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Abstract: Internal gravity waves (IGWs) in the middle atmosphere are the main source of mesoscale
fluctuations of wind and temperature. The parameterization of IGWs and study of their climatology
is necessary for the development of global atmospheric circulation models. In this review, we focus
on the application of Radio Occultation (RO) observations for the retrieval of IGW parameters. (1) The
simplest approach employs the retrieved temperature profiles. It is based on the fact that IGWs
are highly anisotropic structures and can be accurately retrieved by RO. The basic assumption is
that all the temperature fluctuations are caused by IGWs. The smoothed background temperature
profile defines the the Brunt–Väisälä frequency, which, together with the temperature fluctuations,
defines the IGW specific potential energy. Many studies have derived the distribution and clima-
tology of potential energy, which is one of the most important characteristics of IGWs. (2) More
detailed analysis of the temperature profiles is based on the derivation of the temperature fluctuation
spectra. For saturated IGWs, the spectra must obey the power law with an exponent of −3. Such
spectra are obtained by using Wave Optical (WO) processing. (3) More advanced analysis employs
space–frequency analysis. It is based on phase-sensitive techniques like cross S- or wavelet transforms
in order to identify propagating IGWs. (4) Another direction is the IGW parameter estimate from
separate temperature profiles applying the stability condition in terms of the Richardson number.
In this framework, a necessary condition is formulated that defines whether or not the temperature
fluctuations can be related to IGW events. The temperature profile retrieval involves integral trans-
forms and filtering that constitute the observation filter. (5) A simpler filter is implemented by the
analysis of the RO amplitude fluctuation spectra, based on the diffraction theory in the framework of
the phase screen and weak fluctuation approximations. The two spectral parameters, the external
scale and the structural characteristic, define the specific potential energy. This approach allows the
derivation of the spacial and seasonal distributions of IGW activity. We conclude that the success
of IGW study by RO is stimulated by a large number of RO observations and advanced techniques
based on Fourier and space–time analysis, physical equations describing IGWs, and diffraction theory.

Keywords: internal gravity waves; Radio Occultation; anisotropy; diffraction

1. Introduction

Internal gravity waves (IGWs) in the middle atmosphere are the main source of
mesoscale fluctuations of wind and temperature. The vertical scales of IGWs vary from
several kilometers to hundreds of meters, and the periods vary from 5 min to 10 h. They
play a significant role in the energy exchange and global circulation of the atmosphere,
the generation of turbulence, and mixing [1]. The parameterization of IGWs and the study
of the spatial and seasonal distributions of their activity are crucial for the development of
global atmospheric circulation models. IGW observations are based on the measurements
of temperature and wind fluctuations performed by radiosondes at globally distributed
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ground stations [2–4], by radars [5,6], and by aircrafts [7,8]. Satellite observations, with
their global spatio-temporal coverage, provide a powerful means for the study of IGWs.
As examples, we can mention limb spectrometers [9,10] and stellar occultations [11–14].

The Radio Occultation (RO) sounding of the Earth’s atmosphere [15–22] employs
the high-precision signals of the Global Navigation Satellite Systems (GNSSs), received
by constellations of space-borne receivers. RO observations attracted the attention of the
IGW community after the first successful proof-of-concept experiments. The following
characteristics of RO make it suitable for monitoring IGWs: (1) global coverage; (2) an
increasing number of sounders; (3) all-weather capability; (4) insensitivity to clouds; (5) in-
sensitivity to small-scale inhomogeneities like the Kolmogorov turbulence; (6) a deeper
penetration due to smaller amplitude scintillation as compared to stellar occultations; (7) a
sub-Fresnel vertical resolution due to the application of wave optical (WO) processing
algorithms utilizing the measurements of both amplitude and phase [23–25]; (8) IGWs are
anisotropic inhomogeneities, with the horizontal-to-vertical scale ratio achieving values
in the hundreds, while RO is primarily sensitive to this type of structure. Some of these
advantages, like (5), (6), and (7), are based on the use of radio frequencies.

An IGW is a complicated physical process covering a wide range of scales and interact-
ing with other atmospheric structures. This makes the interpretation of the observational
data in terms of IGW parameters a difficult problem. In this review, we concentrate on the
derivation of IGW parameters from RO observations and discuss different approaches.

The simplest approach uses the retrieved temperature profiles. After subtracting the
large-scale background, the remaining perturbation is treated as linked to IGWs. This
technique was applied to the observations provided by different RO missions [26–37].
The seasonal, latitudinal, longitudinal, and vertical variations of specific potential energy
were derived and analyzed. Precaution was taken regarding the Inertial Instability (II) that
in some cases may cause large temperature fluctuations masquerading as IGWs.

The temperature fluctuation spectra provide more detailed information, as compared
to the derivation of the IGW specific potential energy from the fluctuation magnitude.
The spectral slope is dictated by the “universal” IGW spectrum and can be used for IGW
identification. This direction was presented in [38–42]. The question of how the spectra are
influenced by the hydrostatic balance assumption was posed.

The aforementioned studies used large arrays of RO events as if they were independent.
If fact, propagating IGWs with their large horizontal scales result in correlation between
different events. This fact is utilized by space–frequency analysis based on the S-transform
and continuous wavelet transform (CWT) [43–48]. Space–frequency analysis localizes
spatial frequencies by linking them to spatial coordinates. This technique is capable of
revealing IGW patterns in the 3D temperature field, using the dispersion relation between
the vertical and horizontal space frequencies. Its other application is Momentum Flux
(MF) estimation [46,49]. Nath et al. [50] used the symmetry properties of the spatial
spectra of temperature fluctuations to distinguish between IGWs and different types of
planetary waves.

Another approach to the identification of IGWs [51,52] uses the stability condition
formulated in terms of the Richardson number. It allows the derivation of the intrinsic
frequency, the intrinsic horizontal phase speed, the vertical phase speed, and the amplitude
of the horizontal velocity perturbation from single temperature profiles.

Temperature profile retrieval involves integral transforms and filtering, which con-
stitute the observation filter. A simpler filter is implemented by the analysis of the RO
amplitude fluctuation spectra, based on the diffraction theory, previously developed for
the derivation of IGW parameters from stellar occultations [53–55]. Using the linear the-
ory based on the phase screen and weak fluctuation approximations, simple expressions
are derived for the amplitude fluctuation spectra that link them to the IGW temperature
fluctuation spectra. By fitting the theoretical spectra to the observed ones, it is possible to
reconstruct the parameters of the IGW spectra. The two spectral parameters, the external
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scale and the structural characteristic, define the specific potential energy. This approach
allows the derivation of the spacial and seasonal distributions of IGW activity.

The paper is organized as follows. Section 2 contains the basic physical relations
describing the physics of IGWs. Section 3 is the main part of the review, describing different
methods of studying IGWs from RO observations. It contains the following subsections:
Section 3.1 describes studies based on the retrieved temperature profiles. Section 3.2
describes the reconstruction of the temperature fluctuation spectra. Section 3.3 describes
the application of space–frequency analysis techniques to identify IGWs and to derive their
vertical and horizontal scales. Section 3.4 describes the retrieval of IGW parameters from
single temperature profiles. Section 3.5 discusses studies based on the application of the
diffraction theory to the derivation of IGW parameters from the amplitude fluctuation
spectra. In Section 4, we offer our conclusions.

2. The Properties of Internal Gravity Waves

IGWs in the atmosphere are oscillating departures from the stably stratified back-
ground state, the buoyancy acting as the restoring force [1]. The description of IGWs is
obtained in the approximation of small plane-wave perturbations of x, y, and z components
of wind velocity, u′, v′, and w′, respectively, and relative perturbations of the potential
temperature θ′/θ̄, pressure p′/ p̄, and density ρ′/ρ̄, where a prime denotes the perturbation,
and a bar denotes the background value. The plane wave has the following form:

exp
[
i
(
κxx + κyy + κzz − ωt

)
+

z
2H

]
, (1)

Here, κx,y,z are the components of the spatial frequency vector κ, ω is the temporal
frequency, and H is the characteristic vertical scale of the atmosphere:

ρ̄(z) = ρ̄0 exp
(
− z − z0

H

)
. (2)

The typical value of H is about 7 km.
The dispersion relation is obtained from the system of the fluid dynamics equations

linearized with respect to small perturbations. To this end, the Coriolis parameter f and
the Brunt–Väisälä (buoyancy) frequency ωBV are defined as follows:

f = 2Ω sin ϕ, ω2
BV =

g
θ

∂θ

∂z
=

γ − 1
γ

g2

RdT
+

g
T

dT
dz

, (3)

where Ω is the angular velocity of the Earth’s rotation, ϕ is the geodetic latitude, g is the
gravity acceleration, γ = Cp/Cv = Cp/

(
Cp − Rd

)
≈ 1.4 is the ratio of the isobaric and

isochoric specific heat capacities for dry air, and Rd = 287.06 J K−1 kg−1 is the gas constant
for dry air. Excluding the acoustic waves, one arrives at the dispersion relation for IGWs:

κ2
z = κ2

⊥
ω2

BV − ω̂2

ω̂2 − f 2 − 1
4H2 , (4)

where ω̂ the intrinsic frequency ω̂ = ω − κxū − κyv̄ related to the coordinate frame moving

horizontally with the air mass, and the horizontal spatial frequency κ⊥ =
√

κ2
x + κ2

y.
Formally, κx,y,z can be both real and imaginary, the latter case corresponding to so-

called inhomogeneous waves, which exponentially increase/decrease the amplitude along
some directions. We, however, require that κ2

x,y,z > 0 in order to consider conventional
propagating waves. Then, from (4), it follows that κx,y cannot equal zero, i.e., IGWs cannot
propagate purely vertically, which is important from the view point of RO inversion, where
the assumption of the locally spherically layered structure plays a key role. Another
conclusion is that the intrinsic frequency has both lower and upper limits: | f | < ω̂ < ωBV.
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Numerous mechanisms are responsible for the generation of IGWs: topographic
generation, convective generation, shear generation, geostrophic adjustment, and nonlinear
wave–wave interaction [1]. To us, it is important that IGWs form a random ensemble that
can be statistically described by the spectral density. The typical model of the vertical 1D
spectrum of a saturated IGW [1,56,57] has the following form:

Φ1(κz) = C1
κs

z

κ
s+µ1
ext + κ

s+µ1
z

∼ C1κ
−µ1
z , (5)

where C1 is the normalization constant; s is the power exponent for low frequencies;
−µ1 is the power index for high frequencies; and κext = 2π/Lext is the external vertical
wavenumber, corresponding to the external scale Lext. The rightmost expression is the
high-frequency asymptotic. The typical value of µ1 for a saturated IGW is 3.

The following 3D anisotropic spectrum, which generalizes the 1D spectrum [11,12,58],
was used in [13] for the study of IGWs:

Φ3(κ) = C2
3η2

(
κ2

z + η2κ2
⊥ + κ2

ext

)− µ3
2 , (6)

where C3 is the structure constant, η is the anisotropy coefficient, and −µ3 is the power
index. This spectrum can be multiplied with a function characterizing the spectrum decay
at large wavenumbers exceeding the internal one κint = 2π/lint corresponding to the
internal scale lint. However, RO observations are insensitive to κint, and we will not use it
in this paper. The 1D spectrum is obtained from the 3D spectrum by integration over κx,y,
and µ3 = µ1 + 2. The typical value of µ3 is, therefore, 5.

The model spectrum with constant anisotropy (6) gives the same power index for
the dependence from the horizontal wavelength, which does not agree with experimental
data [1] that indicate a typical power index of −5/3. More advanced models with a variable
anisotropy were introduced by Gurvich [59], Gurvich and Chunchuzov [60], the latter
demonstrating good agreement with the observations. On the other hand, as shown by
Gurvich and Brekhovskikh [58], in limb sounding geometry, the values of anisotropy
exceeding a threshold of about 30 are indistinguishable. The horizontal wavelength of
IGWs ranges from tens to thousands of kilometers, while the horizontal resolution of limb
sounding is hundreds of kilometers [61]. Therefore, RO observations are only sensitive
to the low-frequency part of the horizontal spectrum. Still, RO can resolve the vertical
structure of IGWs, which has typical scales ranging from a few hundreds of meters to
several kilometers. We can see that IGWs, from the view point of RO observations, are
anisotropic structures with η ≳ 30. This explains why the simple model with constant
anisotropy is successfully used for the description of RO observations of IGWs.

Neglecting the last term in (4), which corresponds to a large vertical period of 4πH,
i.e., several tens of kilometers, and assuming that ω̂ ≪ ωBV and η ∼ κz/κ⊥, we arrive at a
simple estimate:

ω̂ =

√
ω2

BV
η2 + f 2. (7)

Because the typical Brunt–Väisälä period TBW = 2π/ωBV is about 5 min, and f corresponds
to periods exceeding 12 h, we can assume that f ≪ ωBV/η. Therefore, RO observations are
sensitive to IGWs with intrinsic periods TIGW = 2π/ω̂ ∼ ηTBW, i.e., a few hours. Another
conclusion [62] is that the maximum anisotropy equals:

ηmax =
ωBV

f
≳ 150. (8)
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An important characteristic of IGWs is their specific energy, which is composed of the
kinetic energy Ek and the potential energy Ep [26]:

Ek =
1
2

(
u′2 + v′

2
+ w′2

)
, (9)

Ep =
1
2

(
g

ωBV

)2(T′

T

)2
, (10)

where the overbar denotes averaging. RO observations are not sensitive to the wind
velocity—they only allow the determination of temperature fluctuations T′. Nevertheless,
given the power law temporal IGW spectrum ∼ ω−p, in the framework of the linear theory
Ek = pEp [63], the typical value of p being 5/3. Therefore, the temperature fluctuations
can characterize the IGW activity.

3. Study of IGW Activity from RO Observations
3.1. Studies Based on Retrieved Temperature Profiles

The RO principle is illustrated by Figure 1. The temperature retrieval is outlined
as follows: First, the bending angle (BA) profile ϵ(p) is evaluated, where p is the ray
impact parameter (the ray leveling distance from the Earth’s center or the local curvature
center [64]). To this end, a combination of geometric optical (GO) [65–67] and wave
optical (WO) techniques [23–25,68,69] is applied. Usually, the GO technique is applied
above 20 km, and the WO technique is applied below 20 km. In both cases, the BA is
obtained from the derivative of the phase of the wave field, either originally measured or
transformed by a Fourier Integral Operator [25]. The numerical differentiation of the noisy
wave field involves its filtering. After obtaining BA ϵ1,2(p) for the two frequency channels,
the ionospheric correction and statistical optimization algorithms are applied [65,70–76]
in order to remove the ionospheric contribution and suppress the residual ionospheric
noise, which becomes significant at altitudes above 30 km. The statistical optimization
involves the estimates of the signal and error covariances, which can be static (fixed a
priori profiles) or dynamic (estimated from actual observations). The resulting neutral
atmospheric BA profile is the “optimal” linear combination of observations ϵ1,2(p) and the
background BA estimate ϵBG(p), which can be based on an existing climatological model
of the Earth’s atmosphere [77,78] or on a large ensemble of RO observations [79,80]. Given
the BA, the refractivity n is retrieved using the Abel integral [81–83]:

n(x) = exp

 1
π

∞∫
x

ϵ(p)√
p2 − x2

dp

, (11)

where x = rn(r) is the refractive radius, and r is the distance from the local curvature
center. Dependences r(x) = x/n(x) and n(x) parametrically represent the profile n(r).
Instead of radius r, it is convenient to introduce the altitude z = r − RE, where RE is the
local curvature radius. The retrieved refractivity n can be written as 1 + N, where the unity
corresponds to the vacuum and N is a function of the meteorological variables representing
the medium:

N = K1
P
T
+ K2

Pw

T2 , (12)

Here, P is the full atmospheric pressure, Pw is the partial pressure of water vapor,
and K1 = 77.6 × 10−6 K/hPa and K2 = 0.373 K2/hPa are physical constants. Given N(z),
the temperature, under the assumption of a dry atmosphere, can be retrieved using the
hydrostatic and state equations:
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ρ(z) =
P(z)

RdT(z)
=

N(z)
K1Rd

, (13)

P(z) =
∞∫

z

g(z′)ρ(z′)dz′ =
∞∫

z

g(z′)N(z′)
K1Rd

dz′, (14)

T(z) =
P(z)

Rdρ(z)
=

1
RdN(z)

∞∫
z

g(z′)N(z′)dz′, (15)

where ρ(z) is the density [84]. For the fluctuations of temperature we can write

T′

T
= −N′

N
+

P′

P
≈ −N′

N
= −ρ′

ρ
. (16)

This indicates that it is possible to study the spectra of relative fluctuations of refractivity.

p

p

Tx

Rx

e

Figure 1. RO geometry. The transmitter Tx is one of the GNSS satellites. The receiver Rx is located
on a low Earth orbiter. The radio ray between them is subject to refraction in the atmosphere. The
bending angle ϵ and impact parameter p are derived from the measurements of the amplitude and
phase of the received signal. Dependence ϵ(p) measured during an occultation event is used in
the retrieval.

This retrieval scheme relies upon the assumption of the spherical symmetry of the
atmosphere. For a realistic atmosphere with horizontal gradients, we introduce the 2D field
of refractivity in the occultation plane N(r, ϑ), where ϑ is the polar angle. The retrieved
vertical profile Ñ(r) is linked with N(r, ϑ) by the following approximate relation [67]:

Ñ(r) = N(r, 0)∓ 1
π

π/2∫
0

∞∫
r/ cos ϑ

∂2N(r′,±ϑ)

∂r′ ∂ϑ
arccos

r′ sin ϑ√
r′2 − r2

dr′ dϑ. (17)

We conclude that the temperature retrieval from RO observations is based on the
assumption of spherical symmetry and depends on the parameters controlling the filtering
and the statistical optimization. The statistical optimization provides a trade-off between
suppressing the residual ionospheric fluctuations and the retrieval of temperature profiles
at large altitudes.

In order to estimate the IGW parameters that can be retrieved by 1D RO retrieval
based on the assumption of spherical symmetry, we consider a structure with a vertical
scale ∆h and anisotropy η. The characteristic length of the interaction between a straight
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ray and a spherical layer with a thickness of ∆h is L =
√

2a∆h, where a is the Earth’s radius,
as illustrated by Figure 2. For the retrieval of the anisotropic structure, it is required that
L ≲ η∆h. This results in the estimate of the anisotropy: η ≳ ηmin =

√
2a/∆h. For the

vertical scale ∆h = 2 km, the anisotropy must exceed a value of about ηmin ≈ 80, while for
∆h = 10 km, ηmin ≈ 35.

Line of sight

Dh

hDh

2L

Figure 2. The geometry of the sounding of strongly anisotropic atmospheric inhomogeneities.

The first study of IGWs based on GPS/MET RO observations [85] was performed by
Tsuda et al. [26], who utilized the retrieved profiles of temperature T(z). The IGW activity
was characterized by temperature variations with scales from 2 to 10 km. The values of
T′(z) and T(z) allowed the determination of ωBV and Ep. An analysis of the seasonal,
latitudinal, and height variations of Ep was performed. The maximum height of the
analysis was determined by the residual error of the ionospheric correction, which resulted
in unrealistically large temperature variations above 45 km.

The Challenging Minisatellite Payload (CHAMP) [17] provided a larger amount of
RO observations compared to the GPS/MET experiment, which promoted further stud-
ies of IGWs from RO observations. Another analysis based on temperature fluctuation
was reported in [27], where the IGW activity was correlated with ionospheric perturba-
tions. Ratnam et al. [28] presented a global analysis of GW activity in the stratosphere.
Hei et al. [29] analyzed the atmospheric gravity wave activity in the polar regions in order
to reveal the horizontal distribution and year-to-year variation of Ep.

The Constellation Observing System for Meteorology Ionosphere and Climate (COS-
MIC) [86] made one more significant step in RO development by providing an enhanced
data quality and amount. Khaykin et al. [30] analyzed the temperature fluctuations based
on the COSMIC observations for the years 2006–2013, complemented with data from the
Rayleigh lidar at the Haute-Provence observatory. Seasonal variations of Ep were studied.

Alexander et al. [31] analyzed 6 years (2007–2012) of COSMIC observations in the
region to the east of the Andes range in the Southern Hemisphere, indicating favorable
conditions for IGW generation, in order to verify the IGW activity surplus in the east with
respect to the west. The RO events were classified as belonging to the east or west sector.
A question was posed about the uncertainty of the decomposition of retrieved temperature
profiles into the background and waves, in view of the intermittent nature of IGWs and the
presence of ubiquitous mesoscale structures not related to IGWs. Another issue is linked to
the probability distribution of Ep, which has a skew shape and may be better characterized
by its median rather than its mean. The drop in the distribution for a small energy may
reflect the limited accuracy of the RO temperature retrievals rather than the true physics.
The observation data were classified in terms of season, favorable or unfavorable line of
sight, and location to the west or east of the Andes range. Three different schemes for the
interpretation of RO data as IGW indicators were analyzed: non-parametric, log-normal
distribution, and exponential distribution. It was concluded that the right choice of the Ep
distribution derived from RO at the lowest values may improve the possible detection of
GW activity.

Rapp et al. [32] analyzed the data of Meteorological Operational Satellites (METOP)
A and B operated by the European Organisation for the Exploitation of Meteorological
Satellites (EUMETSAT) [18]. The values of Ep retrieved from RO temperatures were com-
pared with the operational analysis of the Integrated Forecast System (IFS) and reanalysis
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(ERA-Interim) of the European Centre for Medium-Range Weather Forecasts (ECMWF).
The agreement of the RO temperatures with the ERA-Interim and IFS temperatures was
established. It was also noticed that ERA-Interim data suffer from a much coarser resolution
as compared to IFS data. A comparison of the Ep derived from RO with the ground-based
Rayleigh lidar observations indicated that the patterns of the seasonal variations were
very similar, but the lidar gave approximately two-times higher values of Ep. This can be
explained by the fact the lidar retrieves local temperature variations, which must be larger
compared to those retrieved from RO limb observations, producing values averaged over a
horizontal distance of about 300 km. Good agreement between the Ep derived from RO and
that from the IFS was found at the altitude of 22 km, while at the altitudes of 28 and 38 km,
where RO data are subject to the residual errors of the ionospheric correction, the agreement
was noticeably worse.

Yu et al. [33] analyzed COSMIC data for the years 2007–2013 and found a statistically
significant correlation between the Ep and tropopause parameters, including lapse rate or
cold-point tropopause height and temperature. Luo et al. [34] performed an analysis of
the spatio-temporal distribution of the global Ep at altitudes of 20–35 km, using tempera-
ture profiles from CHAMP, COSMIC, and METOP-A/B/C during the period 2007–2020.
The linear trends of Ep and its responses to the solar activity, quasi biennial oscillation
(QBO), and El Niño–Southern Oscillation (ENSO) were found. Chen et al. [35] studied IGW
activity in the Tibetan Plateau using Ep derived from the temperature profiles obtained by
COSMIC and METOP-A/B/C missions from August 2006 to September 2020.

Rapp et al. [36] drew attention to the inertial instability (II), which may result in
temperature perturbation at scales below 10–15 km not related to IGWs. II is generated
by an imbalance of pressure gradient and Coriolis forces in an axisymmetric vortex or
anticyclonically sheared zonal geostrophic flow [37]. The study was based on METOP-
A/B data and ECMWF operational analyses for December 2015. RO observations may
indicate large stratospheric temperature perturbations with vertical scales below 15 km
and an amplitude of about 10 K. Using high-resolution ECMWF operational analyses, it
was demonstrated that these events are generated from II caused by the large meridional
shear of the zonal wind at the southern edge of an exceptionally strong polar night jet in
combination with Rossby wave breaking. It was concluded that II is an important source
of stratospheric temperature variability at λz < 15 km from mid-October to mid-April at
midlatitudes at 30–45◦N and from mid-April to mid-October at 30–45◦S.

3.2. Retrieved Temperature Fluctuation Spectra

Steiner and Kirchengast [38] presented a study of GPS/MET temperature fluctuation
spectra, which were expected to obey the power law for saturated IGWs (5):

ΦT(kz) ≈
ω4

BV
6g2 p

k−3
z . (18)

The evaluation of the fluctuation spectra was only possible in a limited wavenumber
interval from 0.1 to 1.0 cycle/km, which corresponds to vertical scales from 1 to 10 km.
The GO retrieval limited the vertical resolution by a scale of about 1.5 km. The resulting
spectra deviated from the expected power law k−3

z : (1) they had a plateau for a low
frequency corresponding to wavelengths exceeding 5 km, and (2) they had a steeper
decrease after the plateau. This illustrates the degree of the influence of the “observation
filter” [1] upon the temperature retrieval. As argued by Šácha et al. [41], it can also be
attributed to the use of the hydrostatic balance assumption.

Another study of GPS/MET temperature fluctuation spectra was presented by Tsuda
and Hocke [39]. They used a shorter smoothing window in the temperature profile retrieval,
as compared to that adopted by the University Corporation of Atmospheric Research
(UCAR). This resulted in a much better agreement with the theoretical power spectrum of
k−3

z . However, Marquardt and Healy [87] argued that the reported spectra with sub-Fresnel
vertical wavelengths as low as 400 m are beyond the capability of the GO technique, and the



Remote Sens. 2024, 16, 221 9 of 19

spectral slope of −3 is rather the signature of the measurement noise. Tsuda et al. [40]
applied WO processing to COSMIC observations in the altitude range of 20–30 km and
obtained spectra that were much closer to the theoretical values, reaching a frequency
of 4 × 10−3 cycle/m, which corresponds to a scale of 250 m. A comparison with GO
spectra indicated that the WO technique also provided better agreement with the theory
for scales exceeding the Fresnel scale. Still, the residual errors of the ionospheric correction
should affect scales below 1 km [88]. Another question regards the propagation of the
measurement noise through the WO retrieval chain [89].

The question regarding the influence of the hydrostatic balance assumption upon
IGW retrieval was first posed by Šácha et al. [41] and studied further by Pisoft et al. [42].
To this end, radiosonde data were employed, and the spectra of the real profiles and those
derived from the hydrostatic equation were evaluated. The differences were found to be
insignificant, especially when averaging over a large ensemble of profiles.

3.3. Space–Frequency Analysis

Wang and Alexander [43] analyzed COSMIC and CHAMP temperatures, employing S-
transform analysis [90] to derive the complete set of IGW parameters, including horizontal
propagation direction. The study was motivated by the fact that filtering temperature
profiles with respect to kz alone does not separate global-scale waves (like Kelvin waves)
and IGWs.

The S-transform is a wavelet-like short-term Fourier transform with the Gaussian
weight function. Given a function x(t), its S-transform x̂(t, ν) as a function of time t and
frequency ν is expressed as follows:

x̂(t, ν) =
∫

x(τ) |ν| exp
(
−π(t − τ)2ν2

)
exp(−i2πντ) dτ. (19)

Its integral over t equals the Fourier transform x̃(ν), which allows the recovery of x(t)
from x̂(t, ν):

x̃(ν) ≡
∫

x(τ) exp(−i2πντ) dτ =
∫

x̂(t, ν) dt, (20)

x(t) =
∫∫

x̂(τ, ν) exp(i2πνt) dν dτ ̸=
∫

x̂(t, ν) dν. (21)

It possesses, therefore, only one of the two required properties of the “classical” time–
frequency distributions [91]. The S-transform is sensitive to the absolute phase of the
signal x(t), which plays a crucial role in further considerations. The cross-S-transform
for two signals x(t) and y(t) is defined as x̂(t, ν)ŷ∗(t, ν), where the asterisk stays for the
complex conjugate.

The combined COSMIC and CHAMP data provided a significant amount of profiles,
which allowed the definition of the background temperatures on the basis of horizontal
scale, suppressing the global-scale waves. The temperature profiles were interpolated to
a regular vertical grid with a 200 m resolution and collected within latitude–longitude
bins 15◦ × 10◦. These data for each latitude and longitude were then subjected to the S-
transform along the longitude, recovering zonal harmonics as functions of the latitude and
longitude. Subsequently, zonal wave numbers from 0 to 6 were treated as the background
field including the global-scale waves. The IGW temperature T′(z) and the wavelength of
the dominant mode λz(z) were also determined by means of the S-transform. The analysis
comprised vertical scales from 4 to 15 km.

The application of the cross-S-transform in [43] allowed the estimation of the horizontal
wavelengths λh of the IGWs. It was based on the phase differences ∆φij between the i-th
and j-th event for the dominant vertical wave number in the selected group of events
representing the same IGW. The horizontal wave vector (kx, ky) was inferred from the
overdetermined linear system:

∆φij = kx(xi − xj) + ky(yi − yj). (22)
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For the altitude range of 17.5–22.5 km, the vertical wavelength was found to vary from
4.8 km to 8.4 km, while λh varied from 1500 to 4500 km. This indicates that the revealed
IGWs were highly anisotropic structures with η approaching ηmax, which are easily re-
trieved from RO observations.

The technique of the S-transform was further employed in [44] in order to identify
collocated pairs of COSMIC RO events observing the same IGW. Event pairs with a time dif-
ference below 15 min and spatial separation below 250 km were selected. The identification
of coherent IGWs was based on the cross-S-transform technique. The noise level was deter-
mined by the first-order autoregressive model involving a Monte Carlo simulation based
on the IGW spectrum. This allowed the determination of the dominant wavelength λz.
The phase shift between the profiles together with their spatial separation determined the
horizontal wavelength, similarly to (22). This demonstrated the importance of coherency
analysis for the identification of event pairs affected by the same IGW. The calculated dis-
tribution of the horizontal wavelengths comprised scales from 1000 km to about 4000 km
with a median value of approximately 1200 km and a mean of 1580 km. This approach
may help to avoid the assumption that a dominant monochromatic wave exists in each
longitude–latitude–time cell at a given height [43].

The technique of the determination of horizontal and vertical wavelengths was applied
in [49] to estimate the Momentum Flux (MF). The MF is expressed as follows:

MF = ρ
λz

λh
Ep. (23)

The expression for the IGW temperature amplitude is [62]

T̂ =
Tω2

BVλz

2πg
. (24)

Together with (10), this results in the following relationship:

MF ∼ λ3
z

λh
. (25)

Therefore, IGWs with a smaller anisotropy and a larger vertical wavelength provide a
maximum contribution to the MF.

The continuous wavelet transform (CWT) for the identification of individual waves
and the evaluation of their MF was applied in [46]. An eighth-order complex Gaussian
wavelet, which retains the phase information, was chosen. The CWT was applied to the
detrended and normalized temperature perturbation profile, windowed with a Gaussian
of full width at half maximum of 22 km, centered at a height of 30 km. This method was
thus sensitive to IGWs at heights of around 30 km. The magnitudes of spectral coefficients
|C(λz, z)| were evaluated and treated as pseudo-correlation coefficients ranging between
0 and 1. Values exceeding 0.6 identified individual waves. The method was applied
to COSMIC observations for June–August 2006–2012, and Ep at 30 km was evaluated.
In order to evaluate the MF, cross-wavelet analysis was applied: for two profiles Ta(z) and
Tb, the cross-wavelet coefficients (cospectra) were defined as follows:

Ca,b = CaC∗
b = |CaCb| exp(i∆φa,b), (26)

where Ca and Cb are the complex wavelet spectra for two events, and ∆φa,b is the phase
difference. This allowed the evaluation of the horizontal wave number and MF, similarly
to [49].

The CWT technique was employed in [47] for the identification of IGWs in a case
study. Further studies that employed the horizontal wave number evaluation from the
phase differences between different profiles for the derivation of the MF are [45,48].
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Nath et al. [50] analyzed CHAMP (September 2001–August 2006) and COSMIC
(September 2006–March 2010) data, involving ground-based soundings of the zonal and
meridional wind and temperature, NOAA satellite observations of interpolated outgoing
long-wave radiation, and ECMWF reanalysis datasets (ERA-interim). The study used the
techniques described in [92,93]. The analysis was based on the temperature fluctuations T′

obtained by subtracting the zonal mean temperature profiles at each height and for each day.
The aims of the study included: (a) space–time symmetric and antisymmetric spectra about
the equator over a latitude band of 10◦S–10◦N, to extract equatorial wave modes (the Kelvin
waves (KWs), mixed Rossby–gravity waves (MRGWs), equatorial Rossby waves (ERWs),
and IGWs); (b) wave–mean flow interaction and momentum flux estimation; (c) latitudinal
and seasonal variability; and (d) the longitudinal and seasonal distribution of atmospheric
gravity wave energy density in the tropical lower stratosphere, and its long-term variation
in relation to convective activity, during the different phases of QBO. The spectra were
represented as a superposition of the symmetric and antisymmetric components respon-
sible for different type of waves. The odd meridional mode numbers in the symmetric
spectra described KWs (−1), ERWs (1), and IGWs (1). The even meridional mode 0 in the
symmetric spectra described the MRGWs. The vertical wave number was derived by using
the dispersion relation (4). This allowed the study of the long-term variations of the IGW
potential energy and MF.

3.4. Wave Parameter Estimates

Gubenko et al. [51,52] developed a technique for the determination of the intrinsic
frequency and other wave parameters for a single event, under the assumption that there is
a single dominant wave. To this end, they utilized the relation for the horizontal velocity
perturbation amplitude under the assumption that ω̂ ≪ ωBV [94]:

∣∣u′∣∣ = g
ωBV

T′

T
ω̂√

ω̂2 − f 2
(27)

The shear instability threshold of the ratio a of the horizontal velocity perturbation and the
IGW intrinsic velocity ω̂/κ⊥ assuming a minimum Richardson number of 1/4 was derived
in [95]:

a =

∣∣∣∣ u′

ω̂/κ⊥

∣∣∣∣ = 2
√

ω̂2 − f 2

ω̂ +
√

ω̂2 − f 2
. (28)

On the other hand, the following expression can be written:

ae =

∣∣∣∣∣ gκz

ω2
BV

T′

T

∣∣∣∣∣, (29)

where ae = a, and all the values in the right-hand part can be determined from an RO
temperature profile. The observed temperature fluctuations in the low stratosphere may be
related to IGWs only if the following relation holds:

0 < a = ae < 1. (30)

In this case, it is possible to determine the intrinsic frequency, the intrinsic horizontal phase
speed, the vertical phase speed, and the amplitude of the horizontal velocity perturbation:
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ω̂ =
f
2

2 − ae√
1 − ae

, (31)

ω̂

κ⊥
=

ωBV

|κz|
2 − ae

ae
, (32)

ω̂

|κz|
=

f
2|κz|

2 − ae√
1 − ae

, (33)∣∣u′∣∣ = ωBV

|κz|
(2 − ae). (34)

This technique can be combined with the space–frequency analysis discussed above.

3.5. Studies Based on Diffraction Theory

Kan et al. [53,54,55] derived IGW parameters from RO observation using the approach
based on the diffraction theory, initially developed by Gurvich and Kan [11,12], Sofieva
et al. [13], Gurvich and Brekhovskikh [58] for the interpretation of stellar occultations.
The studies adopted the constant anisotropy spectrum (6) of the relative fluctuations
of refractivity or temperature. The Fresnel scale for RO observation geometry and the
wavelengths of GNSSs is about 1.5 km and significantly exceeds the IGW internal lint scale
of 10–100 m in the stratosphere, which need not be taken into account, as pointed out
following (6).

By integrating Φ3(κ) over horizontal wavenumbers κx,y, we arrive at the 1D single-
sided (κz ⩾ 0) vertical spectrum, which generalizes (18):

V(κz) =
4π

3
C2

3

(
κ2

z +
4π2

L2
ext

)− 3
2

. (35)

The external scale Lext in the stratosphere is a few kilometers [2]. This parameter
defines the transition between the unsaturated and saturated modes. Finally, the structural
characteristic remains the only parameter characterizing the 1D spectrum in the saturation
mode. Using (18), we arrive at the following expression:

C2
3 =

ω4
BV

8πg2 p
. (36)

The analysis of star scintillations [96,97] resulted in the conclusion that the anisotropy
coefficient η increases with the vertical scale 2π/κz and saturates for scales of about 100 m,
while its maximum value (8) is typically several hundred in the stratosphere. This indicates
that the anisotropy exceeds its critical value ηmin [58], and the observed signal fluctuations
become independent from the anisotropy.

The basic approximations are the phase screen and weak fluctuations [58]. The 3D
atmosphere is approximately represented as a thin screen with the equivalent eikonal
thickness, located near the ray perigee. The fluctuation spectrum of the eikonal can be
written as follows:

Vψ(κz) =
ψ

2√
1 + k2

z H2
V(κz), (37)

where ψ =
√

πREH N is the mean eikonal.
In an RO experiment, the amplitude A of the radio signal is measured. The fluctuations

of the logarithm of the relative amplitude χ = ln
(

A/A
)

are considered weak if δχ ≈
δA/A ≪ 1. The projection of the ray perigees during an occultation event to the phase
screen is a line at an angle α with respect to the local vertical, as shown in Figure 3.
If tan α < η, the occultation event can be considered vertical (i.e., the amplitude can be
considered a function of the ray perigee altitude only). This condition is satisfied for



Remote Sens. 2024, 16, 221 13 of 19

α ≲ 89◦, eventually, for all valid RO events. Then, the amplitude fluctuation spectrum can
be written as follows:

Vχ(κz) = k2 sin2 κ2
z

κ2
F

Vψ(κz), (38)

where k = 2π/λ is the wavenumber, λ is the wavelength, κF = 2π/ρF, ρF =
√

πqλD is the
vertical Fresnel scale, q is the refractive attenuation, D = DRDT/(DR + DT) is the reduced
observation distance, and DR,T are the distances from the receiver R and transmitter T to
the ray perigee. Finally, the expression for the relative amplitude fluctuation spectra takes
the following form:

Vχ(κz) =
4π

3
k2C2

3 sin2 κ2
z

κ2
F

ψ
2√

1 + k2
z H2

(
κ2

z +
4π2

L2
ext

)− 3
2

. (39)

The two parameters of the IGW spectrum (35), Lext and C3, allow the derivation of the
specific potential energy Ep, using (10) and (36):

Ep =
1
2

(
g

ωBV

)2 ∫
V(κz) dκz =

1
6π

(
g

ωBV

)2
C2

3 L2
ext =

g
12π

√
2πp

C3 L2
ext. (40)

Tx

Phase screen

Rx

a

Figure 3. The phase screen geometry. The projections of the ray perigees to the phase screen during
an occultation event form a line at an angle α with respect to the local vertical.

These two parameters can be determined from experimental estimates of amplitude
fluctuation spectra (39). This is simpler than for star occultations, because there is no need
for taking into account the Kolomogorov turbulence, whose influence upon RO observation
is negligible due to a relatively long sounding radio wave, as compared to the optic range.
On the other hand, the ionospheric scintillations and the proximity of the Fresnel scale and
the external scale constitute error sources. In order to determine Lext and C3, the theoretical
spectra are fitted to the observational spectra averaged in spatial–seasonal cells.

Kan et al. [53] analyzed COSMIC data for 15 days equally apportioned over spring
2011, with a total of about 27,000 events. The data were subdivided into latitude zones
0◦–20◦, 20◦–40◦, 40◦–60◦, and 60◦–90◦. The observational data were used below the height
of 32 km, where the ionospheric influence is small. The lower height was chosen to be
1 km above the tropopause, in order to remove large temperature gradients. The spectra
were evaluated for fragments of observational records with a length of 8 km and with a
2 km step. Finally, the minimum height for the spectral parameter estimates varied from
16 km in the polar zones to 22 km in the tropics, and the maximum height was 28 km.
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This allowed the estimation of Lext, which varied from about 2 km in the polar zones to
about 3.5 km in the tropics. Kan et al. [54] performed a more detailed statistical analysis
of COSMIC data, including the profiles of Lext, C3, and temperature variance for different
latitudinal zones for all the seasons.

4. Discussion and Conclusions

RO observations provide an unique opportunity for the global monitoring of IGWs.
The COSMIC Data Analysis and Archive Center (CDAAC) provides open access to the
observations from a series of RO missions. These include both accomplished (GPS/MET,
CHAMP, COSMIC, METOP-A) and active (COSMIC-2, METOP-B/C, Spire, GeoOptics [98],
PlanetIQ [99]) missions. This provides time series long enough for climatological studies
of IGWs.

In this review, we concentrated on different techniques for the retrieval of the IGW
characteristics from RO observations. A general limitation of the RO technique is linked to
the ionospheric perturbations. Although standard RO processing algorithms include the
ionospheric correction, the residual error becomes significant at altitudes above ∼35 km.
The simplest approach to IGW retrieval uses temperature perturbations with respect to a
background, describing large-scale temperature perturbations that cannot be attributed to
IGWs. A series of studies derived the IGW specific potential energy Ep and its climatologies
from temperature perturbations. This approach is a good illustration of the concept of the
observation filter. The temperature profiles were obtained from RO observations as a result
of a complicated retrieval algorithm including numerical differentiation with a specific
smoothing window. In addition, in the GO retrieval scheme, the Fresnel scale imposed
a resolution limitation. The application of the GO technique resulted in temperature
fluctuation spectra with a variable slope, instead of the expected power law k−3

z . The Fresnel
resolution limitation was lifted by the WO technique, and its application improved the
agreement of the spectra with the theory. However, scales below 1 km are affected by the
residual errors of the ionospheric correction. Moreover, the IGW spectrum has a steep
slope, and its integral parameters, like Ep, are determined by large scales.

The main question regarding this approach is how to distinguish IGWs from other pro-
cesses. In particular, II can result in large non-IGW temperature perturbations. A question
was also posed as to whether the hydrostatic balance assumption is valid for IGWs.

A more advanced approach aiming to answer this question was based on the space–
frequency analysis of 4D spatio-temporal fields of temperature retrieved from a large
number of RO events. The analysis employed the S-transform or CWT and allowed the
identification of propagating IGWs exploiting the phase differences and dispersion relations.
These studies demonstrated that IGWs are highly anisotropic structures, favorable for RO
retrievals. This approach, complemented by the analysis of spectral symmetries, resulted
in distinguishing between IGWs and planetary waves, like KWs, MRGWs, and ERWs.
The technique of the simultaneous determination of the horizontal and vertical wavelengths
allowed the derivation of the MF.

Several studies exploited additional physical restrictions linked to the stability con-
dition expressed in terms of the Richardson number. This allowed the formulation of a
necessary condition that the IGW must obey, as well as the derivation of such parameters
as the intrinsic frequency, the intrinsic horizontal phase speed, the vertical phase speed,
and the amplitude of the horizontal velocity perturbation.

Another direction of IGW parameter retrieval was based on the application of the
diffraction theory. This technique was initially developed for stellar occultations. The sim-
ple approximations of the phase screen and weak fluctuations result in a closed analytical
expression for the amplitude fluctuation spectra, in terms of two parameters of the IGW
spectra: external scale Lext and structural characteristic C3. These parameters are obtained
by fitting the observed spectra averaged over some spatial and seasonal cells. The obtained
amplitude fluctuation spectra agree with the assumption of an IGW with large anisotropy.
This technique has an advantage over the temperature-based approach: it operates on the
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raw observations of the amplitude without any processing. Its disadvantage is that the
Fresnel scale ρF for the RO observation geometry is close to Lext. However, this can be
overcome by applying the Back Propagation (BP) method [100].

We conclude that the derivation of IGWs from RO observation is widely performed
and has been stimulated by the large number of RO observations. It applies advanced
techniques based on Fourier and space–time analysis, physical equations describing IGWs,
and the diffraction theory, which have contributed to the success of IGW study based
on RO.
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The following abbreviations are used in this manuscript:

BA Bending angle
CDAAC COSMIC Data Analysis and Archive Center
CHAMP Challenging Minisatellite Payload
COSMIC Constellation Observing System for Meteorology Ionosphere and Climate
CWT Continuous wavelet transform
ECMWF European Centre for Medium-Range Weather Forecasts
ENSO El Niño–Southern Oscillation
ERA ECMWF reanalysis
ERW Equatorial Rossby waves
EUMETSAT European Organisation for the Exploitation of Meteorological Satellites
GNSS Global Navigation Satellite System
GO Geometric optics
GPS/MET GPS Meteorology
IFS Integrated Forecast System
IGW Internal gravity wave
II Inertial instability
KW Kelvin wave
METOP Meteorological operational satellite
MF Momentum flux
MRGW Mixed Rossby–gravity wave
QBO Quasi-biennial oscillation
RO Radio occultation
UCAR University Corporation of Atmospheric Research
WO Wave optics
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