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Abstract


Precise point positioning–real-time kinematic (PPP-RTK) enables users to achieve rapid centimeter-level absolute positioning accuracy within a few epochs. The interpolation of ionospheric delay corrections at the user end, extracted from reference stations, constitutes a key aspect of the process, which depends not solely on the precision of the interpolation model. This study investigates the recommended number of selected reference stations and proposes a method to mitigate the potential loss of observations due to missing ionospheric corrections. According to the experimental results, the number of reference stations should be determined based on the reference network size. Under normal conditions (terrain is relatively flat and the atmospheric conditions are inactive) where reference stations are approximately evenly distributed in all directions, and using low-order surface interpolation model, for networks with 50 km spacing, four or five reference stations are recommended, while for 100 km networks, six or seven stations are enough to calculate precise corrections. Adding more stations beyond these thresholds provides limited improvement in interpolation accuracy and increases the communication load. In addition, an interpolation basis recovery algorithm is proposed to preserve otherwise excluded satellite observations through intelligent handling of correction data gaps at individual reference stations. Experimental validation demonstrates that the recovered ionospheric delay corrections obtained through the algorithm deviate from the ground-truth interpolated values of no more than ±1 cm, an accuracy level deemed adequate for PPP-RTK applications. Furthermore, approximately 3% of the observations, which would otherwise have been discarded due to the missing corrections from a specific reference station, are retained by the algorithm.
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1. Introduction


Precise point positioning (PPP) [1,2] has become increasingly widespread in various applications, including navigation, geodesy, and time and frequency transfer. In recent years, the PPP with ambiguity resolution (PPP-AR) technique has addressed the impact of uncalibrated phase delays (UPDs), which are difficult to separate in float PPP solutions, on the ambiguities [3]. The methods for ambiguity resolution are flexible and include the integer recovery clock (IRC) method [4], the decoupled clock method [5], and the UPD method [6]. These methods demonstrate consistency in both theoretical aspects and practical performance [7]. Furthermore, to achieve instantaneous ambiguity resolution (IAR), precise point positioning–real-time kinematic (PPP-RTK) has been proposed, which facilitates rapid ambiguity fixing by correcting atmospheric delays based on a regional reference network [8,9]. Li et al. [10,11] proposed a regional augmented PPP (RAPPP) model based on the UPD method to achieve IAR. Some scholars have also proposed the undifferenced and uncombined PPP-RTK models based on the S-system theory [12,13,14]. The performance of PPP-RTK in achieving instantaneous convergence to a centimeter-level static solution across several epochs has been validated [10,11,12,13,14]. Meanwhile, research and practical applications of low-cost and Internet of Things (IoT)-based location devices in PPP-RTK [15,16] indicate that the technique has broad potential for use in a wide range of fields. Furthermore, satellite-based broadcast is expected to offer promising prospects for future technological applications [17].



The influence of ionospheric delay has become an increasingly critical factor in the field of GNSS positioning research [18,19]. The interpolation of atmospheric delay corrections, especially ionospheric delay corrections, is a critical step in obtaining high-precision delay corrections for users in PPP-RTK applications. Numerous interpolation models have been extensively researched and validated by a variety of scholars. Representative interpolation models are the distance-based linear interpolation method (DIM) [20], the linear combination model (LCM) [21], the low-order surface model (LSM) [22], and others. Wang et al. [23] conducted a comprehensive comparison of the interpolation accuracy of these methods, revealing that their accuracies are nearly identical. However, when addressing the problem of atmospheric delay corrections interpolation in non-specific network environments, the quality of the interpolated corrections is determined not only by the choice of interpolation model but also by several other factors. With the increasing sophistication of reference station networks, selecting the appropriate reference stations has become a critical issue, especially when multiple available reference stations are available in the vicinity of the users. Typically, users select several nearby reference stations for interpolation; however, when redundant reference stations are available in the surrounding area, the proper number of reference stations to use remains uncertain and has yet to be definitively established.



Two critical factors must be considered in determining the number of reference stations to be selected. First, increasing the number of reference stations does not necessarily significantly improve interpolation precision. Due to the inherent accuracy limitations of the interpolation model, once the number of stations exceeds a certain threshold, further increases yield only marginal improvements in the precision of interpolated atmospheric corrections. Additionally, due to the high-frequency data transmission and coordinate updates in PPP-RTK, an unlimited increase in the number of reference stations would impose a significant burden on both communication and data storage. Furthermore, it may introduce inconsistencies in the interpolated corrections, as some reference stations may lack corrections for certain satellites, leading to discrepancies in the basis of the interpolated corrections for different satellites.



Second, the scales of the networks should be considered when the problem of selecting the number of reference stations is discussed. The required number of reference stations varies between smaller networks, where the average station spacing is 30 to 50 km, and larger networks, where the spacing exceeds 100 km. For larger-scale reference station networks, increasing the number of stations used for interpolation can provide additional redundant information, enhancing the accuracy of approximating the atmospheric conditions over a wider region. To develop a proper scheme for selecting the number of reference stations in networks of different scales, this study performed interpolation experiments using varying numbers of reference stations across networks of various scales. The precision of the interpolated corrections was evaluated, and recommendations for the number of reference stations were provided.



Besides the selection of reference stations, the loss of atmospheric corrections from reference stations remains a potential issue in practical PPP-RTK scenarios, which can negatively impact the overall performance of PPP-RTK. An analysis of the atmospheric delay corrections streams recorded during the real-time PPP-RTK service reveals that the absence of certain corrections is a relatively frequent occurrence. The atmospheric delay corrections incorporate hardware delays (or systematic biases) related to the receivers of individual reference stations, which are stable for each receiver [24,25]. The extracted atmospheric delay corrections include a compounded hardware delay term, reflecting the receivers of all reference stations involved in the interpolation process. Generally, atmospheric delay corrections for each satellite are interpolated using the same reference stations, resulting in corrections of each satellite containing the same combined receiver-related hardware delay component. During PPP calculation processing, the receiver clock offset parameter absorbs the uniform hardware delay present in all satellite interpolation corrections, meaning it does not affect the estimation of ambiguity or other parameters. Meanwhile, the uniform receiver-related hardware delay can be calibrated in engineering applications [26].



Conversely, the absence of satellite corrections from reference stations poses a potential risk to this process. These missing corrections can be categorized into two types. The first type involves the complete absence of corrections from a specific reference station, which may result from issues such as communication failures, power outages, or hardware malfunctions. The second type involves missing corrections for specific satellites at individual reference stations, often caused by problems such as signal dropouts, cycle slips, outliers, or ambiguity resolution failures. These instances are typically temporary and intermittent. Once the receiver re-establishes tracking and phase lock with the satellite, normal correction generation for that satellite is usually recovered. However, in the case of missing corrections from a specific reference station for a certain satellite, the satellite can only use the remaining reference stations for interpolation of corrections. In contrast, other satellites that have not experienced such missing corrections can use all reference stations. As a result, the receiver-related basis generated by the interpolated corrections for this satellite will differ significantly from that of the other satellites. The receiver clock offset cannot absorb both receiver-related bases simultaneously. Therefore, in traditional methods, if the corrections from a reference station are missing, the interpolated corrections are treated as outliers, and the corresponding satellite observation is discarded. To avoid wasting observations and ensure the continuous availability of corrections throughout the observation period, this study analyzes the impact of both types of correction loss on data processing and proposes a practical and effective basis recovery method. It should be noted that another major factor affecting the reliability of corrections in practical measurements is the time delay (latency) occurring in the communication link. This aspect is not the focus of this paper and has not been considered or addressed herein. Common methods for handling this issue can be found in Odijk [27] and Khodabandeh [28].



The subsequent sections first analyze the effects of the two types of correction loss and then present a detailed explanation of the proposed method, supported by equations. The experimental section is organized into two parts: validation of the proposed method and exploration of the recommended reference station selection strategy. Finally, a discussion and summary are provided.




2. Materials and Methods


This section first provides a brief overview of the generation of ionospheric delay corrections and the conventional interpolation methods for PPP-RTK users. Following this, a solution for cases of missing corrections is subsequently proposed.



2.1. Methods for the Generation and Interpolation of Ionospheric Delay Corrections


The service center extracts the atmospheric corrections from each reference station, compiles them, and transmits them to PPP-RTK users for interpolation and to correct atmospheric delay errors. The reference stations independently perform continuous dual-frequency ionosphere-free (IF) ambiguity resolution, allowing ionospheric delay corrections to be extracted from the resolved ambiguity solutions [25]. The equation derivation here starts with the completion of parameter estimation and ambiguity resolution at the reference stations. Once a reference station achieves continuous wide-lane [29,30] and narrow-lane ambiguity resolution, the ionospheric delay can be directly extracted from the uncombined raw code and phase observations, which is expressed as:


       Δ   I   i , P   s   =   ρ   s   − c   t   I F   s   + c   t   I F   +   T   s   −   P   i   s       Δ   I   i , ϕ   s   =   ρ   s   − c   t   I F   s   + c   t   I F   +   T   s   +   λ   i     N   i   s   +   λ   i     U P D   i   s   −   λ   i     ϕ   i   s         



(1)




where   P   and   ϕ   represent the raw code and phase observations, respectively; subscripts   i   and   s   denote the frequency and satellite;   ρ   is the receiver-to-satellite geometric distance, which is known for reference stations;   c   is the speed of light;     T   s     denotes the tropospheric delay;     t   I F     and     t   I F   s     are the receiver and satellite IF clock offset based on the International GNSS Service (IGS) satellite clock offset products, respectively;   N   and   λ   represent the integer phase ambiguity and its wavelength;   Δ   I   i , P   s     and   Δ   I   i , ϕ   s     are the extracted code and phase ionospheric delay corrections; and     U P D   i   s     represents the UPD corrections in cycles, which contain phase and code hardware delays. The UPD productions have already been estimated by the service center based on the reference network, and the code hardware delays in UPDs will be absorbed in the user observations along with the phase ionospheric delay corrections [25,31,32]. Moreover, after the ambiguities are correctly fixed, the integer-ambiguity-constrained parameters, such as the tropospheric delay, clock offset, etc., can be acquired. Consequently, the values of     ρ   s    ,   δ  ,     t   I F   s    ,     t   I F    ,     T   s    , and     N   i   s     can be regarded as prior values. As a result, the estimated code and phase ionospheric corrections become available.



Both code and phase ionospheric delay corrections include receiver-related hardware delays. Therefore, the interpolation basis recovery algorithm is applicable to both. Taking the phase ionospheric delay correction for satellite   s   as an example, assume that the   n   surrounding reference stations have individually generated the phase ionospheric delay corrections for satellite   s  . The user can then receive corresponding phase ionospheric delay corrections, i.e.,     Δ   I   ϕ   s   [ 1 ]   Δ   I   ϕ   s   [ 2 ]   …   Δ   I   ϕ   s   [ n ]    .   Δ   I   ϕ   s   [ n ]   represents the ionospheric delay correction extracted from reference station   n  . Subsequently, the user can correct the ionospheric errors related to spatial and temporal variations by interpolating the ionospheric corrections from the reference stations. For reference station networks across various scales and terrains, the low-order surface model, which incorporates two horizontal parameters, one height parameter, and a constant term, demonstrates the greatest applicability among several commonly used models [23]. The model denoted as H3V1, which will be adopted in this work, can be expressed as follows:


  Δ I =   a   0   +   a   1   Δ X +   a   2   Δ Y +   a   3   Δ H  



(2)




where   Δ I   represents the interpolated ionospheric delay corrections at the user station;     a   i     represents the i-th interpolation coefficient;   ( Δ X   Δ Y   Δ H )   represents the difference in the horizontal and vertical coordinates between the user station and the n-th reference station, respectively. In the experimental section of this study, the H3V1 model is used for interpolation of corrections when the number of reference stations is at least four. However, when only three reference stations are available, the simplified H3V0 model is employed, in which the default height parameter is omitted. This model can be viewed as a further simplification of the H3V1 model. Detailed information on the formulation and assumptions of H3V0 can be found in [23]. The H3V0 model is expressed as follows:


  Δ I =   a   0   +   a   1   Δ X +   a   2   Δ Y  



(3)







Subsequently, the parameter     a   i     of the H3V0 model can be computed from the   n   reference stations using the following equation:


       1     1     ⋮     1         Δ   X   1 u       Δ   X   2 u       ⋮     Δ   X   n u           Δ   Y   1 u       Δ   Y   2 u       ⋮     Δ   Y   n u               a   0         a   1         a   2        =      Δ   I   ϕ   s   [ 1 ]     Δ   I   ϕ   s   [ 2 ]     ⋮     Δ   I   ϕ   s   [ n ]       



(4)




where   u   represents the user station, and     Δ   X   n u     Δ   Y   n u       represents the coordinate difference between the n-th reference station and the user station   u  .




2.2. Basis Recovery Method


Due to the fact that the precision of phase corrections is significantly higher than that of range corrections, and they exert a much greater influence on the estimation results, the equation derivation in this section takes phase corrections as an example, while the processing for range and phase corrections is consistent. At reference station   n  , the phase ionospheric delay correction for satellite   s   is composed of four components: the actual ionospheric delay, receiver-related hardware delay, satellite-related hardware delay, and noise, which is expressed as [25]:


  Δ   I   ϕ   s   [ n ] =     I  ~    ϕ   s   [ n ] +   d   s   + d [ n ] +   ε   ϕ   s   [ n ]  



(5)




where   Δ   I   ϕ   s   [ n ]   represents the ionospheric delay correction extracted from reference station   n  ;       I  ~    ϕ   s   [ n ]   is the actual ionospheric delay at reference station   n  ;   d [ n ]   and     d   s     represent receiver-related and satellite-related hardware delay, respectively; and     ε   ϕ   s   [ n ]   represents the noise. The interpolation model in Equations (2) and (3) can be expressed as a linear combination of the corrections from each reference station [23], as follows:


  Δ   I   ϕ   s   [ u ] =   ∑  r = 1   n      β   r   Δ   I   ϕ   s   [ r ]    



(6)




where   β   represents the interpolation coefficients of the model, and subscript u and r represent the user station and reference station. By substituting into Equation (5), the following expression is obtained:


  Δ   I   ϕ   s   [ u ] =   ∑  r = 1   n      β   r       I  ~    ϕ   s   [ r ]   +   ∑  r = 1   n      β   r   d [ r ]   +   d   s   +   ∑  r = 1   n      β   r     ε   ϕ   s   [ r ]    



(7)




where the constraint on the model coefficients,     ∑  r = 1   n      β   r     = 1  , is upheld, and superscript   n   represents the number of reference stations. Due to this constraint,     d   s     remains unchanged before and after interpolation. Meanwhile, due to inherent errors in the interpolation model,     ∑  r = 1   n      β   r       I  ~    ϕ   s   [ r ]     does not precisely equal       I  ~    ϕ   s   [ u ]  . The deviation can be expressed in terms of the interpolation model error     m   n   s   [ u ]  , which is expressed as:


    ∑  r = 1   n      β   r       I  ~    ϕ   s   [ r ]   =     I  ~    ϕ   s   [ u ] +   m   n   s   [ u ]  



(8)




where     m   n   s   [ u ]   represents the interpolation model error associated with both the reference stations and satellites. Upon neglecting the noise term, Equation (7) can be expressed as:


  Δ   I   ϕ   s   [ u ] =     I  ~    ϕ   s   [ u ] +   m   n   s   [ u ] +   ∑  r = 1   n      β   r   d [ r ]   +   d   s    



(9)




where     m   n   s   [ u ]   is unavoidable and can only be minimized by increasing the number of reference stations and utilizing more precise interpolation models. Missing atmospheric corrections received by the users can be categorized into two types: the first type occurs when corrections for all satellites from particular reference stations fail to reach the user, while the second type arises when corrections for specific satellites from one or more reference stations are missing.



2.2.1. Missing Corrections for All Satellites from One or More Specific Reference Stations


This situation is similar to the case where the user changes reference stations as their position changes, and it necessitates an analysis of the parameters affected in Equation (9). Assume that in the previous epoch, atmospheric corrections were interpolated using   n   reference stations. In the current epoch, the user does not receive corrections from   p   of these stations and can only interpolate using the remaining   n − p   reference stations. The impact on the ionospheric delay interpolation in both epochs, as outlined in Equation (9), is reflected in the following:


       Δ m =   m   n   s   [ u ] −   m   n − p   s   [ u ]     Δ d =    ∑  r = 1   n       β   r   d [ r ]   −    ∑  r = 1   n − p       γ   r   d [ r ]         



(10)




where   Δ m   is the influence of the model error, which is unavoidable, and   γ   represents the interpolation coefficients of the model with n − p stations. However, when the number of reference stations is sufficiently large, the magnitude of the model error is typically small enough to be neglected. The impact of receiver-related hardware delay   Δ d  , which is independent of the satellite, will be directly absorbed by the receiver clock offset parameter, thus having no effect on the parameter estimation, particularly the ambiguity parameters. Moreover, the impact lies in the fact that the receiver clock offsets between the two epochs introduce different hardware delays, which do not affect the receiver clock offset estimation in the presence of white noise.



In summary, the change in the set of reference stations caused by the complete loss of atmospheric corrections for all satellites from particular reference stations does not impact parameter estimation and does not require separate handling.




2.2.2. Missing Corrections for Specific Satellites from a Particular Reference Station


In cases of missing corrections, when the number of surrounding reference stations is sufficiently large and the distances are close enough, the situation can be treated similarly to a complete loss of corrections, where reference stations with incomplete corrections are excluded. However, if the number of surrounding reference stations is limited, excluding these stations would clearly have a detrimental effect on the quality of the interpolated corrections.



Assuming that, in the current epoch, due to missing corrections, satellite   s   can only be interpolated using   n − p   reference stations, while the remaining satellites can still utilize all   n   reference stations for interpolation. The receiver-related delay in the correction for satellite   s   is     ∑  r = 1   n − p      γ   r   d [ r ]    , while for the other satellites, it is     ∑  r = 1   n      β   r   d [ r ]    . This discrepancy means that the error cannot be absorbed by the receiver clock offset. Consequently, the variation in the receiver hardware delay reference for an individual satellite will inevitably affect the other estimated parameters, particularly the ambiguity parameters. These parameters will be compelled to absorb a portion of the receiver-related hardware delay, preventing their resolution during subsequent ambiguity resolution processes.



In traditional PPP-RTK algorithms, when corrections for specific satellites from certain reference stations are missing, the corrections from anomalous reference stations must be excluded to maintain unbiased estimation of the ambiguity parameters, and uncorrected observations cannot be utilized. As a result, the observations with erroneous corrections can be discarded. This approach inevitably leads to the loss of valuable observational data. To address the problem, we propose a basis recovery method for anomalous reference station corrections. The core idea is to repair the anomalous receiver-related basis, allowing the corrections to be used normally. It is important to note that the method is designed for occasional missing corrections from individual satellites at specific reference stations. When corrections for a satellite are missing from multiple reference stations, it is most likely due to satellite-related issues (such as satellite maneuvers, hardware failures, or low elevation angles). In such cases, the success rate and reliability of ambiguity resolution for that satellite are low, and failures or errors in fixing will significantly degrade the positioning solution quality. Therefore, it is not recommended to use this method. Instead, the satellite observations should be discarded. Therefore, the method is limited to the scenario where only one reference station is missing corrections, i.e.,   p = 1  . The steps for recovering the basis of the missing corrections are as follows:




	(1)

	
Assume that corrections for satellite   s   are unavailable from the n-th reference station. For the remaining   s − 1   satellites, for which corrections from all reference stations are accessible, the user’s corrections     Δ   I   ϕ   1   [ u ]   Δ   I   ϕ   2   [ u ]   ⋯   Δ   I   ϕ   s − 1   [ u ]     are computed by utilizing data from all available reference stations with Equation (1).




	(2)

	
Calculate the corrections for the   s − 1   satellites using   n − 1   reference stations, denoted as     Δ     I  ̄    ϕ   1   [ u ]   Δ     I  ̄    ϕ   2   [ u ]   …   Δ     I  ̄    ϕ   s − 1   [ u ]    , where the correction for the i-th satellite is written as:


  Δ     I  ̄    ϕ   i   [ u ] =     I  ~    ϕ   i   [ u ] +   m   n − 1   i   [ u ] +   ∑  r = 1   n − 1      γ   r   d [ r ]   +   d   i    



(11)




where     m   n − 1   i   [ u ]   represents the model error for satellite   i   when interpolating using   n − 1   reference stations; the constraint on the model coefficients,     ∑  r = 1   n − 1      γ   r     = 1  , is upheld using   n − 1   reference stations.




	(3)

	
Calculate the difference between the two sets of corrections. Based on Equations (9) and (11), the difference between the two types of corrections for satellite   i   can be denoted as:


  ∇ Δ   I   ϕ   i   [ u ] = Δ   I   ϕ   i   [ u ] − Δ     I  ̄    ϕ   i   [ u ] =   m   n   i   [ u ] −   m   n − 1   i   [ u ] +   ∑  r = 1   n      β   r   d [ r ] −   ∑  r = 1   n − 1      γ   r   d [ r ]      



(12)




where     m   n   i   [ u ] −   m   n − 1   i   [ u ]   represents the model error term, denoted as   Δ   m   n , n − 1   i    ; the constraint on the model coefficients,     ∑  r = 1   n      β   r     = 1  , is upheld using   n   reference stations; and   Δ   m   n , n − 1   i     is satellite-dependent, difficult to model and predict, and may exhibit varying signs and magnitudes for different satellites. In the algorithm, it is simplified as a random variable;     ∑  r = 1   n      β   r   d [ r ]   −   ∑  r = 1   n − 1      γ   r   d [ r ]    , denoted as   Δ   d   n , n − 1    , represents the receiver hardware delay at the reference station, which is satellite-independent and a slowly varying error term.




	(4)

	
Considering that model errors are random and difficult to estimate accurately, averaging data from multiple satellites can effectively mitigate the impact of these errors. By smoothing the model error using averaging, the difference in receiver hardware delays between the two sets of corrections is calculated. The calculation process can be represented as:


         ∑  i = 1   s − 1      ∇ Δ   I   ϕ   i     u         s − 1    =      ∑  i = 1   s − 1        m   n   i     u   −   m   n − 1   i     u   +   ∑  r = 1   n      β   r   d   r   −   ∑  r = 1   n − 1      γ   r   d   r             s − 1         =      ∑  i = 1   s − 1    Δ   m   n , n − 1   i       s − 1    +   ∑  r = 1   n      β   r   d [ r ] −     ∑  r = 1   n − 1      γ   r   d [ r ]   = Δ   d   n , n − 1      



(13)




where   Δ   m   n , n − 1   i     is considered a random parameter; the term        ∑  i = 1   s − 1    Δ   m   n , n − 1   i       s − 1      is considered to be quite small after smoothing (can be ignored in the equation expression), which facilitates the calculation of   Δ   d   n , n − 1    .




	(5)

	
For the satellite   s   with missing corrections, the corrected value is obtained by applying the receiver hardware delay difference calculated in the previous step as the correction. The process is as follows:


  Δ   I   ϕ   s   [ u ] = Δ     I  ̄    ϕ   s   [ u ] + Δ   d   n , n − 1   =     I  ~    ϕ   s   [ u ] +   m   n − 1   s   [ u ] +   d   s   +   ∑  r = 1   n      β   r   d [ r ]    



(14)




where for satellite   s  , the model error     m   n − 1   s   [ u ]   cannot be corrected. However, when   n − 1   reference stations are sufficient to be used to interpolate the accurate errors, the difference in model errors is small enough to be neglected, i.e.,     m   n − 1   s   [ u ] ≈   m   n   s   [ u ]  . By substituting     m   n − 1   s   [ u ]   in Equation (14) with     m   n   s   [ u ]  , it becomes consistent with Equation (9). The corrected phase ionospheric correction for satellite   s  , as derived from Equation (14), can then be considered a normal correction and will no longer affect parameter estimation and ambiguity resolution. The effectiveness and reliability of the basis recovery method will be analysed in the subsequent experimental section. The complete flowchart of the basis recovery method is illustrated in Figure 1.












3. Results


The dataset and the experimental results are presented in this subsection, along with the related discussion. The results of the experiment on the basis recovery algorithm and the experiment on the recommended number of reference stations are given in sequence.



3.1. Dataset


The experimental dataset was obtained from a continuously operating reference stations (CORS) network in North Carolina, USA, consisting of 26 stations in total. The regional station network was selected because the terrain in this area is flat, the density of the station network is relatively high, and the stations are distributed relatively uniformly. This enables the convenient selection of stations to form a network, thereby meeting the networking requirements for multiple experiments. Among these, 24 stations were designated as reference stations, while 3 stations were used to simulate user stations. Data were collected for the entire day of 9 April 2024, from 00:00 to 24:00, with a sampling interval of 5 s, and included dual-frequency observations from both the GPS and Galileo systems. The locations of the stations are shown in Figure 2. The ionospheric conditions during the observation period were stable, with no evident solar activity or large-scale geomagnetic changes. The signal-to-noise ratio and the rate of cycle slips in the observations were within normal ranges. It should be noted that the terrain of this area is relatively flat, and the atmospheric conditions on this day were inactive. These environmental conditions serve as the foundation for ensuring the validity and accuracy of conclusions. Different observational environments can potentially lead to deviations in experimental results. The experiment was conducted in two components: one for the validation of the basis recovery algorithm, and the other for determining the recommended number of reference stations.



3.1.1. Experimental Data for the Basis Recovery Algorithm


The experiment involved four reference stations (NCLE, NCST, NCMO, and NCCO) and a user station (NCSA). The experiment assumes that the user station receives corrections for all satellites from the NCLE, NCST, and NCCO stations, while certain satellites are unable to obtain corrections from the reference station NCMO.



The basis of the corrections from reference station anomalies was recovered using the proposed method. These recovered corrections were then compared with those obtained by interpolation from all four reference stations to assess the feasibility of the proposed method. As the number of reference stations increases, the interpolation model error     m   n   i   [ u ] −   m   n − 1   i   [ u ]   tends to decrease. To assess the lower bound of the proposed method’s reliability, the experiment was conducted using the minimum number of reference stations (only four). In this experiment, communication is assumed to be in a seamless state, meaning that potential unexpected long communication delays are not considered.



To further demonstrate the performance of the proposed method in practical PPP-RTK positioning, a PPP-RTK positioning experiment has been designed in the experiment section to compare the differences before and after applying the proposed method. Firstly, we present the performance of the proposed method on the Position Dilution of Precision (PDOP) throughout the day at the NCSA station. Subsequently, a PPP-RTK experiment is designed. To comprehensively show the ambiguity resolution performance at different startup times, the PPP engine is initiated every ten minutes starting from 0:20 to 23:30, utilizing 30 min of observational data for each run. The epoch interval is set at 5 s, and an attempt is made to fix ambiguities at each epoch. The evaluation indicators include the ambiguity fixing rate and the ratios for epochs where ambiguity resolution is successfully achieved. The ambiguity fixing rate is defined as the ratio of the number of epochs with fixed ambiguities to the total number of solved epochs.




3.1.2. Experimental Data for Assessing the Number of Reference Stations


As discussed earlier, the determination of the proper number of reference stations is inherently linked to the scale of the network. To comprehensively evaluate and provide recommendations for the proper number of reference stations, experiments were conducted using two large-scale networks with station spacings exceeding 100 km and two medium-to-small-scale networks with spacings between 30 and 50 km. The details of the four networks and the simulated rover stations are provided in Table 1, Table 2, Table 3 and Table 4, which also include the average distances between the reference and user stations. In addition, the distribution of reference stations can also affect the results of correction interpolation. Therefore, when reference station networks with different numbers of stations are selected, they are distributed as evenly as possible in all directions to achieve the greatest generalizability. Consequently, the applicability of the experiment conclusions will be limited to the premises, representing the most common and general conditions, namely, a flat terrain, an inactive period of the ionosphere, and evenly distributed reference stations.



In the experimental section, the interpolated corrections for two GNSS systems were computed for each of the four networks. The corrections generated by the user station itself were used as the reference values for accuracy evaluation. This study focuses on the interpolation of ionospheric corrections, while the impact of inaccurate interpolated corrections on subsequent positioning results has been previously discussed in Wang et al. [25].





3.2. Experiment on the Basis Recovery Algorithm


This section first explores the feasibility of the basis recovery algorithm and demonstrates its performance. It should be noted that for the situation where all corrections are missing for one or more reference stations, a simple and clear explanation has already been provided in the method section. Therefore, the experimental section will only verify the situation where corrections for individual satellites are missing. It is assumed that the ionospheric delay corrections for all satellites at NCLE, NCST, and NCCO stations are successfully received, while the ionospheric delay corrections for each satellite at the NCMO station may be subject to reception failure. For each satellite at the user station NCSA, interpolation is performed for both scenarios: one where the NCMO station (with four reference stations) can provide the corrections, and the other where it cannot (with three reference stations). Due to differences in the frequencies and tracking methods of GPS and Galileo observations, the receiver-related hardware delays differ between the two systems. Consequently, the performance of the basis recovery algorithm is shown and evaluated separately for each system. The difference between the two sets of interpolated corrections is then calculated, and the results are statistically analyzed. Figure 3 and Figure 4 show the differences in L1 ionospheric corrections for all satellites in the GPS and Galileo systems, respectively.



Based on Equation (12), the results of the two interpolations encompass both the interpolation model error   Δ   m   n , n − 1   i     and the difference in the linearly combined receiver hardware delay   Δ   d   n , n − 1    . Due to differences in observation frequencies and tracking methods between systems,   Δ   d   n , n − 1     exhibits system-dependent biases across different systems. Taking the results for all GPS satellites in Figure 3 as an example, the combined receiver hardware delays   Δ   d   n , n − 1     are consistent across all satellites, with the variations primarily governed by the interpolation model error   Δ   m   n , n − 1   i    . The interpolation model errors   Δ   m   n , n − 1   i     for all satellites are mostly confined to within 1 cm. The maximum error is approximately 2 to 3 cm, and its impact on ambiguity resolution is relatively limited given the wavelength of about 20 cm. Therefore, the basis recovery method of deriving   Δ   d   n , n − 1     through mean smoothing is supported by these findings. It should be clarified here that the interruptions observed in Figure 3 and Figure 4 were caused by the failure to fix ambiguities at multiple reference stations during those periods. This led to the inability to generate accurate atmospheric corrections. It is speculated that these failures might have been triggered by fluctuations in the quality of UPD products.



After extracting and compensating   Δ   d   n , n − 1     using the basis recovery algorithm, Figure 5 shows the difference between the L1 recovered ionospheric delay corrections for all satellites at the NCSA station using the proposed method with three reference stations and the ground-truth interpolated corrections with four reference stations. The ground-truth corrections refer to the corrections computed by fixing the coordinates of the reference stations to their known precise values. Figure 5 illustrates the different results for all GPS and Galileo satellites, with the systematic biases extracted and corrected. The recovered corrections differ from the ground-truth interpolated values only in   Δ   m   n , n − 1   i    , with errors remaining within a 2 cm fluctuation. The basis recovery method, however, preserves the valuable observations that would otherwise be discarded.



Furthermore, Figure 6 presents the probability distribution of the difference between the recovered corrections for all satellites at the NCSA station using the proposed method with three reference stations and the ground-truth interpolated corrections with four reference stations. Compared to the conventional discard strategy, the basis recovery algorithm generates a novel ionospheric delay correction, thereby improving the utilization of observations in PPP-RTK. The resulting ionospheric delay corrections deviate from the ground-truth interpolated values by no more than ±1 cm. This level of accuracy is adequate for PPP-RTK users [11].



Subsequently, a detailed account of the basis recovery method’s performance in the PPP-RTK positioning experiment will be provided. To begin with, the primary advantage of the proposed method lies in its ability to reinstate the usability of observations without corrections. When contrasted with the scenario where the method is not employed, there is an increase in the number of available observations. As a result, the satellite geometric distribution configuration becomes more favorable. Table 5 presents the proportion of epoch numbers with PDOP variations, as well as the PDOP improvement observed before and after the implementation of the proposed method.



As indicated in Table 5, when utilizing the single GPS system and the GPS/Galileo system separately, the proportions of epochs with varying DOP are 5.16 and 8.79, respectively. Moreover, the PDOP declined to 1.58 and 1.08, corresponding to reduction rates of 14.1% and 6.9%, respectively. The aforementioned data offers a clear illustration of the proportions of epochs impacted by the proposed method, as well as the gains achieved in DOP values. Actually, when users are located in areas where GNSS signals are obstructed, i.e., in environments where the number of observable satellites significantly decreases, the additional observation information provided by the proposed method will offer greater benefits. In order to illustrate the minimum level of gains that this method can offer, the experiment was conducted without intentionally creating an obstructed setting. Rather, observation data from an open environment were employed. Table 5 illustrates the distinct gain patterns for single-system and multi-system configurations. It reveals that as the quantity of observable satellites increases, the additional observational data has a diminishing impact on the DOP gain. Consequently, if users find themselves in signal-constrained regions with a reduced number of observable satellites, the DOP gains they achieve are expected to exceed the results presented in Table 5.



The PPP-RTK experiment was conducted following the experiment design described in the dataset section. Table 6 displays the ambiguity fixing rate along with the average ratio for epochs where ambiguity has been successfully fixed (with a ratio greater than 2).



As shown in Table 6, upon implementing the basis recovery method, the ambiguity fixing rate for the single GPS system rose by 0.9%, from 83.4% to 84.3%. Meanwhile, the fixing rate for the dual system experienced an increase of 0.5%, climbing from 89.25% to 89.75%. Furthermore, the mean ratio witnessed an improvement of 8.1% and 6.0% for the single GPS and dual system cases, respectively. The ambiguity fixing results, which are derived from tens of thousands of epochs over the full day, serve as compelling evidence of the proposed method’s efficacy. Additionally, it is reiterated that the experiment was based on observation data collected in an open environment. This setup showcases the minimum level of gains that the method can offer. In obstructed environments, ambiguity fixing is expected to bring about even more significant improvements.




3.3. Experiment on the Recommended Number of Reference Stations


In this section, in an observation environment characterized by relatively flat terrain and inactive atmospheric conditions, four reference station networks of varying scales were carefully chosen. Then, an in-depth study was conducted to determine the recommended number of reference stations for users positioned within each of these networks. In the investigation of the number of reference stations, the basis recovery algorithm was employed. To illustrate its effectiveness, the proportion of recovered corrections relative to the total number of corrections is calculated and presented for different networks.



The four reference station networks described in the dataset section are used to interpolate the ionospheric corrections for the user station. By regarding the ionospheric delays derived at the user stations as precise references, the errors of the interpolated ionospheric corrections are calculated. Subsequently, these errors are used to calculate the root mean square (RMS) statistical results. To emphasize again, when selecting surrounding reference stations for this experiment, we tried to ensure they were evenly distributed in all directions. The results are shown in Figure 7, Figure 8, Figure 9 and Figure 10. The reference station densities in Networks A and B are relatively dense, with inter-station distances predominantly clustered around 30 km and 50 km, respectively. As shown in Figure 7 and Figure 8, the interpolation error of the L1 ionospheric corrections decreases significantly with an average of four reference stations, while additional reference stations lead to only marginal improvements in the error reduction. Ionospheric delay corrections involve both code and phase ionospheric corrections for all observed satellites. However, with the addition of each reference station, the communication load increases, resulting in an inefficient use of resources. In small-scale networks with station spacings of 50 km or less, it is recommended to use four or five reference stations. For networks with a station spacing of 100 km, an increase in the number of stations to six or seven still results in a measurable improvement; however, the benefit becomes negligible when the station count reaches eight. For large-scale networks spanning over 100 km, the use of six or seven reference stations is recommended to provide correction interpolations.



As the number of reference stations utilized for interpolation grows, the quantity of corrections employed in the interpolation process also increases. This heightens the probability of a basis deficiency for these corrections. To conduct a more in-depth assessment of the performance of the proposed method, Table 7 displays the number of corrections used for basis recovery in reference station networks of varying scales, along with their proportion relative to the total number of corrections. It can be observed that, for large networks with 100 km station spacing, when the number of reference stations reaches seven, the interpolation basis recovery algorithm restores anomalous values, preserving approximately 3% of the total observations. The method effectively utilizes observations that would otherwise be discarded, improving the efficiency of data utilization. It must be reiterated here that the observational data employed in the experiment were obtained from a network of reference stations that were evenly distributed in a flat terrain during a period of low ionospheric activity, and a low-order surface interpolation model was used. Consequently, the experimental results are applicable to this most prevalent and generalized scenario. However, it should be noted that the outcomes may vary when the observation environment or the distribution of the reference stations changes. Additionally, we must acknowledge that while increasing the number of reference stations can enhance the accuracy of interpolation corrections, as suggested by our recommendations, users may sometimes find it impractical to access such a large number of nearby reference stations. For instance, there might only be three to five reference stations available within a certain range, as discussed in Section 3.2. Moreover, regarding the influence caused by interpolation correction errors of varying magnitudes on PPP-RTK results, one can consult Wang et al. [23].





4. Discussion


With the aim of engaging in a more in-depth discussion of the experimental results and showcasing their practical engineering significance, two auxiliary lines are added in Figure 7, Figure 8, Figure 9 and Figure 10: one in green (representing a 2 cm threshold) and the other in black (representing a 4 cm threshold). These two thresholds were determined based on empirical evidence. When the mean RMS of the corrections is less than 2 cm, the system can generally tolerate this level of error, having a minimal impact on the estimation results. Therefore, the corrections at this error level can be regarded as accurate, and users can directly employ the ionosphere-fixed model for calculations. When the RMS level falls between 2 cm and 4 cm, using the ionosphere-fixed model results directly may be influenced to a certain extent, with the degree of influence being related to factors such as the number of satellites and the satellite geometric configuration. In such cases, users can choose to use either the ionosphere-fixed or the ionosphere-constrained estimation model based on the observation situation. When the mean RMS exceeds 4 cm, the solution will be significantly affected, potentially leading to consequences such as a marked increase in parameter errors or failure in ambiguity resolution. In this scenario, it is recommended to adopt the ionosphere estimation model.



When users are in the process of selecting reference stations for interpolating corrections, the first step is to examine the quantity of correction numbers offered by each reference station. Owing to issues like observation data quality and IAR, the number of corrections from certain individual reference stations may be significantly lower than that of their stations. These potentially unreliable reference stations must be excluded during the selection. Next, users should strive to select a set of reference stations that are not only close but also evenly distributed. This arrangement is crucial for ensuring that the quality of the interpolated corrections is optimized. Finally, users should aim to pick reference stations in a number that aligns with the recommended quantity specified in this paper. In summary, on the premise of ensuring that the quality and quantity of the corrections provided by the selected reference stations remain normal, among the group of reference stations nearest to the user (which implies that the distances between these reference stations and the user should not differ significantly), one should strive to select the recommended number of reference stations in different azimuths relative to the user. In the case of a sparse station network, it is necessary to choose at least three reference stations, ensuring that the user is located within the Delaunay triangle formed by these three stations.




5. Conclusions


Interpolating ionospheric delay corrections at the user station, extracted from reference stations, plays a crucial role in PPP-RTK applications. In non-specific environments, the quality of interpolated corrections depends not only on the choice of the interpolation model but also on the reference stations used in the interpolation process. Furthermore, determining the number of reference stations based on the size of the reference network and mitigating correction losses from individual stations that result in the unavailability of interpolated corrections and consequently lead to the wastage of observations, are two crucial factors to address.



This study models and analyzes two common scenarios of correction loss, with particular emphasis on the situation where the loss of corrections for certain satellites at a single reference station causes discrepancies between the interpolated corrections and those of other satellites, leading to the exclusion of observations. To address this problem, the basis recovery algorithm is proposed. The algorithm effectively extracts and compensates for the combined receiver hardware delay in ionospheric delay interpolation. With this method, even if the corrections for a satellite are lost at a specific reference station, they can still be interpolated and compensated, ensuring the observation remains usable. The experimental results validated the feasibility of the algorithm, showing that the model interpolation errors are minimal, with the majority confined to within 1 cm. Furthermore, the linearly combined receiver hardware delays exhibit a consistent pattern across the satellites. The recovered ionospheric delay corrections obtained through the algorithm deviate from the accurate interpolated (calculated using a sufficient number of reference stations) values by no more than ±1 cm. This level of accuracy is adequate for PPP-RTK users. Furthermore, approximately 3% of the observations, which would otherwise have been discarded due to the missing corrections from a specific reference station, are retained by the algorithm.



Owing to the limitations in the accuracy of the interpolation model, increasing the number of reference stations beyond a certain threshold does not improve the interpolation precision; rather, it leads to a higher communication load. The threshold also depends on the size of the reference network. In this study, in the case of flat terrain, stable atmospheric conditions, and relatively uniform distribution of reference stations in all directions, the selection of the number of reference stations was analyzed across four reference networks when using the low-order surface interpolation model, each varying in scale and station density. Here, it is once again emphasized that the experimental conclusions are directly linked to the observational environment. The background circumstances assumed in this work represent the most general and widely applicable scenarios. In networks with station spacings of 30 km and 50 km, a notable reduction in interpolation error is observed when the number of reference stations reaches four, while additional increases in the number of stations result in only marginal improvements. For small networks with a station spacing of 50 km, the use of four or five reference stations is recommended. In contrast, for larger networks with a station spacing of 100 km, it is advisable to employ six or seven reference stations.



In conclusion, it is essential to highlight that the research in this work regarding the recommended number of reference stations focuses on ionospheric delay. With regard to the subject matter pertaining to tropospheric delay, it warrants further exploration and discussion.
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Figure 1. Flowchart of the basis recovery method. 
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Figure 2. Geographical distribution of the stations (blue dots represent reference stations, red asterisks represent user stations). 
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Figure 3. Difference in interpolated L1 ionospheric corrections for all satellites in the GPS system using three and four reference stations. 
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Figure 4. Difference in interpolated L1 ionospheric corrections for all satellites in the Galileo system using three and four reference stations. 
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Figure 5. Difference between the L1 recovered ionospheric delay corrections for all satellites at the NCSA station using three reference stations and the ground-truth interpolated corrections with four reference stations. (a) The range of the vertical axis is ±5 cm. (b) The range of the vertical axis is ±1 cm. 
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Figure 6. Probability distribution of the difference between the recovered corrections and the true corrections. 
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Figure 7. RMS values of the L1 ionospheric correction interpolation errors for Network A with different numbers of stations. 
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Figure 8. RMS values of the L1 ionospheric correction interpolation errors for Network B with different numbers of stations. 
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Figure 9. RMS values of the L1 ionospheric correction interpolation errors for Network C with different numbers of stations. 
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Figure 10. RMS values of the L1 ionospheric correction interpolation errors for Network D with different numbers of stations. 
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Table 1. A small-scale reference network with NCHI as the user station receives dual-frequency signals from the GPS/Galileo systems (Network A).
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	Number of Reference Stations
	Reference Stations
	Mean Reference-User Distance [km]





	3
	ASUB, NCMO, NCMG
	47.7



	4
	3 + NCSH
	49.2



	5
	4 + GAST
	49.1



	6
	5 + NCST
	48.2



	7
	6 + MARI
	49.8










 





Table 2. A small-scale reference network with NCSA as the user station receives dual-frequency signals from the GPS/Galileo systems (Network B).
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	Number of Reference Stations
	Reference Stations
	Mean Reference-User Distance [km]





	3
	NCLE, NCST, NCAL
	36.1



	4
	3 + NCMO
	36.2



	5
	4 + HIPT
	38.5



	6
	5 + NCCO
	38.6



	7
	6 + NCTR
	42.2










 





Table 3. A large-scale reference network with NCST as the user station receives dual-frequency signals from the GPS/Galileo systems (Network C).
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	Number of Reference Stations
	Reference Stations
	Mean Reference-User Distance [km]





	3
	NCBU ASUB, NCSP
	108.6



	4
	3 + NCCA
	117.6



	5
	4 + NCMR
	114.3



	6
	5 + NCWC
	109.1



	7
	6 + NCSR
	104.3



	8
	7 + NC77
	103.4










 





Table 4. A large-scale reference network with NCSA as the user station receives dual-frequency signals from the GPS/Galileo systems (Network D).
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	Number of Reference Stations
	Reference Stations
	Mean Reference-User Distance [km]





	3
	SNFD, NCNE, NCPO
	113.7



	4
	3 + NCRE
	110.3



	5
	4 + NCWJ
	112.3



	6
	5 + GAST
	107.3



	7
	6 + NCMG
	107.8



	8
	7 + NCSP
	117.8










 





Table 5. Changes in DOP values before and after using the basis recovery method.
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	GNSS System
	Proportion of Epochs with Varying DOP [%]
	Average Difference in PDOP (Without Basis Recovery)
	Average Difference in PDOP (With Basis Recovery)
	Proportion of Reduction in PDOP After Basis Recovery [%]





	Single GPS
	5.16
	1.84
	1.58
	14.1



	GPS/Galileo
	8.79
	1.16
	1.08
	6.9










 





Table 6. Ambiguity fixing rate along with the average ratio of PPP-RTK experiment.
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	GNSS System
	Ambiguity Fixing Rate (Without Basis Recovery) [%]
	Ambiguity Fixing Rate (With basis Recovery) [%]
	Mean Ratio(Without Basis Recovery)
	Mean Ratio (With Basis Recovery)
	Proportion of Ratio Increase [%]





	Single GPS
	83.43
	84.31
	13.18
	14.25
	8.1



	GPS/Galileo
	89.25
	89.75
	8.33
	8.83
	6.0










 





Table 7. Number (Num.) of recovered corrections and the proportion (Prop.) (%) of these correcti