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Abstract: Error analysis and estimation of thunder source location results is a prerequisite for
obtaining accurate location results of thunder sources, which is of great significance for a deeper
understanding of the physical process of lightning channel discharges. Most of the thunder source
location algorithms are based on the simplified model of the straight-line propagation of acoustic
waves to determine the location of the thunder source; however, the acoustic wave is affected by the
inhomogeneity of the atmosphere medium in the propagation process and its acoustic ray will be
bent. Temperature and humidity are the main factors affecting the vertical distribution of the velocity
of sound in the atmosphere, therefore, it is necessary to study the changes in location errors under
the models of uniform vertical distribution of temperature only and uniform vertical distribution of
humidity only. This paper focuses on the theory of acoustic ray-tracing in neglecting the presence of
the wind and the acoustic attenuation and the theoretical derivation of the location error of thunder
source inversion for the three models is carried out by using MATLAB R2019b programming. Then,
simulation analysis and comparative study on the variation law of thunder source location error
with the height of the source, ground temperature, ground humidity, and array position under the
three models are carried out. The results of the study show that the maximum location error can
be obtained from the straight-line propagation model, the location error obtained from the model
of uniform vertical distribution of temperature only is the second, and the location error obtained
from the model of uniform vertical distribution of humidity only is the least and can be negligible
compared to the first two models. In the trend of error variation, the variation of location error
with temperature and humidity is relatively flat in the first two models; however, the variation of
location error with the height of the thunder source is more drastic, which can be more than 80%. The
location error obtained from the array inversion closer to the thunder source increases linearly with
the height of the thunder source, the location error obtained from the more distant array inversion
shows a fast-decreasing trend at the height of the thunder source from 500 to 3500 m, and a flat trend
above 3500 m. The location error varies relatively smoothly with the height of the thunder source,
the ground temperature, and the ground humidity in the model of uniform vertical distribution of
humidity only. In addition, the position of the array also has an important effect on lightning location.
The further the horizontal distance from the source, the greater the location error will be obtained in
the first two models, and when the thunder source is at a low height and detected at a long distance,
the location error will be very large, so relevant data should be modified in actual observation.

Keywords: ray-tracing theory; thunder source location; location error; temperature distribution;
humidity distribution
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1. Introduction

Lightning is a violent discharge phenomenon that occurs in the atmosphere [1,2].
Lightning channel discharge is often accompanied by acoustic waves, light, electromagnetic
waves, and other radiation [3], which has a destructive effect, triggering natural fires [4,5].
Utilizing acoustic, optical, electromagnetic, and other observations to locate the thunder
source acts as an important means to study the occurrence, development, and discharge
process of lightning channel [6], and accurate location is the premise and basis for studying
the lightning channel and obtaining better results. Thus, it is important to study the location
error for an in-depth understanding of the physical process of lightning discharge and for
the prevention of the hazards of lightning [7–10].

During lightning, the air in the lightning channel will complete the process of intense
heating to 15k ◦C–20k ◦C followed by rapid cooling, thus generating shock waves and
evolving into the thunder heard by humans [11–13]. The study of the discharge process in
lightning channels based on the location of thunder should be able to obtain information
on the source of radiation that is different from that obtained from other observations, such
as optical and electromagnetic location. If the baseline length of the observation array in
the detection station is much shorter than the distance from the thunder source to the array,
the thunder signal can be regarded as a plane wave transmitting to each array element.
The direction information of the incident acoustic wave can be determined through the
time difference of the arrival of the thunder signal to each array element, and the position
of the thunder source can be inverted if there are more than one detection station, so
as to realize the inversion of the lightning channels and further research [14–16]. In the
1970s, Few firstly utilized a Y-shaped station network consisting of four thunder detection
stations to determine the three-dimensional location of the thunder source through the
arrival time difference method [17]. Nakano reduced the baseline length of the station
network to less than 10 m on the basis of this method, which reduced the interference of the
environmental factors in the transmission of the thunder among the different stations [18].
And then, Bohannon optimized the location system, leading to more accurate results [19].
Arechiga et al. used an artificial-triggering lightning test to collect thunder signals and
locate the thunder source through a microphone array system, and then compared it
with the lightning mapping array (LMA) system [20]. Arechiga then developed a station
network that contains a four-element microphone array station network with thunderstorm
observations, in which the slow search and ranging method were applied to determine the
3-D region of lightning [21]. Zhang Han designed a single-station lightning location system,
and the obtained results could better depict the lightning channel [22]. Qie et al. combined
a 2-D VHF broadband interferometer with a 3-D acoustic imaging system to realize the
inversion of the lightning channel [23]. Most of the above location studies assumed that the
medium of the atmosphere was homogeneous, so that an acoustic wave was transmitted
along a straight line in the air. Therefore, the model used was relatively simplified.

The real thunder signal transmitting in the air is affected by various environmental
factors. The atmosphere produces absorption attenuation of the acoustic signal [24–27],
and by the impact of temperature, humidity, and wind, the acoustic wave does not al-
ways transmit along a straight line [28–32], shown as Figure 1, so there may be signifi-
cant errors between the lightning source location results of the straight-line propagation
model and the real lightning source location. For this reason, the acoustic ray-tracing
theory can be used to modify the error of the atmospheric environment on the location
of the thunder by the horizontal stratification of the atmosphere. Few and Teer [28] and
MacGorman [29,30] analyzed the problem of the refraction effect of the atmosphere on
acoustic waves by stratifying the atmosphere horizontally in the simulation program and
adding the parameter information of temperature gradient, wind speed, and wind shear,
showing that the temperature gradient, wind speed, wind shear, and other factors would
have a large impact on the thunder source location error. Few and Teer [28] reconstructed
the structure of the lightning channel for specific observations and compared it with the
optical observations, and confirmed that the refraction modification could better improve
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the accuracy of location; MacGorman [29,30] found that the results obtained from the
inversion differed from the development process of the real lightning channel through an
observation experiment of summer thunderstorms, and it was hypothesized that the wind
was one of the reasons for the error because of the wind shear on the ground during the
observation. There is relatively little literature on the systematic research and modification
of lightning source location errors in straight-line propagation models. With the deepening
of research, this aspect of work urgently needs to be strengthened.

Figure 1. Direction of acoustic ray propagation corresponding to the model of temperature variation
with height in windless atmosphere [32].

Considering the complex impact of wind, such as its intensity, direction, and distri-
bution model, which can have a significant impact on the location results, we believe that
studying wind separately in future work may be more suitable. In addition, the attenuation
of acoustic waves during propagation can affect the amplitude of acoustic waves, and
the amplitude attenuation will not affect the propagation path of acoustic waves and the
location results of acoustic sources until it reaches zero. Therefore, the focus of this article is
to study the influence of temperature and humidity distribution on location results, without
considering wind and attenuation. Firstly, based on acoustic ray tracing, the principle
of calculating the error caused by the vertical distribution of temperature and humidity
on the location of lightning sources is theoretically derived in the article. Then, through
MATLAB R2019b simulation and comparative analysis, the relative location error (RLE)
of the thunder source location under different vertical distributions of temperature and
humidity with the changes in the relationship of the height of the thunder source (HTS),
the receiving array position (also expressed as the horizontal distance between the array
and thunder source, denoted as Xn), the ground temperature (GT) and the ground relative
humidity (GRH) is studied, which provides an important reference to the modification of
the straight-line propagation model and is of great significance for the improvement of
thunder source location accuracy.

2. Materials and Methods

Based on the models of vertical distribution of acoustic velocity in the atmosphere and
Snell’s law of refraction, this chapter introduces the calculation method of the acoustic wave
transmission distance and the grazing angle that arrives at the receiving array obtained by
stratifying the atmosphere horizontally. Then, this angle is used as the initial value of the
inversion process to obtain the location result. Then, the RLE can be obtained. This part
provides the theoretical support for the simulation of the succeeding chapters.
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2.1. Vertical Distribution of Acoustic Velocity in the Atmosphere

In dry air, the relationship between the atmospheric acoustic velocity C and tempera-
ture T can be expressed as follows:

C =

√
γP
ρ

=

√
γR
µ

T (1)

In the equation, γ is the specific heat capacity ratio, P is the atmosphere pressure, µ is
the molar mass of the gas, and R is the gas constant, but in fact the atmosphere contains
water vapor, especially in thunderstorms, so the effect of humidity needs to be consid-
ered. According to the literature [33], the adiabatic acoustic velocity for humid air can be
expressed as:

C = 331.5 ×

√(
1 +

t
T0

)
×

(
1 + 0.31 × rPs

P

)
(2)

In the equation, 331.5 is the acoustic velocity at 0 ◦C under a standard atmospheric
pressure in dry air, the unit of which is m/s; T0 denotes the absolute temperature at
0 ◦C, which is 273.15 K; r denotes the relative humidity of the atmosphere; Ps denotes
the saturated vapor pressure at t ◦C, and P denotes the standard atmospheric pressure.
According to the literature [31,34], the saturated vapor pressure can be expressed as:

Ps = 6.112 × exp
(

17.67 × t
t + 243.5

)
(3)

in which, the unit of Ps is millibars.
According to the literature [35], the relationship of atmospheric relative humidity with

altitude can be expressed as:

r =


r0 × (1 − 0.2523 × 0.001 × h) 0 ≤ h ≤ 2 km
0.4954 × r0 × exp

(
2−0.001×h

1.861

)
2 km ≤ h < 8 km

0.0197 × r0 × exp
(

8−0.001×h
1.158

)
h ≥ 8 km

(4)

in which, r0 denotes relative humidity of the ground and h is the height.
In general, the atmospheric temperature decreases by 6 ◦C with every 1000 m of

elevation [30]:

t = t0 −
h

1000
× 6 (5)

From the above equations, the acoustic velocity in Earth’s atmosphere varies at differ-
ent altitudes, and when there is no wind, it is macroscopically characterized by horizontal
stratification, i.e., the main parameters (temperature, humidity, and pressure) change with
the altitude, and the horizontal direction is relatively homogeneous. As a result, the trans-
mission of acoustic waves in the atmosphere is mainly affected by vertical distribution
of the atmosphere. In the subsequent simulation and discussion, the acoustic velocity
equation is mainly based on Equations (1)–(5), which study the vertical distribution of the
acoustic velocity in the humid atmosphere and its influence on the location results.

2.2. Theory of Acoustic Ray Transmission

Based on the vertical distribution of the atmosphere, if the vertical height of the
atmosphere is divided into a number of layers, each of which is thin enough, the acoustic
ray from the thunder source will be refracted after passing through each layer, resulting in
a bend of the acoustic ray.
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2.2.1. The Eikonal Equation

The Eikonal equation can be used to describe the changes in the wavefront plane and
normal in space during acoustic wave transmission, as well as the distribution of acoustic
ray in space.

Assuming that the atmosphere is a stationary medium, the fluctuation equation for
acoustic waves can be expressed as:

∂2P
∂t2 = C2 ×∇2P (6)

Its solution be expressed as:

P(x, y, z, t) = PA(x, y, z)× ej[kφ(x,y,z)−ωt] (7)

In the equation, PA denotes the acoustic pressure amplitude as a function of spatial
position; φ(x, y, z) denotes the phase; k is the wave number. If the amplitude does not vary
rapidly in space, it can be further expressed as:

|∇φ| = ω

k0C
=

C0

C
= n (8)

In the equation, C0 denotes the acoustic velocity at the reference point and n denotes
the refractive index. Equation (8) is written as Eikonal equation [36,37] in the stationary
atmosphere, which indicates that during the transmission of acoustic waves in space, the
gradient |∇φ| of the wavefront and the refractive index at each point are comparable.

2.2.2. Snell’s Law of Refraction for Acoustic Ray Transmission

Acoustic ray follows Snell’s law of refraction [38–40] and can be expressed as:

cosα

C
=

cosα0

C0
= const (9)

In the equation, α is the angle between the acoustic ray at any height and the horizontal
Ox axis, defined as the grazing angle; α0 and C0 are, respectively, expressed as the initial
grazing angle of the position of the thunder source and the acoustic velocity, as shown in
Figure 2. According to Equations (1)–(5), if the vertical distribution of the acoustic velocity
in the atmosphere is known, it can determine the grazing angle at any height, that is, the
transmission direction of the acoustic wave.

Equation (9) can be further changed to:

ncosα = cosα0 = A (10)

in which, A is a constant.
Due to dz/dx = tanα, the differential equation of the acoustic ray can be obtained as:

dz
dx

=

√( n
A

)2
− 1 (11)

The horizontal transmission distance of the acoustic ray can be obtained by solving
Equation (11) differentially:

X = ∑M
m=1

∆z√( nm
A
)2 − 1

= ∑M
m=1

∆z√(
C0

CmA

)2
− 1

(12)

In the equation, ∆z denotes the thickness of the layer; nm denotes the refractive index
corresponding to each layer, and M denotes the total number of layers. The total horizontal
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transmission distance of the acoustic ray can be obtained by adding up the horizontal
transmission distance of each layer.

Figure 2. Schematic diagram of the acoustic ray trajectory. X0 and Z0 represent the horizontal and
vertical position of the initial thunder source, respectively. α0 represents the initial grazing angle. X
and Z represent the horizontal and vertical position of the acoustic ray in propagation. α represents
the propagation direction of the acoustic wave at any height.

2.3. Principle of RLE Calculation for Three Models

At any moment, the thunder source can be regarded as the point of the acoustic source.
The vertical distribution of the atmospheric medium is assumed to follow a certain law,
so according to Snell’s law, the acoustic ray between the observation array at any position
and the thunder source, initial grazing angle α0 and the grazing angle of the acoustic ray
reaching the array, can be determined uniquely.

According to Equations (1)–(5), the velocity of the acoustic wave varies with altitude,
so after passing through each layer, the speed of the acoustic wave will change, and
according to Equations (9) and (10), the direction of the acoustic ray will also change, which
leads to the grazing angle received by the observation array not being equal to the initial
angle of the thunder source, which is shown as the solid line in Figure 3.

Figure 3. The theoretical trajectory of the acoustic ray and trajectory of inversion. Xn denotes the array
position, H denotes the theoretical height of the thunder source, H′

n denotes the height of the inversion
result for each array, αn denotes the initial grazing angle corresponding to the array, α′

n denotes the
receiving grazing angle.
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In the process of inversing the thunder source location based on array observation data,
the grazing angle received by the observation array can be used as the initial angle, and then
by using Equations (9) and (10), the inversion height can be obtained when the cumulative
horizontal propagation distance is Xn. If both the variation of atmospheric temperature
and humidity with altitude in the inversion process complies with Equations (4) and (5),
then the inversion height should be consistent with the theoretical height H of the thunder
source, and the error is zero. Otherwise, the inversion trajectory will not conform to the
theoretical acoustic ray, which is shown as the dotted line in Figure 3, so the inversion
height H′ will not be consistent with the theoretical height H, denoted as ∆H = H − H′

n,
then the RLE, which equals ∆H

H , can be obtained.
This paper aims to estimate the effect of vertical distribution of atmospheric tempera-

ture and humidity on RLE and its variation law, and then summarize the main influencing
factors of location error, which can provide an important reference for error modification of
simplified straight-line propagation model.

2.3.1. Calculation of the RLE in Straight-Line Propagation Model

Assuming that temperature and humidity are both equally distributed vertically,
i.e., neither of them changes with altitude, and according to Equations (1)–(5), it can be
concluded that the acoustic velocity is constant, then the acoustic ray can be regarded as a
straight line without deflection. According to Figure 4, the inversion height can be obtained
from the geometric relationship:

H′
n = Xn × tanα′n (13)

In the equation, α′n represents the grazing angle of the acoustic ray reaching the array.

Figure 4. Schematic diagram of the RLE based on straight-line propagation model. α′n denotes the
receiving grazing angle, Xn denotes the position of the array, H′

n denotes inversion height.

2.3.2. Calculation of RLE in Uniform Vertical Distribution of Temperature Only

Assuming that the temperature at the ground is t0
◦C and only considering the

stratification of humidity with altitude, i.e., the temperature is constant with altitude, then
the expression for the acoustic velocity can be expressed as:

C = 331.5 ×

√(
1 +

t0

T0

)
×

(
1 + 0.31 × rPs

P

)
(14)

Then, based on the atmospheric stratification, the horizontal transmission distance of
each layer and the total distance of acoustic ray are obtained according to
Equations (11) and (12) to obtain the height of the inversion.



Remote Sens. 2024, 16, 4000 8 of 19

2.3.3. Calculation of RLE in Uniform Vertical Distribution of Humidity Only

Assuming that the humidity at the ground is RH0 and only considering the stratifi-
cation of temperature with altitude, i.e., the humidity is constant with altitude, then the
expression for the acoustic velocity can be expressed as:

C = 331.5 ×

√(
1 +

t
T0

)
×

(
1 + 0.31 × RH0 × Ps

P

)
(15)

Then, based on the atmospheric stratification, the horizontal transmission distance of
each layer and the total distance of the acoustic ray are obtained according to Equations
(11) and (12) to obtain the height of the inversion.

3. Simulation Results and Analysis

This chapter focuses on the three models mentioned above by using MATLAB R2019b
simulation. The thunder source occurring in the troposphere height range (0–10,000 m) is
mainly studied. Then, the RLE obtained by using different atmospheric medium vertical
distribution models in the inversion process of observation arrays with horizontal distances
of 500 m, 2000 m, 3500 m, 5000 m, 6500 m, and 8000 m from the thunder source is estimated.
At the same time, in order to better reflect the influence of the HTS, GT and GRH on RLE,
horizontal and vertical comparisons were made on the RLE curves in each of the figures
in Sections 3.1–3.3. The horizontal axis of these figures represents the HTS, GT, or GRH.
The horizontal comparison is conducted by calculating the range of the RLE variation
of the curve with respect to the x-axis, which uses the difference between the maximum
and minimum values of the curve at a certain interval to represent it so as to obtain the
degree of influence of the physical quantity of the horizontal axis on RLE. The vertical
comparison is conducted and the RLE law varying with the array position is studied so
as to obtain the RLE variation law with the array position. Then, the RLE variation law
obtained from horizontal and vertical comparison is summarized and the main factors
affecting the thunder source location are obtained.

3.1. Location Error of Straight-Line Propagation Model
3.1.1. The Variation Law of Location Error with the Height of Thunder Source

Assuming that GT is 30 ◦C and GRH is 0.8, HTS is taken from 500 m to 9500 m at
1000 m intervals. The RLE obtained from the inversion at position Xn is acquired and the
simulation results obtained are shown in Figure 5.

Figure 5. The variation of RLE with HTS in straight-line propagation model. Six curves represent the
variation trend of the corresponding array position.



Remote Sens. 2024, 16, 4000 9 of 19

From Figure 5, when HTS is less than 3500 m, the RLE of the farther observation array
decreases sharply with HTS, and the maximum RLE can change by about 70%, shown as
the curve of the X6 = 8000 m, which decreases from 86.8% to 12.5%; When HTS is over
3500 m, the RLE of each array changes gently with the increase of HTS, and the maximum
RLE change is about 4%, shown as the curve of the X6 = 8000 m, which decreases from
12.51% to 9.116%. It can be concluded that the RLE of the array with a farther horizontal
distance from the thunder source is more affected by the variation of the HTS at a low
altitude, while the RLE of the array with a closer horizontal distance from the thunder
source is less affected by the thunder source at any height.

3.1.2. The Variation Law of Location Error with Ground Temperature

Assuming that HTS is 2500 m, GRH is 0.8, GT is taken from −20 ◦C to 50 ◦C at the
interval of 10 ◦C. The RLE is acquired and the simulation results obtained are shown in
Figure 6.

Figure 6. The variation of RLE with GT in straight-line propagation model. Six curves represent the
variation trend of the corresponding array position.

From Figure 6, when the horizontal distance of the observing array is closer to the
thunder source, the RLE is not obvious with the change of GT, which is almost unchanged.
With the increase of the horizontal distance between the array and the thunder source, the
RLE is increasingly obvious with the change of GT, for example, when the array position
is 8000 m, it can be clearly seen that the RLE changes with GT and the maximum RLE
variation is 2%, as shown as the curve of the X6 = 8000 m, which varies from 20.1% to 22.2%.
In addition, at the same GT, the RLE increases with the increase of the horizontal distance
between the array and the thunder source, from about 1% to more than 20%.

3.1.3. The Variation Law of Location Error with Ground Humidity

Assuming that HTS is 2500 m, GT is 30 ◦C, and GRH is taken from 0.1 to 0.9 at the
interval of 0.1. The RLE is acquired, and the simulation results are shown in Figure 7.

From Figure 7, the RLE does not change significantly with GRH, and the variation
trend is relatively smooth, with a maximum RLE variation of 3%, as shown as the curve of
the X6 = 8000 m, which increases from 19.1% to 22.2%. At the same GRH, the RLE increases
with the increase of the horizontal distance between the array and thunder source, from
about 1% to more than 20%.
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Figure 7. The variation of RLE with GRH in straight-line propagation model. Six curves represent
the variation trend of the corresponding array position.

Combining the above three cases, in the model of the straight-line propagation, the
RLE is greatly affected by the change of the HTS, followed by the change with GT, while
the humidity has the least effect, which is almost unchanged with the humidity.

3.2. Location Error of the Model of Uniform Vertical Distribution of Temperature Only
3.2.1. The Variation Law of Location Error with the Height of the Thunder Source

Assuming that GT is 30 ◦C, GRH is 0.8, HTS is taken from 500 m to 9500 m at 1000 m
intervals. The RLE is acquired and the simulation results obtained are shown in Figure 8.

Figure 8. The variation of RLE with HTS in the model of uniform vertical distribution of temperature
only. Six curves represent the variation trend of the corresponding array position.

From Figure 8, when HTS is above 3500 m, the RLE changes gently with the increase
of HTS. The magnitude of the change is small, and the maximum RLE variation is about
4%, shown as the curve of the X6 = 8000 m, which decreases from 12.5% to 9.1%; however,
when HTS is between 500 m and 3500 m, the RLE of the farther observation array decreases



Remote Sens. 2024, 16, 4000 11 of 19

sharply with the increase of HTS, and the maximum RLE variation is about 70%, shown
as the curve of the X6 = 8000 m, which decreases from 86.8% to 12.5%. The RLE for the
array with the closest horizontal distance from the thunder source changes gently with
the increase of HTS and the magnitude of the change is small, with the minimum RLE
variation being only 1.6%, as shown as the curve of the X1 = 500 m, which increases from
0.4% to 2%.

3.2.2. The Variation Law of Location Error with Ground Temperature

Assuming that HTS is 2500 m, GRH is 0.8, GT is taken from −20 ◦C to 50 ◦C at the
interval of 10 ◦C. The RLE is acquired and the simulation results obtained are shown in
Figure 9.

Figure 9. The variation of RLE with GT in the model of uniform vertical distribution of temperature
only. Six curves represent the variation trend of the corresponding array position.

From Figure 9, the RLE does not change significantly with GT, and the variation trend
is relatively smooth, with a maximum RLE variation of just 2%, shown as the curve of
the X6 = 8000 m, which varies from 20.1% to 22.2%. However, at the same GT, the RLE
increases with the increase of the horizontal distance between the array and thunder source,
from about 1% to more than 20%.

3.2.3. The Variation Law of Location Error with Ground Humidity

Assuming that HTS is 2500 m, GT is 30 ◦C, and GRH is taken from 0.1 to 0.9 at the
interval of 0.1. The RLE is acquired and the simulation results obtained are shown in
Figure 10.

From Figure 10, the RLE does not change significantly with GRH, and the variation
trend is relatively smooth, with the maximum RLE variation being 1.5%, shown as the
curve of the X6 = 8000 m, which increases from 18.8% to 20.3%. However, in the same
GRH, the RLE increases with the increase of the horizontal distance between the array and
thunder source, from about 1% to more than 20%.

Combining the above three cases, in the model of uniform vertical distribution of
temperature only, the RLE is most affected by the change of HTS, and less affected by the
change in GT and GRH, with a smoother variation.
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Figure 10. The variation of RLE with GRH in the model of uniform vertical distribution of temperature
only. Six curves represent the variation trend of the corresponding array position.

3.3. Location Error of the Model of Uniform Vertical Distribution of Humidity Only
3.3.1. The Variation Law of Location Error with the Height of Thunder Source

Assuming that GT is 30 ◦C, GRH is 0.8, HTS is taken from 500 m to 9500 m at 1000 m
intervals. The RLE is acquired and the simulation results obtained are shown in Figure 11.

Figure 11. The variation of RLE with HTS in the model of uniform vertical distribution of humidity
only. Six curves represent the variation trend of the corresponding array position.

From Figure 11, when HTS is above 3500 m, the RLE changes gently with the increase
of HTS and the magnitude of the change is small, and the maximum RLE variation is
about 0.5%, shown as the curve of the X6 = 8000 m, which decreases from 0.57% to 0.08%.
However, when HTS is between 500 m and 3500 m, the RLE of the farther observation
array decreases sharply with the increase of HTS, and the maximum RLE variation is about
9%, shown as the curve of the X6 = 8000 m, which decreases from 9.6% to 0.57%. The RLE
of the array with the closest horizontal distance from the thunder source changes gently
with the increase of HTS and the magnitude of the change is small, with the minimum RLE
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variation being only 0.057%, shown as the curve of the X1 = 500 m, which increases from
0% to 0.057%.

3.3.2. The Variation Law of Location Error with Ground Temperature

Assuming that HTS is 2500 m, GRH is 0.8, GT is taken from −20 ◦C to 50 ◦C at the
interval of 10 ◦C. The RLE is acquired and the simulation results obtained are shown in
Figure 12.

Figure 12. The variation of RLE with GT in the model of uniform vertical distribution of humidity
only. Six curves represent the variation trend of the corresponding array position.

From Figure 12, the RLE does not change significantly with GT, and the variation
trend is relatively smooth, with the maximum RLE variation of about 4%, shown as the
curve of the X6 = 8000 m, which increases from 0% to 4.2%. However, at the same GT, the
RLE increases with the increase of the horizontal distance between the array and thunder
source, from about 0.01% to about 4%.

3.3.3. The Variation Law of Location Error with Ground Humidity

Assuming that HTS is 2500 m, GT is 30 ◦C, and GRH is taken from 0.1 to 0.9 at the
interval of 0.1. The RLE is acquired and the simulation results obtained are shown in
Figure 13.

From Figure 13, with the increase of GRH, the RLE shows an upward trend, but the
overall magnitude is weak, and the maximum RLE variation is 1%, shown as the curve
of the X6 = 8000 m, which increases from 0.1% to 1.1%. Moreover, the closer horizontal
distance between the array and the thunder source, the RLE is more obvious in the form
of step with the variation of GRH. In this simulation, only the vertical distribution of
atmospheric humidity is considered uniform, but the atmospheric temperature changes
with the altitude, indicating that the impact of humidity on acoustic velocity is much
smaller than that of temperature, so the RLE changes slowly with the variation of GRH,
showing a step-like change.

Combining the above three cases, in the model of uniform vertical distribution of
humidity only, the RLE is most affected by the variation of HTS, and less affected by the
variation of temperature and humidity, with a smoother variation.
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Figure 13. The variation of RLE with GRH in the model of uniform vertical distribution of humidity
only. Six curves represent the variation trend of the corresponding array position.

3.4. Comparison of the Main Factors Affecting the Location Results

In order to further compare the variation law of the location error calculated by the
above three models, the variation trend of RLE is plotted in a figure for comparison. In
addition, due to the different location errors obtained from the inversion of the arrays at
different positions, the following part is a comparative analysis of the inversion of the
arrays at the position of 500 m, 3500 m, and 8000 m from the horizontal distance of the
thunder source.

3.4.1. Effect of the Height of the Thunder Source on Location Error

When GT is 30 ◦C and GRH is 0.8, the curves of the RLE varies with HTS under
three models are plotted in Figure 14. From Figure 14, when the array is close to the
thunder source, the RLE obtained by the model of uniform vertical distribution of humidity
only does not change significantly with HTS and tends to be zero, with a maximum RLE
variation of only 0.08%, shown as Figure 14a. In contrast, the RLE obtained by straight-line
propagation model and the model of uniform vertical distribution of temperature only
increases linearly with HTS, with a maximum RLE variation of 5%, shown as Figure 14a.

Figure 14. The variation of RLE of different vertical distribution models with HTS. (a) shows the
variation of RLE at the array position of 500 m, (b) shows the variation of RLE at the array position of
3500 m, (c) shows the variation of RLE at the array position of 8000 m.
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When the array is far away from the thunder source and HTS is below 3500 m, the RLE
obtained by the model of uniform vertical distribution of humidity only, which affected by
HTS, has a much bigger impact compared with that obtained from the inversion of the array
in the near position. Meanwhile, the rate of the change of RLE obtained by the straight-line
propagation model and the model of uniform vertical distribution of temperature only is
more drastic with HTS and the maximum RLE variation can reach more than 70%, as shown
as Figure 14c. When HTS is over 3500 m, the RLE obtained by the model of uniform vertical
distribution of humidity only tends to be zero and the RLE obtained by the straight-line
propagation model and the model of uniform vertical distribution of temperature only are
gentler, for the maximum RLE variation is about 4%, also shown in Figure 14c.

In summary, it can be concluded that in the variation of the RLE with HTS, the RLE
obtained by the model of uniform vertical distribution of humidity only is small and is less
affected by the variation of HTS, whereas the RLE obtained by the straight-line propagation
model and the model of uniform vertical distribution of temperature only are more affected
by the variation of HTS.

3.4.2. Effect of the Ground Temperature on Location Error

When HTS is 2500 m and GRH is 0.8, the curves of the RLE varies with GT under three
models, which are plotted in Figure 15. From Figure 15, it can be seen that in the variation
of RLE with GT, the RLE obtained by the model of uniform vertical distribution of humidity
only is small and changes gently with GT, with a maximum RLE variation of 4%, shown as
Figure 15c; The RLE obtained by straight-line propagation model and the model of uniform
vertical distribution of temperature only are relatively obvious, but also varies smoothly
with GT, with maximum RLE variations of 6% and 2%, respectively, as shown as Figure 15c.
In addition, a larger RLE will be obtained in the farther array especially in straight-line
propagation model and the model of uniform vertical distribution of temperature only,
which can reach more than 20% and is not negligible, shown as Figure 15c.

Figure 15. The variation of RLE of different vertical distribution models with GT. (a) shows the
variation of RLE at the array position of 500 m, (b) shows the variation of RLE at the array position of
3500 m, (c) shows the variation of RLE at the array position of 8000 m.

3.4.3. Effect of the Ground Humidity on Location Error

When HTS is 2500 m and GT is 30 ◦C, the curves of the RLE varies with GRH under
the three models, which are plotted in Figure 16. From Figure 16, it can be seen that in the
variation of RLE with GRH, the RLE obtained by model of uniform vertical distribution of
humidity only tends to be zero and changes gently with GRH, with a maximum RLE varia-
tion of about 1%, as shown as Figure 16c; The RLE obtained by straight-line propagation
model and the model of uniform vertical distribution of temperature only are relatively
obvious, but also varies smoothly with GRH, with maximum RLE variations of 1% and 3%,
respectively, shown as Figure 16c. In addition, a larger RLE will be obtained in the farther
array especially in straight-line propagation models and the model of uniform vertical
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distribution of temperature only, which can reach more than 20% and is not negligible, as
shown as Figure 16c.

Figure 16. The variation of RLE of different vertical distribution models with GRH. (a) shows the
variation of RLE at the array position of 500 m, (b) shows the variation of RLE at the array position of
3500 m, (c) shows the variation of RLE at the array position of 8000 m.

4. Discussion

From the perspective of acoustic ray-tracing, this paper theoretically deduces and
simulates the RLE variation law of thunder source with the height of thunder source,
ground temperature, and ground humidity obtained by three different vertical atmosphere
models under no wind and no attenuation.

In previous research, Few, Teer, and MacGorman et al. [28–30] assumed that the
location error caused by temperature gradient was small and almost negligible. However,
the simulation results show that when the array position is far enough, the RLE obtained by
the straight-line propagation model can reach more than 20%, especially when the thunder
source is at a low height, the location error changes dramatically with the height of the
thunder source, and the error is more obvious, even up to more than 80%, which cannot be
ignored. Besides, previous studies mainly considered the influence of atmospheric medium
on the time difference of the acoustic wave to each array, and thus obtained the influence
of atmospheric medium on the location results, However, this paper mainly focuses on
the propagation distance of the acoustic wave, by fixing the horizontal distance of acoustic
wave propagation equals to the distance in inversion, which leads to the location result of
inversion and the theoretical thunder source at the same horizontal position, so the location
error can be compared more directly and comprehensively.

In the simulation process, we found that the influence of temperature on location error
is much greater than that of humidity, for example by observing Figure 13, the variation
curve of location error with humidity is obviously step-like shaped and the maximum
value is only 1%, it can be inferred that under the model of uniform vertical distribution
of atmospheric humidity, the acoustic velocity only changes with temperature, with little
difference from the real acoustic velocity. However, humidity has little influence on the
variation of acoustic velocity, so the location error does not change obviously with humidity,
showing a step-like trend. In Figures 14–16, it can also be found that the location error
curve obtained by the uniform vertical distribution of humidity only is much lower than
the other two models and the error tends to be zero, which further demonstrates that the
impact of humidity is less than temperature. In addition, the relative change between the
initial grazing angle of the thunder source and the grazing angle arriving at the receiving
array is calculated (GT is 30 ◦C and GRH is 0.8 for example), shown as Figure 17. It can
be found that the overall variation of the curve is consistent with the above location error
variation with the height of the thunder source. When HTS is between 500 m and 3500 m,
the relative change of the grazing angle decreases rapidly with the increase of the height of
the thunder source. If the parameters of the atmospheric medium are analyzed according
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to the uniform vertical distribution model, the location result of inversion will change
dramatically with the change of the height of the thunder source. With the increase of the
height of the thunder source, the relative change of the grazing angle shows a gentle trend,
which leads to the corresponding location error changing gently with the height of the
thunder source. In addition, it can be found that the further the array position is, the greater
the relative change of the grazing angle, which leads to the increase of the location error.

Figure 17. The variation of relative change of the grazing angle with HTS.

5. Conclusions

In order to research the effect of atmospheric temperature and humidity vertical
distribution on thunder source location, this paper focuses on the theory of acoustic ray-
tracing, explores the variation of the location error of inversion with the height of thunder
source, ground temperature, ground humidity and the position of the array in the model of
straight-line propagation, uniform vertical distribution of temperature only and uniform
vertical distribution of humidity only. The main factors affecting the location of thunder
source are obtained, which can provide an important reference on the modification of the
simplified straight-line propagation model. The simulation results show that under the
same conditions the location error obtained by the straight-line propagation model is the
largest, the location error obtained by uniform vertical distribution of temperature only is
the second, and the location error obtained by uniform vertical distribution of humidity
only is the least, which tends to be zero. The magnitude of error obtained by the first
two models is basically the same, which shows that the stratification of temperature has
more obvious effects on thunder location than humidity stratification. Therefore, when
modifying the error of the straight-line propagation model, it should be modified according
to the stratification law of atmospheric temperature and humidity. In the trend of error
variation, the error obtained by the straight-line propagation model and uniform vertical
distribution of temperature only varies slightly with ground temperature and ground
humidity, but it varies significantly with the height of the thunder source. The location
error obtained by the model of uniform vertical distribution of humidity only varies gently
with the height of the thunder source, ground temperature and ground humidity, and the
error tends to be zero. In addition, the position of the array also has a significant impact on
the thunder source location; when the array is far away from the thunder source and the
height of the thunder source is low, the error obtained by straight-line propagation model
and uniform vertical distribution of temperature only can be very large and the largest
relative error can be about 90%.
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