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Abstract: How to enhance the desired signal with low signal-to-noise ratio (SNR) is a difficult
problem in the estimation process of the direction-of-arrival (DOA) of the target scattering wave
signal. In this paper, the feasibility of spatial spectrum estimation in the Range-Doppler (RD)
domain is analyzed in principle, and the SNR gain expression of weak scattering wave signal is
derived when constructing multi-snapshots virtual array data. On this basis, the mutual eigenvector
singular value decomposition (MESVD) method based on RD domain mode excitation is proposed,
which can robustly and effectively estimate the direction of the coherent weak signals. Simulation
experiments verify that the RD domain spectral estimation method has the ability to simultaneously
obtain the direction of multiple weak target scattering waves, and the direction-finding accuracy
can reach the Cramer–Rao bound (CRB) of conventional spectral estimation method. The results of
Monte Carlo experiments show that the root-mean-square-error (RMSE) of azimuth estimation of RD
domain spatial spectrum estimation method is 5.76◦ lower than that of a conventional multiple signal
classification (MUSIC) method. In addition, the practicability of the proposed method is demonstrated
by comparing the DOA estimation results of a set of real data with Automatic Dependent Surveillance-
Broadcast (ADS-B) data.

Keywords: UCA; DOA; spatial spectrum estimation; Range-Doppler; SNR gain; coherent signals; RMSE

1. Introduction

Over-the-horizon radar plays an important role in modern long-range detection [1–3],
which can detect the vast airspace for a long time at a relatively low cost, and the use
of high-power AM, FM, TV broadcast, etc. as non-cooperative illuminators also further
improve the concealment and survivability of the radar systems [4]. However, target
scattering waves received by the array antennas of an over-the-horizon passive detection
system are highly susceptible to interference and influence of the complex electromagnetic
environment [5], and their signal power levels are often so weak that they are submerged
in various interference and noise, which makes it of strong practical significance to study
the detection technology of the weak target signals in the background of clutter.

DOA refers to the directional information of each signal arriving at the receiving
antenna array in space. The related principle is an important part of target detection
technology, and is also a popular research trend in the field of array signal processing
at present [6,7]. In traditional spatial spectrum goniometric algorithms, the resolution of
beamforming is limited by the aperture of the receiving array, and it is difficult to break
through the Rayleigh resolution limit. The Capon spatial spectrum method can perform the
spatial spectrum estimation simply and reliably [8], but its performance degrades seriously
at low SNR [9]. The MUSIC spatial spectrum method has good super-resolution ability,
but requires accurate estimation of the number of sources in order to correctly classify the
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signal and noise subspaces after the eigen-decomposition of the covariance matrix [10].
The estimation of signal parameters via rotational invariance technique (ESPRIT) algorithm
is a reduced dimensional subspace spectral estimation method, which avoids the computa-
tionally intensive spectral search process [11]. The ESPRIT method should reconstruct the
receiving array into two identical sub-arrays, so that it is only applicable to special array
manifolds. The maximum likelihood (ML) approach can achieve optimal unbiased estima-
tion, which has a theoretical mean square error comparable to the CRB [12]. However, the
high algorithm complexity increases the difficulty of promotion.

In a passive radar system, the antennas receive scattering waves from the target as
well as multipath waves such as high power direct wave and ground-sea clutters. The SNR
of scattering waves may even be 100 dB lower than that of direct waves [13], resulting in
subspace interleaving in the eigen-decomposition of the covariance matrix, which makes it
more difficult to accurately estimate the number of sources [14], and further deteriorates the
performance of spectral estimation methods such as MUSIC. Many studies have contributed
to improving the robustness of DOA estimation for low SNR signals or coherent signals.
A root-MUSIC method is proposed in [15], which transforms the spectral search into
polynomial rooting to reduce the computational complexity and can work even when
the SNR of the echo signal is low. The manifold separation technique is used to extend
the root-MUSIC method from uniform linear array (ULA) to arrays of arbitrary geometry
in [16], although it is very complicated to find the root when the array aperture is large. A
weighted algorithm based on signal subspace characteristics proposed in [17] uses the noise
immunity of signal subspace to improve the robustness under low SNR. The MUSIC-like
algorithm proposed in [18] can work stably without an accurate source number at low
SNR, but its performance is still limited by the Cramer–Rao bound. The spatial smoothing
technique proposed in [19,20] has the ability to suppress the coherent interference, but the
method is mainly applied in ULA. The linear relationship between the eigenvectors of the
covariance matrix and the signal steering vectors is proved in [21], which is used for a
matrix reconstruction method based on the eigenvector proposed in [22] to realize coherent
signals’ DOA estimation. None of the above works investigates how to enhance the SNR
of the received desired signals. The method of beamforming in the RD domain proposed
in [23,24] provides a new idea: by using the characteristics of different targets and clutters
distributed in different RD units, the separation of target scattering wave and interference
in the RD domain is formed, and the SNR of the target scattering wave is greatly improved
in the corresponding RD unit due to coherent integration processing.

Therefore, a novel spectrum estimation method of Range-Doppler domain MUSIC
(RD-MUISC) was proposed in 2018 to achieve more SNR gain for weak echo wave RD
domain signal processing compared to the time domain signal processing of a classical
DOA estimation method [25]. The conventional RD domain signal processing can only
produce one two-dimensional spectrum result per time, resulting in a rank of one for the
covariance matrix constructed by a single snapshot in the RD domain, which cannot be
directly used for MUSIC method. The whole process of extending the single snapshot
datum to the multi-snapshots virtual array data and completing the MUSIC spectrum
estimation is given in [25]. The improvement work on RD-MUSIC that is carried out in
this paper is that the application conditions and performance boundary of the RD-MUSIC
method are determined by principle analysis, and a novel RD-MUSIC method is proposed
for the direction estimation problem of coherent weak signals.

The main contributions of this paper are as follows: (1) a method to construct multi-
snapshots virtual array data for narrowband signal is proposed, and its SNR gain is derived;
(2) a method is proposed to estimate DOA of coherent weak signals in the RD domain;
(3) the Monte Carlo simulation results of the spatial spectral estimation methods in the RD
domain proposed in this paper and the comparison curves with the CRB are given, and the
actual field data are verified.

The rest of this paper is arranged as follows: Section 2 introduces the array received
by the signal model and the principle of MUSIC spectrum estimation, and gives the CRB
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formula; Section 3 introduces the principle of DOA estimation in the RD domain, derives
the SNR gain expression of virtual array signal, and proposes a novel RD domain DOA
estimation method for the coherent weak signals; Section 4 gives the simulation and field
test results of the RD domain spatial spectrum estimation method; Section 5 concludes
the whole paper. In this paper, E(·), (·)∗, (·)T , (·)H , (·)−1, |·|, ⊙ denote expectation,
complex conjugate, transpose, Hermitian transpose, inverse, absolute value, and Hadamard
product, respectively.

2. Basic Principle

Compared with ULA, uniform circular array (UCA) can perform direction finding and
beam scanning in the 360◦ azimuth range, and has the same array aperture in any azimuth.
Therefore, UCA is used as the type of receiving antenna array in the following derivation
and analysis in this paper.

The receiving antenna array is a UCA with M elements, r radius, and h0 height. The
coordinate system is established with the UCA center point as the coordinate origin. The
geometrical distribution of the UCA elements and the incident direction of the signal are
shown in Figure 1.
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The far-field incident signal x(n) received by UCA consists of a direct wave signal, L
multipath signals including target scattering waves, and noise. After the array amplitude
and phase calibration processing, it can be considered that each receiving channel has
amplitude and phase consistency; that is, the signal complex amplitude attenuation factor
of each channel is consistent, so x(n) can be expressed as follows:

x(n) = αdS(n)a(φd, θd) +
L

∑
i=1

αiS(n − τi)e
j2π fdi

(n − τi)

fs a(φi, θi) + Nsca(n) (1)

where n is the time domain sampling point serial number of the array received signal;
fs is the signal sampling rate; S(n) is the direct wave signal incident at the center of the
UCA array, which is a stationary Gaussian random process with power normalization; αd,
φd, and θd are complex amplitude factor, incident azimuth, and pitch angle of the direct
wave, respectively; i denotes the i-th incident multipath signal; αi, τi, and fdi are complex
amplitude factor, time delay, and Doppler shift of the i-th multipath signal compared to
S(n), respectively; φi and θi are incident azimuth and pitch angle of the i-th multipath
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signal, respectively; a(φd, θd) and a(φi, θi) are the array steering vectors corresponding to
the direct wave and the i-th multipath signal, respectively; fc is the carrier frequency of
the incident signal; c is the velocity of light; Nsca(n) is the Gaussian white noise complex
vector of the M receiving channels; and the noise power of each channel is PNsca.

The sampling covariance matrix is calculated as:

R̂ =
1
N

N

∑
n=1

x(n)xH(n) ≈ E
(

x(n)xH(n)
)

(2)

Eigen-decomposition of R̂ is expressed as:

R̂ =
M

∑
m=1

λmemeH
m = ESΛSEH

S + ENΛNEH
N (3)

where λm and em are the m-th eigenvalue and the corresponding eigenvector of R̂, respec-
tively; the M eigenvalues are sorted in descending order; Es is the M × j dimensional signal
subspace corresponding to the first j eigenvalues; EN is the M × (M − j) dimensional noise
subspace corresponding to the remaining M − j eigenvalues; and ΛS and ΛN are the signal
eigenvalue diagonal matrix and the noise eigenvalue diagonal matrix, respectively.

The MUSIC method makes use of the orthogonality between signal subspace and
noise subspace obtained by the covariance matrix eigen-decomposition to construct the
spatial spectrum function. The MUSIC spectral function is constructed as follows:

Pmusic(φ, θ) =
1

aH(φ, θ)ENEH
Na(φ, θ)

(4)

Therefore, the angle (φ, θ) when the spectral function Pmusic(φ, θ) takes an extreme
value is the direction of the incident signal.

The CRB provides a lower bound for direction estimation error. As a reference for
verifying the performance of the estimation method under different snapshots’ number
and SNR, the calculation formula is [26]:

CRB(θ) =
1

2N

{
Re

[{
DH

A

[
I − A(AHA)

−1
AH

]
DA

}
⊙ BT

x

]}−1
(5)

where N is the number of snapshots involved in DOA estimation, the steering vector
matrix A = [a(θ1), a(θ2), . . . , a(θL)] is composed of the steering vectors of L incident
signals, DA is the partial derivative matrix of matrix A about the direction of arrival, and
B = diag{SNR1, . . . , SNRL} is the diagonal matrix composed of the SNR of L signals.

Furthermore, one of the prerequisites for the RD-domain signal enhancement spatial
spectrum estimation method is that the reference signal consisting of direct wave and noise
can be obtained, which can be used for coherent integration calculation with the array
received signal. The expression for the reference signal is the following:

xre f (n) = αdS(n) + Nd(n) (6)

The power of Gaussian white noise Nd(n) in the reference signal is PNd.

3. Direction of Arrival Estimation in Range-Doppler Domain
3.1. Feasibility Analysis

The feasibility of the RD domain DOA estimation comes from the invariance of the
direction information of the incident waves in the two-dimensional ambiguity function.
In the following, the conclusion will be derived from analyzing the two-dimensional
ambiguity function calculated by the reference signal and the signal of each receiving
channel which is called the surveillance channel signal.
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The SNR of the reference signal as Equation (6) is high enough. In addition, it is
assumed that the direct wave signal in the array received signal x(n) as Equation (1) has
been completely suppressed by time domain cancellation or beamforming, so the vector of
M channel surveillance channel signals can be indicated as:

y(n) =
L

∑
i=1

αiS(n − τi)e

j2π fdi(n − τi)

fs a(φi, θi)

+ Nsca(n) (7)

where the vector y(n) can be expressed in [y1(n), y2(n), . . . , yM(n)]T .
The m-th channel two-dimensional ambiguity function c(m)(τ, fd) of the reference

signal and the m-th surveillance channel signal ym(n) can be obtained as:

c(m)(τ, fd) =
N
∑

n=1
x∗re f (n − τ)ym(n)e

−j2π fdn
fs

=
L
∑

i=1

a(m)(φi, θi)α
∗
dαie

−j2π fdiτi
fs

N
∑

n=1

S∗(n − τ)S(n − τi)e

j2π( fdi − fd)n
fs


+

N
∑

n=1

N∗
d (n − τ)N(m)

sca (n)e

−j2π fdn
fs


+

L
∑

i=1

a(m)(φi, θi)αie

−j2π fdiτi
fs

N
∑

n=1

N∗
d (n − τ)S(n − τi)e

j2π( fdi − fd)n
fs


+ α∗d

N
∑

n=1

S∗(n − τ)N(m)
sca (n)e

−j2π fdn
fs


(8)

where τ and fd are the search value of Range and Doppler shift, respectively, and a(m)(φi, θi)
represents the m-th element of the i-th multipath signal’s steering vector a(φi, θi). Therefore,
the two-dimensional ambiguity function vector c(τ, fd) of M channels is written in the
following form:

c(τ, fd) =
[
c(1)(τ, fd), c(2)(τ, fd), . . . , c(M)(τ, fd)

]T
= AηCFC + Nnoise (9)

where ηC = diag
{

α∗dα1e
−j2π fd1τ1

fs , α∗dα2e
−j2π fd2τ2

fs , . . . , α∗dαLe
−j2π fdLτL

fs

}
is an amplitude factor

diagonal matrix of L multipath signals, A = [a(φ1, θ1), . . . , a(φL, θL)] is the array manifold

matrix composed of the steering vectors of L multipath signals, FC =
[

F(1)
C , F(2)

C , . . . , F(L)
C

]T

is the two-dimensional ambiguity function vector of the normalized amplitude direct wave
signal and the normalized amplitude L multipath signals, and the i-th element of FC is:

F(i)
C =

N

∑
n=1

S∗(n − τ)S(n − τi)e

j2π( fdi − fd)n
fs

, i = 1, 2, . . . , L (10)

Nnosie =
[

N(1)
noise, N(2)

noise, . . . , N(M)
noise

]T
is the equivalent noise vector of M channels, the m-th

element of Nnosie is:

N(m)
noise =

N
∑

n=1

N∗
d (n − τ)N(m)

sca (n)e

−j2π fdn
fs

+ α∗d
N
∑

n=1

S∗(n − τ)N(m)
sca (n)e

−j2π fdn
fs


+

L
∑

i=1

a(m)(φi, θi)αie

−j2π fdiτi
fs

N
∑

n=1

N∗
d (n − τ)S(n − τi)e

j2π( fdi − fd)n
fs




(11)

In addition, the two-dimensional spectrum based on the two-dimensional ambiguity
function can be called the RD map generally. The ambiguity function vector in the form of
Equation (9) is called the RD domain virtual array signal in this paper, which completely
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retains the steering vector of L multipath signals, indicating that the virtual array signal has
the same spatial characteristics as the surveillance channel signal in Equation (7), which is
the principle basis for DOA estimation in the RD domain.

The RD domain virtual array signal consists of the first term representing a multipath
signal and the second term representing noise, and can be rewritten as:

c(τ, fd) =
L
∑

i=1

η
(i)
C a(φi, θi)

N
∑

n=1

S∗(n − τ)S(n − τi)e

j2π( fdi − fd)n
fs




+

 L
∑

i=1

a(φi, θi)αie

−j2π fdiτi
fs

N
∑

n=1

N∗
d (n − τ)S(n − τi)e

j2π( fdi − fd)n
fs


+

N
∑

n=1

N∗
d (n − τ)Nsca(n)e

−j2π fdn
fs


+α∗d

N
∑

n=1

S∗(n − τ)Nsca(n)e

−j2π fdn
fs


, η

(i)
C = α∗dαie

−j2π fdiτi
fs , i = 1, 2, . . . , L

(12)

3.2. Range Spectrum Virtual Array of Narrowband Signal

The RD domain covariance matrix is constructed by using the RD domain virtual
array snapshot data obtained by Equation (12) as follows:

R̂(τ, fd) = c(τ, fd)c
H(τ, fd) (13)

Since single RD calculation can only produce single snapshot data, the rank of R̂ is
1, which makes it unrealistic to directly use R̂ for the MUSIC method. In order to obtain
multi-snapshots data to restore the rank of R̂, the time-domain sampling sequence of the
reference signal and the m-th surveillance channel signal are generally divided into K
segments (K > M), respectively, and the ambiguity function c(m)(k, τ, fd) of the k-segment
(k = 1, 2, . . . , K) is calculated. The two-dimensional ambiguity function value at (τi, fdi),
which are the serial number of the time delay and Doppler shift, known as the RD unit
where the i-th multipath signal is located, is used to construct the m-th channel virtual sam-
pling sequence c(m)(k, τi, fdi), k = 1, 2, . . . , K, so the M-channels, K-snapshots virtual array

data are e(k) =
[
c(1)(k, τi, fdi), c(2)(k, τi, fdi), . . . , c(M)(k, τi, fdi)

]T
. The reference diagram

of this method is shown in Figure 2. We use the first virtual array construction (VAC1) to
refer to the method of generating multi-snapshots virtual array data by segmenting the
time-domain sampling sequence.
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The CRB of virtual array data DOA estimation method can be calculated as: 
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Aiming at the direction-finding application scenario of the low SNR narrowband
signals, another method is proposed to construct RD domain multi-snapshots. The range
spectrum at the target scattering wave signal’s Doppler shift on the RD map is directly
regarded as the multi-snapshots in the RD domain without segmenting the time-domain
sampling sequence of the reference signal and the surveillance channel signals. That is
to say, a column of range spectrum with length Lt at the i-th multipath signal’s Doppler
shift fdi on the RD map generated by the reference signal and the m-th surveillance channel
signal is directly regarded as the virtual sampling sequence c(m)(tp, fdi) of the m-th channel,
and the range spectrum sampling interval is defined as Tre = 1/ fs. Therefore, the range
spectrum virtual array data of M-channels and Lt-snapshots are defined as follows:{

EV =
[
e(t1), e(t2), . . . , e

(
tp
)
, . . . , e(tLt)

]
, tp = pTre, p = 1, 2, . . . , Lt

e
(
tp
)
=

[
c(1)(tp, fdi), c(2)(tp, fdi), . . . , c(M)(tp, fdi)

]T (14)

We use the second virtual array construction (VAC2) to refer to the method of directly
generating multi-snapshots virtual array data by the range spectrum on RD map. The
reference diagram of VAC2 is shown in Figure 3.
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The virtual array data covariance matrix is approximated as:

R̂V( fdi) =
1
Lt

EVEH
V =

1
Lt

tLt

∑
tp=t1

eV
(
tp
)
eH

V
(
tp
)

(15)

The M × Lt virtual array data need to satisfy Lt > M to ensure that R̂V( fdi) is a full
rank matrix. The eigen-decomposition of R̂V( fdi) and the MUSIC spectrum function are
similar to Section 2 which can be expressed as:

R̂V( fdi) = EVSΛVSEH
VS + EVNΛVNEH

VN (16)

PVmusic(φ, θ) =
1

aH(φ, θ)EVNEH
VNa(φ, θ)

(17)

The CRB of virtual array data DOA estimation method can be calculated as:

CRBV(θ) =
1

2NV

{
Re

[{
DH

A

[
I − A(AHA)

−1
AH

]
DA

}
⊙ BT

V

]}−1
(18)
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where NV is the number of virtual array snapshots and BV is the diagonal matrix composed
of the equivalent SNR of the virtual array signal.

Compared with VAC1, VAC2 only requires calculation of the two-dimensional am-
biguity function once for each surveillance channel, which can significantly decrease the
computation burden. Furthermore, more points can participate in coherent integration
because it is not necessary to segment the time-domain sampling sequence, which can
theoretically provide greater SNR gain. When the SNR of the target scattering wave is set
to −40 dB, the RMSE comparison results of the azimuth estimation of the incident signal
under the two construction methods of VAC1 and VAC2 are shown in Figure 4. The abscissa
indicates the number of snapshots in the RD domain. The primary conclusion, which can be
obtained from the results with the 200 Hz bandwidth signal, is that the azimuth estimation
error of the VAC2 method is smaller, and the VAC2 method can obtain higher and more
robust SNR gain than the VAC1 method when processing narrowband signals. However,
the DOA estimation performance of the VAC1 method is less affected by the bandwidth of
the incident signal and the number of snapshots in the RD domain, and it is also shown in
Figure 4 that there is a negative correlation between the bandwidth of the incident signal
and the DOA estimation performance of the VAC2 method. When the bandwidth reaches
6 kHz, the DOA estimation performance of the VAC2 method is worse than that of the
VAC1 method, and the estimation accuracy gradually deteriorates with the increase of the
number of the RD domain snapshots.
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Figure 4. The DOA estimation performance of two virtual array construction methods for different
bandwidth signals.

According to the results in Figure 4 and the principle that the main lobe width of the
range spectrum on the RD map is inversely proportional to the signal bandwidth, when
the RD domain sampling points of the VAC2 method are selected to exceed the main lobe
range in the range spectrum, the RD domain signal processing cannot obtain sufficient
SNR gain. Since the number of snapshots in the RD domain must meet the requirement
of Lt > M, the ideal application condition of VAC2 is that the bandwidth of the incident
signal is not greater than ρ fs/M, and ρ is an empirical value in the range of [1, 10].

3.3. Signal-to-Noise Ratio Gain Analysis

Assuming that the incident signal is a narrowband signal, the reference signal is shown
in Equation (6) with the SNR conformed to SNRd = |αd|2/PNd >> 1; the surveillance
channel array signals are shown in Equation (7); where the multipath signals number is
L, the complex amplitude of the i-th multipath signal is αi, and the power of the noise in
each surveillance channel is PNsca. Since the power level of each multipath signal is lower
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than the noise to meet the weak scattering waves characteristic, the SNR is conformed to
SNRi = |αi|2/PNsca < 1, i = 1, 2, . . . L.

It can be seen from Equation (12) that the two-dimensional ambiguity function vec-
tor consists of the signal part and the noise part, so as to calculate the SNR of the RD
domain multi-snapshots virtual array data. Each receiving array element has channel
consistency and the noise of each channel is independent and identically distributed. It can
be considered that the SNR of the time-domain sampling sequence between each channel
is consistent. Similarly, the SNRs of the RD domain sampling sequence between the M
channels are also the same. Therefore, only the m-th channel’s RD domain SNR is derived
below instead of calculating all M channels.

The m-th channel two-dimensional ambiguity function c(m)(τ, fd) shown in Equa-
tion (12) can be represented by the signal part χSS

(m)(i)(τ, fd) and the noise part χSN
(m),

χNN
(m), χNS

(m)(i), respectively:

χSS
(m)(i)(τ, fd) = a(m)(φi, θi)α

∗
dαie

−j2π fdiτi
fs

N

∑
n=1

S∗(n − τ)S(n − τi)e

j2π( fdi − fd)n
fs

, i = 1, 2, . . . L (19)

χSN
(m)(τ, fd) = α∗d

N

∑
n=1

S∗(n − τ)N(m)
sca (n)e

−j2π fdn
fs

 (20)

χNN
(m)(τ, fd) =

N

∑
n=1

N∗
d (n − τ)N(m)

sca (n)e

−j2π fdn
fs

 (21)

χNS
(m)(i)(τ, fd) = a(m)(φi, θi)αie

−j2π fdiτi
fs

N

∑
n=1

N∗
d (n − τ)S(n − τi)e

j2π( fdi − fd)n
fs

, i = 1, 2, . . . L (22)

where χSS
(m)(i)(τ, fd) is the correlation term between the reference channel signal and the

i-th multipath signal, and χNS
(m)(i)(τ, fd) is the correlation term between the reference

channel noise and the i-th multipath signal.
Suppose that the desired DOA estimation signal is the L-th multipath signal, and the

χSS
(m)(L)(τ, fd) represents the two-dimensional ambiguity function value of the desired

signal. In the RD unit (τL, fdL) where the desired signal is located, the power of the L-th
multipath signal in the m-th channel can be calculated as follows:

P(m)
S =

∣∣∣∣∣a(m)(φL, θL)α
∗
dαLe

−j2π fdLτL
fs

N

∑
n=1

|S(n − τL)|2
∣∣∣∣∣
2

= N2|αd|2
∣∣∣α2

L

∣∣∣ (23)

In the RD unit (τL, fdL), the χSS
(m)(i)(τL, fdL) of other L − 1 multipath signals become

the interference term of signal part χSS
(m)(τL, fdL). When N is large and the range param-

eter meets |τL − τi| >> 0, the correlation coefficient between S(n − τL) and S(n − τi) is

expressed as rτL ,τi =
N
∑

n=1
{S∗(n − τL)S(n − τi) exp[j2π( fdi − fdL)n/ fs]}, tending to zero, so

the power of the interference term is approximately:
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P(m)
I =

∣∣∣∣∣∣∣
L−1
∑

i=1

a(m)(φi, θi)α
∗
dαie

−j2π fdiτi
fs

N
∑

n=1

S∗(n − τL)S(n − τi)e

j2π( fdi − fdL)n
fs



∣∣∣∣∣∣∣

≤
L−1
∑

i=1

∣∣∣∣∣∣∣a(m)(φi, θi)α
∗
dαie

−j2π fdiτi
fs

∣∣∣∣∣∣∣
2

L−1
∑

i=1
|rτL ,τi |

2

= |αd|2 ·
L−1
∑

i=1
|αi|2 ·

L−1
∑

i=1
|rτL ,τi |

2 → 0

(24)

The three terms of the noise part in the two-dimensional ambiguity function are
analyzed in the following. Taking χSN

(m) as an example, the Fourier series coefficients of
the range spectrum sequence with N points are obtained:

FSN(ωk) =
1
N

N
∑

τ=1

α∗d
N
∑

n=1

S∗(n − τ)N(m)
sca (n)e

−j2π fdn
fs

e

−jωkτ

fs


= α∗d

N
∑

n=1

N(m)
sca (n)e

−j2π fdn
fs e

−jωkn
fs F∗

S (ωk)

, k = 1, 2 . . . N

(25)

where FS(ωk) is the Fourier series coefficient of the incident signal S(n), also known as
the spectral coefficient; ωk is the k-th frequency point on the spectrum. Since FS(ωk) is
independent of the sampling serial number n, Equation (25) can be simplified as:

FSN(ωk) = Nα∗d F∗
S (ωk)FNsca(ωk + 2π fd) (26)

where FNsca(ωk) is the spectral coefficient of the m-th surveillance channel noise N(m)
sca (n).

Because the noise is a white Gaussian process which has a power of PNsca, it can be
considered that FNsca(ωk) has a constant value of FNsca(0) among the whole spectrum, that
is, FNsca(ωk + 2π fd) = FNsca(ωk) = FNsca(0). Substituting it into Equation (26), we can
obtain the following:

FSN(ωk) = Nα∗d F∗
S (ωk)FNsca(ωk) (27)

According to the Parseval theorem of discrete Fourier series, the average power of the
signal in the time domain is equal to the sum of the power in the frequency domain, which

can be expressed as 1
N

N
∑

τ=1

∣∣∣χSN
(m)(τ, fd)

∣∣∣2 =
N
∑

k=1
|FSN(ωk)|2. Therefore, the expression of

the quadratic sum of χSN
(m) at the range spectrum can be obtained as:

N

∑
τ=1

∣∣∣χSN
(m)(τ, fd)

∣∣∣2 = N
N

∑
k=1

|FSN(ωk)|2 = N3|αd|2
[
|FNsca(0)|2

][ N

∑
k=1

|FS(ωk)|2
]

(28)

It is known that the average power of S(n) and N(m)
sca (n) is 1 and PNsca, respectively.

By using the Parseval theorem for FS(ωk) and FNsca(ωk), Equation (28) can be rewritten as:

N

∑
τ=1

∣∣∣χSN
(m)(τ, fd)

∣∣∣2 = N2|αd|2
[

N

∑
k=1

|FNsca(ωk)|2
][

N

∑
k=1

|FS(ωk)|2
]
= N2|αd|2PNsca (29)

It can be seen from Equation (27) that the distribution of χSN
(m)(τ, fd) is indepen-

dent of the Doppler shift, so the root mean square MSN
(m) of χSN

(m)(τ, fd) in the two-
dimensional ambiguity function is equal to the root mean square of the range spectrum:
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MSN
(m) =

√√√√ 1
N

N

∑
τ=1

∣∣χSN
(m)(τ, fd)

∣∣2 =

√
N|αd|2PNsca (30)

Similarly, the root mean square MNN
(m) and MNS

(m) of χNN
(m)(τ, fd)

and χNS
(m)(i)(τ, fd) can be calculated, respectively, as follows:

MNN
(m) =

√√√√ 1
N

N

∑
τ=1

∣∣χNN
(m)(τ, fd)

∣∣2 =
√

NPdPNsca (31)

MNS
(m)(i) =

√√√√ 1
N

N

∑
τ=1

∣∣χNS
(m)(i)(τ, fd)

∣∣2 =

√
N|αi|2Pd, i = 1, 2, . . . L (32)

The average value of the noise power contained in each RD unit on the RD map of the
m-th channel is:

P(m)
N =

1
N

N

∑
τ=1

∣∣∣∣∣χSN
(m)(τ, fd) + χNN

(m)(τ, fd) +
L

∑
i=1

χNS
(m)(i)(τ, fd)

∣∣∣∣∣
2

(33)

Considering a mathematical theorem of the inequality relation in which the absolute
value of the arithmetic mean of several numbers does not exceed the root mean square of
these numbers [27], the upper bound of noise power can be derived from Equation (33)
as follows:

P(m)
N =

(2 + L)2

N

N
∑

n=1

∣∣∣∣∣∣∣∣∣
χSN

(m)(τ, fd) + χNN
(m)(τ, fd) +

L
∑

i=1
χNS

(m)(i)(τ, fd)

2 + L

∣∣∣∣∣∣∣∣∣
2

≤ (2 + L)2

N

N
∑

n=1


√√√√√∣∣∣χSN

(m)(τ, fd)
∣∣∣2 + ∣∣∣χNN

(m)(τ, fd)
∣∣∣2 + L

∑
i=1

∣∣∣χNS
(m)(i)(τ, fd)

∣∣∣2
2 + L


2

= (2 + L)
[(

MSN
(m)

)2
+

(
MNN

(m)
)2

+
L
∑

i=1

(
MNS

(m)(i)
)2

]
= (2 + L)

(
N|αd|2PNsca + NPdPNsca +

L
∑

i=1
N|αi|2Pd

)

(34)

The ratio of the signal power P(m)
S in the RD unit where the desired signal is located to

the average noise power P(m)
N in each RD unit on the RD map is called the RD domain SNR,

which can be given by the following:

SNRRD ≥
N2|αd|2

∣∣α2
L
∣∣

(2 + L)
(

N|αd|2PNsca + NPdPNsca +
L
∑

i=1
N|αi|2Pd

)
=

N
2 + L

SNRL(
1 +

1
SNRd

+
1

SNRd

L
∑

i=1
SNRi

) (35)

where SNRL is the SNR of the L-th multipath signal which is the desired signal, SNRi is the
SNR of the i-th signal of the all L multipath signals, and SNRd is the SNR of the reference
signal. Equation (35) shows that the lower bound of SNR in the RD domain is proportional
to N, which is the number of coherent integration points, and inversely proportional to
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L, which is the number of multipath signals. In addition, the lower bound of SNRRD is
proportional to the reference signal’s SNR (SNRd) and inversely proportional to the SNR
of each multipath signal (SNRi) except the desired signal.

Supposing that the noise terms χSN
(m), χNN

(m) and χNS
(m)(i) are uncorrelated additive

noises, then Equation (33) can be directly reduced to:

P(m)
N =

(
MSN

(m)
)2

+
(

MNN
(m)

)2
+

L
∑

i=1

(
MNS

(m)(i)
)2

= N|αd|2PNsca + NPdPNsca +
L
∑

i=1
N|αi|2Pd

(36)

In this case, the RD domain SNR is obtained as follows:

SNRRD =
N2|αd|2

∣∣α2
L
∣∣(

N|αd|2PNsca + NPdPNsca +
L
∑

i=1
N|αi|2Pd

)
= N

SNRL(
1 +

1
SNRd

+
1

SNRd

L
∑

i=1
SNRi

) (37)

According to the foregoing, the signals’ SNRs are obtained by SNRd = |αd|2/PNd >>
1 and SNRd >> SNRi, i = 1, 2, . . . , L, and Equation (37) can be approximated as SNRRD ≈
NSNRL. In summary, the target scattering wave can obtain a maximum N-fold SNR gain in
the RD domain compared to the time-domain sampling sequence of the surveillance channel.

3.4. Direction of Arrival Estimation of Coherent Weak Signals in Range-Doppler Domain

When multiple targets flying in formation at the same altitude and the same speed are
close to the receiving position, the Doppler shift, time delay, and pitch angle of the scattering
wave of different targets may be similar. According to the difference in azimuth, different
members of the formation can be distinguished by scattering wave DOA estimation. When
the RD domain virtual array data are constructed in the VAC2 method, due to the similar
Doppler shift and time delay, the scattering waves of different targets are distributed on the
range spectrum at the same Doppler shift on the RD map, and obtain approximately the
same coherent integration gain and synchronization in virtual sampling sequence, so they
can be considered as coherent received signals. The coherence between signals may cause
rank loss of the covariance matrix and affect the accuracy of the spatial spectrum estimation
algorithm. Therefore, the decoherence method is acquired to eliminate the influence of
scattering wave signals’ coherence in the DOA estimation method.

3.4.1. Decoherence Method for Uniform Circular Array in Range-Doppler Domain

Since the UCA array manifold matrix does not have a Vandermonde structure similar
to the ULA array manifold matrix, the mode excitation method is usually used to convert
the UCA into a virtual uniform linear array structure for decoherence processing [28]. The
research of UCA mode excitation in RD domain for DOA estimation of coherent signals is
completed in the following.

The M-channels and Lt-snapshots virtual array data constructed by the VAC2 method
are regarded as a pseudo-time series, with length Lt, of each channel’s sampling data
received by the M-elements UCA. The m-th channel and Lt-snapshots pseudo-time series
in the virtual time of t is given as follows:

y(m)
V (t) =

L

∑
i=1

η
(i)
C a(m)

i F(i)
c (t) + N(m)

noise(t), t = Tre, 2Tre, . . . , LtTre (38)

where Tre is the sampling interval of range spectrum on the RD map.
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The array manifold matrix of UCA can be composed of the steering vectors of L
multipath signals, which is expressed as A = [a(φ1, θ1), . . . , a(φL, θL)]. When the UCA
center point and the M antennas are at the same height of h0 = 0, the i-th multipath signal’s
steering vector can be expanded as:

a(φi, θi) =

[
ej2π

fc
c r sin θi cos φi , ej2π

fc
c r sin θi cos (φi−2π 1

M ), . . . , ej2π
fc
c r sin θi cos (φi−2π M−1

M )

]T
(39)

The noise component in the pseudo-time series is represented as N(m)
V (t) = N(m)

noise(t).

Let z(t) =
[
η
(1)
C F(1)

c (t), η
(2)
C F(2)

c (t), . . . , η
(L)
C F(L)

c (t)
]T

, and the pseudo-time series received
by the M-element UCA can be expressed as:

yV(t) = Az(t) + NV(t) (40)

The form of Equation (40) is consistent with Equation (1), so the mode excitation of
UCA in RD domain can refer to the time domain mode excitation of UCA. The virtual ULA
elements obtained by the UCA manifold transform are symmetrically distributed with the
serial number KULA + 1 antenna as the center. When the number of UCA elements satisfies
M > 2KULA + 1, the mode excitation method can be used to convert the UCA sampling
sequence points of the M-channels into the virtual ULA sampling sequence points of the
2KULA + 1 channels, which are defined as follows:

fV(t) = TyV(t) =
1
M

J−1FHyV(t) = Ãz(t) + TNV(t) (41)

In the formula:

J = diag
{

jk Jk(β)
}

, k = −KULA, . . . , 0, . . . , KULA (42)

F =
[
w−KULA , w−KULA+1, . . . , wKULA

]
(43)

wk =
[
1, ej2πk/M, . . . , ej2πk(M−1)/M

]H
(44)

Ã = [ã(φ1, θ1), ã(φ2, θ2), . . . , ã(φL, θL)] (45)

ã(φ, θ) = Ta(φ, θ) =
[
e−jKULA φ, e−j(KULA−1)φ, . . . , ejKULA φ

]T
(46)

where β = 2π( fc/c)r sin θ, Jk(β) is the first kind Bessel function of order k, fc is the carrier
frequency of the signal, and c is the velocity of light. The number of the virtual ULA
elements should meet the maximum number of modes required for mode excitation as
KULA = ⌊β⌋, where ⌊·⌋ is the downward integer symbol. In the case that all sources
are coplanar, the pitch angle of the incident signal is basically the same, so ã(φ, θ) in
Equation (46) as the array manifold vector of the virtual ULA is abbreviated as ã(φ).

In the pseudo-time series received by the UCA in the RD domain, the expected target
scattering wave signal and its coherent signal occupies the largest proportion in the range
spectrum due to the coherent integration processing. The eigen-decomposition of the
pseudo-time series sampling covariance matrix R̂V is calculated according to Equation (15),
and the eigenvector E1 corresponding to the maximum eigenvalue is a linear combination
of the steering vectors of the scattering wave signal and its coherent multipath signals [19].
This characteristic is also valid on the virtual ULA obtained by the mode excitation of UCA,
because the mode excitation does not change the composition of the received signal. E1 of
virtual ULA can be expressed as:

E1 = δ1ã(φ1) + δ2ã(φ2) + . . . + δLã(φL) = ÃD (47)
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where Ã is the steering vector matrix of L coherent multipath signals and D = [δ1, δ2, . . . , δL]
T

is the coefficient vector. Substituting Equation (46) into Equation (47), another expression
form of E1 is given as follows:

E1 =
[
e1, e2, . . . , e2KULA+1

]T (48)

ek =
[
e−j(KULA−k+1)φ1 , . . . , e−j(KULA−k+1)φL

]
[δ1, δ2, . . . , δL]

T , k = 1, 2, . . . , 2KULA + 1 (49)

The eigenvector singular value decomposition (ESVD) is a decoherence method for
signal processing of ULA, which constructs an m × n dimensional matrix with the elements
of E1 as follows:

RSVD =


e1 e2 · · · en
e2 e3 · · · en+1
...

...
. . .

...
em em+1 · · · e2KULA+1

 (50)

The RSVD dimension satisfies m + n − 1 = 2KULA + 1, m ≥ L, n ≥ m, and tends to
the square matrix as much as possible. From Equation (46) and Equation (49), RSVD can be
transformed into the following:

RSVD =
[
ÃmD, ÃmΓD, . . . , ÃmΓn−1D

]
(51)

where Γ = diag
{

ejφ1 , . . . , ejφL
}

, and Ãm denotes the first m rows of the steering vector
matrix Ã, so Equation (51) can be further simplified as follows:

RSVD = Ãmdiag{δ1, δ2, . . . , δL}Ã
T
n (52)

Equation (52) shows that the rank of RSVD is the same as the number of multipath
signals, and is no longer affected by the coherence of multipath signals. This conclusion
indicates that the ESVD method has the ability to resolve coherence. The singular value
decomposition of RSVD is RSVD = U∑V, and the left singular value matrix is divided into
signal subspace US and noise subspace UN according to the distribution of singular value.
Finally, the MUSIC spectrum estimation method is used to realize the DOA estimation of
coherent signals. In this paper, this direction estimation method for coherent signals is
called RD-ESVD-MUSIC.

3.4.2. The Proposed Improved Method

The RD-ESVD-MUSIC method does not make full use of the symmetric manifold
characteristics of the virtual ULA array. Therefore, an improved ESVD-MUSIC method
based on the symmetric relationship of the virtual ULA array is proposed, which is called
mutual-ESVD-MUSIC in the RD domain, referred to as RD-MESVD-MUSIC. The specific
steps of this method are as follows.

Firstly, the single-point correlation values of all channel elements and the central
antenna channel element in the maximum eigenvector E1 are calculated as follows:

rk = e∗K+1ek, k = 1, 2, . . . , 2KULA + 1 (53)

Equation (47) is substituted into the above formula:

rk =
[
e−j(KULA−k+1)φ1 , . . . , e−j(KULA−k+1)φL

]
[γ1, γ2, . . . , γL]

T (54)

where γl = δl
L
∑

i=1
δ∗i , l = 1, 2, . . . , L, γ = [γ1, γ2, . . . , γL]

T .
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Then, according to the symmetry of the virtual ULA, a Toeplitz matrix is constructed
in the following form:

Rrr =


rK+1 rK+2 · · · r2K+1

rK rK+1 · · · rK
...

...
. . .

...
r1 r2 · · · rK+1

 (55)

A new array manifold vector b(φ) =
[
1, e−jφ, . . . , e−jKULA φ

]T is constructed, and
B = [b(φ1), b(φ2), . . . , b(φL)] is the steering vector matrix of the corresponding L coherent
signals, so Rrr can be transformed into a covariance matrix form:

Rrr =
[
Bγ, BΓγ, . . . , BΓKULAγ

]
= Bdiag{γ1, γ2, . . . , γL}BH (56)

B satisfies the Vandermonde structure, and each column is linearly independent when
the DOA of L coherent signals is inconsistent. Therefore, the rank of Rrr is restored to the
number of multipath signals to achieve decoherence.

Since Rrr is not necessarily a Hermitian matrix in the actual construction, it can be
corrected by referring to the idea of spatial smoothing. JC is a switching matrix whose
sub-diagonals are all one and other elements are zero. The reverse correction matrix RrrJ is
generated as follows:

RrrJ = JCR∗
rrJC = Bdiag{γ∗

1 , γ∗
2 , . . . , γ∗

L}BH (57)

From Equation (57), it can be seen that the reverse correction matrix does not change
the steering vector information of the multipath signals. RrrJ can be used to smooth the
Rrr by Rc = 1/2

(
Rrr + RrrJ

)
. The corrected matrix Rc is a Hermitian matrix, and its

eigenvalues are real. Finally, the eigen-decomposition Rc = USΛSUS + UNΛNUN is given
to obtain the signal space and the noise space, and the DOA estimation of coherent signals
is realized by the MUSIC method.

Compared with the RD-ESVD-MUSIC method, each column of the covariance ma-
trix constructed with the proposed method contains more information about the array
elements, so it may have better resolution when estimating the azimuth of weak coherent
signals. The subsequent simulation results will show that RD-MESVD-MUSIC can achieve
higher estimation accuracy and robustness than RD-ESVD-MUSIC for weak coherent
multipath signals.

4. Processing Results and Analysis

The 16-element UCA received time-domain sequence data are generated by Equation (1)
at a sampling rate of 10 kHz. The reference signal xre f (n) containing direct wave signal
and noise is obtained by beamforming processing of x(n) in the incident direction (φd, θd)
of the direct wave. The surveillance channel signal y(n) is obtained by suppressing the
direct wave of x(n).

The DOA spectrum estimation methods compared in this section include (1) Capon
spectrum estimation, searching the beamforming direction with the largest SNR gain of
MVDR beamformer to obtain the spatial spectrum; (2) the conventional MUSIC method,
searching the maximum value of the spatial spectrum function constructed by time-domain
array data; (3) the RD-MUSIC method, the methods involved in Section 3.2, including
two RD domain virtual array construction methods of VAC1 and VAC2; (4) the RD-ESVD-
MUSIC spectral estimation, the method involved in Section 4.1; (5) the RD-MESVD-MUSIC
spectral estimation, the method involved in Section 4.2; and (6) CRB-OAS, which is the
square root of CRB obtained from DOA estimation of the original array signal in time
domain, and CRB-EAS, which is the square root of CRB obtained from DOA estimation of
the RD domain enhanced array signal constructed by VAC2.
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The number of Monte Carlo simulation experiments designed in this section is
NMC = 100 times. The root mean square error of DOA estimation results is RMSEp(θ) =√

1
NMC

∑100
1

(
θ̂ − θ

)2
and RMSEa(φ) =

√
1

NMC
∑100

1 (φ̂ − φ)2, respectively, where θ̂ and φ̂

represent the target scattering wave’s pitch angle and azimuth obtained by spatial spec-
trum estimation, θ and φ are the actual pitch angle and azimuth as a standard, the search
range of pitch angle is [θ − 20◦, θ + 20◦], the search step is 0.1◦, the search range of azimuth
is [φ − 20◦, φ + 20◦], and the search step is 0.1◦.

4.1. Simulation Results of Spatial Spectrum Estimation in Range-Doppler Domain

The total number of coherent integration points set in this subsection is 20,000, the
RD domain virtual array data are constructed by the VAC1 and VAC2 methods, and the
number of RD domain snapshots is set as 41. This subsection performs DOA estimation
on the generated simulation data, compares the estimation results of different spectral
estimation methods, and analyzes the performance of VAC1-RD-MUSIC and VAC2-RD-
MUSIC methods in the case of low SNR.

The parameters of direct wave and three scattering waves are shown in Table 1.
When the SNR of target 1 scattering wave in the surveillance channel signal y(n) is set
to −50 dB:2 dB:10 dB, the Monte Carlo simulation experiment of the DOA estimation of
target 1 scattering wave is completed, and the variation curves of the RMSEs of different
DOA estimation methods with the increase of target 1 scattering wave’s SNR are counted
and compared with the CRB. The results are shown in Figure 5.

Table 1. The parameters of Simulation 1.

Multipath
Signals

Bandwidth
(Hz)

SNR
(dB)

Azimuth
(Degree)

Pitch Angle
(Degree)

Doppler
(Hz)

Range
(ms)

Direct wave 200 60 240 80 0 0
Target 1 Scattering wave 200 −50:2:10 120 70 −7.5 0.6
Target 2 Scattering wave 200 −30 85 70 −3 0.4
Target 3 Scattering wave 200 −40 300 70 1.5 0.8

For weak scattering wave signals, the DOA estimation accuracy of the two RD-MUSIC
methods is significantly improved compared with the Capon method and MUSIC method,
and the azimuth estimation RMSE of the two RD domain methods can approach or even
exceed the CRB of the original array signal in the time domain at a low SNR. When the
scattering SNR of target 1 is in the range of −50 dB to −10 dB, as is shown in Figure 5a,
the average azimuth RMSE of VAC1-RD-MUSIC method is 1.48◦ lower than that of the
conventional MUSIC method, and the average azimuth RMSE of VAC2-RD-MUSIC method
is 5.76◦ lower than that of the conventional MUSIC method. It is shown in Figure 5b that
the average pitch angle RMSE of VAC1-RD-MUSIC method is 4.26◦ lower than that of
the conventional MUSIC method, and the average pitch angle RMSE of VAC2-RD-MUSIC
method is 5.67◦ lower than that of the conventional MUSIC method. When the SNR
of target 1 is greater than −10 dB, the two RD domain methods have the approximate
performance of the conventional Capon method and MUSIC method, and the estimation
error of both azimuth and pitch angle reaches the level of 0.1◦. This accuracy is high
enough for practical application scenarios. The reason why the curves corresponding to
some methods in Figure 5 do not cover the whole SNR range is that when the SNR increases
to a certain extent, the estimation error is much smaller than the search step size, and the
RMSE statistical result is 0.
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Therefore, the VAC2-RD-MUSIC method has the best DOA performance for narrow-
band weak signals, especially when the scattering wave SNR is lower than −10 dB.

When the SNR of the scattering wave of target 1 is set as −30 dB, the azimuth search
range is set to [1◦, 360◦], the pitch angle search range is [1◦, 90◦], and the search step is
1◦. The parameters of direct wave and three scattering waves are shown in Table 2. The
spatial spectrum results of DOA estimation of multiple weak scattering waves are shown
in Figure 6.

Table 2. The parameters of Simulation 2.

Multipath
Signals

Bandwidth
(Hz)

SNR
(dB)

Azimuth
(Degree)

Pitch Angle
(Degree)

Doppler
(Hz)

Range
(ms)

Direct wave 200 60 240 80 0 0
Target 1 Scattering wave 200 −30 120 70 −7.5 0.6
Target 2 Scattering wave 200 −35 85 70 5 0.5
Target 3 Scattering wave 200 −40 300 70 1.5 0.8
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Figure 6a shows a power normalized one-dimensional azimuthal spatial spectrum
drawn by projecting the Doppler-Azimuth spatial spectrum onto the azimuthal dimension.
The azimuthal spatial spectrum shows that the Capon method and the conventional MUSIC
method can only observe a small spectral peak near the incident azimuth of target 1,
respectively, and the two RD domain MUSIC methods have the ability to simultaneously
detect multiple peaks of multiple low SNR signals. In addition, the VAC1-RD-MUSIC
method can obtain the direction information of target 1 and target 2 scattering waves,
and cannot complete the DOA estimation of target 3 scattering wave at −40 dB SNR; the
VAC2-RD-MUSIC method can accurately estimate the direction of the three scattering
waves. The Doppler-Azimuth spatial spectrum results of VAC2-RD-MUSIC is shown in
Figure 6b, from which the spectral peaks corresponding to the three target scattering waves
can be observed, and the spectral peak positions correspond to (−7.5 Hz, 118◦), (5 Hz, 88◦),
and (1.5 Hz, 299◦), respectively. The Doppler shifts of the three scattering wave spectral
peaks are consistent with the set value, and the error of the azimuth estimation result is
within 3◦. Figure 6 shows that the RD domain spatial spectrum estimation method has the
ability to simultaneously estimate the DOA of multiple low SNR target scattering waves.

4.2. Simulation Results of DOA Estimation for Coherent Weak Signals in RD Domain

The total number of coherent integration points set in this subsection is 20,000, the
RD domain virtual array data are constructed by the VAC2 method, and the number of
snapshots is set as 41. The scattering waves of target 1 and target 2 are coherent signals, and
the scattering wave of target 3 is an incoherent signal. This subsection mainly verifies the
azimuth estimation performance of different DOA estimation methods for coherent signals.

4.2.1. Comparison of Decoherence Methods and Non-Decoherence Methods

The parameters of direct wave and two coherent scattering waves are shown in Table 3.
When the surveillance channel signal y(n) only contains the coherent signal components
of target 1 and target 2 scattering waves, and the SNR of target 1 scattering wave is set to
−50 dB:2 dB:10 dB, the Monte Carlo simulation experiment of target 1 scattering wave DOA
estimation is completed, and the variation curves of the RMSE of different DOA estimation
methods with the increase of target 1 scattering waves’ SNR are statistically analyzed.

Table 3. The parameters of Simulation 3.

Multipath
Signals

Bandwidth
(Hz)

SNR
(dB)

Azimuth
(Degree)

Pitch Angle
(Degree)

Doppler
(Hz)

Range
(ms)

Direct wave 200 60 240 80 0 0
Target 1 Scattering wave 200 −50:2:10 120 70 −7.5 0.6
Target 2 Scattering wave 200 −30 85 70 −7.5 0.6
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As shown in Figure 7, the non-decoherence method cannot accurately estimate the
azimuth of target 1 scattering wave, when the SNR of target 1 scattering wave is lower than
that of target 2 scattering wave. The azimuth RMSE of the two decoherence algorithms
is significantly lower than that of other methods, indicating that RD-ESVD-MUSIC and
RD-MESVD-MUSIC can suppress the shadowing of strong coherent scattering waves to
weak scattering waves in the RD domain, so as to realize the correct DOA estimation of
target scattering waves with low SNR. When the SNR of target 1 scattering wave is in
the range of −50 dB to −10 dB, Figure 7 shows that the azimuth RMSE of the RD-ESVD-
MUSIC method is 1.66◦ lower than that of the MUSIC method, and the azimuth RMSE of
RD-MESVD-MUSIC method is 3.55◦ lower than that of the MUSIC method.
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Figure 7. RMSE of target 1 scattering wave azimuth estimation when the SNR of coherent interference
is −30 dB.

When the SNR of target 1 is greater than −10 dB, the two RD domain decoherence
algorithms have an obvious performance loss compared to the conventional Capon method
and MUSIC method. When the SNR of target 1 exceeds −10 dB, the influence of the
scattering wave of target 2 as coherent interference on the DOA estimation of the scattering
wave of target 1 can be ignored due to the relatively low SNR of target 2, so the conventional
Capon method and MUSIC method, as well as the VAC1-RD-MUSIC method and VAC2-
RD-MUSIC method, can work normally. However, the two decoherence methods will
lose a certain degree of spatial freedom due to mode excitation and covariance matrix
reconstruction, resulting in a decrease in DOA estimation accuracy. At this time, the
azimuth RMSE of the RD-ESVD-MUSIC method is 0.09◦ higher than the conventional
MUSIC method, and the azimuth RMSE of RD-MESVD-MUSIC is 0.09◦ higher than the
conventional MUSIC method. The azimuth estimation error of all the methods is below 0.2◦,
which is enough to meet the requirements of the actual scene; that is, to say the performance
losses of RD- RD-ESVD-MUSIC and MESVD-MUSIC do not affect the reliability of their
practical application.

In the actual scene, the power of the coherent interference signal often changes syn-
chronously with the signal to be measured, so the simulation parameters of a direct wave
and two coherent scattering waves are set as shown in Table 4. When the SNR of target
1 scattering wave is set to −50 dB:2 dB:10 dB, and the SNR of target 2 scattering wave is
synchronously set to −50 dB:2 dB:10 dB, the Monte Carlo simulation experiment of target 1
scattering wave DOA estimation is completed. The result is shown in Figure 8.
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Table 4. The parameters of Simulation 4.

Multipath
Signals

Bandwidth
(Hz)

SNR
(dB)

Azimuth
(Degree)

Pitch Angle
(Degree)

Doppler
(Hz)

Range
(ms)

Direct wave 200 60 240 80 0 0
Target 1 Scattering wave 200 −50:2:10 120 70 −7.5 0.6
Target 2 Scattering wave 200 −50:2:10 85 70 −7.5 0.6
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is equal to the SNR of target 1.

As the simulation result shown in Figure 8, when the coherent interference’s SNR
is equivalent to the SNR of the signal to be measured, the interference always has a
significant impact on the DOA estimation performance. At this time, the conventional
Capon method and MUSIC method, as well as the VAC1-RD-MUSIC method and VAC2-
RD-MUSIC method, are basically ineffective, and the two RD domain decoherence methods
can effectively estimate the DOA of target 1. When the SNR of target 1 scattering wave is
in the range of −50 dB to −10 dB, Figure 8 shows that the azimuth RMSE of RD-ESVD-
MUSIC method is 7.88◦ lower than that of the MUSIC method, and the azimuth RMSE of
the RD-MESVD-MUSIC method is 9.12◦ lower than that of the MUSIC method.

According to the results of Figures 7 and 8, RD-ESVD-MUSIC and RD-MESVD-
MUSIC have better DOA estimation performance for coherent weak signals than the
non-decoherence methods when there is a strong coherent interference, and they can also
achieve acceptable DOA estimation accuracy when the signal’s SNR is significantly higher
than the coherent interference’s SNR. Furthermore, the RD-MESVD-MUSIC method has a
higher estimation accuracy than the RD-ESVD-MUSIC method.

4.2.2. Comparison of Two RD Domain Decoherence Algorithms

The parameters of direct wave and two coherent scattering waves are shown in Table 5.
The surveillance channel signal only contains the coherent signal components of target 1
and target 2, and the SNR of target 1 scattering wave is −30 dB. The RD domain MUSIC
results corresponding to the Doppler shift of target 1 and target 2 are shown in Figure 9.
The spatial spectrum of VAC2-RD-MUSIC is shown in Figure 9a; there is a large interference
spectrum peak at the azimuth of 108◦ and the pitch angle of 22◦, which is caused by the
interference between the two scattering waves. Figure 9b,c indicate the results of RD-ESVD-
MUSIC and RD-MESDVD-MUSIC, respectively. Both methods can accurately estimate the
DOA of coherent signals, and the spectral peak shape obtained by RD-MESDVD-MUSIC is
sharper than that of RD-ESVD-MUSIC.



Remote Sens. 2024, 16, 2186 21 of 24

Table 5. The parameters of Simulation 5.

Multipath
Signals

Bandwidth
(Hz)

SNR
(dB)

Azimuth
(Degree)

Pitch Angle
(Degree)

Doppler
(Hz)

Range
(ms)

Direct wave 200 60 240 80 0 0
Target 1 Scattering wave 200 −30 120 70 −7.5 0.6
Target 2 Scattering wave 200 −30 85 70 −7.5 0.6
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Figure 9. A pair of coherent scattering wave signals are contained. (a) RD-MUSIC spatial spectrum.
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The parameters of direct wave and two coherent scattering waves are shown in Table 6.
The surveillance channel signal y(n) contains the three target scattering wave components,
and target 3 scattering wave is a strong incoherent signal relative to target 1 and target 2
scattering waves, so that there are obvious power residues of target 3 in the range spectrum
at the Doppler shift of target 1 and target 2, which will affect the scattering wave DOA
estimation of target 1 and target 2. The estimation results of different RD domain MUSIC
methods corresponding to the Doppler shift of −7.5 Hz which correspond to target 1 and
target 2 are shown in Figure 10. Both Figure 10a,b show an obvious spectral peak in the
direction of target 3 wave, and the spectral peak positions of target 1 and target 2 can
no longer be observed in the RD-ESVD-MUSIC spatial spectrum. It can be observed in
Figure 10c that two spectral peaks are located at (86◦, 70◦) and (119◦, 69◦), corresponding
to the scattering waves of target 1 and target 2, respectively. It is shown in Figure 10 that
RD-MESD-MUSIC has stronger DOA estimation robustness than RD-ESVD-MUSIC in the
case of an existing strong non-coherent interference.

Table 6. The parameters of Simulation 6.

Multipath
Signals

Bandwidth
(Hz)

SNR
(dB)

Azimuth
(Degree)

Pitch Angle
(Degree)

Doppler
(Hz)

Range
(ms)

Direct wave 200 60 240 80 0 0
Target 1 Scattering wave 200 −30 120 70 −7.5 0.6
Target 2 Scattering wave 200 −30 85 70 −7.5 0.6
Target 3 Scattering wave 200 −10 300 70 1.5 0.8
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According to the results of Figures 9 and 10, RD-MESVD-MUSIC has better ability
than RD-ESVD-MUSIC when estimating the DOA of weakly coherent scattering waves.

4.3. Actual Data Processing Result

The DOA estimation results of some actual antenna array acquisition data are pre-
sented in this subsection, which verify the ability of the RD-MUSIC method to estimate the
weak scattering wave signals’ DOA by comparison with the direction information of the
scattering wave relative to the receiving position calculated by the position information of
the civil aviation aircraft provided by ADS-B. In the actual data acquisition processing, the
received array is a 40-element UCA with a radius of 50 m, and the array signal sampling
rate is 10 kHz after down-conversion to zero intermediate frequency. Due to hardware
limitations, only 16 continuous channels of data can be processed at present, so the array
manifold is a 16-element uniform circular arc linear array. The processing results show that
the manifold can also use the RD domain spatial spectrum estimation method to estimate
the DOA of weak scattering waves.

The time-domain power spectrum of the array received signal is shown in Figure 11a.
The reference channel signal and the surveillance channel signal are obtained by the
beamforming method and the interference cancellation algorithm, respectively. The two-
dimensional ambiguity function is calculated every 2 s to obtain an RD map. According
to the time order, the Doppler spectrum is extracted from each RD map and stacked to
form a time-Doppler map, as shown in Figure 11b. A time-Doppler curve of a target can be
observed in the time-Doppler map, and the Doppler value of each point in the detection
curve is considered as the target scattering wave signal’s Doppler shift at each time.
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The VAC2 method is used to construct multi-snapshots virtual array data for RD-
MUSIC spectrum estimation. It is shown in Figure 12 that the RD-MUSIC estimation
direction information of a one-minute continuous weak scattering wave signal compares
with the expected DOA calculated by synchronously received ADS-B. Figure 12a is the
azimuth estimation result, and Figure 12b is the pitch angle estimation result, which match
the direction information of the civil aviation aircraft provided by ADS-B, indicating that
the RD-MUSIC method can estimate DOA of the weak scattering wave signal in the actual
data. The azimuth estimation result is more stable than the pitch angle, which is consistent
with the array manifold characteristics.
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5. Conclusions

The RD domain spatial spectrum estimation method proposed in this paper can
effectively detect the direction information of weak target scattering waves. The virtual
array data generated based on the range spectrum on an RD map is regarded as a pseudo-
time series of multiple snapshots, providing sufficient SNR gain for scattering wave signal
and improving the accuracy of DOA estimation. In addition, a RD-MESVD-MUSIC method
is proposed to solve the problem of obtaining DOA of coherent scattering waves with low
SNR. The results of the simulation experiments and actual data processing verify that the
RD domain spatial spectrum estimation method has good DOA estimation ability for weak
target scattering waves.
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