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Abstract: In this paper, we present a novel four-dimensional (4D) parameter estimation method
to localize the mixed far-field (FF) and near-field (NF) targets using bistatic MIMO arrays and
higher-order singular value decomposition (HOSVD). The estimated four parameters include the
angle-of-departure (AOD), angle-of-arrival (AOA), range-of-departure (ROD), and range-of-arrival
(ROA). In the method, we store array data in a tensor form to preserve the inherent multidimensional
properties of the array data. First, the observation data are arranged into a third-order tensor and its
covariance tensor is calculated. Then, the HOSVD of the covariance tensor is performed. From the
left singular vector matrices of the corresponding module expansion of the covariance tensor, the
subspaces with respect to transmit and receive arrays are obtained, respectively. The AOD and AOA
of the mixed FF and NF targets are estimated with signal-subspace, and the ROD and ROA of the
NF targets are achieved using noise-subspace. Finally, the estimated four parameters are matched
via a pairing method. The Cramér–Rao lower bound (CRLB) of the mixed target parameters is also
derived. The numerical simulations demonstrate the superiority of the tensor-based method.

Keywords: near-field and far-field; target localization; multidimensional parameter estimation;
higher-order singular value decomposition (HOSVD); tensor

1. Introduction

Target localization with multiple-input and multiple-output (MIMO) arrays is widely
applied to radar, sonar and wireless networks [1,2]. The problem of target localization via
direction-of-arrival (DOA) estimation has been extensively investigated focusing on the
subspace-based algorithms [3,4] and sparsity-based algorithms [5–7]. In the fifth-generation
(5G) millimeter-wave communications, the DOA estimation has also been studied in recent
years [8,9]. However, these methods are mostly aimed at far-field (FF) target localization. In
some scenes such as terahertz (THz) communications in the sixth-generation (6G) networks,
the wavefront signal is spherical, and the conventional FF signal model and approach with
planar wavefront assumption may suffer from severe performance degradation. Thus, the
near-field (NF) signal model is considered [10,11]. Unlike the FF signal model, when a target
is localized at the Fresnel region of the array aperture, the wavefront is characterized by
both angle and range. For NF source localization, many two-dimensional (2D) parameter
estimation approaches of angle and range have been widely investigated [12–14]. In
addition, a four-dimensional (4D) parameter estimation method including transmit angle,
receive angle, transmit range and receive range of NF targets in bistatic MIMO radar
has also been presented based on cross-covariance matrices in [15], and a 5D parameter
estimation algorithm of frequency, angle, range and polarization parameters of near-field
sources has been proposed using parallel factor analysis in [16].

In many actual situations, both the NF and FF targets may usually coexist. Therefore,
the mixed localization of NF and FF targets/sources has recently drawn much attention,

Remote Sens. 2024, 16, 3366. https://doi.org/10.3390/rs16183366 https://www.mdpi.com/journal/remotesensing

https://doi.org/10.3390/rs16183366
https://doi.org/10.3390/rs16183366
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/remotesensing
https://www.mdpi.com
https://orcid.org/0000-0001-9562-3259
https://doi.org/10.3390/rs16183366
https://www.mdpi.com/journal/remotesensing
https://www.mdpi.com/article/10.3390/rs16183366?type=check_update&version=2


Remote Sens. 2024, 16, 3366 2 of 14

and several algorithms have been proposed for 2D parameter estimation, including the
angle of FF/NF sources and the range of NF source. In [17], an efficient second-order
statistic (SOS)-based algorithm called OP-MUSIC has been proposed by constructing the
FF and NF estimators and separating the FF sources from the NF ones with the oblique
projection technique. To increase parameter estimation accuracy, the higher-order cumulant
(HOC), combined with subspace algorithms, has been applied to mixed NF and FF source
localization [18–22]. However, the HOC-based algorithms require enough samples to
calculate the HOC matrix. With fewer snapshots or single-snapshot, some sparsity-based
methods [23–25] and Discrete Fractional Fourier Transform (DFrFT)-based methods [26,27]
have also been presented for mixed-source localization. These methods have improved
the effect of parameter estimation to a certain extent. In addition to methodological
improvements, researchers have also focused on the innovation in some special arrays to
increase array aperture and optimize resources. In [28–33], several new arrays have been
used for mixed NF and FF source localization, such as symmetric nested array, symmetric
sparse arrays and so on. Despite the fact that the above mixed NF and FF source localization
methods have improved accuracy, they are only applicable for 2D parameter estimation. In
addition, a 3D mixed FF and NF source localization method with cross-array has also been
presented to estimate the 2D angle and range by constructing a range-free cumulant-based
vector and a sparse model, respectively [34].

However, in the existing FF and NF source localization algorithms mentioned above,
the multidimensional data are stored in a matrix or vector form by means of stacking
operation. Although multiple parameters can be estimated, they actually ignore the multi-
dimensional inherent structure of data. The utilization of tensors offers a more intuitive
approach for storing and manipulating data with multiple dimensions. Ref. [35] offers a
comprehensive examination of tensor analysis in the context of wireless communications
and MIMO arrays, and includes a discussion on fundamental tensor operations and com-
mon tensor decompositions. For FF localization via angle estimation with MIMO array,
several tensor-based methods have been proposed [36–39], which mainly utilize the parallel
factor (PARAFAC) decomposition or the Tucker decomposition. For NF localization by
angle and range estimation, a PARAFAC decomposition-based method for a bistatic MIMO
system has been proposed on a slightly simple signal model whereby the distance from
the centers of the transmitter and receiver arrays to the reference point is assumed to be
known [40]. Nevertheless, in the above methods, only the 2D parameters (angle and range)
are considered.

In this paper, we present a novel four-dimensional (4D) parameter estimation method
to localize the mixed FF and NF targets using bistatic MIMO arrays and higher-order sin-
gular value decomposition (HOSVD). The estimated four parameters include the angle-of-
departure (AOD), angle-of-arrival (AOA), range-of-departure (ROD) and range-of-arrival
(ROA). In the proposed method, we store array data in a tensor form to preserve the
inherent multidimensional properties of the array data. First, we arrange the observation
data into a third-order tensor and calculate their covariance tensor. Then, we perform the
higher-order singular value decomposition (HOSVD) of the covariance tensor. From the left
singular vector matrices of the corresponding module expansion of the covariance tensor,
we can obtain the subspaces with respect to transmit and receive arrays, respectively. Utiliz-
ing the two signal-subspaces associated with transmit and receive arrays, we construct two
spectrum functions to estimate the AOD and AOA of the mixed FF and NF targets by 1D
spectral searches. Then, using the two noise-subspaces concerning the transmit and receive
arrays, we build the other two spectrum functions to obtain the ROD and ROA of the NF
targets based on the estimates of AOD and AOA and via 1D spectral searches. Finally, all
the estimated parameters are matched via a matching algorithm. The Cramér–Rao lower
bound (CRLB) of the mixed target parameters is also derived.

Notations: Scalars are represented by italicized letters, column vectors by lowercase
bold letters, matrices by uppercase bold letters, and tensors by bold calligraphic letters. The
superscripts (·)T , (·)∗ and (·)H are referred to as the transpose, conjugate operators and
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Hermitian transpose, respectively; ⊙, ⊗ and ⋄, respectively, denote the Hadamard–Schur,
Kronecker and the Khatri–Rao product (columnwise Kronecker product). The operation
diag(·) is used to represent diagonalization, while the functions rank (·) and det(·) refer
to the rank operator and the determinant of a matrix, respectively. vec(·) denotes the
vectorization operator, tr(·) denotes the trace operator, and Re(·) denotes the real-part
operator of a complex number. For the calculation of tensors, •n denotes the n-mode inner
product of a tensor, and ×n denotes the n-mode product of a tensor.

2. Preliminaries

In contrast to a matrix, a tensor is regarded as a mathematics tool for depicting a
multidimensional array [41]. An N-order tensor can be denoted as X ∈ CI1×I2×···×IN ,
where the elements correspond to the higher-dimensional equivalent of rows and columns
in matrices. The tensor operations outlined in our study align with those presented in [42]
and include the following procedures.

The matricization or unfolding of tensors can be defined as follows. The n expansion
of a tensor X ∈ CI1×I2×···×IN of order N is represented as [X ](n). The (i1, i2, · · · , iN)-th ele-
ment of X corresponds to the (in, j)-th element of [X ](n), where j = 1 + ∑N

k=1,k ̸=n (ik − 1)Jk

with Jk = ∏k−1
m=1,m ̸=n Im.

Additionally, the matrix unfolding of tensor X along its n-th mode is represented
as [X ](n) and can be interpreted as a matrix that encompasses all the n-mode vectors of
tensor X . The arrangement of the columns is determined based on a specified criterion as
referenced in [42].

The n-mode inner product between a tensor X ∈ CI1×I2×···×IN and a tensor Y ∈
CJ1×J2×···×JM is formally specified; when In = Jn, n ≤ min{M, N}, it is presented as
Z = X •n Y ∈ CI1×I2×···×In−1×In+1×···×IN×J1×J2×···×Jn−1×Jn+1×···×JM , where

zi1,i2,...,in−1,in+1,...,iN ,j1,j2,...,jn−1,jn+1,...,jM

=
In
∑

in=1
xi1,i2,...,iN · yj1,j2,...,jn−1,in ,jn+1,...,jM

(1)

The n-mode product of a tensor X ∈ CI1×I2×···×IN and a matrix A ∈ CJn×In along the
n-th mode is represented as Y = X ×n A ∈ CI1×I2×···×In−1×Jn×In+1×···×IN . This operation
is computed by

yi1,i2,··· ,in−1,jn ,in+1,··· ,iN =
In

∑
in=1

xi1,i2,··· ,iN · ajn ,in (2)

This operation can be conceptualized by applying the matrix A to all n-mode vectors
of X on the left-hand side. The n-mode product demonstrates the following characteristics:

Y = X ×n A ⇔ [Y ](n) = A[X ](n) (3){
X ×n A ×m B = X ×m B ×n A, m ̸= n

X ×n A ×n B =X ×n (BA)
(4)

The Tucker decomposition or higher-order SVD (HOSVD) of a tensorX ∈ CI1×I2×···×IN

is defined as
X = ς ×1 A1 ×2 A2 × . . . AN (5)

where ς ∈ CJ1×J2×···×JN indicates a core tensor that satisfies the all-orthogonality condi-
tions [42] and An ∈ CIn×Jn , n = 1, 2, · · · N are the unitary matrices consisting of singular
vectors in the n-mode.
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3. Tensor-Based 4D Parameter Estimation for Mixed FF and NF Target Localization
3.1. Signal Model

Consider a bistatic MIMO array with symmetrical uniform linear arrays of 2M + 1
transmit and 2N + 1 receive omnidirectional antennas, where dt and dr denote the inter-
element spacings at the transmitter and receiver, respectively. Assume that there are
K = K1 + K2 noncoherent mixed FF and NF narrowband targets, including K1 targets in
the FF and other K2 targets in the NF. For the k-th target, k = 1, · · · , K, its AOD, AOA, ROD
and ROA are denoted by θtk, θrk, rtk and rrk, respectively. Let the center of array be the
phase reference point whose index is zero, as shown in Figure 1.

y

td
rd

M0 1 … 0 1 N

Transmit array Receive array

…

y’

x x’

…

FF target

NF target

…

tfr   rfr  

tnr
rnr

rf
tn

tf

rn

M 1 N 1

Figure 1. Bistatic MIMO array configuration.

In a noisy environment, following the process of sampling, recombination and matched
filtering using the orthogonal transmit waveform, the observation from the m-th transmit
sensor to the n-th sensor in the l-th independent snapshot can be expressed as

ym,n,l =
K2

∑
k=1

b(l)k ej(mαtk+m2βtk) × ej(nαrk+n2βrk)

+
K1

∑
k=1

b(l)k ej(mαtk) × ej(nαrk) + zm,n,l

(6)

for m = 1, · · · , 2M + 1; n = 1, · · · , 2N + 1, and l = 1, 2, · · · , L. Here, b(l)k denotes the
scattering coefficient of the k-th target during the l-th snapshot. zm,n,l represents Gaussian
white noise, with mean value zero and variance σ2

z . When the k-th target is in the NF, the
range belongs to the Fresnel region [43], i.e., r ∈

[
0.62

(
D3/λ

)1/2 2D2/λ
]
, where λ is the

wavelength and D represents the array aperture. As for the FF target, we can observe that
it is a special case of the NF target when r → ∞. Therefore, αtk and βtk for the transmit
array can be written as

αtk = −2πdt sin θtk/λ (7)

βtk = πd2
t cos2 θtk/(λrtk) (8)

and αrk and βrk for the receive array can be given by

αrk = −2πdr sin θrk/λ (9)

βrk = πd2
r cos2 θrk/(λrrk) (10)

Traditionally, the observed data ym,n,l are arranged into a vector y(l) ∈ C(2M+1)(2N+1)×1,
given by

y(l) = A(θt, θr, rt, rr)b(l) + z(l) (11)
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for l = 1, 2, · · · , L, where b(l) denotes the target complex amplitude vector. z(l) is the
noise vector. A(θt, θr, rt, rr) = Ar(θr, rr)) ⋄ At(θt, rt) denotes the joint steering matrix, with
At(θt, rt) and Ar(θr, rr) being the transmit and receive steering matrices, respectively, which
contain the components of FF and NF targets, i.e.,

A(θt, θr, rt, rr) = [AF(θt, θr) AN(θt, θr, rt, rr)] (12)

where
AF(θt, θr) =AFr(θr) ⋄ AFt(θt)

=[aFr(θr1)⊗ aFt(θt1), · · · , aFr
(
θrK1

)
⊗ aFt

(
θtK1

)
]

(13)

AN(θt, θr, rt, rr) =ANr(θr, rr) ⋄ ANt(θt, rt)

=[aNr(θr1, rr1)⊗ aNt(θt1, rt1), · · · ,

aNr
(
θrK2 , rrK2

)
⊗ aNt

(
θtK2 , rtK2

)
]

(14)

where
aFt(θtk) = [exp(−jMαtk), · · · , 1, · · · , exp(jMαtk)]

T (15)

aFr(θrk) = [exp(−jNαrk), · · · , 1, · · · , exp(jNαrk)]
T (16)

aNt(θtk, rtk) =[exp(−jMαtk + j(−M)2βtk), · · · ,

1, · · · , exp(jMαtk + jM2βtk)]
T (17)

aNr(θrk, rrk) =[exp(−jNαrk + j(−N)2βrk), · · · ,

1, · · · , exp(jNαrk + jN2βrk)]
T (18)

The observed vector y(l) for l = 1, · · · , L can be collected to form a matrix Y ∈
C(2M+1)(2N+1)×L as

Y = Ar(θr, rr) ⋄ At(θt, rt)B + Z (19)

where Y =
[
y(1), · · · , y(L)

]T
, B =

[
b(1), · · · , b(L)

]T
and Z =

[
z(1), · · · , z(L)

]T
represent

the observation matrix, target scattering coefficient matrix and noise matrix, respectively.
From (11) and (19), we see that the observation ym,n,l is traditionally expressed as the

form of a vector or a matrix via stacking operation. In this paper, ym,n,l can be directly
arranged into a third-order tensor Y ∈ C(2M+1)×(2N+1)×L, i.e.,

Y = ι ×1 At ×2 Ar ×3 B +Z (20)

where ι ∈ CK×K×K is an identity tensor and At and Ar are the simplified expressions of
At(θt, rt) and Ar(θr, rr). Clearly, we have Y = [Y ]T(3) and Z = [Z ]T(3).

Based on this tensor-based observation model in (20), we aim at estimating the 4D
parameters θt, θr, rt and rr.

3.2. Algorithm

At first, the sample covariance tensor of Y is calculated. As per the definition
pertaining to the multiplication of two tensors, a fourth-order tensor denoted as R ∈
C(2M+1)×(2N+1)×(2M+1)×(2N+1) can be obtained as follows:

R =
1
L
Y•3Y∗ (21)

Then, the HOSVD is introduced as

R = ς ×1 U1 ×2 U2 ×3 U3 ×4 U4 (22)
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In the given expression, the symbol ς ∈ C(2M+1)×(2N+1)×(2M+1)×(2N+1) represents the
core tensor, while the matrices Ui for i = 1, 2, 3, 4 represent the left singular vectors
corresponding to the i-module decomposition of R, which is written as

[R](i) = UiΣiVH
i (i = 1, 2, 3, 4) (23)

where U1 = U∗
3 and U2 = U∗

4 .
Then, to reduce the noise component, we utilize the truncated HOSVD of the tensor

R, written as
Rs = ςs ×1 U1s ×2 U2s ×3 U∗

1s ×4 U∗
2s (24)

where ςs ∈ CK×K×K×K is the core tensor. U1s ∈ C(2M+1)×K and U2s ∈ C(2N+1)×K refer
to the inclusion of the column vectors of U1 and U2 that correspond to the K dominant
singular values, respectively. On the basis of the structure of covariance tensor, it is noted
that the matrices obtained by the HOSVD can be regarded as the signal-subspaces of the
transmit and receive matrices. From U1s and U2s, the subspaces with respect to transmit
and receive arrays can be obtained, respectively. Then, the AOD and AOA of the mixed FF
and NF targets are estimated via signal-subspace, and the ROD and ROA of the NF targets
are achieved via noise-subspace.

According to the symmetry in the transmit ULA, we can write the following relation:

JMAt = Ct ⊙ At (25)

where JM ∈ C(2M+1)×(2M+1) is an exchange matrix with anti-diagonal elements that are all
ones or otherwise, zero. Ct = [ct(θt1), ct(θt2), · · · , ct(θtK)], where ct(θtk) = [exp(jMαtk), · · · ,
1, · · · , exp(−jMαtk)]

T .
Clearly, U1s and At span the same signal-subspace. Therefore, a distinct non-singular

matrix T1 with full rank exists, such that U1s = AtT1.
For an arbitrary angle θ, we can write

Ft(θ) = JMU1s − (ct(θ)⊗ 11×K)⊙ U1s

= JMAtT1 − (ct(θ)⊗ 11×K)⊙ AtT1

= Ct ⊙ AtT1 − (ct(θ)⊗ 11×K)⊙ AtT1

= ([ct(θt1)− ct(θ), ct(θt2)− ct(θ), · · · ,

ct(θtK)− ct(θ)] ⋄ 11×K)⊙ U1s

(26)

where 11×K denotes a 1 × K vector with elements all ones. At θ = θtk, all the components
of the k-th column of Ft(θ) become zero and it becomes rank-deficient. Thus, we can use
the following spectrum function to estimate AOD:

St(θ) =
1

det
(
FH

t (θ)Ft(θ)
) (27)

The estimated AOD, i.e., θ̂tk, corresponds to the k-th highest peak of St(θ) when θ
varies from −90◦ to 90◦.

It is known that the signal-subspace is orthogonal to the noise-subspace. The noise-
subspace of the transmit matrix is U1n ∈ C(2M+1)×(2M+1−K), which can be obtained by the
last 2M + 1 − K columns of the matrix U1. As the estimate of the AOD has been obtained
previously, the estimate of ROD, i.e., θ̂tk, can be given by

r̂tk = arg max
r

1
det

(
GH

t (r)Gt(r)
) (28)

where Gt(r) = UH
1nat

(
θ̂tk, r

)
. When r = rtk, we see that det

{
GH

t (r)Gt(r)
}

tends towards
zero due to the orthogonality between the noise-subspace and signal-subspace correspond-
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ing to the k-th target. According to the previous definition of an NF target, the search range
of r is the Fresnel region. From the range, we can separate the NF and FF targets and obtain
the ROD of K2 NF targets.

The receive array is also a symmetric ULA as the transmit array, so we have

JNAr = Cr ⊙ Ar (29)

where JN ∈ C(2N+1)×(2N+1) and Cr = [cr(θr1), cr(θr2), · · · , cr(θrK)], where cr(θrk) =

[exp(jNαrk), · · · , 1, · · · , exp(−jNαrk)]
T .

Similarly, there is a square matrix T2 that satisfies U2s = ArT2. By a similar derivation,
we have

Fr(θ) = ([cr(θr1)− cr(θ), cr(θr2)− cr(θ), · · · ,

cr(θrK)− cr(θ)] ⋄ 11×K)⊙ U2s
(30)

Then, the estimated AOA, i.e., θ̂rk can be given by

θ̂rk = arg max
θ

1
det(FH

r (θ)Fr(θ))
(31)

Next, we estimate the ROA, i.e., r̂rk. The, noise-subspace of the receive matrix is
U2n ∈ C(2N+1)×(2N+1−K), which is achieved by the last 2N + 1 − K columns of the matrix
U2. Then, we have

r̂rk = arg max
r

1
det(GH

r (r)Gr(r))
(32)

where Gr(r) = UH
2nar

(
θ̂rk, r

)
. Similarly, considering that det

{
GH

r (r)Gr(r)
}

tends towards
zero when r = rrk, we can obtain the estimate of ROA r̂rk. The searching range of r is the
Fresnel region. Thus, we can obtain the ROA of the K2 NF targets.

Finally, in the case of multiple targets, we need to determine the matched parameters.
The pairing procedure of AOD, AOA, ROD and ROA parameters is given as

f
(
r̂rk, r̂tk, θ̂rk

)
= arg max

θ̂tk

∥∥∥(at
(
θ̂tk, r̂tk

)
⊗ ar

(
θ̂rk, r̂rk

))H
[Y ]T(3)

∥∥∥2

2 (33)

for k = 1, 2, · · · , K.
The steps of the 4D parameter estimation algorithm for mixed FF and NF target

localization is given in Algorithm 1.

Algorithm 1 Four-dimensional parameter estimation algorithm for mixed FF and NF target
localization

1: Calculate the sample covariance tensor R using (21) based on Y .
2: Perform the truncated HOSVD of R to obtain Rs according to (24), and obtain its left
singular vector matrices U1s and U2s.
3: Construct a selection matrix Ct, and calculate the function Ft(θ) based on (26).
4: Construct spectral function St(θ) using Ft(θ), then perform one-dimensional search
for AOD estimation according to (27).
5: Perform a one-dimensional spectral peak search using Gt(r) according to (28) to obtain
the estimate of ROD.
6: Construct a selection matrix Cr, calculate the function Fr(θ) using (30), and estimate
AOA according to (31).
7: Perform a one-dimensional spectral peak search using Gr(r) to estimate ROA based
on (32).
8: Match θ̂tk, θ̂rk, r̂rk, r̂tk according to the parameter pairing criterion in (33).
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4. Performance Analysis
4.1. The Cramér–Rao Lower Bound

With the bistatic MIMO arrays, according to the basic expression of CRLB in array
signal processing [44–46], the CRLB of 4D parameter estimation for mixed FF and NF target
localization can be expressed as

CRLB =
σ2

z
2L

{
Re

[(
DHΠ⊥

AD
)
⊙

[
14×4 ⊗

(
PAHR−1AP

)T
]]}−1

(34)

where 14×4 denotes a 4 × 4 matrix with the entities all ones. A is the simplified expres-
sion of A(θt, θr, rt, rr) and σ2

z is the variance of the noise z(l). Π⊥
A = I(2M+1)×(2N+1) −

A(AHA)−1AH . The covariance matrix R = APAH + σ2
z I, with P = E

[
BBH]

being the
covariance matrix of target signals, and

D = [Dθt , Drt , Dθr , Drr ]

=

[
∂a1

∂θt1
, · · · ,

∂aK
∂θtK

,
∂a1

∂rt1
, · · · ,

∂aK
∂rtK

,

∂a1

∂θr1
, · · · ,

∂aK
∂θrK

,
∂a1

∂rr1
, · · · ,

∂aK
∂rrK

] (35)

where

∂ak
∂θrk

=

[
∂ar(θrk, rrk)

∂θrk
⊗ at(θtk, rtk)

]
(36a)

∂ak
∂rrk

=

[
∂ar(θrk, rrk)

∂rrk
⊗ at(θtk, rtk)

]
(36b)

∂ak
∂θtk

=

[
ar(θrk, rrk)⊗

∂at(θtk, rtk)

∂θtk

]
(36c)

∂ak
∂rtk

=

[
ar(θrk, rrk)⊗

∂at(θtk, rtk)

∂rtk

]
(36d)

The diagonal elements of CRLB matrix are the CRLBs of θt, θr, rt and rr estimation,
respectively.

4.2. The Number of Detectable Targets

The maximum number of detectable targets for the proposed algorithm is contingent
upon the dimensionality of the covariance tensor R, a fourth-order tensor with a dimen-
sion of (2M + 1)× (2N + 1)× (2M + 1)× (2N + 1). By performing the truncated HOSVD
of R to obtain the left singular vector matrices U1s and U2s, the rows of the subspaces
with respect to transmit and receive arrays are 2M + 1 and 2N + 1, respectively. Then,
the estimation of transmit and receive parameters are individually performed. Conse-
quently, the proposed algorithm is capable of detecting the maximum number of targets
K = min{2M, 2N}.

4.3. Computational Complexity

According to the algorithm steps described in the previous section, the computational
complexity of the proposed algorithm is primarily determined by the calculation of the
covariance tensor, HOSVD, 1D spectral searches for each parameter, and the parameter
pairing process. In the following description, the numbers of the transmitting and receiving
elements are represented as M̃ and Ñ, respectively, with M̃ = 2M + 1 and Ñ = 2N + 1. Sθ

and Sr represent the ratio of the angle search range to the search step size, and the ratio of
the range search range to the search step size. The process of obtaining the signal-subspace
includes calculating tensor covariance and HOSVD, whose computational complexity is
O{M̃2Ñ2L+ 4M̃2Ñ2K}. The computational complexities of searching for angle parameters
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and range parameters is O{Sθ [M̃K(M̃ + K) + ÑK(Ñ + K) + 2]} and O{KSr[(M̃ − K)(M̃ +
1) + (Ñ − K)(Ñ + 1) + 2]}, respectively. The computational complexity of the parameter
pairing process is O{K3}. Thus, we can deduce that the overall computational complexity
of the proposed algorithm is O{M̃2Ñ2L+ 4M̃2Ñ2K+K3 + Sθ [M̃K(M̃+K)+ ÑK(Ñ +K)+
2] + KSr[(M̃ − K)(M̃ + 1) + (Ñ − K)(Ñ + 1) + 2]}. We also summarize the computational
complexities of the existing Cross-Covariance algorithm [15] and the OPMUSIC algorithm
in [17], which we extend to 4D for a comparison in the simulation. The computational
complexity of the Cross-Covariance algorithm primarily stems from the calculation of
cross-covariance matrices and singular value decomposition, whereas the computational
complexity of the OPMUSIC algorithm primarily arises from the multiple times that spectral
searches take to process. For clarity, we have summarized the computational complexities
of the three algorithms in Table 1.

Table 1. Comparison of the computational complexities of three algorithms.

Method Computational Complexity

Cross-Covariance algorithm O{7Ñ3 + 4Ñ2L + 2Ñ}

OPMUSIC algorithm

O{M̃2Ñ2L + M̃3Ñ3 + M̃Ñ2 + ÑM̃2 + M̃3 + Ñ3

KM̃Ñ2[M̃(M̃Ñ − K) + M̃Ñ + Ñ]+
Sθ(M̃Ñ − K)[Ñ2(M̃ + 1) + M̃2(Ñ + 1)]+

Sθ [(Ñ − K)(Ñ + 1) + (M̃ − K)(M̃ + 1) + 4]+
KSr[(M̃Ñ − K)(M̃ + 1)Ñ2 + (M̃ + 1)M̃ + 1]}

Proposed algorithm
O{M̃2Ñ2L + 4M̃2Ñ2K + K3+

Sθ [M̃K(M̃ + K) + ÑK(Ñ + K) + 2]+
KSr[(M̃ − K)(M̃ + 1) + (Ñ − K)(Ñ + 1) + 2]}

From Table 1, it can be seen that the Cross-Covariance algorithm has the lowest
computational complexity, while the OPMUSIC algorithm and the proposed algorithm have
higher computational complexity because of the spectrum search requirement. Furthermore,
the computational complexity of the OPMUSIC algorithm is much higher than those of the
other two algorithms.

5. Simulation Results

In this section, we perform numerical simulations to illustrate the performance of
the proposed 4D parameter estimation algorithm. Consider bistatic MIMO arrays with
2M + 1 = 21 (M = 10) transmit antennas and 2N + 1 = 21 (N = 10) receive antennas,
and each array is a symmetric ULA with spacing dt = dr = λ/4. Assume that there are
K = 3 targets, composed of an FF target and two NF targets. The three targets are located
at (θt, θr, rt, rr) = (30◦,−10◦,+∞,+∞), (10◦, 20◦, 10λ, 6λ), (20◦, 40◦, 7λ, 8λ).

First, we present the simulation results of the AOD and AOA for the mixed FF and
NF targets and the ROD and ROA for the NF targets using the proposed algorithm. SNR
is 15 dB and the number of snapshots is L = 100. The result of 100 independent trials is
shown in Figure 2. It is observed that the estimates of AOD and AOA for the three mixed
FF and NF targets and the estimates of ROD and ROA for the two NF targets have high
estimation accuracy and are close to their true values. In addition, the 4D parameters of
AOD, AOA, ROD and ROA for multiple mixed targets can be well paired. The effectiveness
of the proposed algorithm can be verified from the simulation.
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Figure 2. Simulation results with the proposed algorithm for (a) AOD and AOA estimation and
(b) ROD and ROA estimation. SNR = 15 dB, M = 10, N = 10, K = 3, L = 100, and 100 independent
trials. (θt, θr, rt, rr) = (30◦,−10◦,+∞,+∞), (10◦, 20◦, 10λ, 6λ), (20◦, 40◦, 7λ, 8λ).

Next, we investigate the performance of RMSE versus SNR for 4D parameter estima-
tion of AOD, AOA, ROD and ROA. The proposed tensor-based algorithm is compared
with the Cross-Covariance algorithm in [15] and the OPMUSIC algorithm in [17], which
we extend to 4D. Monte Carlo trials are used to compute the RMSE of θt, rt, θr and rr. For
example, the RMSE of θt can be calculated by

RMSEθt =
1
K

K

∑
k=1

√√√√ 1
T

T

∑
i=1

{
(θ̂tk,i − θtk)2

}
(37)

where T represents the number of Monte Carlo trials. θ̂tk,i denotes the estimated θtk in the
ith Monte Carlo trial.

To show the superiority of our algorithm in a small number of snapshots, we set
the number of snapshots as L = 5. The SNR is varied from −5 dB to 20 dB. A total of
500 Monte Carlo trials are performed. The RMSE of AOD, AOA, ROD and ROA estimation
versus SNR is plotted in Figure 3. As seen from Figure 3, with the increase in SNR, the
proposed tensor-based algorithm can achieve much smaller RMSE and is close to CRLB.
Also, it has smaller RMSE than the other two matrix-based algorithms. It implies that
with the proposed algorithm, by using the covariance tensor and performing the HOSVD,
the inherent multidimensional structure of the array data is well reserved. Therefore, the
proposed tensor-based algorithm can achieve higher accuracy than the existing matrix-
based algorithms for mixed FF and NF target localization, especially in a small number
of snapshots.

Next, we investigate the performance of RMSE versus the number of snapshots. The
SNR is set as 15 dB. Also, a small number of snapshots is considered, which is varied from
1 to 13. The Monte Carlo trials is 500. The RMSE of AOD, AOA, ROD and ROA estimation
versus the number of snapshots is shown in Figure 4. It reveals the similar results to the
RMSE varying with SNR. The estimation accuracy of the proposed tensor-based algorithm
is higher than that of the two other algorithms for all parameters, which implies that the
multidimensional inherent structure of the tensor data is helpful for achieving a more
accurate subspace estimation.
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Figure 3. Performance of RMSE versus SNR for different algorithms. (a) AOD estimation, (b) AOA
estimation, (c) ROD estimation, (d) ROA estimation. L = 5, M = 10, N = 10, K = 3, and 500 Monte
Carlo trials. (θt, θr, rt, rr) = (30◦,−10◦,+∞,+∞), (10◦, 20◦, 10λ, 6λ), (20◦, 40◦, 7λ, 8λ).

The simulation findings indicate that consolidating multidimensional data into struc-
tured matrices can lead to error accumulation and diminish the accuracy of multi-parameter
estimation in mixed FF and NF target localization, particularly in scenarios with a limited
number of snapshots. The proposed algorithm based on HOSVD can utilize the inherent
multidimensional structure characteristics for the bistatic MIMO arrays, and have little
damage to the original data structure.

Finally, as a supplementary experiment, we compare the running times of three
algorithms and list the results in Table 2. The simulation conditions of the experiment are
the same as those in Experiment 1. According to the experimental results, we can observe
that the Cross-Covariance algorithm has the shortest running time, while the proposed
algorithm takes slightly longer running time but still quickly provides estimation results.
The OPMUSIC algorithm, on the other hand, has a very long running time, indicating poor
real-time performance of the algorithm.

Table 2. Comparison of the running time of three algorithms.

Method Running Time (s)

Cross-Covariance algorithm 0.152716
OPMUSIC algorithm 30.318917
Proposed algorithm 0.965869
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Figure 4. Performance of RMSE versus the number of snapshots for different algorithms. (a) AOD
estimation, (b) AOA estimation, (c) ROD estimation and (d) ROA estimation. M = 10, N = 10, K = 3,
SNR = 15 dB and 500 Monte Carlo trials. (θt, θr, rt, rr) = (30◦,−10◦,+∞,+∞), (10◦, 20◦, 10λ, 6λ),
(20◦, 40◦, 7λ, 8λ).

6. Conclusions

In this paper, we investigated the 4D parameter estimation of FF and NF targets
using bistatic MIMO arrays and HOSVD. The proposed tensor-based algorithm shows
an accuracy improvement from the fact that it can reserve the inherent multidimensional
structure, especially in a small number of snapshots. The FF and NF targets can be well
separated via range domain. Compared with the previous methods, the proposed solution
provides a more robust performance of multiple-parameter estimation for mixed FF and
NF target localization.
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