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Abstract: The power spectral density (PSD) shape of the transmit waveform plays an
important role in some fields of radar, such as electronic counter-countermeasures (ECCM),
target detection, and target classification. In addition, radar hardware generally requires
the waveform to have constant modulus (CM) characteristics. Therefore, it is a significant
problem to synthesize the discrete-time CM waveform from a given PSD. To address this
problem, some algorithms have been proposed in the existing literature. In this paper,
based on the majorization–minimization (MM) framework, a novel algorithm is proposed
to solve this problem. The proposed algorithm can be proved to converge to the stationary
point, and the error reduction property can be obtained without the unitary requirements
on the discrete Fourier transform (DFT) matrix. To accelerate the convergence rate of the
proposed algorithm, three acceleration schemes are developed for the proposed algorithm.
Considering a specific algorithm stopping condition, one of the proposed acceleration
schemes shows better computation efficiency than the existing algorithms and is more
robust to the initial points. Besides, when the DFT matrix is not unitary, the numerical
results show that the proposed acceleration scheme has better matching performance
compared with the existing algorithms.

Keywords: waveform design; constant modulus; power spectral density; majorization–
minimization

1. Introduction
Optimizing the power spectral density (PSD) of the transmit waveform to improve the

system performance has always been an important topic in radar. The design of waveform
PSD has been widely studied in many fields of radar. In electronic counter-countermeasures
(ECCM), the strategy of radar and jammer is a spectrally designed waveform [1–7]. In target
detection, the PSD of a waveform is optimized for different detecting environments and
targets [8–12]. In refs. [13–21], the PSD is designed to maximize the mutual information or
Mahalanobis distance for target classification.

It should be noticed that most of the above works only obtained an optimal PSD
template, rather than a transmit waveform that can be directly used by the radar. In radar
system, constant modulus (CM) constraint ensures that the radio frequency amplifiers
work with maximum efficiency and avoids signal distortion [22,23]. Many methods have
been proposed to produce CM waveform for transmit beampattern matching [24–26]
or thinned spectrum design [27–29]. The thinned spectrum is commonly used to avoid
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occupied frequency bands to prevent interference between multiple systems [30–33]. How-
ever, in scenarios involving target detection, target classification, or ECCM, the frequency
responses of targets and the environment are uncertain, and the optimal PSD shape is
uncertain. Consequently, there is a need to generate CM waveforms with arbitrary desired
PSD shapes. For arbitrary PSD shape matching, the alternating projections method was
proposed in refs. [34,35] to synthesize the CM waveform. However, the success of this kind
of method is still unexplained. In ref. [35], from the view of phase retrieval, the authors
explained the success of alternating projections by relating them to the error reduction
algorithm (ERA). However, the error reduction property (ERP) can only be obtained when
the discrete Fourier transform (DFT) matrix satisfies the left or right unitary requirements.

For the requirements of arbitrary PSD shape matching, motivated by the limitations in
existing CM waveform synthesis methods, a novel algorithm based on the majorization–
minimization (MM) framework is proposed in this paper. The main contributions of this
paper can be summarized as follows:

• Based on the MM framework, a novel algorithm is proposed to obtain a CM waveform
that matches an arbitrary PSD template. Compared with existing algorithms, the ERP
of the proposed algorithm can be proved without the unitary requirements of the
DFT matrix. Besides, the proposed algorithm can be proved to converge to the
stationary point.

• Three acceleration schemes are developed to accelerate the convergence speed of the
proposed algorithm. All the acceleration versions keep the ERP. Numerical results
show that one of the acceleration schemes has better computational efficiency than the
existing algorithms and is more robust to the initial points than existing algorithms.

• Because without the unitary requirements of DFT matrix, compared with existing
algorithms, one of the proposed acceleration schemes shows the better matching
performance when DFT matrix is not unitary and the code length is less than the
number of frequency points. Besides, this difference becomes apparent for complex
PSD shapes.

The remainder of this paper is structured as follows. The problem formulation and
proposed new algorithms are detailed in Section 2. Section 3 presents the computational
findings, and a discussion about the algorithm’s performance under another PSD template
is presented in Section 4. Conclusions are draw in Section 5.

Notation: We adopt standard case letters for scalars, bold uppercase letters for matrices,
and bold lowercase letters for vectors. The operator notations (•)T, (•)∗, and (•)H represent
matrix transpose, element-wise conjugation, and Hermitian transposition, respectively. See
Table 1 for other notations used throughout this paper.

Table 1. Notations.

∥x∥1, ∥x∥2, ∥X∥F, |x| l1-norm, l2-norm, Frobenius norm, and modulus
j Imaginary unit
⊗, ⊙ Kronecker product and Hadamard product

vec(X) Vectorization of matrix
diag(x) A diagonal matrix with

its main diagonal filled with x
diag(X) A column vector of the

main diagonal elements of X
ejx Element-wise exponential ejx

|x| Element-wise modulus
x−1 Element-wise inverse
|x|−1 Element-wise inverse of modulus
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Table 1. Cont.

Im(x) Element-wise imaginary part
max{x} Largest element in vector

Rn n-dimensional real vector space
Cn n-dimensional complex vector space

log2(x) Base-2 logarithm
⌈x⌉ Round toward positive infinity

2. Materials and Methods
It is assumed that the baseband signal of radar is x(t), 0 ≤ t ≤ Tp, where Tp is the

pulse duration. The baseband signal can be sampled as x(l) = x(t = lTs), l = 0, · · · ,
L− 1, where Ts = Tp

/
L is the sampling period and L denotes the code length. Let

x =
[

x(0), · · · , x(L− 1)
]T

denote the transmit waveform, and the DFT of x can be
given by

y = FTx (1)

where F ∈ CL×N is the DFT matrix, and N is the number of the interesting frequencies [35].
Suppose that the desired PSD is d2. In order to match the given PSD, we have the

following cost function:

min
x

∥∥∣∣FTx
∣∣− d

∥∥2
2

s.t. |x(l)| = 1, l = 0, · · · , L− 1.
(2)

The constraint in (2) guarantees the CM property. d is called the Fourier transform
magnitude in ref. [34]. Under the CM constraint, the waveform can be denoted as x(l) =
ejωl , where ωl is the phase of x(l). Then, the cost function (2) can be converted into an
equivalent form as follows:

min
ω

∥∥∥∥FTejω − FTejω ⊙
∣∣∣FTejω

∣∣∣−1
⊙ d

∥∥∥∥2

2
(3)

where ω =
[

ω0, ω1, · · · , ωL−1

]T
.

In general, the problem (3) lacks an analytical solution. Previous works have obtained
the iteration solution efficiently; however, they lack a theoretical explanation or place
restrictions on the DFT matrix. From the view of MM, the ERP can be obtained easily,
and the proposed algorithm can converge to the stationary point. In this section, we first
introduce the ERP of the MM method. Additional details regarding MM are available
in refs. [36,37].

2.1. MM Method

As a problem-driven approach, the MM method demonstrates remarkable compu-
tational efficiency in practical applications. The key idea of MM is to construct a simple
surrogate function that yields an algorithm with low computational complexity.

Consider the following optimization problem

min
x

f (x)

s.t. x ∈ X
(4)
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Following the idea of MM, we first find the constructed surrogate function for f (x),
which should meet these requirements at x(ℓ):

u
(

x, x(ℓ)
)
≥ f (x), ∀x ∈ X (5)

u
(

x(ℓ), x(ℓ)
)
= f

(
x(ℓ)
)

(6)

The MM update rule can be expressed as

x(ℓ+1) = arg min
x∈X

u
(

x, x(ℓ)
)

(7)

Therefore, the MM method keeps the ERP naturally:

f
(

x(ℓ+1)
)
≤ u

(
x(ℓ+1), x(ℓ)

)
≤ u

(
x(ℓ), x(ℓ)

)
= f

(
x(ℓ)
)

(8)

where the first inequality follows from (5), the second inequality follows from (7), and the
final equality follows from (6).

2.2. MM-Based Matching Algorithm

Let h(ω) denote the objective function of (3), and in order to construct the surrogate
function of h(ω), we introduce the following lemma:

Lemma 1 (Descent Lemma [38]). Let h : RL → R be a continuously differentiable function with
a Lipschitz continuous gradient and Lipschitz constant L̃. Then, for all ω, ω̃ ∈ RL,

h(ω) ≤ h(ω̃) +∇h(ω̃)T(ω− ω̃) +
L̃
2
∥ω− ω̃∥2

2
(9)

Therefore, in order to construct the surrogate function, we have the following lemma
to characterize the Lipschitz properties of ∇h(ω). The detailed proof of Lemma 2 is in
Appendix B.

Lemma 2. Gradient ∇h(ω) is Lipschitz continuous, i.e.,

∥∇h(ω)−∇h(ω̃)∥2 ≤ µ∥ω− ω̃∥2 (10)

where the detailed calculation of the constant µ refers to Appendix B.

Combining Lemmas 1 and 2, we can construct the surrogate function of h(ω) as fol-
lows:

u
(

ω, ω(ℓ)
)
= h

(
ω(ℓ)

)
+∇h

(
ω(ℓ)

)T(
ω−ω(ℓ)

)
+

µ

2

∥∥∥ω−ω(ℓ)
∥∥∥2

2
. (11)

By omitting constant terms in (11), the majorized approximation of (3) at ω(ℓ) becomes

min
ω
∇h
(

ω(ℓ)
)T

ω +
µ

2

(
ωTω− 2ωTω(ℓ)

)
(12)
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Notice that the function u
(

ω, ω(ℓ)
)

is a strongly convex quadratic function with
respect to ω. Therefore, the optimal solution of problem (12) is given by

ω = − 1
µ
∇h
(

ω(ℓ)
)
+ ω(ℓ) (13)

where the computation of gradient ∇h(ω) is shown in Appendix A.

2.3. Convergence Analysis

With the theoretical analysis of (3) now complete, we summarize the entire MM-based
matching algorithm (MMA) in pseudocode format in Algorithm 1. In the following, we
prove that the sequence

{
ω(ℓ)

}
generated by MMA converges to a stationary point.

Algorithm 1 MMA—MM-based Matching Algorithm

Require: Initial phase of waveform ω(0)

Ensure: Designed phase of waveform ω
1: Calculate µ (refer to Appendix B)
2: repeat
3: Calculate ∇h

(
ω(ℓ)

)
(refer to Appendix A)

4: ω(ℓ+1) = − 1
µ∇h

(
ω(ℓ)

)
+ ω(ℓ)

5: ℓ← ℓ+ 1
6: until convergence

Lemma 3. The sequence
{

ω(ℓ)
}

generated by MMA converges to a stationary point of problem (3).

Proof. According to the surrogate function (11), we can see that ∇u(ω, ω) = ∇h(ω).
Therefore, Assumption 1 in ref. [39] is satisfied, and Theorem 1 in ref. [39] holds. Following
from Theorem 1 in ref. [39], the sequence

{
ω(ℓ)

}
generated by MMA converges to a

stationary point of problem (3).

2.4. Acceleration Schemes

From Appendices B and C, it is noticed that the surrogate function might be relatively
loose as an upperbound of h(ω). Consequently, the convergence rate is relatively slow.
In this subsection, an acceleration scheme is proposed for MMA to improve the convergence
rate. The idea of this acceleration scheme is to find a tighter upperbound for the original
objective function at each iteration. It is assumed that the value of µ changes with the
iteration. From Lemmas 1 and 2, we know that there is 0 < µ(ℓ) ≤ µ at the ℓ-th iteration,
which satisfies the following inequality:

h(ω) ≤ h
(

ω(ℓ)
)
+∇h

(
ω(ℓ)

)T(
ω−ω(ℓ)

)
+

µ(ℓ)

2

∥∥∥ω−ω(ℓ)
∥∥∥2

2
. (14)

Therefore, the surrogate function at the ℓ-th iteration can be constructed as

u(ℓ)
(

ω, ω(ℓ)
)
= h

(
ω(ℓ)

)
+∇h

(
ω(ℓ)

)T(
ω−ω(ℓ)

)
+

µ(ℓ)

2

∥∥∥ω−ω(ℓ)
∥∥∥2

2
. (15)

Similar to MMA, the point of the next iteration can be obtained by

ω(ℓ+1) = − 1
µ(ℓ)
∇h
(

ω(ℓ)
)
+ ω(ℓ). (16)
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It is noticed that, in this way, if the inequality (14) holds, the ERP of MM is still satisfied.
Plugging (16) into (14), we have

h
(

ω(ℓ)
)
− h
(

ω(ℓ+1)
)
≥ 1

2µ(ℓ)

∥∥∥∇h
(

ω(ℓ)
)∥∥∥2

2
, (17)

then

µ(ℓ) ≥

∥∥∥∇h
(

ω(ℓ)
)∥∥∥2

2

2
(
h
(
ω(ℓ)

)
− h
(
ω(ℓ+1)

)) ≥
∥∥∥∇h

(
ω(ℓ)

)∥∥∥2

2

2h
(
ω(ℓ)

) . (18)

Inequality (17) guarantees the ERP of the proposed algorithm, and it shows
that a smaller µ(ℓ) means a faster convergence rate. Combining (17) and (18), we
adopt such an acceleration scheme: use a line search method to find a small µ(ℓ) ∈(∥∥∥∇h

(
ω(ℓ)

)∥∥∥2

2

/
2h
(

ω(ℓ)
)

, µ

)
that satisfies the inequality (17). The complete descrip-

tion of acceleration MMA (AMMA) is given in Algorithm 2. Our numerical results suggest
that AMMA can achieve a superlinear convergence rate.

Algorithm 2 AMMA—Acceleration MMA

Require: Initial phase of waveform ω(0)

Ensure: Designed phase of waveform ω
1: Calculate µ (refer to Appendix B)
2: repeat
3: Calculate ∇h

(
ω(ℓ)

)
(refer to Appendix A)

4: Calculate Ñ =

⌈
lb
(

2µh
(

ω(ℓ)
)/∥∥∥∇h

(
ω(ℓ)

)∥∥∥2

2

)⌉
5: Set ñ = 0, µ(ℓ) = µ

2(Ñ−ñ)

6: while inequality (17) does not hold do
7: ñ← ñ + 1
8: µ(ℓ) = µ

2(Ñ−ñ)

9: ω(ℓ+1) = − 1
µ(ℓ)∇h

(
ω(ℓ)

)
+ ω(ℓ)

10: end while
11: ℓ← ℓ+ 1
12: until convergence

The SQUAREM can be easily implemented as an off-the-shelf accelerator for the MM
algorithm. For more details about SQUAREM, readers can refer to [40]. Compared with
other acceleration schemes, it has two important advantages: first, it only requires an MM
variable updating scheme; second, it is guaranteed to converge. It is noticed that both
MMA and AMMA obey the MM updating scheme. Therefore, we utilize SQUAREM to
accelerate MMA and AMMA to further improve the convergence rate. They are noted as
A-MMA-S and A-AMMA-S, respectively.

Let FM(•) and FA(•) denote the maps of the MMA and AMMA algorithms, respec-
tively. The MM updating scheme of MMA and AMMA can be expressed as ω(ℓ+1) =

FM

(
ω(ℓ)

)
and ω(ℓ+1) = FA

(
ω(ℓ)

)
, respectively. For brevity, both the details of A-MMA-S

and A-AMMA-S are shown in Algorithm 3.
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Algorithm 3 A-MMA-S—Accelerating MMA by SQUAREM and A-AMMA-S—
Accelerating AMMA by SQUAREM

Require: Initial phase of waveform ω(0)

Ensure: Designed phase of waveform ω
1: Calculate µ (refer to Appendix B)
2: repeat
3: For A-MMA-S, ω1 = FM

(
ω(ℓ)

)
, for A-AMMA-S, ω1 = FA

(
ω(ℓ)

)
4: For A-MMA-S, ω2 = FM(ω1), for A-AMMA-S, ω2 = FA(ω1)

5: q = ω1 −ω(ℓ)

6: v = ω2 −ω1 − q
7: γ = − ∥q∥2

∥v∥2

8: ω(ℓ+1) = ω(ℓ) − 2γq + γ2v
9: while h

(
ω(ℓ+1)

)
> h

(
ω(ℓ)

)
do

10: γ = (γ− 1)
/

2
11: ω(ℓ+1) = ω(ℓ) − 2γq + γ2v
12: end while
13: ℓ← ℓ+ 1
14: until convergence

2.5. Complexity Analysis and Implementation Platform

We now analyze the computational complexity of the proposed algorithms. The overall
complexity of each algorithm is linear with respect to the number of iterations. For the con-
venience of analysis, we focus on the deterministic cost on a per-iteration basis. For MMA,
the main computational cost lies in computing ∇h(ω). According to Appendix A, the cost
to obtain ∇h(ω) is roughly O(2NL + N + L).

For AMMA, the main computational cost lies in computing ∇h(ω) and h(ω).
The cost to obtain h(ω) is roughly NL + N complex multiplications. Combined with
the computational cost of ∇h(ω), we can see that the total cost of AMMA is roughly
O
(
( Ĩ1 + 2)NL + ( Ĩ1 + 1)N + L

)
, where Ĩ1 is the iteration number of the line search part of

AMMA. From simulation experience, the average number of Ĩ1 is about 9 when N > L. For
A-MMA-S and A-AMMA-S, the cost of each iteration is nearly twice as much as MMA and
AMMA, respectively. Assume that the iteration number of line search part in SQUAREM
is Ĩ2 (the line search part is to ensure the feasible solution and the ERP of MM, which
has also been used in refs. [41,42]). Consequently, the total cost of A-MMA-S is roughly
O
(
( Ĩ2 + 4)NL + (2 + Ĩ2)N + 2L

)
, and the total cost of A-AMMA-S is roughly

O
(
(2 Ĩ1 + Ĩ2 + 4)NL + (2 Ĩ1 + Ĩ2 + 2)N + 2L

)
.

From simulation experience, the average number of Ĩ2 is about 2 when N > L. When
N < L, the average number of Ĩ1 and Ĩ2 is generally much smaller. According to [35],
the computational complexity of ERA is roughly O(2NL + N + L).

All proposed algorithms can be executed in Matlab software under Windows environ-
ment. Specifically, the results shown below are obtained using Matlab R2017b.

3. Results
In this section, we conduct numerical simulations to evaluate the proposed algorithms

for the desired PSD matching. The desired PSD (i.e., d2) is taken from ref. [1], which is used
for ECCM and with a bandwidth of 10 MHz. Because the gradient of objective function
h(ω) has been obtained, we also apply the classical conjugate gradient (CG) method to
solve problem (3). Finally, the ERA and CG methods are adopted as comparison algorithms.
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In all the following simulations, the algorithms are run 1000 times for each case, with each
trial corresponding to a new random phase initialization. All algorithms are given the same
initialization at the beginning of each trial. To evaluate the average performance of each
algorithm, we normalize the value of h(ω) at each iteration over all trials as follows:

h̄
(

ω(ℓ)
)
=

h
(

ω(ℓ)
)

h
(
ω(0)

) .

Considering the influence of the DFT matrix property on the algorithms, we adopt the
DFT matrices that satisfy the left or right unitary requirements and those that do not satisfy
the left or right unitary requirements in the following simulations, respectively. Specifically,
consider the following four scenarios:

(1) Case 1: L < N (L = 200, N = 400) and F∗FT = IL;
(2) Case 2: L < N (L = 200, N = 400) and F∗FT ̸= IL;
(3) Case 3: L > N (L = 400, N = 200) and FTF∗ = IN ;
(4) Case 4: L > N (L = 400, N = 200) and FTF∗ ̸= IN .
The specific expressions of the adopted DFT matrices are shown in Appendix D.
In practical application, the reasonable stopping criterion is used to measure how close

a point is to the optimal solution or suboptimal solution to stop the algorithm. Considering
the ERP of each algorithm, the following stopping criterion is adopted for each algorithm:∣∣∣h(ω(ℓ)

)
− h
(

ω(ℓ+1)
)∣∣∣

h
(
ω(ℓ)

) ≤ 10−4.

It should be noted that considering the influence of initial points on convergence
performance, the maximum iteration number is set to 50,000 for all algorithms in the
following simulations.

The following simulation experiments are divided into two parts. The first part shows
the performance of the proposed algorithm and the acceleration effect of the proposed accel-
eration schemes. The second part compares the matching performance and computational
efficiency between the proposed acceleration schemes and existing algorithms.

3.1. The Performance of Proposed Algorithms

In this subsection, we show the performance of the proposed algorithm and accelera-
tion schemes. First, we consider the scenario L < N. In Figure 1, an example solution of
each algorithm under Case 1 is shown. It can be seen that all algorithms can match the
desired PSD template and can keep the ERP. However, it can be noticed that the accelera-
tion schemes have better matching performance, which may be caused by MMA reaching
the maximum iteration number rather than the stopping criterion. For the convergence
rate, it can be observed that the proposed acceleration schemes have a significant effect.
In Figure 2, we show the box plot result of all 1000 random trials under Case 1. It can be
seen that the acceleration schemes have similar matching performance and are better than
MMA. From a statistical perspective, all acceleration schemes have better convergence
performance than MMA, and A-MMA-S has the best convergence performance and is less
sensitive to the initial points. In Figures 3 and 4, we show an example solution under
Case 2 and the box plot result of all 1000 random trials under Case 2, respectively. It can
be seen that all algorithms perform similarly to Case 1. However, it can be noticed that
compared with Case 1, each algorithm in Case 2 has a slower convergence rate but better
matching performance.
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Figure 1. An example solution of proposed algorithms under Case 1: (a) The result of MMA and
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convergence curve of all algorithms.
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Figure 3. An example solution of proposed algorithms under Case 2: (a) The result of MMA and
AMMA. (b) The result of MMA and A-MMA-S. (c) The result of MMA and A-AMMA-S. (d) The
convergence curve of all algorithms.
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Figure 4. The box plot result of proposed algorithms under Case 2: (a) Normalized objective function
value. (b) Iteration number.

Then, we consider the scenario L > N. In Figures 5 and 6, we show an example
solution under Case 3 and the box plot result of all 1000 random trials under Case 3,
respectively. Similarly, the results under Case 4 are shown in Figures 7 and 8, respectively. It
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can be observed that all algorithms perform similarly to Case 1. Ignoring the CM constraint,
the original problem (2) is an underdetermined equation when L > N. Therefore, it can be
noticed that compared with Case 1 and Case 2, each algorithm in Case 3 and Case 4 has a
faster convergence rate and better matching performance.
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Figure 5. An example solution of proposed algorithms under Case 3: (a) The result of MMA and
AMMA. (b) The result of MMA and A-MMA-S. (c) The result of MMA and A-AMMA-S. (d) The
convergence curve of all algorithms.
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Figure 6. The box plot result of proposed algorithms under Case 3: (a) Normalized objective function
value. (b) Iteration number.
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Figure 7. An example solution of proposed algorithms under Case 4: (a) The result of MMA and
AMMA. (b) The result of MMA and A-MMA-S. (c) The result of MMA and A-AMMA-S. (d) The
convergence curve of all algorithms.
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Figure 8. The box plot result of proposed algorithms under Case 4: (a) Normalized objective function
value. (b) Iteration number.

3.2. Algorithm Comparison

In this subsection, we compare the matching performance and computational time of
the proposed algorithm with algorithms CG and ERA. From Section 3.1, it can be noticed
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that A-MMA-S has the best computational efficiency. Therefore, for the sake of simplicity,
we will only compare A-MMA-S with other algorithms. Figure 9 shows an example
solution and the corresponding computational time of each algorithm under Case 1. It can
be noticed that the matching performance of each algorithm is similar, but A-MMA-S has a
significantly shorter computation time. The statistical results in Figure 10 also confirm the
above phenomenon. Figures 11 and 12 show the results of each algorithm under Case 2. It
can be seen that ERA has significantly worse matching performance and computational
efficiency than other algorithms, which may be due to the fact that the DFT matrix is not a
unitary matrix in Case 2. From a statistical perspective, it can be observed in Figure 12 that
the proposed A-MMA-S has the best matching performance and computational efficiency.
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Figure 9. The comparison between algorithms under Case 1: (a) The example solution of A-MMA-S
and CG. (b) The example solution of A-MMA-S and ERA. (c) Normalized objective function value
versus computational time.
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Figure 10. The box plot result comparison under Case 1: (a) Normalized objective function value.
(b) Computational time.

For the scenario L > N, the results are shown in Figures 13–16. In Figures 13 and 14,
we show the results of each algorithm under Case 3. It can be seen that all algorithms can
have good matching performance, and CG is slightly better than the other two algorithms.
For the computational time, the proposed algorithm A-MMA-S has the best performance,
but CG is significantly inferior to other algorithms. In Figures 15 and 16, we show the
results of each algorithm under Case 4. It can be seen that the matching performance
of each algorithm is similar. In Case 4, ERA can match the desired PSD well when the
DFT matrix is not unitary, which may be due to the fact that the original problem is
underdetermined when L > N. It can be observed from Figure 16b that A-MMA-S still has
the best computational efficiency.
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Figure 11. The comparison between algorithms under Case 2: (a) The example solution of A-MMA-S
and CG. (b) The example solution of A-MMA-S and ERA. (c) Normalized objective function value
versus computational time.
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Figure 12. The box plot result comparison under Case 2: (a) Normalized objective function value.
(b) Computational time.
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Figure 13. The comparison between algorithms under Case 3: (a) The example solution of A-MMA-S
and CG. (b) The example solution of A-MMA-S and ERA. (c) Normalized objective function value
versus computational time.

Overall, for all considered scenarios, the proposed algorithm A-MMA-S has the short-
est computational time. Besides, from the statistical results, it can be found that the
computational time performance of A-MMA-S is most robust to the initial points. For the
matching performance, except for Case 3, the proposed algorithm A-MMA-S has the best
performance. In Case 3, the matching error has been reduced to the magnitude of 10−6.
Therefore, the difference between A-MMA-S and CG is actually negligible. Specifically,
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in Case 2, where L < N and the DFT matrix is not unitary, the matching performance of
A-MMA-S is significantly better than that of ERA and slightly better than CG.
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Figure 14. The box plot result comparison under Case 3: (a) Normalized objective function value.
(b) Computational time.
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Figure 15. The comparison between algorithms under Case 4: (a) The example solution of A-MMA-S
and CG. (b) The example solution of A-MMA-S and ERA. (c) Normalized objective function value
versus computational time.
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Figure 16. The box plot result comparison under Case 4: (a) Normalized objective function value.
(b) Computational time.
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4. Discussion: Algorithm Performance Under Another PSD Template
The adopted PSD template in Section 3 is used in the ECCM scene, and its shape is

simple and regular. In order to comprehensively measure the performance of algorithms,
the PSD shape in [20] is used as the template in this section. This PSD shape is applied in
target detection and is more complex and irregular. From the results in Section 3.2, it can
be found that compared with other cases, Case 2 is more challenging. Therefore, only the
simulation results under Case 2 are shown in this section.

In Figures 17 and 18, we show the results of the proposed algorithm and accelera-
tion schemes. It can be found that the behavior of each algorithm is similar to that in
Figures 3 and 4. In Figures 19 and 20, we compare the results of A-MMA-S, CG, and ERA.
From Figure 19, it can be found that the matching performance of the proposed algorithm
is much better than that of CG and ERA. Especially, the ERP of ERA can no longer be held.
The statistical results in Figure 20 also confirm the matching performance of the proposed
algorithm, and it can be seen that the high computational efficiency of the proposed al-
gorithm still holds. Comparing the results in Figures 11 and 19, it can be found that the
proposed algorithm has better performance in complex and irregular PSD matching.
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Figure 17. An example solution of proposed algorithms under another PSD template: (a) The result
of MMA and AMMA. (b) The result of MMA and A-MMA-S. (c) The result of MMA and A-AMMA-S.
(d) The convergence curve of all algorithms.
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Figure 18. The box plot result of proposed algorithms under another PSD template: (a) Normalized
objective function value. (b) Iteration number.
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Figure 19. The comparison between algorithms under another PSD template: (a) The example
solution of A-MMA-S and CG. (b) The example solution of A-MMA-S and ERA. (c) Normalized
objective function value versus computational time.
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Figure 20. The box plot result comparison under another PSD template: (a) Normalized objective
function value. (b) Computational time.

5. Conclusions
Motivated by the need for radar waveforms with the desired PSD, we propose an

algorithm to synthesize the discrete-time CM signals from the given PSD. Based on the
MM framework, the proposed algorithm has the ERP and can be proved to converge to
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the stationary point. To realize a trade-off between convergence rate and computation
complexity, three acceleration versions of the proposed algorithm are also given. Numerical
results show that the acceleration version A-MMA-S has better computation efficiency and
competitive matching performance compared with the existing algorithms.
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Appendix A. The Computation of ∇h(ω)

Let x = ejω, and we have

h(x) =
∥∥∥∥FTx− FTx⊙

∣∣∣FTx
∣∣∣−1
⊙ d

∥∥∥∥2

2
(A1)

For
∣∣FTx

∣∣−1, we have

∂
∣∣FTx

∣∣−1

∂xH = −1
2

diag
((

xHF∗
)−1
⊙
∣∣∣FTx

∣∣∣−1
)

FH. (A2)

Therefore, we can get that

∂h(x)
∂xH = F∗

[
FTx− d⊙

(
FTx

)
⊙
∣∣∣FTx

∣∣∣−1
]

(A3)

∂h(ω)

∂ω
= 2Im

(
x∗ ⊙ ∂h(x)

∂xH

)
(A4)

Appendix B. Proof of Lemma 2
In the following, we prove that ∇h(ω) is Lipschitz continuous via the definition of

Lipschitz continuity. For ∇h(ω), we have the following derivations:

∥∇h(ω)−∇h(ω̃)∥2
2

∥ω−ω̃∥2
2

=

M
∑

m=1

L
∑

l=1

∣∣∣ ∂h
∂ωml

− ∂h
∂ω̃ml

∣∣∣2
M
∑

m=1

L
∑

l=1
|ωml−ω̃ml |2

≤ max
m,l

{∣∣∣∣ ∂h
∂ωml

− ∂h
∂ω̃ml

ωml−ω̃ml

∣∣∣∣2
}

.

(A5)
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According to Lagrange’s mean value theorem, because h(ω) is continuous and differ-
entiable, there exists some point ω̄ml between ωml and ω̃ml , which satisfies

∂h
∂ωml
− ∂h

∂ω̃ml

ωml − ω̃ml
=

∂2h
∂ω̄2

ml
. (A6)

According (A5) and (A6), we have

∥∇h(ω)−∇h(ω̃)∥2
∥ω− ω̃∥2

≤ max
m,l

{∣∣∣∣∣ ∂2h
∂ω̄2

ml

∣∣∣∣∣
}

(A7)

and we know that

max
m,l

{∣∣∣∣∣ ∂2h
∂ω̄2

ml

∣∣∣∣∣
}

= max
{∣∣∣∣diag

(
∂2h
∂ω2

)∣∣∣∣} (A8)

In order to state clearly, we rewrite

f =
∂h
∂ω

(A9)

and we have

max
{∣∣∣diag

(
∂2h
∂!2

)∣∣∣} = 2 max
{

diag
(∣∣∣Im(diag(x∗) ∂f

∂xH

)∣∣∣)}
≤ 2 max

{
diag

(∣∣∣diag(x∗) ∂f
∂xH

∣∣∣)} = 2 max
{

diag
(∣∣∣ ∂f

∂xH

∣∣∣)} (A10)

where the last equality follows from the CM property of x.
Following from (A4), we have

∂f
∂xH = −j

(
diag

(
∂h

∂xH

)
+ diag(x∗)

∂2h

(∂xH)
2 − diag(x)

∂h
∂x∂xH

)
(A11)

where

∂2h

(∂xH)
2 =

1
2

F∗diag(d)diag
(

FTx⊙
∣∣∣FTx

∣∣∣−1
)

diag
((

xHF∗
)−1

)
FH (A12)

∂h
∂x∂xH = F∗FT − 1

2
Fdiag(d)diag

(∣∣∣FTx
∣∣∣−1
)

FH. (A13)

According (A11), we have

max
{

diag
(∣∣∣∣ ∂f

∂xH

∣∣∣∣)} ≤ max
{∣∣∣∣ ∂h

∂xH

∣∣∣∣}+ max

{∣∣∣∣∣diag

(
∂2h

(∂xH)
2

)∣∣∣∣∣
}

+ max
{∣∣∣∣diag

(
∂h

∂x∂xH

)∣∣∣∣}
(A14)

Combining (A8), (A10) and (A14), we can get

max
m,l

{∣∣∣∣∣ ∂2h
∂ω̄2

ml

∣∣∣∣∣
}
≤ 2

(
max

{∣∣∣∣ ∂h
∂xH

∣∣∣∣}+ max

{∣∣∣∣∣diag

(
∂2h

(∂xH)
2

)∣∣∣∣∣
}
+ max

{∣∣∣∣diag
(

∂h
∂x∂xH

)∣∣∣∣}
)

(A15)
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In Appendix C, we give the upperbound of the right side of inequality (A15). Therefore,

we can obtain the upperbound µ of max
m,l

{∣∣∣∣ ∂2h
∂ω̄2

ml

∣∣∣∣}, and we have

∥∇h(ω)−∇h(ω̃)∥2
∥ω− ω̃∥2

≤ max
m,l

{∣∣∣∣∣ ∂2h
∂ω̄2

ml

∣∣∣∣∣
}
≤ µ (A16)

Appendix C. The Upperbound Derivations

The upperbound of max
{∣∣∣ ∂h

∂xH

∣∣∣}:

The expression of ∂h
∂xH can refer to Appendix A, and we have

max
{∣∣∣∣ ∂h

∂xH

∣∣∣∣} ≤ max
{∣∣∣F∗FTx

∣∣∣}+ max
{∣∣∣∣F∗(d⊙

(
FTx

)
⊙
∣∣∣FTx

∣∣∣−1
)∣∣∣∣}. (A17)

The modulus of elements in F is 1
/√

η, where η = max{L, N}, so we have

max
{∣∣∣F∗FTx

∣∣∣} ≤ NL
η

(A18)

max
{∣∣∣∣F∗(d⊙

(
FTx

)
⊙
∣∣∣FTx

∣∣∣−1
)∣∣∣∣} ≤ ∥d∥1√

η
(A19)

Finally, we have

max
{∣∣∣∣ ∂h

∂xH

∣∣∣∣} ≤ NL
η

+
∥d∥1√

η
(A20)

The upperbound of max
{∣∣∣∣diag

(
∂2h

(∂xH)
2

)∣∣∣∣}:

Let C = ∂2h
(∂xH)

2 . According to the structures of C, we can find that for all x ∈ CL, x ̸= 0,

xHCCHx ≤ L∥d∥2
1

4η
. (A21)

Therefore,

λmax

(
CCH

)
≤ L∥d∥2

1
4η

(A22)

where λmax(•) denotes the maximum eigenvalue of a matrix. For the maximum singular
value of C, we have

δ2
max = λmax

(
CCH

)
≤ L∥d∥2

1
4η

. (A23)

Besides,

∥C∥2
F =

R

∑
r=1

δ2
r (A24)

where R denotes the rank number of C and R ≤ L.
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Combining (A23) and (A24), for any element c in C, we have

|c|2 ≤ Lδ2
max ≤

L2∥d∥2
1

4η
. (A25)

Therefore, we have

max

{∣∣∣∣∣diag

(
∂2h

(∂xH)
2

)∣∣∣∣∣
}

= max{|diag(C)|} ≤
L∥d∥1
2
√

η
(A26)

The upperbound of max
{∣∣∣diag

(
∂h

∂x∂xH

)∣∣∣}:

The expression of ∂h
∂x∂xH can refer to Appendix B, let

A =
1
2

Fdiag(d)diag
(∣∣∣FTx

∣∣∣−1
)

FH (A27)

and

A∗ =
1
2

F∗diag(d)diag
(∣∣∣FTx

∣∣∣−1
)

FT. (A28)

For all x ∈ CL, x ̸= 0, we have

xHA∗x ≥ 0. (A29)

Therefore, A and A∗ are positive semidefinite Hermitian matrices.
According the structures of A∗, we get that for all x ∈ CL, ∥x∥2 =

√
L,

xHA∗x ≤ L∥d∥1
2
√

η
(A30)

and we have

λmax(A∗) ≤
∥d∥1
2
√

η
(A31)

tr(A) = tr(A∗) ≤ L∥d∥1
2
√

η
(A32)

From (A27), we can find that the diagonal elements of A are nonnegative; therefore,

max{|diag(A)|} ≤
L∥d∥1
2
√

η
. (A33)

Finally,

max
{∣∣∣∣diag

(
∂h

∂x∂xH

)∣∣∣∣} ≤ max
{

F∗FT
}
+ max{|diag(A)|} ≤ N

η
+

L∥d∥1
2
√

η
. (A34)

Appendix D. The DFT Matrices Used in Simulations
Let Fl,n denote the (l-th, n-th) element of F, and it is written as

Fl,n =
1√

max{L, N}
exp

(
−j

2πΓ(n)(l − 1)
4L

)
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where Γ is a sequence contains interesting frequencies. In the following, the Γ in different
cases is given.

Case 1: L = 200, N = 400 and F∗FT = IL

Γ = [1 : 2 : 799]

where
[a : i : b] = [a, a + i, a + 2i, · · · , a + mi], m =

⌊
(b− a)

/
i
⌋
,

and the same below.
Case 2: L = 200, N = 400 and F∗FT ̸= IL

Γ = [2 : 9 : 226, 224, 227 : 1 : 575 , 576 : 9 : 799]

Case 3: L = 400, N = 200 and FTF∗ = IN

Γ = [0 : 8 : 1592]

Case 4: L = 400, N = 200 and FTF∗ ̸= IN

Γ = [0 : 9 : 444, 448 : 7 : 1151, 1155 : 9 : 1595]
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