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Abstract: The time difference of arrival (TDOA) estimation plays a crucial role in emitter localization
and time synchronization applications. When time among multiple sensors is synchronized, the
TDOAs between the sensors and the emitter can be measured to achieve hyperbolic positioning
of the emitter. Conversely, if the positions of both the sensors and the emitter are known, TDOAs
can be utilized to synchronize the clocks across the sensors. Given that compressed sensing (CS)
can reduce both the sampling rate and data volume, thereby enhancing the efficiency of TDOA
estimation, there has been growing interest among researchers in exploring TDOA estimation within
the CS framework. In scenarios such as passive positioning, the signals received by sensors are
often non-cooperative, and the underlying signal system is unknown, making it difficult to obtain a
sparse representation of the signal. This paper introduces an incomplete reconstruction-based TDOA
estimation method along with an improved variant. By selecting a partial Fourier transform matrix
as the measurement matrix and a Fourier transform matrix as the projection matrix, the orthogonal
matching pursuit (OMP) algorithm is employed to reconstruct the compressed measurement data.
Through subsequent processing steps, such as conjugate mirroring, TDOA estimation between two
signals can be performed. Although the reconstructed signal may substantially differ from the
original, the accuracy of TDOA estimation remains reliable. Simulation results demonstrate that
when the signal-to-noise ratio (SNR) of the received signal is at least 0 dB and the compressed
sampling length exceeds one-tenth of the original signal length, the TDOA estimation error of the
proposed method is nearly identical to that of the cross-correlation method.

Keywords: compressed sensing; time difference of arrival; inexact reconstruction

1. Introduction

In the field of signal processing, measuring the time shift between a signal and its
delayed version is of considerable importance. For example, in passive localization [1,2]
and indoor positioning [3-5], the critical measurement data in many scenarios comprise the
time difference of arrival (TDOA) from the transmission or reflection point to two sensors.
The more precise the TDOA estimation, the greater the accuracy of the positioning. In time
synchronization applications, when the positions of the transmission or reflection point
and the two sensors are accurately known, the TDOA measurement, after correcting
for distance differences, reflects the clock difference between the local clocks of the two
sensors [6]. Similarly, the more accurate the TDOA estimation, the higher the precision of
time synchronization.

In practice, TDOA is typically calculated using the cross-correlation function [7,8].
When improving the signal-to-noise ratio (SNR) or bandwidth is not feasible—such as
in passive positioning with opportunistic signals—enhancing the accuracy of TDOA es-
timation necessitates increasing the sampling rate or extending the sampling duration.
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However, this approach significantly complicates data sampling, transmission, and storage,
particularly when numerous sensors are involved, and the vast amount of data cannot be
effectively and promptly transmitted. Consequently, many researchers have proposed the
application of compressed sensing techniques to TDOA estimation methods to reduce the
volume of sampling data [9-13].
For a signal of length N, denoted as s, the measurement result in compressed sensing
is given by [14,15]
y=®(s+n)+e (1)

where ® represents the M x N measurement matrix with M < N, n represents the additive
noise to the signal, and e is the measurement error (noise) at the measurement stage.

TDOA estimation methods based on compressed sensing determine the time difference
using a set of measurements y and a measurement matrix ®. Depending on whether the y
is reconstructed, these methods can be broadly classified into two categories.

The first approach involves estimating the TDOA by reconstructing the original signals
s1 and s, from the measurement results y1 and y» of two sensors, followed by calculating the
cross-correlation function. This method requires the signal to have a sparse representation
in a specific basis, meaning there must be a projection matrix that renders the signal sparse
when projected. There are two primary strategies for designing the projection matrix: one
involves constructing a set of orthogonal bases based on the mathematical expression of
the signal, ensuring the signal has a sparse representation in this orthogonal basis, which
necessitates prior knowledge of the received signal system; the other strategy is to use
time-shifted versions of the signal as row vectors to construct a projection matrix. In theory,
the received signal’s sparsity in this projection matrix is 1, but the constructed matrix is
typically not orthogonal. Therefore, this approach demands sufficient prior knowledge of
the signal and a high SNR for the received signal; otherwise, significant errors in signal
reconstruction can lead to an inaccurate TDOA estimation.

The second approach estimates the TDOA without reconstructing the measurement
results y. In most cases, since ® projects the signal from a high-dimensional space to a lower
dimension, the measurement results y may disrupt the time—delay relationship between the
original signals s, rendering the cross-correlation method ineffective for TDOA estimation
from y. Cao, H. proposed estimating the TDOA by leveraging the phase relationship
between the product of the discrete Fourier transform (DFT) coefficients from each sensor
and the unknown TDOA, thereby avoiding reconstruction [15]. The phase of the product
of the DFT coefficients is proportional to the unknown TDOA, which can then be estimated.
When the TDOA between the two signals is small, accurate estimation can be achieved
by progressively narrowing the search range and step size; however, larger TDOAs may
introduce significant deviations.

Salari, S. highlighted that when the measurement matrix ® is a Hadamard matrix,
the signal projection preserves the time—domain relationship of the signal [10], allowing
the correlation of the measurement results y from two sensors to yield a TDOA estimate.
However, when the TDOA is large, the estimate may suffer from periodic ambiguities,
with a period corresponding to the product of the number of rows in the measurement
matrix @ and the sampling rate.

Another method is that one sensor performs compressed sampling on the signal
to obtain yq, and another reference sensor samples the signal at the Nyquist sampling
rate to obtain s;. Then, after delaying s, by a certain time 7, and projecting through the
measurement matrix, the measurement result is obtained.

y2(7) = ®(s2(7)) @

By employing cross-correlation calculations between y»(7) and y1, an estimate of the
TDOA is obtained. A limitation of this approach is that one sensor must sample at the
Nyquist rate, and the estimation of the TDOA requires a certain amount of search time [16].
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This paper proposes an incomplete reconstruction-based TDOA estimation method
and its improved variant, which estimate the TDOA without requiring an exact recon-
struction of the original signal from the measurement results y. The primary focus of this
method lies in the accuracy of the TDOA estimation rather than the reconstruction fidelity,
thereby eliminating the need for the signal to possess a sparse representation. Although the
reconstructed signal may significantly deviate from the original, the TDOA estimation
accuracy remains robust.

2. Methods
2.1. Cross-Correlation Method

Assuming that the TDOA between the signal from the transmission or reflection point
to the two sensors is constant over the observation interval, the signal model received by
Sensor 1 and Sensor 2 is represented as

{ x1(t) = ms(t — ) +m(t)
Xo(t) = azs(t — 1) + na(t)

where s(t) is the signal radiated by the transmission or reflection point, the transmis-
sion coefficients a1 and a; represent the attenuation experienced by the signal during its
propagation path. 71 and 7 represent the time delay of the signal from transmission to
reception, and n4(t) and ny(f) are the additive noise received together with the signal,
x1(t) and x;(t) represent the received signals of the two sensors, and [0, T) represents the
observation interval.

To simplify the signal model, taking the signal received by Sensor 1 as a reference,
we have

®)

x1(t) = s(t) +na(t)
{ x;(f) = as(t — Dl) + ny(t) 4

where a = a,/a; is the ratio of transmission coefficients, and D = T — 77 is the time
difference between signals. Using digital signal processing methods, Equation (4) is written
in discrete form after sampling as

x1(n) = s(n) +ni(n)
{ x2(n) = as(n — D) + ny(n) &)

where N denotes the number of sampling points. We assume that s(n) is a stationary
band-limited zero-mean random signal and the noises 11 (1) and 1, (n) are uncorrelated
zero-mean white noise. Moreover, the signal is assumed to be independent of the noises,
and the cross-correlation function between signals x; () and x;(n) can be expressed as

Ryixy (1) = E[x1(n)x2(n + 7))
=aE[s(n)s(n+ 17— D)]+ E[s(n)na(n+ 1)]
+aE[ny(n)s(n + 1 — D)] 4+ E[ny(n)na(t + 7)]
= aRs (T — D)

(6)

where Ry (7) = E[s(n)s(n + T)] represents the autocorrelation function of s(t).

For the ergodic random process, the statistical cross-correlation function can be re-
placed by the time cross-correlation function; that is, the biased estimation expression of
Ry, x, (T) within the observation time is

1

N—|t]-1
Ry, (T) = N Y xi(n)xa(n+1) )
n=0

According to the properties of the autocorrelation function of a stationary random
process, when s(n) is not a periodic signal, for any T # 0, we have
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|Rss(T)| < [Rss(0)] (8)

Thus, |Rx,x,(T)| < |a| - |Rss(0)] = |Ry,x,(D)|, and the parameter 7 that maximizes

A

|Rx1 1 (T)| is an estimate of the D, denoted as D; that is,

D = arg{max(|Rxx,(1)|)} ©

Based on the above method, many improved algorithms have been derived, such as the
generalized cross-correlation method [7,8,17], adaptive filtering algorithms [18,19], cross-
power spectral phase method [20,21], wavelet transform method [22], and other methods.

For the above methods and improved methods, under the conditions of given signals,
increasing the amount of integrated data and improving the SNR of the received signal
can effectively improve the accuracy of the TDOA estimation. However, improving the
SNR of the received signal requires increasing the antenna aperture or other hardware
costs, and increasing the amount of integrated data requires increasing the sampling rate
or sampling time, which will lead to the need for more data storage space and increase the
pressure of data transmission.

2.2. IRCS Method

Write Equation (5) in vector form, and then after performing a compressed measure-
ment with the measurement matrix ®, we obtain
y1 = Px; = ®(s1+n1) (10)
Y2 = Dx; = (I)(QSZ + nz)

where x; = [x;(1),%;(2),- -, x:(N)]", ni = [n;(1),m;(2), - ,mi(N)]T, i = 1,2, 81 = [s(1),
s(2),---,s(N)]T, and s is the vector s1 that is delayed or advanced by | D| sampling points.
The superscript T indicates the transpose of a vector.

Without loss of generality, assume that a = 1, D # 0, and denote x = s1 +ny,
Any1 = np — nq, with xP being the vector x that is delayed or advanced by |D| sam-

pling points.
Y1 =Px (11)
Y2 = <I>(xD + Anzp)

Let
6=Y¥xor x=Y'9 (12)

That is, the projection of x onto the projection matrix ¥ is denoted as 6. For opportunity
signals or non-cooperative signals, such as non-cooperative signals radiated by satellites,
the characteristics of the signal are unknown, and the received signal can be considered
as a band-limited signal with a fixed frequency as the center frequency. Its power spectral
density is relatively continuous with frequency. Therefore, finding a suitable projection
matrix ¥ to make x have sparsity in its projection is very difficult; therefore, most of the
time, 0 is not sparse.

Applying the same reconstruction algorithm to the two equations in Equation (11),
since 0 is non-sparse. Theoretically, it is impossible to accurately reconstruct the signal, that
is, the reconstructed values 6; and 8, differ significantly from 6.

However, if the projection matrix ¥ is the Fourier transform matrix, then 6 is the
Fourier transform of x, which represents its spectral information. Rewrite Equation (11) as

y1 = A0
2 13
{ Y2 = A(6€]¥ + A621) (13

where, A = ®Y 1, AGy; = ¥Any;.
When the measurement matrix ® is a partial Fourier transform matrix, it is composed
of M rows that are randomly sampled from the Fourier transform matrix, assuming the
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row index set is denoted by «. In that case, A is a matrix formed by extracting M rows
corresponding to x from an N X N identity matrix. In Equation (13), y1 is a vector com-
posed of M elements selected from 0 corresponding to x, which practically means that M
components of x’s spectrum have been randomly sampled.

y1 = [0(x(1)),6(x(2)), -, 8(x(M))]" (14)

The reconstruction algorithm selects orthogonal matching pursuit (OMP) algorithm [23],
with the number of iterations set to M. Considering the characteristics of A and yy, the k-th
(k € x) element of the reconstructed signal 01 is identical to the k-th element of 6. All other
elements of 8 are zero.

In Figure 1, x is a signal of length 8, 6 is its DFT, M = 4, y; is the measurement
result corresponding to ¥ = {1,2,4,5}, which is composed of the frequency components
corresponding to the red line with a dot in 6, and 8y is the reconstruction result obtained
with the OMP algorithm.

x A |9| A
L 1= il
i T
Tl | t, .
ll ¢ 12345678
i ; .
1 el 0]”
OMP Conj(flip())
—
¢ 12345678 f 12345678 ¢
Figure 1. Compressed sampling and reconstruction results.
Similar to 64, 6, reconstructed from A and Y2 is
A A 21D A
02 = 01/ N + Abx (15)

where the k-th (k € «) element of Afy; is identical to the k-th element of Afy;. All other
elements of Afy; are zero.

Since the reconstructed 61 and 6, still retain some of the original signal’s frequency
and phase information, the cross-correlation function between signals x1 and x; is

RS, (1) = IFFT(816, eIV
2n(t—D) (16)

= IFFT(016, ¢/~ N ) + IFFT (81005 ¢/ ")

where IFFT() stands for inverse Fourier transform, and * denotes the complex conjugate.
When T = D, the first term on the right side of Equation (16) reaches its maximum
value. The second term on the right side is the result of the correlation between some
components of x; and some components of the noise n; — n1. Under the assumption
that the signal and noise are uncorrelated, the expectation of this part is approximately 0.

Therefore, the TDOA estimate value is
D = arg{max(|R%, (7))} (17)

X1X2

The aforementioned method is referred to as the TDOA estimation method, utilizing an
inexact reconstruction within the framework of compressed sensing, abbreviated as IRCS.
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2.3. EIRCS Method

According to the definition of the DFT, it can be seen that the first half and the second
half of the data in 6 are conjugates of each other. When N is an even number, we have

0(k) =0"(N—-k+2), ke [2,N/2] (18)

This conclusion can also be drawn from 6 in Figure 1. If the received signal x undergoes

a DFT before generating the measurement matrix ®, and the index set %1 is recorded for the

M — 2 largest elements among the 2nd to N /2 elements in 6, let the set x = {1, K1, % + 1}.

Then, y retains a minimum of M — 2 largest frequency components of the received signal.

Based on the conjugate symmetry of the DFT, the final reconstruction result obtained from
y1is

o [0
conj(flip(6*1))

where conj(flip(6¥1)) is the vector obtained by reversing the order of elements in 1 (x1)

(19)

and then taking the complex conjugate. As shown by the 61 curvein Figure 1, 8, is similar.
For example, in Figure 1, x = {1,2,3,5} (at this time x; = {2,3}), which retains
more signal energy compared to a randomly selected ¥ = {1,2,4,5}, leading to a higher
estimation accuracy for the TDOA. This method is called the enhanced TDOA estimation
method utilizing inexact reconstruction within the framework of compressed sensing,
abbreviated as EIRCS.
Algorithm Procedure:

¢ Initialization: set the signal sampling duration T or sampling length N, as well as the
number of rows M of the measurement matrix ®.

*  Construct a partial Fourier transform matrix as the measurement matrix, where x is
random (IRCS) or specified (EIRCS), and extract the corresponding M rows from the
N x N identity matrix to form the sensing matrix A.

¢ Compress the signal according to Equation (10) to obtain the measurement values y1
and y».

*  Select the OMP reconstruction algorithm with M iterations to reconstruct the signal,

and then obtain 6; and 8, (IRCS), or 91, and 92, from Equation (19) (EIRCS).
e  Estimate the TDOA according to Equation (17).

2.4. Performance Analysis

This section analyzes the IRCS and EIRCS methods in terms of algorithm complexity
and Cramér—Rao lower bound (CRLB).

2.4.1. Algorithm Complexity

Algorithm complexity is a critical metric for evaluating the performance of algorithms.
In the case of the OMP algorithm, its computational complexity is expressed as O(kMN),
where k denotes the sparsity of the reconstructed signal, and M and N represent the
number of rows and columns of matrix A, respectively. Since the matrix A consists of
M rows extracted from an N-dimensional identity matrix, this significantly simplifies
many computations.

In the research presented in this paper, we set k = M. This allows us to implement the
OMP algorithm using a very straightforward method. Taking the reconstruction of signal
61 using matrix A and vector y; as an example, we first derive x based on the generation of
A and generate an N x 1 zero vector b. We then initialize the counter i = 0 and perform
the following steps:

e Computei=1i+1.
e Assign the i-th element of y; to the x(i)-th element of vector b.
*  Repeat the above steps until i = M.
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At this point, the vector b becomes the reconstructed signal #;. The complexity of
this algorithm is only O(M), indicating that the OMP algorithm exhibits a very high
computational efficiency in the context of the IRCS or EIRCS.

This simplification not only reduces the computational burden but also enhances
the algorithm’s practical performance when dealing with high-dimensional data. This is
particularly important for signal reconstruction problems that require real-time processing
and efficient computation. Therefore, we can assert that the IRCS or EIRCS provides an
efficient solution for practical applications.

2.4.2. CRLB

When using communication satellites or broadcasting satellites as radiation sources,
the signals they emit are generally random non-periodic signals, which may occupy a
wide frequency range and include various modulation methods. For example, in digital
satellite TV signals, there are signals from multiple channels, with each channel including
the amplitude-modulated signal for the TV image and the frequency-modulated signal
for the accompanying audio [24]. After source coding and channel coding, these signals
approximate random signals. These random signals are very similar to band-limited white
noise (BLWN), which is non-sparse in the time domain and remains a non-sparse signal
after a Fourier transformation.

Therefore, we select the signal s(¢) and noise 11 (t), n2(t) as zero-mean independent
Gaussian BLWN sequences, while denoting the noise variances, and

o?
The CRLB of the TDOA estimation is [14,15]
3(14+2R)
RLB= ———* 21
¢ Nm2R2 @1)

where R = 105NR/10,

It is noteworthy that the CLRB of the IRCS or EIRCS is not only influenced by the
signal’s SNR but also closely related to the parameter M. Generally, under the same
conditions, the CLRB of the EIRCS is often not greater than that of the IRCS, which provides
the EIRCS with certain advantages in specific applications.

When the value of M is large, the reconstructed signal is relatively close to the original
signal, leading to a higher degree of similarity between the two. In this case, the CLRB of
both the IRCS and EIRCS can be effectively estimated using Equation (21).

Conversely, when the value of M is small, the energy contained in the reconstructed
signal from the original signal is relatively low, resulting in a decrease in effective band-
width. Under these circumstances, the CLRB of both the IRCS and EIRCS is often higher
than the values calculated by Equation (21). This phenomenon indicates that a smaller M
value may lead to a deterioration in reconstruction performance, adversely affecting the
overall quality of the reconstruction.

3. Experiments

This section conducts simulation experiments on the TDOA estimation using cross-
correlation (CC), IRCS, and EIRCS methods. It explores the mean squared error (MSE) of
the TDOA estimation values over 100 independent trials under a different SNR (with both
signal paths having the same SNR) and different compressed sampling numbers M (for the
number of rows in the measurement matrix ® of the IRCS and EIRCS methods). The MSE
is obtained from averaging 100 independent trials, so that

MSE— =L (22)
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where 1 (i) is the TDOA estimate of the i trial.

3.1. The MSE with Respect to the SNR

The signal length N is chosen to be 512, D = 20, and the SNR range ranges from
—10 dB to 30 dB. We explore the MSE of various methods under different SNRs. Figure 2
presents the MSE of the three methods for the TDOA estimation and the CRLB at different
SNRs. The horizontal axis represents the signal SNR in dB. For the ease of presentation,
the horizontal axis is expressed as 10log;,(MSE), with the unit converted to dB (the same
below), but this is still referred to as the MSE in this paper. In Figure 2, the values of M are
taken in sequence as M = N/32,N /16, N /8, N/4. The black dashed line represents the
CRLB, the blue line with triangles represents the CC method, the green line with circles
represents the IRCS method, and the red line with stars represents the EIRCS method.

10103‘1() (I\/TSE)
1010g1() (BISE)

0 80
—10 0 10 20 30 —10 0 10 20 30
SNR(dB) SNR(dB)
(@M =N/32 (bM=N/16
=)
4
&
&
S
o
—
—-10 0 10 20 30 —-10 0 10 20 30
SNR(dB) SNR(dB)
(c)M =N/8 (d)M = N/4

Figure 2. The MSE of the TDOA corresponding to different SNRs.

Figure 2 shows that the MSE of the TDOA estimated by the three methods decreases
with the increase in the SNR, and all are above the CRLB curve.

Under the same conditions (SNR > —3 dB), the MSE of CC is generally approximately
equal that of the EIRCS, and the EIRCS is less than that of the IRCS. However, as M increases,
the IRCS gradually approaches the EIRCS, and the EIRCS gradually approaches CC.

For example, at an SNR of 20 dB, when M takes the values of N/32, N/16, N/8,
and N /4, the difference in the MSE between the IRCS and EIRCS is 13.8 dB, 8.9 dB, 4.2 dB,
and 3.54 dB, respectively, the difference in the MSE between the EIRCS and CC is 2.1 dB,
1.5 dB, 0.3 dB, and 0.01 dB, respectively. When M = N/2, the three methods are almost
overlapping, which is because the increase in M makes the data used by the three methods
to calculate TDOA almost identical.

3.2. The MSE with Respect to the M

At fixed SNRs of —10 dB, 0 dB, 10 dB, and 20 dB, Figure 3 presents the MSE of
the TDOA estimation for CC and different M values corresponding to the IRCS and
EIRCS methods.
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Figure 3. The MSE of the TDOA corresponding to different M values.

Figure 3a indicates that when the SNR is —10 dB, the TDOA estimated from a smaller
amount of data has a significant error level. Even at some points, the MSE of the EIRCS
exceeds that of the IRCS, such as M = 48, 160. The reason is that the noise energy is greater
than the true signal. In some cases, the signal reconstructed by the EIRCS method contains
more noise relative to the IRCS method, leading to larger time difference estimation errors.

Figure 3b—d show that under the same conditions, the MSE of EIRCS is less than that
of IRCS, which also confirms the higher TDOA estimation accuracy of EIRCS mentioned in
Section 2.3.

Figure 3 also indicates that when the SNR of the received signal is not lower than 0 dB
and M > 50 (approximately N /10 ), the performance of the EIRCS is almost identical to CC.
This means that despite compressed sensing reducing the sampling data, the estimation
accuracy of the TDOA is hardly decreased. In some cases, such as when the SNR = 10 dB
and M = 96, the MSE of the EIRCS is less than that of CC. This is because the noise is
Gaussian white noise, which can be considered to have its spectrum evenly distributed
across the signal frequency domain. After reconstruction, most elements of #; and 8,
are zero, which can, in some cases, improve the SNR and enhance the accuracy of the
TDOA estimation.

Combining Figures 2 and 3, when the SNR is fixed at 0 dB, the CRLB for the TDOA
estimation using the IRCS approaches its theoretical value when M > 100, and it is
significantly greater than the theoretical value when M < 100. When the SNR is fixed at
10 dB, M being around 32 is the tipping point where the CRLB approaches and exceeds the
theoretical value. Therefore, with different SNRs, the range of M for accurately estimating
the CRLB using Equation (21) varies.

4. Conclusions

This paper proposes a TDOA estimation method based on an incomplete reconstruc-
tion IRCS and its improved method, EIRCS. Moreover, it provides a brief analysis of their
algorithm complexity and the CRLB.
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In the IRCS and EIRCS, the measurement matrix @ is a partial Fourier transform
matrix, and the projection matrix ¥ is a Fourier transform matrix. The measurement of
the signal is composed of some components of its DFT. After reconstruction using the
OMP algorithm, partial frequency information of the signal can be obtained. Although the
reconstructed signal differs significantly from the original signal, the TDOA estimation can
still be performed. This method does not require a sparse representation of the signal; thus,
it has a broader range of application scenarios.

If there is prior knowledge of the signal, by optimizing the generation method of
the measurement matrix ®, the EIRCS can achieve the same MSE as a traditional cross-
correlation method. This is beneficial for reducing the cost of data sampling and storage,
improving the efficiency of the TDOA estimation, and it has certain significance for the
research of subsequent new methods.
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