinement to remove
moving objects and overhead power lines, resulting in 2 m DSM products. The pre-disaster
LiDAR data were acquired in May 2023 as part of an urban mapping project, while the post-
disaster LIDAR data were collected in October 2023 during a disaster assessment project.

3.2. Experimental Results

In optical remote sensing imagery, vegetation-covered slopes affected by collapse are
generally identifiable, making erosion zones of debris flows relatively easier to detect with
relatively uniform apparent reflectance. However, deposition zones are more challenging
to distinguish, as widespread sediment deposits often resemble other surface features
such as buildings, bare ground, and infrastructure. Quantifying the volume of deposited
material is also difficult, particularly when debris infiltrates buildings. This challenge
is further compounded by the fact that cleanup operations usually begin soon after the
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disaster in residential areas, obscuring the original deposition patterns, whereas upstream
eroded surfaces tend to remain more stable over time, allowing for more reliable volume
estimation. The scale of a debris-flow event is directly correlated with the volume of eroded
material. Therefore, we focus on the estimation of the erosion volume of the debris-flow.
Using the proposed NPC SRSFS algorithm, we reconstruct high-resolution DSMs from
single high-resolution satellite images, with the publicly available SRTM DEM (https:
/ /earthexplorer.usgs.gov/, accessed on 3 July 2025) used as the initial terrain reference.

Figure 3. Post-disaster imagery from Google Earth, acquired on 8 August 2023. Field survey locations
(a—d) are indicated by dashed red rectangles.

Figure 4. Ground photographs of different sections of the debris flow: (a) area near the source;
(b) zone of cliff drop and flow acceleration; (c) zone of intense scouring and erosion; (d) zone of road
damage and erosion. Red dashed arrows indicate the flow direction.
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Refined DSMs were reconstructed using both the SRSFS algorithm and the proposed
NPC SRSFS algorithm based on pre- and post-disaster GF-6 images. To ensure a fair
comparison, both methods were tuned to their respective optimal parameter settings.
Figures 5 and 6 present the estimated albedo and DSM results derived from the pre- and
post-disaster GF-6 images, respectively. The SRTM DEM was used as initial elevation.
Given the large elevation range in the DSMs, terrain normals were computed to better
visualize subtle topographic variations. The X, y, and z components of the surface normals

were mapped to RGB channels to enhance terrain features.

(b)

()

Figure 5. Comparison of SRSFS and NPC SRSFS results using pre-disaster satellite imagery: (a) pre-
disaster GF-6 image; (b) SRTM DEM,; (c) albedo estimated by SRSFS; (d) albedo estimated by NPC
SRSFS; (e) DSM reconstructed by SRSFS; (f) DSM reconstructed by NPC SRSFS; (g) surface normal
derived from DSM by SRSFS; (h) surface normal derived from DSM by NPC SRSEFS.

The pre-disaster GF-6 image is shown in Figure 5a, while the corresponding SRTM
DEM is displayed in Figure 5b. Comparing the albedo map derived from the SRSFS method
and the proposed NPC SRSFS method (see Figure 5c,d), the latter exhibits improved adapt-
ability to spatially varying surface characteristics. It preserves sharper object boundaries
and avoids the over-smoothing observed in the SRSFS result. The DSMs reconstructed
by both methods (see Figure 5e,f) reveal similar terrain features. Meanwhile, the surface
normals (see Figure 5g,h) indicate that, in the absence of significant pre-disaster terrain
changes, both approaches produce comparable elevation models.

Figure 6a highlights the post-disaster scene, where the debris-flow area is clearly
distinguishable due to its altered reflectance properties. Using the same initial DEM (see
Figure 6b), the albedo produced by NPC SRSFS (Figure 6d) again outperforms that of
SRSFS (Figure 6¢) by preserving more structural details and better capturing land cover
heterogeneity. Although the DSMs in Figure 6e,f appear visually similar, more subtle
differences emerge in the surface normals displayed in Figure 6gh. In the upstream
sections of the debris flow, both methods yield comparable DSM results. However, a
notable terrain difference is observed after zone (b) in Figure 3, corresponding to the
primary impact zone of the debris flow. In these regions marked by red dashed ellipses,
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NPC SRSEFS is more effective at capturing fine-scale morphological variations, whereas

SRSFS tends to smooth out or miss these details.

Figure 6. Comparison of SRSFS and NPC SRSFS results using post-disaster satellite imagery: (a) post-
disaster GF-6 image; the red dashed rectangle outlines the primary debris-flow-affected region;
(b) SRTM DEM; (c) albedo estimated by SRSFS; (d) albedo estimated by NPC SRSFS; (e) DSM
reconstructed by SRSFS; (f) DSM reconstructed by NPC SRSFS; (g) surface normal derived from
DSM by SRSFS; (h) surface normal derived from DSM by NPC SRSFS. In (g) and (h), the red dashed
ellipses mark the impact zone of the debris flow after it passed the cliff.

To further compare the performance of SRSFS and NPC SRSFS, debris-flow erosion
was estimated by subtracting the pre-disaster DSM from the post-disaster DSM. The debris-
flow mask was generated by combining k-means clustering, which separates vegetated
and non-vegetated areas in the post-disaster GF-6 image, with a manually delineated ROI
representing the approximate extent of debris-flow activity. To focus on the primary erosion
zone and exclude minor peripheral flows and downstream deposition near the village, the
analysis was constrained to the area enclosed by the red dashed rectangle in Figure 6a.
Figure 7 presents the erosion estimates derived from satellite imagery. In Figure 7a, the
debris-flow mask is overlaid in semi-transparent red on the post-disaster GF-6 image.
Figure 7b,c show the erosion patterns estimated by SRSFS and NPC SRSFS, respectively,
within the masked region outlined in white. The main differences between the two methods
appear after the cliff marked in Figure 3, where a sharp elevation drop generates significant
gravitational potential energy, leading to intense erosion. This observation is supported by
a field survey.

Although the proposed NPC SRSFS method generally provides improved terrain
reconstruction accuracy, some localized discrepancies are observed. Specifically, the method
tends to underestimate erosion in the upstream sections. This is primarily due to the narrow
width of the erosion channel in the upper reaches, which poses a significant challenge for
accurate reconstruction when using satellite imagery with limited spatial resolution. Fine-
scale geomorphic changes in such confined areas are difficult to resolve reliably without
ultra-high-resolution data. Conversely, in the right bank of the downstream region, the
method tends to overestimate erosion. This area lies on the shaded side of the slope, where
topographic shadows occur in the optical image. Due to the limitations of SFS-based
models under low-illumination or shadow conditions, reliable reflectance-based terrain
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estimation becomes challenging. In such cases, the optimization is strongly influenced by
the smoothness constraints and information propagated from better-illuminated regions,
particularly the left bank, which may result in an overestimation artifact.

-3

(b)

Figure 7. Debris-flow erosion estimated from satellite imagery: (a) post-disaster GF-6 image of the
primary debris-flow area, with the debris-flow mask overlaid in semi-transparent red; (b) erosion
pattern estimated by SRSFS; (c) erosion pattern estimated by NPC SRSFS. The white outline indicates
the boundary of the main debris-flow area. The colorbars in (b) and (c) represent erosion depth (—3 to
0 m); values below —3 m are clipped for display.

Nevertheless, in the main debris-flow erosion zone, where surface reflectance remains
relatively homogeneous, the NPC SRSFS approach demonstrates superior performance. Its
use of non-local constraints allows it to better capture subtle terrain changes within areas
of consistent albedo, a capability less pronounced in the baseline SRSFS model. As a result,
the NPC SRSFS method provides more accurate erosion estimation in the core impact area
of the debris-flow event.

To validate the estimated erosion volumes of the debris flow, we used airborne LiDAR
data to establish a ground truth reference. Figure 8a,b display the DSMs generated from
the pre- and post-disaster airborne LiDAR point clouds, respectively, with rich details. A
debris-flow impact area mask was created using the previously described mask generation
method on the GE image and resampled to 2 m. By subtracting the pre-disaster DSM from
the post-disaster one, the erosion pattern within the masked area was derived, as shown
in Figure 8c. The white boundary indicates the primary debris-flow-affected region. The
erosion data derived from airborne LiDAR clearly reflect the erosion from the source area
down to the village. However, since the post-disaster LIDAR data were collected several
months after the event, parts of the affected area near the village had undergone manual
leveling and cleanup, potentially causing disturbance to the ground truth.

(b)

Figure 8. Debris-flow erosion estimated from airborne LiDAR data: (a) pre-disaster airborne LiDAR
DSM; (b) post-disaster airborne LIDAR DSM; (c) erosion pattern derived from LiDAR data. The
white outline indicates the boundary of the main debris-flow area. The colorbar in (c) represents
erosion depth (—3 to 0 m); values below —3 m are clipped for display.



Remote Sens. 2025, 17,2413

16 of 23

For a quantitative comparison of estimated erosion, we computed the debris-flow
erosion volumes within the impacted area. Table 1 summarizes the results obtained using
the SRSFS method, the proposed NPC SRSFS method, and airborne LiDAR data, which
serves as the ground truth. The percentage relative error is calculated as

Vestimated — Vii
Relative Error(%) = ES“m”;;ed LIDAR . 100%, (10)
LiDAR

where VEgimated 1S the erosion volume estimated from the SRSFS or NPC SRSFS method,
and Vi;pagr is the reference erosion volume derived from airborne LiDAR data. The
SRSFS method substantially underestimates the erosion volume, with relative errors of
—47.78% and —40.45% when using the post-event DSM (generated from post-disaster
optical imagery) combined with the GDEM and the pre-disaster DSM (generated from
pre-disaster optical imagery) as references, respectively. Conversely, the proposed NPC
SRSFS method achieves considerably improved accuracy, with relative errors of +6.72%
and +9.57% under the same conditions, producing estimates that closely align with the
LiDAR-derived reference volume of 99.71 x 103 m3.

Table 1. Comparison of estimated erosion volumes and relative errors using different methods.

Method Calculation Approach Erosion Volume (m?) Relative Error (%)
Post-event DSM-GDEM 52.07 x 103 —47.78
SRSFS

Post-event DSM-Pre-event DSM 59.38 x 103 —40.45

Post-event DSM-GDEM 106.41 x 103 +6.72

NPC SRSFS
Post-event DSM-Pre-event DSM 109.25 x 103 +9.57
Aerial LIDAR Post-event DSM-Pre-event DSM 99.71 x 10°

It is worth noting that, whether SRSFS or NPC SRSEFS is used to estimate debris-flow
erosion volumes, employing the GDEM as pre-disaster DSM consistently results in a lower
erosion volume estimate than using the DSM derived from pre-disaster imagery. This is
expected, as the GDEM excludes surface vegetation and thus generally provides lower
elevation values than image-derived DSMs. As a result, the estimated erosion volume
using GDEM as the pre-disaster DSM is smaller. For NPC SRSFS, the estimated erosion
volume is slightly higher than that derived from the LiDAR data. This discrepancy may
be attributed to the timing of data acquisition. The post-disaster satellite imagery was
captured in August, whereas the airborne LiDAR survey was conducted in October. By the
time of the LiDAR acquisition, the debris-flow area near the village may have already been
partially cleared or leveled, leading to a slight underestimation of erosion volume in the
LiDAR-derived results. This also emphasizes the importance of conducting post-disaster
assessments as early as possible. Moreover, the proposed method enables debris-flow
erosion estimation using a monocular post-disaster optical image, which requires minimal
satellite data and facilitates rapid assessment.

Furthermore, the deviation of erosion volume between the NPC SRSFS and LiDAR-
derived estimates remains within 10%, demonstrating the method’s reliability in debris-
flow volume estimation. NPC SRSFS delivers accurate and robust results, regardless
of whether the pre-event DSM is GDEM or derived from pre-disaster imagery. These
results demonstrate the effectiveness of the proposed method for terrain reconstruction and
debris-flow erosion volume estimation. The estimated erosion volume, close to 100,000 m3,
confirms this event as a medium to large-scale debris flow with considerable destructive
capacity. An event of this magnitude is rarely documented in the mountainous regions
near Beijing. This further highlights the critical need for robust debris-flow monitoring and
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accurate terrain reconstruction, especially in high-risk suburban and mountainous areas
surrounding large urban centers.

3.3. Parameter Analysis

Like most variational optimization models, the NPC SRSFS algorithm requires proper
parameter tuning to achieve optimal performance. The optimal value of the parameters
#,V, Ay, A, can theoretically be selected based on the noise characteristics of each term in
(11). However, such parameter tuning can be challenging when applied to real-world
data. Based on experiments conducted on synthetic data, the parameter set p, v, A, A, =
(0.1,0.7,0.5,0.25) yields satisfactory albedo estimation results. These values are adopted
across all experimental cases. To assess the robustness of the algorithm with respect to
these parameters, we performed a grid search using the Mentougou case study. The
sensitivity analysis primarily focuses on the influence of A1, A, on the final erosion volume
estimation. Specifically, we varied A; from 0.1 to 1.0 and A, from 0.05 to 0.5. For each
parameter combination, we computed the erosion volume by differencing the post- and
pre-disaster DSMs.

The results in Figure 9a show that the estimated erosion volume fluctuates within the
range of approximately 90 to 115 x 10° m3. Parameter combinations near the center of
the heatmap result in more stable and consistent volume estimates. Based on empirical
experience, the default setting of Aj,A, = (0.5,0.25) generally produces robust results.
This analysis confirms that the proposed method exhibits strong robustness to moderate
variations in A1, A,, and supports the reliability of the erosion volume estimation.

The final DSM reconstruction in our framework is jointly determined by both albedo
estimation and depth inference, with the initial depth information playing a crucial role in
guiding the optimization toward a physically plausible solution and avoiding convergence
to poor local minima. The SRTM DEM is selected as the initial reference primarily due to
its global availability and accessibility, which aligns with our goal of proposing a rapid
post-disaster assessment method that minimizes dependence on auxiliary data.

To further assess how the resolution of the initial DEM affects the accuracy of erosion
volume estimation, we conducted a sensitivity experiment using the Mentougou case.
Specifically, we used resampled versions of LIDAR DSMs at 30 m, 20 m, 10 m, 5 m, and
2 m resolution, in addition to the original SRTM DEM, as initial inputs for the NPC SRSFS
algorithm. We then computed pre- and post-disaster DSMs and their differences to estimate
erosion volume. The results are presented in Figure 9b. The comparison indicates that
higher-resolution initial DEMs lead to slightly more accurate erosion volume estimates.
Nevertheless, the method still delivers acceptable accuracy even with a coarse 30 m initial
DEM. This confirms that the SRTM DEM, despite its lower resolution, is a viable and
practical choice for initial elevation input in scenarios where only single pre- and post-event
images are available.

To evaluate computational efficiency, the proposed NPC SRSFS algorithm was imple-
mented in MATLAB R2016b without GPU acceleration. All experiments were conducted
on a laptop equipped with a 12th Gen Intel(R) Core(TM) i7-1280P CPU (1.80 GHz) (Intel
Corporation, Santa Clara, CA, USA). The complete processing time for the DSM recon-
struction was approximately 316 s. Given the high-resolution outputs and minimal data
requirements, this runtime is considered acceptable for post-disaster rapid assessment
scenarios.
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Figure 9. Parameter analysis of A1, A, and initial DEM: (a) parameter analysis of A1, A,; (b) parameter
analysis of initial DEM.

4. Conclusions

This study investigates the feasibility of estimating debris-flow erosion volume using
a single post-disaster high-resolution optical image and proposes a Shape from Shading
approach with NPC SRSFS. By leveraging high-resolution optical satellite imagery and
publicly available global DEM data, this method enables accurate post-disaster terrain re-
construction without the need for stereo imagery, significantly reducing data requirements
and supporting rapid disaster assessment. The results demonstrate that the DSM recon-
structed from a monocular image can effectively capture topographic changes, supporting
the quantitative estimation of debris-flow erosion volume. While the current application
focuses on post-event debris-flow evaluation and geomorphic change detection, the ap-
proach also shows potential for other applications such as landslide monitoring and ice
crevasse analysis. Compared to conventional ground surveys and aerial photogramme-
try, the proposed method offers a novel way for disaster assessment. Due to the limited
availability of ground truth data, the experiment focused on a single debris-flow event in
Beijing. Despite challenges related to complex surface reflectance variability and initial
DSM accuracy, the method performed well in a medium-scale debris-flow case, providing
reliable, quantitative information for post-disaster assessment.

The accuracy of the estimated erosion volume may be influenced by surface cover
conditions. In particular, dense vegetation or man-made structures present in the debris-
flow source area prior to the event may reduce the accuracy of pre-disaster DSM estimation.
After the event, the relative homogeneity of the eroded surface may also affect the quality
of post-disaster DSM reconstruction. These factors can lead to potential errors in the final
erosion volume estimates. It is also important to note that the proposed method assumes
adequate illumination over the debris-flow-affected area. Most of the eroded zones should
be directly exposed to sunlight for reliable albedo and depth estimation. The method is not
suitable for areas entirely in shadow or submerged under water, where reliable estimation
cannot be ensured.

In addition, this study focuses on a medium-scale debris-flow case. For small-scale
debris flows, monitoring remains challenging due to the limited spatial resolution of
satellite imagery. Conversely, large-scale debris flows often involve more complex processes,
including a combination of collapse, landsliding, erosion, and deposition across different
zones. Moreover, field investigation and collection of accurate ground truth data for such
events require significantly more resources, which were beyond the scope of this study.

Future work may further improve the accuracy and applicability of the proposed
method by incorporating multi-source remote sensing data and advanced deep learn-
ing techniques.
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Appendix A
Appendix A.1. Orthographic Camera Model

Take the camera’s pupil center O as the origin of the world coordinates system. The
center of the image plane is denoted as O, as in Figure A1. The horizontal and vertical
directions on the image plane are marked as u, v, respectively. The x, y axes of the world
coordinate system are parallel to u,v, and the z axis is perpendicular to the xy plane,
pointing towards the ground. For the orthographic camera model, the relationship between
a point on the ground surface and its corresponding projection on the image plane is

u
X(u,v) = v |. (A1)
z(u,v)

The surface normal at point X is parallel to 9, X x 9,X. Then, we obtain

i j ok
auX X a()X - 1 0 Zu
1
0 Zy (A2)
—Zy
pr— 7Z'U
1
Since the surface normal points towards the camera, it can be expressed as
zu(u,v)
n=|zy(u,0)|. (A3)
-1
The area of a surface element is just the magnitude of 9, X x d,X, which is
dA = \/22(u,v) + 23(u,v) + 1. (A4)
The normalized surface normal is
zy (1, 0)
n=—-|zy(1t,0)|. (A5)

dA
-1
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Figure A1. Orthographic camera model.

Appendix A.2. Update of Albedo with NPC

Take the derivative of J(p) in (8) with respect to p, q, p and set the derivatives to be
zeros. For p, we have

) _ *
Uo) = Vp—9R* =0
= p+0oVp=p+0dR* (A6)

= p = prox(p+oVp) = prox (E),
o,R* o,R*
where prox is the proximal operator. Using Moreau’s identity, we can get
S ;
prox(p | =p — oprox| = |]. (A7)
o,R* ( ) %,R <U>
Consider the general case
~2
Js—5]
T

prox(g) = argmin 2 —0—min(o¢1||g||§, )&1), (A8)

T,R g 2

with the objective function in (A8) denoted as J;. Take the derivative of |; with respect to

g, then,
~ A
on _ gz ) 2mg o, BI<\& g
g T
0 , else A9)
1 ~ A
=g= ot 8 7 ‘g‘ < 071(14-2’[0(1) ‘
§ , else
Substituting (A9) into (A7), we obtain
R P A
prox(%) 5 o 20 ‘p </ mo(o+2aq)
ok oL , else
20y Y ~ A
=p = P ‘P </ o0+ 2aq) (A10)
0 , else
_ v, ‘%‘ < \2Mo, for large aq
0 , else

Similarly, defining q= q + oMp, the solution of q follows the same process by replacing
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variable p with q,

q — 0'_2:‘220‘25 4 ‘a‘ < %0(0+2a2)
0 ’ else
_ {E / ’5’ < \/2A50, for large ay

0 , else

(A11)

For the solution of p, we have

L{-, (;) =2s(ps—I)+V'p+M'q=0. (A12)

Marking 2s(ps — I) as 9D, it is straightforward to show that

—tVTp —tMTq = 19D
= p—tVIip—1tMTg=p+70D

= p=prox(p- VTp —tMTg) (A13)
T,

~112
= p= argmin@ + D(p),
[

where p = p — wVTp — tMTq. Again, taking the derivative of the objective function above,
we get
e84 25(ps — 1) = 0
= p—p+2ts(ps—1)=0

~ Al4
= p(1+2ts?) = p +2ts] (A14)

= p=lga
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