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Abstract: In the realm of precision space applications, improving the accuracy of orbit determination
(OD) is a crucial and demanding task, primarily because of the presence of measurement noise. To
address this issue, a novel machine learning method based on bidirectional long short-term memory
(BiLSTM) is proposed in this research. In particular, the proposed method aims to improve the OD
accuracy of Earth–Moon Libration orbits with angle-only measurements. The proposed BiLSTM
network is designed to detect inaccurate measurements during an OD process, which is achieved
by incorporating the least square method (LSM) as a basic estimation approach. The structure,
inputs, and outputs of the modified BiLSTM network are meticulously crafted for the detection of
inaccurate measurements. Following the detection of inaccurate measurements, a compensating
strategy is devised to modify these detection results and thereby reduce their negative impact on
OD accuracy. The modified measurements are then used to obtain a more accurate OD solution. The
proposed method is applied to solve the OD problem of a 4:1 synodic resonant near-rectilinear halo
orbit around the Earth–Moon L2 point. The training results reveal that the bidirectional network
structure outperforms the regular unidirectional structures in terms of detection accuracy. Numerical
simulations show that the proposed method can reduce the estimated error by approximately 10%.
The proposed method holds significant potential for future missions in cislunar space.

Keywords: orbit determination; machine learning; bidirectional long short-term memory; least square
method; three-body problem; cislunar space

1. Introduction

The interest in space exploration and the development of space techniques have led
to a rapid increase in the number of spacecraft [1–4]. As a result, the need for accurate
orbit determination (OD) has become even more crucial for managing long-term space
operations [5–8]. OD provides valuable state information that aids in subsequent orbit
uncertainty propagation [9–12], guidance [13–15], and control [16–18]. Currently, there are
two main groups of state-of-the-art approaches for OD: the Kalman filter (KF) and its vari-
ants and the least square method (LSM) and its variants [19–23]. These methods can obtain
optimal estimations by combining the state propagation and incoming measurements.

The OD task can be challenging, especially when dealing with short-arc, sparse, and
noisy measurements, as well as highly nonlinear dynamics environments [24–26]. To
improve the accuracy of OD, various methods have been developed. These methods
include the extended Kalman filter (EKF) [27], the unscented Kalman filter (UKF) [28,29],
the cubature Kalman filter (CKF) [30–32], and the conjugate unscented Kalman filter
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(CUKF) [33,34], all based on the KF algorithm. These methods can capture higher-order
terms of the state and measurement equations, which leads to more accurate estimations.
However, they also introduce more computational complexity [12,35,36].

The field of space and astrodynamics is witnessing a surge in interest in machine
learning approaches, owing to the rapid development of artificial intelligence [37–39]. These
approaches provide a promising alternative to enhance the accuracy of orbit prediction
and estimation [40–42]. Peng and Bai first proposed an ML-based framework to improve
orbit prediction accuracy, in which a support vector machine (SVM) [43] is embedded
into a physical-based model to compensate for orbit prediction errors due to the lack of
explicit dynamics models. Apart from the SVM, Peng and Bai investigated the artificial
neural network (ANN) [44] and Gaussian processes (GPs) [45] for the same purpose, and a
comprehensive comparison of these three ML approaches is provided in [46]. Additionally,
they proposed a fusion strategy to integrate the ML model with conventional OD methods
such as the EKF [47]. These methods are validated to be effective and efficient in simulation-
based environments and publicly available data [48]. In addition to the work of Peng
and Bai, the boosting tree (BT) and long short-term memory (LSTM) network have also
been employed to model the underlying pattern of orbit estimation. Li et al. employed a
BT-based method to model the underlying pattern from past OD data and improve the
current OD accuracy of space debris under sparse measurements [49]. Zhou et al. proposed
a hybrid method for the OD of a continuously maneuvering spacecraft, in which an LSTM
network is used to detect and compensate for the maneuver [50,51]. Zhou et al. further
proposed a deep neural network (DNN)-based method to compensate for the errors of the
low-fidelity dynamics to improve OD accuracy [52].

The proposed method for improving OD accuracy does not rely on modeling the
underlying patterns of dynamics like other ML-based approaches. Instead, it focuses on
detecting and compensating for inaccuracies in measurements, using a modified bidirec-
tional long short-term memory (BiLSTM) network fused with an LSM. The training data
were carefully designed with a focus on input and output structures, with measurements
identified as inaccurate if their error is greater than two times the standard deviation (STD).
The modified BiLSTM network was then trained to predict which measurements belong
to this inaccurate class. One of the advantages of using a BiLSTM network structure is
that it can address sequential inputs, making it more adaptable and better at generalizing.
Furthermore, the bidirectional structure allows for the use of both past and future informa-
tion to detect inaccurate measurements at the current epoch, which is not possible with
conventional unidirectional LSTM networks. To correct these inaccuracies, a compensation
strategy is proposed, and the LSM is used to estimate the orbit. This method is then applied
to solve the OD problem of a 4:1 synodic resonant near-rectilinear halo orbit (NRHO) in the
Earth–Moon three-body system with promising results.

The remainder of this paper is organized as follows. The essential background
and mathematical formulations are given in Section 2. The methodology of the pro-
posed BiLSTM-based machine learning approach to improve OD accuracy is presented in
Section 3. Numerical simulations are performed in Section 4, and the conclusions are given
in Section 5.

2. Preliminaries
2.1. Least Square Method

First, consider an OD system with a state equation and a measurement equation as
follows [53,54]: {

ẋ(t) = f [x(t), t]
z(t) = h[x(t)] + ε(t)

, (1)

where x(t) = [r(t); v(t)] ∈ R6 is the state vector of the spacecraft; r(t) = [x(t), y(t), z(t)]T ∈
R3 and v(t) = [ẋ(t), ẏ(t), ż(t)]T ∈ R3 represent the position and velocity vectors, respec-
tively; f [x(t), t] ∈ R6 is the dynamics model of the spacecraft; z(t) ∈ Rm and h[x(t)] ∈ Rm
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denote the measurement vector and the measurement model, respectively; ε(t) ∈ Rm is
Gaussian-distributed measurement noise; and m is the dimension of the measurement.

Let x̂0 ∈ R6 be the initial estimated state of the spacecraft at the initial epoch t0, which
can be obtained from an initial OD process or orbit propagation based on a previous OD
solution. Then, the estimated orbit x̂(t) ∈ R6 at any specified epoch t can be computed by
propagating using the dynamics f [x(t), t]. Let δx̂0 ∈ R6 and δx̂(t) ∈ R6 be the deviations
of the initial estimated state x̂0 and the estimated state x̂(t), respectively. A first-order
mapping relationship from δx̂0 to δx̂(t) is given by

δx̂(t) ≈ ϕ(t0,t)δx̂0 , (2)

where ϕ(t0,t) =
∂x̂(t)
∂x̂0

represents the state transform matrix (STM). The STM can be obtained
by integrating along the estimated orbit x̂(t).

Let ẑ(t) = h[x̂(t)] represent the predicted measurement of the estimated state x̂(t). By
performing a Taylor series expansion of the measurement model h[x̂(t)] in terms of the
estimated state x̂(t), the relationship between the deviation of the predicted measurement
δẑ(t) and the deviation of the estimated state δx̂(t) can be approximated as

δẑ(t) ≈ φtδx̂(t) , (3)

where φt =
∂h[x̂(t)]

∂x̂(t) .
Substituting Equation (3) into Equation (2), one has

δẑ(t) ≈ Ξ(t0,t)δx̂0 , (4)

where Ξ(t0,t) ∈ Rm×6 is the first-order coefficient, given as

Ξ(t0,t) = φtϕ(t0,t) (5)

Assume that n measurements zk = h[x(tk)] + εk (k = 1, · · · , n) are available, at
known epochs tk, where εk ∈ Rm is the measurement noise. The residual between the true
measurement zk and the predicted measurement ẑ(tk) can be written as

∆Z =

 z1 − ẑ(t1)
...

zn − ẑ(tn)

 = δh + ε

=

 h[x(t1)]− h[x̂(t1)]
...

h[x(tn)]− h[x̂(tn)]

+

 ε1
...

εn

 ∈ Rnm

. (6)

After substituting Equation (4) into Equation (6), δh can be expressed as

δh ≈

 Ξ(t0,t1)
δx̂0

...
Ξ(t0,tn)δx̂0

 , (7)

where δx̂0 = x0 − x̂0.
Let Θ =

[
Ξ(t0,t1)

; · · · ; Ξ(t0,tn)

]
∈ Rnm×6, which, after substituting into Equation (7),

Equation (7) can be rewritten as
δh ≈ Θδx̂0 . (8)
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The goal of the LSM is to obtain an optimal estimation δx̂0 that minimizes the residual
between the true and predicted measurements [55]. Therefore, the performance metric is
written as

J = (∆Z−Θδx̂0)
T(∆Z−Θδx̂0)

= Tr
(
(∆Z−Θδx̂0)(∆Z−Θδx̂0)

T
) . (9)

The optimal estimation δx̂0 can be computed by solving the equation ∂J
∂δx̂0

= 01×6
given by

δx̂0 =
(

ΘTΘ
)−1

ΘT∆Z , (10)

and the initial estimated state is renewed as x̂0 ← x̂0 + δx̂0.
Notice that the optimal estimation δx̂0 from Equation (10) is not sufficiently accurate, as

only the linear terms are considered during the derivation process (i.e., Equations (2) and (3)).
Thus, iterations are needed to make the estimation converge to a specified accuracy. The
pseudocode of the LSM is shown as Algorithm 1. The inputs of the algorithm are the
dynamics and measurement models, income measurements, initial estimated state x̂0, max-
imal iteration imax, and threshold η. When the Frobenius norm of the optimal estimation
δx̂0 is smaller than the given threshold, i.e., ∥δx̂0∥ ≤ η, the LSM is considered converged.
In this work, the threshold is set to 10−6.

Algorithm 1: Pseudocode of least squares method [55]
Input: dynamics model f [x(t), t], measurement model h[x(t)], n measurements

zk, initial estimated state x̂0, maximal iteration imax, threshold η
Output: converged initial estimated state x̂0

1 tol ← inf, i← 0;
2 while tol ≥ η and i ≤ imax do
3 Propagate the estimated orbit x̂(t) using the dynamics f [x(t), t] and the initial

estimated state x̂0;
4 Compute the predicted measurement ẑ(tk) based on the estimated orbit x̂(t);
5 Integrate the STM ϕ(t0,t) and compute the first-order coefficient Ξ(t0,t) using

Equation (5);
6 Compute the optimal estimation δx̂0 using Equation (10);
7 x̂0 ← x̂0 + δx̂0;
8 tol ← ∥δx̂0∥;
9 i← i + 1;

10 end

2.2. Networks For Addressing Sequential Inputs

The OD is essentially a sequential input problem, as a single incoming measurement
is usually insufficient to determine the orbit state. In this subsection, three networks,
i.e., the recurrent networks (RNN), LSTM and BiLSTM, that can address sequential inputs
are introduced.

2.2.1. RNN

RNN is an elegant way to deal with (epoch) sequential inputs [56,57]. In contrast
to conventional machine learning methods, such as SVM [43], ANN [44], GPs [45], and
BT [49], which require a fixed number of inputs, the RNN architecture can make use of all
the available input information up to the current epoch to predict the current label [58,59].
However, the standard RNN suffers from some drawbacks, such as gradient explosion and
disappearance, and not retaining long-distance information [60].
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2.2.2. LSTM

The LSTM network is an improved network model extended from the RNN [60,61].
By adding a gating mechanism in the LSTM structure, the drawbacks of the RNN are
solved to a certain extent. A standard LSTM structure is shown in Figure 1, in which uk, hk,
and Ck represent the input state, the hidden state, and the cell state of the k-th LSTM cell
(corresponding to epoch tk), respectively. The hidden state hk and the cell state Ck are used
to control and store the long-term information of the input state uk. At any specified epoch
tk, the inputs of the k-th LSTM cell include the current input state uk, the previous hidden
state hk−1 and the previous cell state Ck−1, whereas the outputs are the current hidden state
hk and the current cell state Ck. The mathematical model of the k-th LSTM cell is given as

f k = sigmoid
(

W f x · uk + W f h · hk−1 + b f

)
ik = sigmoid(W ix · uk + W ih · hk−1 + bi)

ok = sigmoid(W ox · uk + W oh · hk−1 + bo)

C̃k = tanh(W cx · uk + W ch · hk−1 + bc)

Ck = f k ⊗ Ck−1 + ik ⊗ C̃k

hk = ok ⊗ tanh(Ck)

, (11)

where W (·) and b(·) are the weight and bias, respectively, sigmoid(·) (i.e., σ(·) in Figure 1)
and tanh(·) represent the sigmoid and tanh activation functions, respectively, and ⊗
denotes the elementwise vector multiplication.

σ σ tanh

tanh

σ 

LSTM cell LSTM cell
kC

Hidden state output

Input time series

hk-1 hk

hk-1

hk+1

hk

Ck-1 Ck

uk-1 uk uk+1

fk

ik
ok

Figure 1. Structure of a standard LSTM network.

2.2.3. BiLSTM

As presented in Figure 1, the outputs of the k-th LSTM cell (i.e., hk and Ck) depend on
all the inputs up to the current epoch tk. However, future input information coming up later
than the current epoch tk can also be useful for the current output prediction [62]. To make
use of all available input information, including previous, current, and future inputs, the
BiLSTM network is proposed, which uses two separate LSTM networks (one for each time
direction) and then merges the results [56,63]. The structure of a standard BiLSTM network
is shown in Figure 2. The BiLSTM network contains two independent LSTM layers, i.e., the
forward and reverse LSTM layers, with each BilSTM cell consisting of two LSTM cells,
i.e., a forward LSTM cell and a reverse LSTM cell. The input and output vectors of different
LSTM cells in the BiLSTM network are detailed in Table 1.
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1k−h 1k+hHidden state output

Input time series

LSTM cell

LSTM cell

kh



LSTM cell

LSTM cellLSTM cell

LSTM cell

 

1k−h

1k−h kh 1k+h

kh 1k+h

Reverse 

input

Forward 

input

1k−h kh 1k+h 2k+h

1k−C kC 1k+C 2k+C

2k−C
1k−C kC 1k+C

2k−h 1k−h kh 1k+h

1k−u ku
1k+u

Figure 2. Structure of a standard BiLSTM network.

Table 1. Inputs and outputs of LSTM cells in the BiLSTM network.

LSRM Cell Input Vectors Output Vectors

k-th forward LSTM cell
current input state uk

previous hidden state
−→
h k−1

previous cell state
−→
C k−1

current forward hidden state
−→
h k

current forward cell state
−→
C k

k-th reverse LSTM cell
current input state uk

future hidden state
←−
h k+1

future cell state
←−
C k+1

current reverse hidden state
←−
h k

current reverse cell state
←−
C k

All the hidden states from the LSTM layer are arranged in chronological order and
in reverse order. Then, the forward hidden state sequence

{−→
h 1, · · · ,

−→
h k, · · · ,

−→
h n

}
and

its reverse sequence
{←−

h 1, · · · ,
←−
h k, · · · ,

←−
h n

}
are obtained. The BiLSTM hidden state hk is

computed using a connecting function δ(·, ·), given by

hk = δ
(−→

h k,
←−
h k

)
. (12)

3. Methodology

In this section, the methodology for improving OD accuracy using BiLSTM is provided.
The proposed method improves OD accuracy by detecting inaccurate measurements and
then compensating for those measurements. A modified BiLSTM neutral network is
designed for inaccurate measurement detection. In this paper, the OD of a spacecraft near
the Earth–Moon L2 point using angle-only measurements from a ground-based station
is taken as an example to show the sample construction and training processes of the
modified BiLSTM neutral network.

3.1. Dynamics and Measurement Model

The high-fidelity dynamics model of a spacecraft in cislunar includes the point-mass
gravity field from the Earth, Moon, and Sun (using the ephemeris VSOP2000 [64–66]),
given as 

ṙ(t) = v(t)

v̇(t) = − µe

∥r(t)∥3 r(t) + µm

[
rm(t)− r(t)

∥rm(t)− r(t)∥3 −
rm(t)

∥rm(t)∥3

]

+ µs

[
rs(t)− r(t)

∥rs(t)− r(t)∥3 −
rs(t)

∥rs(t)∥3

] , (13)

where r ∈ R3 and v ∈ R3 are the position and velocity vector in Earth-centered equatorial
inertial (ECI) coordinates, respectively; µe, µs and µm are gravitational constants of the



Remote Sens. 2024, 16, 3287 7 of 25

Earth, the Sun, and the Moon, respectively; and rs(t) and rm(t) label the positions of the
Sun and Moon in ECI coordinates respectively.

Assume that a ground-based station can measure the line-of-sight (LOS) direction
from the station to the spacecraft. The LOS direction can be represented by two angles, i.e.,
the right ascension (RA) α (α ∈ [−π, π]) and the declination (DEC) β (β ∈

[
−π

2 , π
2
]
) [67–69].

Therefore, the measurement model used in this work can be written as

z(t) = h[x(t)] =
[

α(t)
β(t)

]
=

 tan−1 y(t)−yS(t)
x(t)−xS(t)

sin−1 z(t)−zS(t)
∥r(t)−rS(t)∥

 , (14)

where rS(t) = [xS(t), yS(t), zS(t)]T denotes the position vector of the station in the ECI
coordinate at a specified epoch t. The standard deviation (STD) of the noises of RA and DEC
are set to be 2′′, i.e., σRA = σDEC = 2′′. The parameters of the ground-based station used in
this work are shown in Table 2. The azimuth range restriction of the ground-based station
is ignored, and only the elevation restriction is considered. The spacecraft is invisible when
it is on the opposite side of Earth. Thus, the elevation should be constrained in [0, 90] deg.

Table 2. Parameters of the ground-based station used.

Parameters Value

Station Eglin, FL
Latitude (deg) 30.57
Longitude (deg) −86.21
Altitude (m) 34.7
Feasible elevation (deg) 0–90

3.2. Sample Construction

Careful design of the structure of the training sample is vital for the network to
accurately detect inaccurate measurements. The construction of the sample dataset for the
BiLSTM-based approach is illustrated in Figure 3. Figure 3a,b present the cases without and
with inaccurate measurements, respectively. In Figure 3, the black solid and dashed curves
denote the true orbit x(t) and the estimated orbit x̂(t) obtained from the LSM, respectively.

Right ascension

D
ec

li
n

a
ti

o
n

Ideal measurement

Predicted measurement

True orbit

Estimated orbit

True measurement

(a)

Right ascension

D
ec

li
n

a
ti

o
n

(b)
Figure 3. Illustration of the sample dataset for the BiLSTM-based approach to improve OD accuracy.
(a) Case without inaccurate measurements; (b) case with inaccurate measurements.

As annotated in Figure 3, three types of measurements, the ideal measurements
z̃k = h[x(tk)] =

[
α̃k, β̃k

]T , the true measurements zk = h[x(tk)] + εk = [αk, βk]
T and the

predicted measurements ẑk = h[x̂(tk)] =
[
α̂k, β̂k

]T
, are represented by blue squares, red

triangles and orange circles, respectively. The light green regions are admissible regions
of measurements. In this work, the admissible regions are defined as the regions where
the measurement noises are smaller than two times the STD. The measurements inside
and outside the admissible regions are defined as accurate and inaccurate measurements,
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respectively. As shown in Figure 3a, the estimated orbit is close to the true orbit when
the true measurements zk are located in the admissible region, while the estimated errors
are large when some of the true measurements are outside the admissible region (see
Figure 3b).

According to Figure 3, three types of measurement errors are defined at a specified
epoch tk:

• True measurement error εk = zk − z̃k =
[
αk − α̃k, βk − β̃k

]T . Note that the true
measurement error is equivalent to the measurement noise defined in Equation (1).

• Predicted measurement error ε̂k = ẑk − z̃k =
[
α̂k − α̃k, β̂k − β̃k

]T
.

• Relative measurement error ε̃k = zk − ẑk =
[
αk − α̂k, βk − β̂k

]T
.

The three types of measurement errors can be related using the following equation:

ε̃k = εk − ε̂k . (15)

Among the three types of measurement errors mentioned above, the true measurement
error εk can directly evaluate whether the true measurement zk is inside the admissible
regions. Unfortunately, the true measurement error εk is unavailable, as one can never know
the true state of a spacecraft. Only the relative measurement error ε̃k is available during the
OD process. The relative measurement error ε̃k is related to the true measurement error εk,
which is expected to carry the necessary information for detecting inaccurate measurements.

Next, the structure of the training sample is constructed. Apart from the relative
measurement error ε̃k, there are also some variables, such as the true measurements and
predicted state, that are available and might contain useful information for inaccurate
measurement detection. Taking a specified epoch tk as an instance, the learning variables
of the sample dataset are given as follows:

• The relative measurement error ε̃k ∈ R2. The relative measurement error is assumed
to contain information related to the true measurement error εk.

• The variables related to the measurements, including the true measurements zk ∈ R2

and the position of the ground-based station (in the ECI coordinate) rS(tk) ∈ R3. These
variables may reflect the sensitivity of the estimated errors to measurement errors.

• The estimated state x̂ ∈ R6 obtained using the LSM. The estimated state can reflect
the physical information of the orbit, for example, the orientation and the distance of
the spacecraft.

• The measurement interval ∆tk = tk − tk−1 ∈ R1 (k = 2, . . . , n). When n = 1,
∆tk = 0 in this work. The measurement interval is an important variable, as the
longer the measurement interval is, the weaker the relationship between two succes-
sive measurements.

With the aforementioned learning variables, the input vector of the sample dataset at
a specified epoch tk is written as

sk = [ε̃k; zk; rS(tk); x̂(tk); ∆tk] ∈ R14 . (16)

Inaccurate measurement detection is essentially a binary classification problem. Moti-
vated by [70], the output vector of the sample dataset at epoch tK is expressed as

yk =
[

pRA
k , qRA

k , pDEC
k , qDEC

k

]T
∈ R4 , (17)

where pRA
k ∈ {0, 1}, qRA

k ∈ {0, 1}, pDEC
k ∈ {0, 1} and qDEC

k ∈ {0, 1}. pRA
k ≥ qRA

k and
pRA

k > qRA
k mean that RA αk is inside and outside the admissible region, respectively,

whereas pDEC
k ≥ qDEC

k and pDEC
k > qDEC

k mean that DEC βk is inside and outside the
admissible region, respectively. This type of output form is particularly common in binary
classification problems. In this way, the cross entropy can be used as a loss function to train
the network.
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Note that the output yk at the current epoch tk is related not only to the current input
sk, but also to the inputs at the previous and future epochs. By collecting all the inputs
sk (k = 1, · · · , n) and sequentially processing them, the output yk can be better predicted.
Thus, the structure of the sample dataset is written as

χ =

s1, s2, · · · , sn︸ ︷︷ ︸
S

 7→
y1, y2, · · · , yn︸ ︷︷ ︸

Y

 , (18)

where χ denotes the sample dataset, and S = {s1, · · · , sn} and Y = {y1, · · · , yn} are the
input and output sets of the sample dataset χ, respectively. Note that the number of inputs
and outputs in one sample χ, n, is not fixed in our work, as the number of incoming
measurements in an OD process is arbitrary.

Based on the above discussion on sample input and output, a method is proposed for
effectively generating a large number of samples herein. First, three groups of Earth–Moon
LPOs, i.e., a group of Southern L2 Halo orbits, a group of Northern L2 Halo orbits, and
a group of L2 Lyapunov orbits, are generated [71]. The nondimensional orbits in the
circle restrict three-body problem (CRTBP) are shown in Figure 4. The corresponding
nondimensional initial conditions, periods, and Jacobi constants of the Southern L2 Halo
and L2 Lyapunov orbits are listed in Table 3 and Table 4, respectively, where T and J denote
the orbit period and Jacobi constant, respectively. The Northern L2 Halo family can be
obtained by reflecting the southern Halo family across the x-y plane.

Figure 4. An illustration of orbit families for sample generation.

Table 3. Orbit parameters of the Southern L2 Halo family [71,72].

Orbit x0 z0 ẏ0 T J

1 1.1809 0 −0.1558 3.4155 3.1641

2 1.1807 −0.0139 −0.1569 3.4139 3.1632

3 1.1802 −0.0259 −0.1596 3.4100 3.1611

4 1.1794 −0.0379 −0.1636 3.4037 3.1579

5 1.1782 −0.0499 −0.1687 3.3949 3.1534

6 1.1766 −0.0619 −0.1747 3.3835 3.1479

7 1.1746 −0.0739 −0.1811 3.3694 3.1414

8 1.1721 −0.0859 −0.1878 3.3521 3.1340

9 1.1690 −0.0979 −0.1945 3.3314 3.1257

10 1.1653 −0.1099 −0.2010 3.3066 3.1166
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Table 3. Cont.

Orbit x0 z0 ẏ0 T J

11 1.1611 −0.1219 −0.2072 3.2768 3.1068

12 1.1561 −0.1339 −0.2129 3.2406 3.0963

13 1.1503 −0.1459 −0.2179 3.1960 3.0853

14 1.1435 −0.1579 −0.2219 3.1395 3.0737

15 1.1354 −0.1699 −0.2247 3.0647 3.0617

16 1.1234 −0.1837 −0.2252 2.9380 3.0472

17 1.1113 −0.1934 −0.2220 2.7897 3.0367

18 1.0992 −0.1993 −0.2152 2.6245 3.0302

19 1.0872 −0.2020 −0.2053 2.4486 3.0273

20 1.0759 −0.2022 −0.1932 2.2778 3.0276

21 1.0633 −0.2003 −0.1769 2.0876 3.0308

22 1.0512 −0.1968 −0.1586 1.9106 3.0363

23 1.0392 −0.1919 −0.1379 1.7420 3.0439

24 1.0274 −0.1856 −0.1147 1.5827 3.0533

25 1.0118 −0.1739 −0.0798 1.3741 3.0700

Table 4. Orbit parameters of the Lyapunov family [71,72].

Orbit x0 ẏ0 T J

1 1.1762 −0.1228 3.3979 3.1718

2 1.1809 −0.1558 3.4155 3.1641

3 1.1843 −0.1815 3.4339 3.1565

4 1.1924 −0.2498 3.5122 3.1302

5 1.2005 −0.3235 3.6831 3.0918

6 1.2086 −0.3801 3.9409 3.0565

7 1.2167 −0.4162 4.2071 3.0329

8 1.2200 −0.4275 4.3112 3.0257

9 1.2248 −0.4418 4.4573 3.0166

10 1.2329 −0.4620 4.6912 3.0045

11 1.2410 −0.4792 4.9113 2.9948

12 1.2491 −0.4947 5.1195 2.9869

13 1.2572 −0.5090 5.3172 2.9799

14 1.2653 −0.5226 5.5053 2.9739

15 1.2734 −0.5356 5.6848 2.9685

16 1.2815 −0.5482 5.8560 2.9634

17 1.2896 −0.5606 6.0196 2.9589

18 1.2977 −0.5728 6.1758 2.9545

19 1.3058 −0.5848 6.3251 2.9505

20 1.3139 −0.5967 6.4678 2.9466

21 1.3220 −0.6086 6.6042 2.9427
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Moreover, the nondimensional Southern L2 Halo and L2 Lyapunov orbits in the
Earth–Moon CRTBP are plotted in Figure 5a and Figure 5b, respectively, with the colors
representing the Jacobi constant of the orbits. According to Tables 3 and 4, 25 Southern L2
Halo orbits, 25 Northern L2 Halo orbits, and 21 L2 Lyapunov orbits are obtained. Notice
that the second L2 Lyapunov orbit repeatedly appears in the southern and Northern L2
Halo families. Therefore, 69 nondimensional periodic orbits are available after the repetitive
orbits are removed.

(a) (b)

Figure 5. Earth–Moon Libration point orbits in the nondimensional rotating coordinate. (a) Earth–
Moon L2 Halo orbits; (b) Earth–Moon L2 Lyapunov orbits.

Second, these nondimensional periodic orbits are corrected in the high-fidelity ephemeris
force model (i.e., Equation (13)) using the two-level differential corrector [73], after which
69 ephemeris trajectories are computed. These ephemeris trajectories are propagated
using the Runge–Kutta (4,5) solver [74] with a relative tolerance of 10−12 and an absolute
tolerance of 10−12, with an initial epoch of 1 Jan 2020 and a propagation period of 1 month
(approximately 27.32 days). The ephemeris trajectories of the 25th Halo orbit and 21st
Lyapunov orbit are presented in Figure 6a and Figure 6b, respectively.

(a) (b)

Figure 6. Earth–Moon Libration point orbits in the ECI coordinate. (a) The 25th Earth–Moon L2 Halo
orbit; (b) The 21st Earth–Moon L2 Lyapunov orbit.

Next, each ephemeris trajectory is discretized into several points, with a constant
interval of 6 h. In this way, 7590 points are obtained. For each point, one sample is
constructed using the following steps:

Step 1: The state and associated epoch of the point are taken as the initial state and
epoch of one OD, i.e., x0 and t0. The time of flight (i.e., the measurement duration) To f ,
the number of measurements n, and the initial estimated error e0 = [er,0; ev,0] ∈ R6 are
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randomly generated based on the lower and upper bounds listed in Table 5. The final epoch
is calculated as t f = t0 + To f . The first and final measurements are assumed to be available
at the initial and epochs, i.e., t1 = t0 and tn = t f . The epochs of the remaining n − 2
measurements, tk (k = 2, · · · , n− 1) are randomly generated using the Latin hypercube
sampling method [75] over the duration (t1, tn).

Table 5. Parameter ranges for generating samples.

Parameters Symbol Lower Bounds Upper Bounds

Time of flight (h) To f ∈ R1 2 6
Number of measurements (-) n ∈ R1 121 361
Initial position estimated error (km) er,0 ∈ R3 [−300,−300,−300] [300, 300, 300]
Initial velocity estimated error (m/s) ev,0 ∈ R3 [−30,−30,−30] [30, 30, 30]

Step 2: Propagate the true orbit x0 using the high-fidelity ephemeris force model in
the duration [t1, tn]. Check the visibility over the duration [t1, tn] according to the feasible
elevation range in Table 2. If visible, go to Step 3.

Step 3: Calculate the ideal measurement z̃k = h[x(tk)] at n epochs tk (k = 1, · · · , n).
Randomly generate the true measurement error εk according to the given STDs (i.e.,
σRA = σDEC = 2′′). Compute the true measurement zk = h[x(tk)] + εk. Check whether the
true measurement error εk exceeds the admissible region. If the true measurement error of
RA is inside the admissible region, pRA

k = 1 and qRA
k = 0, whereas if the true measurement

error of RA is outside the admissible region, pRA
k = 0 and qRA

k = 1, which are the same for
DEC. Then, the output set S = {s1, · · · , sn} is obtained.

Step 4: The initial estimated state is obtained using x̂0 = x0 + e0. Compute the optimal
estimated state x̂(t) using the LSM. The input set Y = {y1, · · · , yn} is then constructed
using Equations (16) and (17).

Step 5: A sample is constructed as χ = {S 7→ Y}.
Using the above process, 3761 valid samples are obtained. All these samples, including

the inputs and outputs, are normalized to [0, 1]. Notice that in the ECI coordinate zS(t) is a
constant. Thus, in this work, zS(t) is normalized to 0.5. In the following subsections, the
modified BiLSTM network is trained using these samples.

3.3. Modified BiLSTM Structure

With the sample χ from Equation (18) given, the structure of the designed modified
BiLSTM network is displayed in Figure 7. Apart from n BiLSTM cells, the modified BiLSTM
network also contains two initialization layers, a pre-BiLSTM layer, a post-BiLSTM layer,
and a sigmoid layer.

As shown in Figure 7, the pre-BiLSTM layer is applied to the first layer of the de-
signed network, which is employed to extract the useful features from the sequential
input {s1, · · · , sn} (as defined in Equation (16)). The BiLSTM cells serve as the second
layer, which is expected to fully learn information extracted by the pre-BiLSTM layer. The
forward and backward association characteristics of the relative measurement errors, true
measurements, station positions, estimated states, and measurement intervals of different
epochs are abstracted and merged by the BiLSTM cells. Then, using a post-BilSTM layer, the
hidden states obtained from the BiLSTM cells are reweighted. In this way, the key features
will be given more weight to reduce interferences from inconsequential information and
improve the classification performance. The sigmoid layer is the last layer in the designed
network, which is a typical operation in binary classifications. The sigmoid function is a
mathematical function that takes any real number and “squashes” it into a range between 0
and 1. It is often used in machine learning and neural networks to introduce non-linearity
and convert an input into a probability [51,76]. The function has an S-shaped curve and
is expressed as f (x) = 1/(1 + e(−x)). This function is particularly useful for scenarios
where we need to make predictions or classify data into two categories. Its smooth gradient
also makes it useful for efficient learning during backpropagation in neural networks. In
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addition, two initialization layers are added to the network to generate the hidden states
−→
h 0 and

←−
h n+1. The input vectors of two initialization layers, s0 and sn+1, are assumed to

be 14-dimensional zero vectors, i.e., s0 = sn+1 = 014×1 ∈ R14.

Sample input

BiLSTM 

cell

BiLSTM 

cell

BiLSTM 

cell

Pre-BiLSTM layer

Post-BiLSTM layer

Sigmoid layer

Initialization 

layer
Initialization 

layer

Sample output

Figure 7. Structure of the designed modified BiLSTM network.

The initialization, pre-BiLSTM, post-BiLSTM, and sigmoid layers are designed as deep
neural networks (DNNs). A standard DNN contains input, output, and hidden layers [42],
with its structure presented in Figure 8. In Figure 8, each circle represents a neuron. The
sigmoid layer is designed as a three-layer fully connected DNN with the sigmoid as the
activation function. The initialization, pre-BiLSTM and post-BiLSTM layers are assumed
to have the same structure in their hidden layers, i.e., the number of hidden layers, the
number of neurons and the activation function used are the same. Let L and M denote
the number of hidden layers and the corresponding number of neurons in one hidden
layer, respectively. Moreover, the dimensions of the hidden and cell states of the BiLSTM
cells are also set to M, and

−→
C 0 and

←−
C n+1 are assumed to be M-dimensional zero vectors.

According to the above discussion, the structures of the four layers are shown in Table 6.
Notice that in this work, two independent networks are trained for anomaly detection of
RA and DEC; therefore, the dimension of the predictions of the proposed modified BiLSTM
network is 2.

... .
.
.

.
.
.

...

Input layer Hidden layer Output layer

Figure 8. Structure of a standard DNN network.



Remote Sens. 2024, 16, 3287 14 of 25

Table 6. Structures of the initialization, pre-BiLSTM, post-BiLSTM, and sigmoid layers.

Number of
Neurons of
Input Layer

Number of
Hidden Layers

Number of
Neurons of
Hidden Layer

Number of
Neurons of
Output Layer

Mapping Relationship

Initialization lager 14 L M M s0 7→
−→
h 0 : R14 7→ RM

14 L M M sn+1 7→
←−
h n+1 : R14 7→ RM

Pre-BiLSTM layer 14 L M M sk 7→ uk : R14 7→ RM

Post-BiLSTM layer M L M M hk 7→ h̃k : R14 7→ RM

Sigmoid layer M 1 M 2 hk 7→ yk : RM 7→ R2

3.4. Training Process and Results

Before training the modified BiLSTM network, the 3761 samples are randomly divided
into two sample datasets: one training dataset and one validation dataset. The training
dataset contains 80% of the samples (3009 samples), and the validation dataset has the
remaining 20% (662 samples). The training dataset is used to train the modified BiLSTM
network, whereas the validation dataset is used to test its accuracy. In this paper, the
modified BiLSTM networks for inaccurate RA and DEC detection are called RA BiLSTM
and DEC BiLSTM, respectively. In this work, the construction and training of the modified
BiLSTM network are based on the Python implementation of PyTorch. The cross-entropy
loss is employed as the loss function during the training process. For RA, the cross-entropy
loss of one sample is written as

Cross-entropy loss =
n

∑
k=1

(
qRA

k ln p̂RA
k + pRA

k ln q̂RA
k

)
, (19)

whereas for DEC, the cross-entropy loss of one sample is given as

Cross-entropy loss =
n

∑
k=1

(
qDEC

k ln p̂DEC
k + pDEC

k ln q̂DEC
k

)
, (20)

where
{

p̂RA
k , q̂RA

k
}

and
{

p̂DEC
k , q̂DEC

k
}

are the predictions of the RA BiLSTM and DEC
BiLSTM, respectively.

In addition, the maximal iteration is set to 100. In each iteration, the 3009 samples
from the training dataset are sequentially trained. The parameters of the modified BiLSTM
networks are updated once one sample is trained. Thus, the parameters are updated 3009
times in one iteration. The learning rate is initialized as 10−4 and decayed by 0.98 every
iteration, given as

lr = 0.98iter−1 × 10−4 , (21)

where lr and iter denote the learning rate and the number of iterations, respectively.
In each iteration, the cross-entropy loss of 3009 training samples and 662 validation

samples are recorded. The mean cross-entropy (MCE) losses of the training and valida-
tion datasets are then calculated. The network parameters with minimal validation MCE
are retained and used in the subsequent inaccurate measurement detection. It takes ap-
proximately 2 h to train the neural network using a workstation (CPU: 13th Gen Intel(R)
Core(TM) i9-13900KF; GPU: NVIDIA GeForce RTX 4090). The training results of the modi-
fied BiLSTM networks with different structures are listed in Table 7. Several conclusions can
be drawn from Table 7. First, for the concerned anomaly detection problem, the network
with one hidden layer performs better than that with two hidden layers. Second, the
minimal validation MCEs using Leaky ReLU are smaller than those using ReLU and Tanh.
Third, the networks with 32 neurons per layer are more accurate than those with 16, 64,
and 128 neurons per layer. Therefore, the modified BiLSTM network with one hidden layer,
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thirty-two neurons in the hidden layer, and the Leaky ReLU activation function is chosen
to detect inaccurate measurements in this work.

Table 7. Training results of networks with different structures.

L M Activation Function
Minimal Validation MCE

RA DEC

1

16
Leaky ReLU 2.5320 × 10−2 1.1904 × 10−1

ReLU 1.1746 × 10−1 2.5989 × 10−2

Tanh 2.7256 × 10−2 1.1799 × 10−1

32
Leaky ReLU 2.292 × 10−2 2.5028 × 10−2

ReLU 2.4641 × 10−2 3.3524 × 10−2

Tanh 2.4527 × 10−2 2.6765 × 10−2

64
Leaky ReLU 2.3771 × 10−2 2.7930 × 10−2

ReLU 2.3828 × 10−2 2.8491 × 10−2

Tanh 2.8891 × 10−2 1.1901 × 10−1

128
Leaky ReLU 2.6264 × 10−2 2.3285 × 10−2

ReLU 2.4589 × 10−2 2.3786 × 10−2

Tanh 2.4291 × 10−2 2.3836 × 10−2

2

16
Leaky ReLU 1.2170 × 10−1 2.6885 × 10−2

ReLU 2.4529 × 10−2 1.2117 × 10−1

Tanh 2.5764 × 10−2 1.8663 × 10−1

32
Leaky ReLU 1.1737 × 10−1 1.1863 × 10−1

ReLU 2.4806 × 10−2 1.1755 × 10−2

Tanh 2.3103 × 10−2 1.8573 × 10−2

64
Leaky ReLU 2.4558 × 10−2 2.4421 × 10−2

ReLU 2.5516 × 10−2 1.8231 × 10−1

Tanh 2.6790 × 10−2 1.8164 × 10−1

128
Leaky ReLU 2.7573 × 10−2 3.3301 × 10−2

ReLU 2.6885 × 10−2 2.3767 × 10−2

Tanh 2.7142 × 10−2 1.1875 × 10−1

The time histories of the MCE of the chosen network are plotted in Figure 9. It can be
seen from Figure 9 that the training and validation MCEs decrease synchronously as the
iteration increases. The modified BiLSTM networks have not overfitted during the training
process, meaning that the design of the inputs, outputs, and structure of the networks
is reasonable.
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0.024
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0.026

(b)
Figure 9. Training convergence history. The green triangle represents the iteration of the minimal
validation MCE. (a) RA, (b) DEC.

To verify the classification accuracy of the trained network, 3629 new samples that
are different from the previously obtained 3761 samples are randomly generated using
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the same method in Section 3.2. The trained networks are employed to detect inaccurate
measurements for each newly generated sample. The accuracy rate (AR) is employed as
the metric to evaluate the performance of the networks, which is defined as the percentage
of all the measurements belonging to each class that are correctly classified. Taking a
specified sample with n inputs and n outputs as an example, the AR of the inaccurate class
is defined as

AR =
ñinaccurate class
ninaccurate class

× 100% , (22)

where ninaccurate class and ñinaccurate class (ñinaccurate class ≤ ninaccurate class) represent the num-
ber of inaccurate measurements and the number of inaccurate measurements that are
correctly classified, respectively.

The ARs of 3629 newly generated samples are computed and shown in Figure 10.
Scatter plots are provided in the left subplots of Figure 10a,b, in which the x- and y-axes
represent the number of measurements and the AR, respectively. Additionally, violin plots
are provided in the right subplots of Figure 10a,b. The violin plot depicts distributions of
the corresponding ARs using density curves. The width of each curve corresponds with
the approximate frequency of the ARs in each region. In the middle of each density curve is
a small box plot, with the rectangle showing the ends of the first and third quartiles and the
central showing the median. It can be seen from Figure 10 that the ARs of the accurate class
are higher than 95%. For most samples, the ARs of the inaccurate class are higher than 80%.
In addition, the predicted accuracy is better as the number of measurements increases.

(a) (b)
Figure 10. Accuracy test results of 3629 newly generated samples. (a) RA; (b) DEC.

Furthermore, the classification results of 905018 measurements (3629 samples, with
each sample containing 121–361 measurements) are shown in Tables 8 and 9. The true
positive rate (TPR) and false negative rate (FNR) represent the percentages of all the
measurements belonging to each class that are correctly and incorrectly classified, respec-
tively. The TPRs of the accurate and inaccurate classes are approximately 99.6% and 87%,
respectively. The overall accuracies are higher than 99%. These results mean that it is
almost impossible for the trained networks to wrongly identify an accurate measurement
as inaccurate, whereas they may miss approximately 13% of the inaccurate measurements.

Table 8. Accuracy test results of RA BiLSTM (overall accuracy = 99.0633%).

Actual Class Total
Predicted Class

True Positive Rate (%) False Negative Rate (%)
Accurate Inaccurate

Accurate 864,022 860,716 3306 99.6173 0.3826
Inaccurate 40,996 5171 35,825 87.3865 12.6134



Remote Sens. 2024, 16, 3287 17 of 25

Table 9. Accuracy test results of DEC BiLSTM (overall accuracy = 99.0039%).

Actual Class Total
Predicted Class

True Positive Rate (%) False Negative Rate (%)
Accurate Inaccurate

Accurate 863,856 860,438 3418 99.6043 0.3956
Inaccurate 41,162 5596 35,566 86.4049 13.5950

Finally, two regular unidirectional LSTMs, i.e., a forward LSTM and a backward LSTM,
are trained using the same training dataset, with the time histories of the validation losses
and the TPRs shown in Figure 11 and Table 10, respectively. The number of hidden layers,
the number of neurons, and the activation function of the forward and backward LSTMs
are the same as those in the modified BiLSTM network. The validation losses and the TPRs
of the modified BiLSTM network are plotted in Figure 11 and Table 10 as a comparison.
Several interesting properties of the modified BiLSTM network in general can be seen from
Figure 11 and Table 10. First, the BiLSTM network has a smaller validation loss and higher
TPRs than the other two unidirectional LSTMs, indicating that the bidirectional structure
has a better classification capacity. The second is that BiLSTM converges slower than the
forward and backward LSTMs, as the bidirectional structure is more complex than the
forward and backward structures. Although the BiLSTM has better training convergence
and better accuracy, it requires more computational burden when training. In this work,
the computational time of training a BiLSTM is approximately 2 times the computational
time of training a unidirectional LSTM.
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(b)
Figure 11. Validation losses of the bidirectional LSTM, forward LSTM, and backward LSTM. The
minimal validation MCEs of the three LSTMs are represented by the red circle, blue diamond, and
green triangle, respectively. (a) RA; (b) DEC.

Table 10. True positive rate results of different network structures.

Accurate Class Inaccurate Class

BiLSTM RA 99.6173 87.3865
DEC 99.6043 86.4049

Forward LSTM RA 99.4742 83.5989
DEC 95.4365 34.5017

Backward LSTM RA 99.5834 84.4987
DEC 95.5991 64.3418

3.5. Overall Methodology

Using the trained modified BiLSTM networks, inaccurate measurements can be de-
tected. Then, a method is proposed to compensate for these inaccurate measurements to
improve OD accuracy. Take the epoch tk as an instance. If the RA αk is classified as inaccu-
rate (i.e., the measurement error exceeds 2σRA), the following operation is implemented:
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αk ← αk − sign
(

ε̃RA
k

)
· σRA , (23)

where ε̃RA
k = αk − α̂k represents the relative measurement error of RA and sign(·) denotes

the sign function, expressed as

sign(x) =


1 x > 0
0 x = 0
−1 x < 0

. (24)

In addition, if DEC is detected as inaccurate, the DEC is compensated using

βk ← βk − sign
(

ε̃DEC
k

)
· σDEC , (25)

where ε̃DEC
k = βk − β̂k represents the relative measurement error of DEC.

The reason for using Equations (23)–(25) is that, although the relative measurement
errors are not equivalent to the true ones, they should have the same signs. Therefore, the
signs of the relative measurement errors are employed to provide the directions of the
measurement compensation. Moreover, the magnitudes of the measurement compensation
are set as the STD of the measurement error. This is because, although the overall accura-
cies of the trained modified BiLSTM networks are higher than 99%, a few measurements
belonging to the accurate class are still incorrectly classified. These incorrectly classified
measurements have true measurements smaller than 4′′ (i.e., two times the STD of mea-
surement errors). Thus, the magnitude of one STD is used to avoid negative influences
from those incorrectly classified measurements.

In this paper, the LSM using BiLSTM-based inaccurate measurement detection is de-
noted as BiLSTM-LSM. The overall procedure of the proposed BiLSTM-LSM for improving
OD accuracy is shown in Algorithm 2. The optimal estimations obtained by the LSM with
and without BiLSTM-based inaccurate measurement detection are distinguished using the
superscripts ‘BiLSTM-LSM’ and ‘LSM’.

Algorithm 2: Pseudocode of the proposed method
Input: dynamics model f [x(t), t], measurement model h[x(t)], n measurements

zk, initial estimated state x̂0, measurement STD σRA and σDEC
Output: the improved optimal estimation x̂BiLSTM−LSM

0
1 On receipt of the n measurements zk and the initial estimation x̂0, calculate the

converged optimal estimations x̂LSM
0 and x̂LSM(t) using the LSM;

2 Calculate the relative measurement error ε̃k, the position of the ground-based
station rS(tk), measurement interval ∆tk. Generate the input series sk ∈ R14;

3 Detect the inaccurate measurements using the trained modified BiLSTM network;
4 Compensate the detected inaccurate measurements using Equations (23)–(25);
5 With compensated measurements obtained, the improved optimal estimations

x̂BiLSTM−LSM
0 and x̂BiLSTM−LSM(t) are computed using the LSM. Notice that in

this step, the converged optimal estimations x̂LSM
0 in step 1 can be utilized as the

initial estimation to speed up the convergence.

4. Numerical Simulation

In this section, a cislunar periodic orbit case is investigated to show the advantages of
the proposed BiLSTM-LSM in improving OD accuracy. The nominal orbit is a 4:1 synodic
resonant NRHO. Note that the 4:1 NRHO is not used in the training or validation datasets.
Thus, it is easier to show the generalization capacity of the proposed method in scenarios
that have not been trained. In this work, the MATLAB (version R2022a) is employed to
generate samples, carry out the estimation process, and plot results, and PyCharm (Python
3.10) is employed to construct and train the neural networks.
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4.1. Scenario Descriptions

The nominal 4:1 synodic resonant NRHOs are shown in Figure 12, where the solid
red line and blue dots represent the nominal obit and the visible arcs, respectively. The
beginning epoch of the OD simulation is selected from a perilune of the 4:1 synodic resonant
NRHO. The initial epoch and the associated initial state in the ECI coordinate are listed in
Table 11. The measurement duration and the number of measurements are set as 6 h and
361, respectively.

(a)
(b)

Figure 12. The 4:1 synodic resonant NRHO. (a) Moon-centered inertial frame; (b) Earth–Moon
rotating frame.

Table 11. Parameters of the simulated case.

Parameter Value

Initial epoch 2,458,860.75 Julian Date

Time of flight 6 h

Number of measurements 361

Initial state (ECI frame)

x0 −238,078.6112 km

y0 251,708.0350 km

z0 132,135.5595 km

ẋ0 −1.5244 km/s

ẏ0 −0.8960 km/s

ż0 −0.8935 km/s

4.2. Simulation Results

Three hundred Monte Carlo (MC) runs are performed using both LSM and the pro-
posed BiLSTM-LSM methods. For each MC run, the intervals between two successive mea-
surements and the true measurement errors are randomly generated. In addition, the initial
estimated errors are generated using the bounds listed in Table 5. The MC simulation re-
sults of the conventional LSM and the proposed BiLSTM-LSM methods are summarized in
Figure 13. In Figure 13,

[
ex(t0), ey(t0), ez(t0)

]T
= r̂0 − r0 and

[
ėx(t0), ėy(t0), ėz(t0)

]T
=

v̂0 − v0 denote the position and velocity estimated errors, respectively. The projections
of ex(t0)-ėx(t0), ey(t0)-ėy(t0) and ez(t0)-ėz(t0) of 300 MC runs are represented using the
scatters in Figure 13a, Figure 13b and Figure 13c, respectively. In addition, the 3σ ellipses of
the 300 estimated errors of the LSM and BiLSTM-LSM methods and the violin plots of each
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variable are provided in Figure 13. As seen in Figure 13, the 3σ ellipses of the proposed
BiLSTM-LSM are smaller than those of the LSM method, showing that the estimated errors
are reduced using the proposed methods.

(a) (b) (c)

Figure 13. Monte Carlo simulation results (when the measurement duration is 6 h). (a) Projection of
ex(t0)-ėx(t0); (b) projection of ey(t0)-ėy(t0); (c) projection of ez(t0)-ėz(t0).

Furthermore, 300 MC simulations are performed for cases with different measurement
durations to illustrate the dependency of the method performance on the measurement
durations. Five cases, with measurement durations of 2, 3, 4, and 5 h, are simulated. The
number of measurements of these five cases are set to 121, 181, 241, and 301, respectively.
Two individual metrics, the position-estimated STD σR and the velocity-estimated STD σV ,
are defined as

σR =
√

σ2
x(t0) + σ2

y (t0) + σ2
z (t0) , (26)

σV =
√

σ2
x(t0) + σ2

y (t0) + σ2
z (t0) , (27)

where σx(t0), σy(t0), σz(t0), σẋ(t0), σẏ(t0) and σż(t0) are the STDs of ex(t0), ey(t0), ez(t0),
ėx(t0), ėy(t0) and ėz(t0) of the 300 MC runs, respectively.

The 300 MC results of the case when the measurement duration is 2 h are shown
in Figure 14, and the results for all six cases are compared in Table 12 and Figure 15.
The estimation errors decrease as the measurement durations increase. For example, the
position-estimated STDs of the two methods are larger than 100 km when the measurement
duration is 2 h, whereas the position-estimated STDs are reduced to approximately 14 km
when the measurement duration increases to 6 h. Additionally, Figure 15 shows that the
OD accuracy is improved using the proposed BiLSTM-LSM method in all six cases.

(a) (b) (c)

Figure 14. Monte Carlo simulation results (when the measurement duration is 2 h). (a) Projection of
ex(t0)-ėx(t0); (b) projection of ey(t0)-ėy(t0); (c) projection of ez(t0)-ėz(t0).
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Figure 15. Monte Carlo simulation results with different measurement durations. (a) Position-
estimated STD; (b) velocity-estimated STD.

Table 12. Estimated STDs comparison results.

Method Index
Measurement Duration (Hour)

2 3 4 5 6

BiLSTM-LSM σR (km) 108.0226 52.2082 26.4953 18.6093 13.3092
σV (m/s) 30.3310 14.1457 7.9966 5.1123 4.1821

LSM σR (km) 122.7295 57.0202 28.7276 20.4697 14.4617
σV (m/s) 34.0102 15.4605 8.8635 5.6236 4.6241

LSAR σR (km) 149.8743 69.5296 35.8228 25.4228 18.7784
σV (m/s) 39.0967 18.6796 11.4537 7.0075 6.0896

Moreover, the reduced ratios of the proposed BiLSTM-LSM methods are provided in
Figure 16. The reduced ratio is defined as

reduced ratio =
σLSM

i − σBiLSTM-LSM
i

σLSM
i

× 100%, i ∈ {R, V} . (28)

As shown in Figure 16, the proposed BiLSTM-LSM method can reduce the estimated
errors by approximately 10%. When the measurement duration is 2 h, the reduced ratios in
position and velocity are 11.99% and 10.82%, respectively, whereas when the measurement
duration is 6 h, the reduced ratios in position and velocity are 7.97% and 9.56%, respec-
tively. Compared with the case of 2 h, the OD improvement performance of the proposed
BiLSTM-LSM in the case of 6 h is worse, which is expected since the negative influences of
the anomalous measurements are weaker when more measurements are available. How-
ever, as shown in Figure 16, the relationship between the measurement duration and the
improvement performance is weak. This is because the outputs of the neural network are
usually unexplainable, and more results are expected to be analyzed in future work.

Finally, the proposed BiLSTM-LSM is compared with the least sum of absolute residu-
als (LSAR) method [77], which is capable of rejecting outlier measurements when estimating
the states. Different from the LSM (Equations (9) and (10)), the LSAR method obtains the
optimal solution by solving a linear programming problem (LPP), given by

min
b

cTb

s.t. Qb ≤ k
, (29)

where

Q =

[
−Θ −Imn×mn
Θ −Imn×mn

]
∈ R2mn×(mn+6) , (30)

b = [δx̂0; s] ∈ Rmn+6 , (31)
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k = [−∆Z; ∆Z] ∈ R2mn , (32)

c =

[
06×1;

Imn×1

1.24σ

]
∈ Rmn+6 . (33)

2 3 4 5 6
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Figure 16. Reduced ratios of using the proposed BiLSTM-LSM.

In this work, the LPP in Equations (29)–(33) are solved using the solver MOSEK
(https://www.mosek.com, accessed on 3 September 2024) with its interior point algorithm.
The initial state δx̂0 is iteratively estimated and the convergence conditions are set as
the same as the LSM in Algorithm 1. Three hundred MC runs are carried out for the
LSAR method, and the corresponding estimated position and velocity STDs are listed in
Table 12. It can be seen from Table 12 that the proposed method obtains more accurate
estimations than the LSAR method. The estimations of the LSAR method are even worse
than those of the LSM. This is because the LSAR is particularly designed for addressing
outlier measurements that have large errors (larger than ten times the measurement STDs).
The LSAR performs worse than the standard LSM when none of the measurements are
outliers [77] (note that the inaccurate measurements defined in this paper are not outliers),
which is, of course, worse than the proposed method.

5. Conclusions

In this paper, a bidirectional long short-term memory (BiLSTM) network-based ap-
proach is proposed to improve orbit termination (OD) accuracy. Inaccurate measurements
are classified using the designed modified BiLSTM network. After compensating for these
inaccurate measurements, a more accurate OD solution is then obtained. The training
results show that the overall classification accuracy of the designed modified BiLSTM
network is higher than 99%. Compared with the regular unidirectional LSTM networks,
the designed modified BiLSTM network has a smaller validation loss and higher predicted
accuracy. The proposed method is applied to solve the OD problem of a 4:1 synodic reso-
nant near-rectilinear halo orbit, which is not included in the training and validation dataset.
Numerical simulations show that the proposed method can provide a more accurate OD
solution than the conventional least square method (LSM), with the estimated errors re-
duced by 7–12%. Although the LSM is used in this paper, the proposed modified BiLSTM
network can be generalized to other systems with different orbit estimation methods by
directly replacing the LSM with the corresponding orbit estimation method. In the future,
the performances of the proposed method can be validated under different dynamics
and measurement models to investigate if such a method can improve OD accuracy in
other scenarios. In addition, only Gaussian-distributed measurement errors are considered;
thus, it is necessary to further investigate whether the proposed method can improve OD
accuracy when non-Gaussian measurement errors (e.g., measurement system errors) exist.

https://www.mosek.com
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