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Abstract: The detection of infrared dim and small targets in complex backgrounds is very challenging
because of the low signal-to-noise ratio of targets and the drastic change in background. Low-rank
sparse decomposition based on the structural characteristics of infrared images has attracted the
attention of many scholars because of its good interpretability. In order to improve the sensitivity of
sliding window size, insufficient utilization of time series information, and inaccurate tensor rank in
existing methods, a four-dimensional tensor model based on superpixel segmentation and statistical
clustering is proposed for infrared dim and small target detection (ISTD). First, the idea of superpixel
segmentation is proposed to eliminate the dependence of the algorithm on selection of the sliding
window size. Second, based on the improved structure tensor theory, the image pixels are statistically
clustered into three types: corner region, flat region, and edge region, and are assigned different
weights to reduce the influence of background edges. Next, in order to better use spatiotemporal
correlation, a Four−Dimensional Fully-Connected Tensor Network(4D−FCTN) model is proposed in
which 3D patches with the same feature types are rearranged into the same group to form a four-
dimensional tensor. Finally, the FCTN decomposition method is used to decompose the clustered
tensor into low-dimensional tensors, with the alternating direction multiplier method (ADMM)
used to decompose the low-rank background part and sparse target part. We validated our model
across various datasets, employing cutting-edge methodologies to assess its effectiveness in terms of
detection precision and reduction of background interference. A comparative analysis corroborated
the superiority of our proposed approach over prevailing techniques.

Keywords: infrared small target detection (ISTD); spatio-temporal tensor; sparse and low-rank
decomposition; superpixel segmentation; fully-connected tensor network decomposition (FCTN);
cluster 4D−FCTN method

1. Introduction

The detection of small infrared targets under complex backgrounds plays an essential
part in Infrared Search and Track (IRST) systems [1]. However, infrared dim and small
targets have weak brightness, small size (according to research convention, generally no
more than 80 pixels), and lack obvious shape, texture, and colour information, making
them difficult to detect directly [2]. In addition, false alarms are a difficult problem to
solve in real scenarios [3,4]. Therefore, an infrared small target detection algorithm has
essential research significance and value. This section briefly discusses the existing infrared
dim and small target detection methods [5], where the method based on low-rank sparse
decomposition is introduced in detail [6].
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In recent years, many approaches for Infrared Small Target Detection (ISTD) have
emerged, with a specific emphasis on single frame-based and sequence-based techniques.
Section 1.1 provides a concise overview of the methods based on individual frames, fol-
lowed by an exploration of sequence-based methods in Section 1.2. Finally, Section 1.3
delves into the approaches centered around low-rank sparse decomposition.

1.1. Single-Frame Detection Methods

The existing single-frame algorithms can be divided into two categories: local informa-
tion and nonlocal information. According to the idea of local information single-frame al-
gorithms, the gray level of the background pixel is usually close to that of its local neighbor-
hood pixels, while the gray level of the target pixel is different from that of its local neighbor-
hood pixels. By extracting the difference information between each pixel in the image and
its neighborhood reference pixels, the target can be successfully selected. Such algorithms
mainly include background estimation methods [7,8], morphological methods [9,10], di-
rectional derivative/gradient methods [11,12], and local contrast methods [13]. However,
using local information to detect the target must satisfy a basic premise, that is, the target
must be the most remarkable in the local area, which may not hold in the complex real
background. A very possible situation is that if the background is very complex, the target
may be close to some extremely bright background and easily submerged by it. In this
case, it is very difficult to use local information to detect the target [14]. This leads to
the problem that the detection performance of local information algorithms decreases in
complex real backgrounds.

Algorithms based on non-local single-frame information use the differences between
the target image and the background/noise image in terms of the frequency band, data
space, and other aspects. Such algorithms use the frequency domain method [15,16],
classifier method [17,18], over-complete sparse representation method [19,20], and sparse
low-rank decomposition method to separate the target image from the whole original
image. Among these, the standard classifier methods include clustering, support vector
machines, neural networks, etc. Zhou Weina [21] selected radial basis neural networks
and nonlinear autoregressive networks to realize infrared target detection of single-frame
images. In [22], the authors used the YOLO (You Only Look Once) depth neural network
architecture to process infrared and visible dual-channel images to detect fast low-altitude
UAV targets. Based on deep learning theory, Hou Qingyu et al. [23] proposed a convolution
neural network called RISTDnet. In [24], Dai Yimian et al. made the LCM algorithm into
a module and then embedded it into the whole convolution divine sutra network. Because
these algorithms directly calculate the whole image and do not care about the saliency of
the target in the local region, they can solve the problem of the object being submerged by
the highlighted background in the neighborhood to a certain extent. A nonlocal information
single-frame algorithm makes full use of all the information in the frame to detect a dim
and small target, and does not care about the saliency of the target in the local area. Even if
the target is not prominent because it is close to a highlighted background, it can still be
successfully separated, which is a significant advantage compared with local information
algorithms. However, there are shortcomings in the current nonlocal information single-
frame algorithms which need to be further studied and improved. For example, the
frequency domain method assumes that the target and the background occupy different
frequency bands. However, when the background is complex, the frequency bands of the
target and the background coincide to an extent, making it difficult to distinguish them
accurately in the frequency domain. Most classifier methods need a large number of training
samples; however, in the field of infrared dim and small target detection it is difficult to
obtain samples, especially in the face of non-cooperative targets. The performance of
the over-complete sparse representation depends on the accuracy of the over-complete
dictionary. However, in practice, it is impossible to construct an over-complete dictionary
that covers all situations.
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1.2. Sequential Detection Methods

Unlike single-frame algorithms, multi-frame algorithms use both spatial and temporal
information to detect a dim and small target and predict the trajectory of the target in the
sequence image. When there are multiple sources of interference within the field of view
that are very similar to real objects (such as fragmenting clouds, etc.), this kind of method
is usually more effective than a pure single-frame algorithm. The current multi-frame
algorithms can be roughly divided into two categories. One is the association verification
class [25,26], in which a single-frame algorithm is used to find suspicious targets in each
frame, then the continuity of the target motion trajectory is used to check between multiple
frames to further exclude false targets and extract the motion trajectory of the true target;
this approach is sometimes called “Detect Before Track” (DBT). The other is to directly
obtain the class [27,28] by using the gray fluctuation information of the moving target in
the time domain to directly extract the target in multiple frames. This method is sometimes
called “Track Before Detect” (TBD).

The performance of correlation check algorithms depends to a large extent on the
detection performance of the preceding single frame algorithm itself. If the performance of
the single frame algorithm is very poor (such as a large number of missed detection, etc.), it
is difficult to effectively improve the final detection performance even if a subsequent time
domain correlation check is added. It is even possible for the post-validation performance
to be worse than the pre-validation performance. Theoretically, the advantage of direct
acquisition algorithms is that they use the information of multiple frames to directly obtain
the target in the time domain, meaning that their detection performance is generally
better. Moreover, in certain cases the target position and the target trajectory can be
determined simultaneously.

However, existing methods fail to effectively exploit spatial and temporal information
simultaneously, particularly against complex backgrounds. Therefore, the objective of
this research is to develop an algorithm that can efficiently leverage the spatiotemporal
structure within infrared sequences while achieving exceptional performance on issues
related to Infrared Small Target Detection (ISTD).

1.3. Related Work

According to the sparse low-rank decomposition method, the background image and
the target image come from different linear subspaces, and their characteristics are very
different. The background image has certain nonlocal self-similarity and high internal
data correlation, meaning that the background image has a low rank ratio and is the main
component of an image. The size of the small target is not large, and the proportion of
the whole image is extremely small; thus, the target image should be very sparse, which
is the abnormal information in an image. Therefore, if the original image matrix can be
divided into a matrix with the lowest rank and a matrix with the highest sparsity under
certain optimization criteria, the background part can be used to achieve separation of the
target parts.

After the image block matrix method (IPI) was first proposed by Gao et al. [29], this
idea was quickly recognized and inherited by many researchers, and many further improve-
ments were made to solve the problem of incorrect decomposition of the background edges.
However the practice of “pulling vectors” for each image block in the image block matrix
method destroys this spatial correlation, resulting in degradation of detection performance.
Therefore, this kind of tensor method directly stacks each image block in order to form
a new three-dimensional data cube, and this three-dimensional data cube is decomposed
in the tensor space. Because the data cube can be expanded in the x, y, and z directions, it
can describe more spatial correlation information between adjacent pixels. Dai and Wu [30]
first introduced the tensor concept into the field of infrared dim and small target detection
and proposed the reweighted IR patch tensor (RIPT), in which the local complexity is used
as weighted feedback to the sparse foreground part during decomposition to ensure that
the complex background edges and corners are decomposed into the low-rank background



Remote Sens. 2024, 16, 34 4 of 30

part as much as possible. The motivation behind this approach stems from the Tensor
Robust Principal Component Analysis (TRPCA) model.

Wang et al. [31] employed total variation regularization to effectively capture both
internal smoothing and edge details within infrared (IR) backgrounds. This approach
yields promising detection outcomes even when confronted with non-uniform or un-
smooth IR scenes. To enhance detection speed, Zhang and Peng [32] utilized the partial
sum of TNN (PSTNN) as a constraint for low-rank background tensors. Additionally,
Cao et al. [33] introduced a novel approximation method called mode-k1k2 extension
tensor tubal rank (METTR) specifically designed for estimating tensor ranks within IPT
models. Kong et al. [34] proposed an enhanced version of the IPT model by incorporating
LogTFNN non-convex tensor fibered rank approximation.

In order to exploit the spatiotemporal correlation of infrared image sequences, Hu et al.
proposed a novel multi-frame spatial-temporal patch-tensor (MFSTPT) model for ISTD
from complex scenes. In this approach, the Laplace function is utilized based on non-
convex approximation to measure the low-rank properties of the background, and novel
weighted prior information is introduced to suppress interference from the edges and
highlighted areas. Moreover, a new tensor model is constructed using a simultaneous
sliding window in space and time to satisfy the assumption of low-rank background.
The ECA-STT model proposed by Zhang et al. [35] presents a novel approach for STT
that incorporates edge and corner awareness. The ECA indicator is designed based on
the ST to effectively differentiate between the target and sparse background residuals
by adjusting its importance factor. Hu et al. [36] proposed a novel multi-frame spatial–
temporal patch-tensor (MFSTPT) model that utilizes the Laplace method to approximate
the rank of the tensor and established a prior weighted saliency map to suppress strong
interference and sparse noise. Jie Li et al. [37] proposed a novel twist tensor model called
sparse regularization-based SRSTT. This model effectively enhances the distinction between
the target and complex background by introducing a distortion tensor model based on
perspective transformation. However, the computational time of this method is prolonged
due to the presence of abundant clutter in complex backgrounds. Wu et al. [38] proposed
a four-dimensional infrared image patch tensor structure and decomposed into lower-
dimensional tensors using the tensor train (4D−TT) and its extension-tensor ring (4D−TR)
techniques. The proposed structure takes into account both local and global features in the
spatial and temporal domains while avoiding discontinuities between patch sequences.
However, this algorithm is time-consuming when detecting target-like items in fast-moving
complex environments.

1.4. Motivation

It is evident that the primary focus of single-frame tensor-based and sequence tensor-
based infrared small target detection methods lies in exploring the 3D tensor structure.
The single-frame tensor approach preserves local characteristics by arranging local patches
within a 3D space, while incorporating a global prior to ensure object sparsity and low-
ranking background. In terms of multi-frame tensor methods, certain approaches enhance
the temporal aspect by overlaying the original image to aid in ISTD operations [35,39].
In [33,40], the authors partially adopted the concept from single frame tensors, where local
blocks within a single frame are superimposed and combined across time to maintain
localized information in both spatial and temporal domains.

Directly processing the entire sequence would result in significant computational time
and disregard the spatial correlation of patches, making it impossible to simultaneously
achieve spatiotemporal correlations of both local and global information within a 3D space.
Although Fengyi Wu proposed a four-dimensional infrared image patch tensor structure,
the structure is based on the patch size as the first two orders, the time as the third order,
and the patch index as the fourth order. This structure preserves the continuity of the IR
tensor in time sequence and the continuity in space and avoids the discontinuities between
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the patch sequences; however, it is time-consuming to detect target-like items and a large
number of coefficient background edges in fast-moving complex environments.

The crux of enhancing the detection rate for infrared small targets lies in effectively
extracting pertinent information, as infrared images exhibit limited characteristics of small
targets. Although the existing infrared small target detection techniques based on spatio-
temporal tensor (STT) have good performance, the majority of existing methods fail to
effectively leverage temporal information across consecutive multiple frames, necessitating
the development of a novel detection model dataset construction approach. Moreover,
compared to moving targets, the background of infrared images exhibits minimal changes
and strong correlation within a short time frame, suggesting that combining similar regions
in an appropriate manner could potentially emphasize the low-rank features of the back-
ground and enhance target visibility. Based on the problems of the above spatiotemporal
tensor models, a four-dimensional tensor model based on superpixel segmentation and sta-
tistical clustering is established. The following section outlines the principal contributions
of this study:

1. First, superpixel segmentation is employed to remove the reliance of conventional
algorithms on the dimensions of sliding windows. For the first time, the applica-
tion of superpixel segmentation to infrared dim and small target detection utilizing
spatiotemporal tensor models is presented in this study.

2. Second, in order to make better use of the spatiotemporal correlation, the Cluster
4D-FCTN model is proposed. Based on the improved structure tensor theory, the
image pixels are statistically clustered into three types: corner area, flat area, and edge
area. The 3D patches with the same feature type are rearranged into the same group to
form a four-dimensional tensor, and different weights are assigned to the image pixels
with line prior and point prior to reduce the influence of strong background edges.

3. A fully-connected tensor network (FCTN) is proposed to detect small infrared targets
using spatial and temporal correlation, which can better approximate the tensor rank.
The FCTN decomposition is able to fully characterize the correlation between any two
modes of a tensor. Additionally, the alternating direction multiplier method (ADMM),
a highly efficient approach, has been developed to precisely address the proposed
optimization model.

2. Notations and Preliminaries

In this segment, we present a succinct overview of the fundamental symbols and
diverse explanations utilized within this manuscript.

2.1. Notations

We employ x, x, X, and X to denote scalars, vectors, matrices, and tensors, respec-
tively. For instance, a tensor of order N = 4 with size M1 × M2 × M3 × M4 is denoted
by X ∈ Rm1×m2×m3×m4 . The representation of an element in a four-dimensional ten-
sor is denoted as X (m1, m2, m3, m4) or xm1m2m3m4 , while the index is (m1, m2, m3, m4).
X (m1 . . . mn−1, :, mn+1 . . . m4) represents the mode fiber of x, X (. . . , mn, . . .) indicates the
mode-n slice, and the mode-n unfolded matrices of tensor X is X(n) ∈ Rmn×∏k ̸=n mk . The
inner product of two tensors X and Y of equal dimensions is computed by summing
the element-wise products, ⟨X ,Y⟩ = ∑m1,m2,··· ,mN

X (m1, m2, · · · , mN)Y(m1, m2, · · · , mN).
The definitions of the l1-norm and Frobenius norm for X are given as ∥X ∥1 = ∑m1,m2,··· ,mN

|X (m1, m2, · · · , mN)| and ∥X ∥F =
√

∑m1,m2,··· ,mN
|X (m1, m2, · · · , mN)|2, respectively.

2.2. FCTN Decomposition

To effectively extract and utilize information from four-dimensional tensor data,
a more suitable decomposition strategy than the traditional three-dimensional decom-
position method is needed. This paper proposes a new tensor decomposition called Fully
Connected Tensor Network (FCTN) decomposition [41], which facilitates the decomposition
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of an nth-order tensor into a sequence of low-dimensional nth-order factors. Addition-
ally, our method establishes an operation between any two factors. It breaks through the
limitation that the exclusive role of TT and TR decomposition lies in the disclosure of the
operation limited to two consecutive factors, rather than the connection between any two
factors, resulting in their limited ability to measure the correlation.

Instead of utilizing RPCA [42] based on matrices, TRPCA exhibits superior perfor-
mance in handling high-dimensional data [43]. It breaks down a tensor of order m into
a linear combination of a tensor with low rank and an element that is sparse. Unlike the ma-
trix scenario, various types of tensor rank are available, including TTucker rank [29], multi-
rank and tubal rank [31], TT rank [44], and TR rank [45] obtained from corresponding tensor
decompositions. The Tucker decomposition method is employed to factorize an Nth-order
tensor X ∈ RM1×M2×···×MN into a compressed Nth-order core tensor, denoted as G, which is
multiplied by a matrix along each mode, resulting in X = G ×1 U1 ×2 U2 ×3 U3. The Tucker
rank is denoted by a vector, where the kth element indicates the ranking of the mode-k
matricization of tensor X . i.e., rankTu(X ) :=

(
rank

(
X(1)

)
, rank

(
X(2)

)
, · · · , rank

(
X(N)

))
,

where X(k) ∈ RMk×(M1···Mk−1 Mk+1···MN) is the mode-k matricization of X . Liu et al. intro-
duced the concept of minimizing the Tucker rank by utilizing the sum of nuclear norms
(SNN). However, it should be noted that SNN does not represent the most accurate convex
envelope for calculating the sum of ranks from unfolding matrices of a tensor. The em-
ployment of an unbalanced matricization scheme to unfold a tensor into matrices along
one mode exacerbates the complexity of this issue. Consequently, it can be argued that
the Tucker rank may not effectively capture all global information pertaining to the tensor
[46]. Introduced in the work of [47], Tensor Nuclear Norm (TNN) characterizes correla-
tions along the first and second modes using tensor singular value decomposition (t-SVD).
However, the main emphasis of t-SVD lies in third-order tensors, which might restrict
its suitability for scenarios that involve high-dimensional data such as color videos and
multi-temporal remote sensing images. In such cases, the incorporation of t-SVD and its
related models based on TNN may not sufficiently capture the inherent low-dimensional
structure present in the data. TT decomposition, as shown in Figure 1a [48], factorizes
a tensor X ∈ RM1×M2×···×MN of order N into two matrices and N − 2 tensors of the
third order. TR decomposition, as depicted in Figure 1b, factorizes an Nth-order tensor
X ∈ RM1×M2×···×MN into a product formed by taking the circular multilinear combi-
nation of a set of third-order core tensors; its element-wise representation is denoted as
X (m1, m2, · · · , mN) = ∑R1

r1=1 ∑R2
r2=1 · · ·∑RN

rN=1{G1(r1, i1, r2)G2(r2, i2, r3) · · · GN(rN , iN , r1)}.
The vector (R1, R2, · · · , RN) represents the TR rank. To address the low-rank tensor comple-
tion problem, TR nuclear norm minimization (TRNNM) [49] proposes utilizing the convex sur-
rogate ∑N

k=1 βk
∥∥X<k,L>

∥∥
∗ as an alternative measure for the TR rank. Here,

X<k,L> ∈ RΠk+L−1
i=k Ii×Πk−1

i=k+L Ii denotes the circular unfolding matrix of the tensor. The
TRNNM-based RTC problem was investigated by Huang et al. [50]. To explore the inter-
actions between two arbitrary factor tensors, Zheng et al. [51] proposed a decomposition
technique known as Fully Connected Tensor Network (FCTN) decomposition, as illustrated
in Figure 1c. This method breaks down an Nth-order tensor X ∈ RM1×M2×···×MN into
smaller Nth-order tensors, represented element-wise as

X (m1, m2, · · · , mN) =
R1,2

∑
r1,2=1

R1,3

∑
r1,3=1

· · ·
R1,N

∑
r1,N=1

R2,3

∑
r2,3=1

· · ·
R2,N

∑
r2,N=1

· · ·
RN−1,N

∑
rN−1,N=1

{G1(m1, r1,2, r1,3, · · · , r1,N) · · · GN(r1,N , r2,N , · · · , rN−1,N , mN)}.

(1)

The rank of the FCTN is characterized as a vector (R1,2, · · · , R1,N , R2,3, · · · , R2,N , · · · ,
RN−1,N). The FCTN decomposition exhibits exceptional performance in addressing the
issue of tensor completion, surpassing alternative tensor decompositions. This can be
attributed to its effective capture of correlations across diverse modes.
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(a) TT decomposition

(b) TR decomposition (c) FCTN decomposition
Figure 1. Depiction of tensor network decomposition.

3. Methodology

In the current chapter, we initially explore the technique employed for constructing
tensors, and employ the concept of superpixel segmentation to reduce the algorithm’s re-
liance on sliding window size selection. Subsequently, we introduce background clustering
based on the structure tensor. Furthermore, we delve into the Cluster 4D infrared tensor
model and propose a 4D tensor-based 4D-FCTN method through FCTN decomposition and
unfolding algorithms. Additionally, comprehensive explanations regarding the solution
procedure derived from ADMM are readily accessible.

3.1. Superpixel Segmentation

Because the method of using a fixed-size sliding window to intercept pixels does
not consider the integrity of local features in the graph, it leads to a complete object be-
ing divided into several parts, which affects the subsequent decomposition. Therefore,
this chapter first studies the means of tensor construction, and uses the idea of super-
pixel segmentation to reduce the dependence of the algorithm on selection the of sliding
window size.

As shown in the first row of Figure 2, the size of the sliding window used in the
first row is 40 × 40; the target image only contains the target, and the background resid-
ual of strong edges is completely removed. The size of the sliding window used in the
second row is 20 × 20, and the background residual exists in the target image, which in-
creases the likelihood of false alarms. In order to illustrate this problem, statistical analysis
is carried out on two image sequences. The target size in the two image sequences is
the same, meaning that the sliding window size to achieve optimal performance of the
two sequences should be similar; however, the ROC curve in Figure 3 show that this is not
the case. For the first sequence, the optimum is achieved when the sliding window is set
to 50, while for the second sequence the effect is poor when the sliding window is set to
50; thus, it is obvious that the first sequence is more sensitive to the sliding window than
the second one. The fundamental reason behind this result is that the grouping method is
based on the probability of the block image belonging to a certain feature; thus, the size of
the sliding window affects which group the block image is divided into. The method of
using a fixed-size sliding window to intercept pixels does not consider the integrity of local
features in the image, leading to a complete object being divided into several parts, which
are divided into different groups. Therefore, a more reasonable segmentation method
is needed to more accurately describe the characteristics of the block image in order to
maintain the integrity of the local features of the image.
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Figure 2. Clustering and separated target images obtained using different patch sizes.

Figure 3. Illustration of the sensitivity of the detection results to the sliding window size:
(a) two original images with similar complexity(b) results of superpixel segmentation and (c) ROC
curves obtained with sliding windows of different sizes.

Superpixels are irregular regions composed of pixels with similar features. These small
areas retain the relevant information of the local area; furthermore, because of the settings
in the algorithm, the boundary information in the object is usually well preserved and is not
destroyed. Therefore, superpixels are widely used in image preprocessing, object detection,
image classification, and other fields. Among the available methods, Simple Linear Iterative
Clustering (SLIC) [52] has the advantages of simplicity and efficiency, and has attracted
the attention of many scholars. For an input image, the main idea of the SLIC algorithm
is as follows: first, the image is divided into an S × S regular grid; in order to avoid the
edge parts or noisy points in the image becoming the center of the current superpixel, the
cluster center is taken as the minimum gradient position in its 3 × 3 neighborhood during
each calculation, then different features are selected as the similarity measure. As shown
in Figure 4, the similarity value is usually computed by searching in the neighborhood
of 2S × 2S from the center of superpixel, and it is assigned to the nearest cluster center.
Finally, after iteration, when the residual of the cluster center in the last iteration is less
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than the threshold, the iteration is stopped and the final superpixel segmentation result
is obtained. Because infrared images do not have color information, the gray distance
and spatial distance are selected as similarity measures in this paper. For a cluster center
Ci =

[
li xi yi

]
, the Euclidean distance D between it and each pixel in its neighborhood

is calculated as follows:
dc =

√(
lp − lq

)2 (2)

ds =

√(
xp − xq

)2
+
(
yp − yq

)2 (3)

D =

√
d2

c + α

(
ds

S

)2
(4)

where dc represents the grayscale distance, ds represents the spatial distance, and α is
a constant.

As shown in Figure 4, irregular regions are obtained after superpixel segmentation,
and the size of image blocks needs to be consistent during tensor calculation. Therefore, we
take the maximum size of the region obtained by superpixel segmentation as the uniform
size of the image block when constructing the tensor, and expand the region smaller
than this size from the center to the periphery to fill with the original pixel. Thus, the
construction of the tensor is completed.

Figure 4. The whole process of sliding window selection for adaptive superpixel segmentation.

3.2. Description of Features Exploiting the Structure Tensor

The structure tensor, in contrast to the gradient, enhances local structural character-
istics by employing a smoothing procedure and assessing the coherence of the spatial
orientations surrounding each pixel. Assuming that D represents the original image, we
can calculate the conventional structure tensor with a linear configuration as described
in Equation (5) [53,54]:

J = Kρ ∗ (∇Dσ ⊗∇Dσ)

=

(
Kρ ∗ I2

x Kρ ∗ IxIy
Kρ ∗ IxIy Kρ ∗ I2

y

)
=

(
J11 J12
J21 J22

) (5)

where Kρ represents a kernel function with a Gaussian distribution and variance ρ, while
Dσ denotes a Gaussian smoothing filter with variance σ applied to the original image. The
gradients of Dσ with respect to x and y, denoted as Ix = (∂Dσ/∂x) and Iy = (∂Dσ/∂y),
respectively, are obtained through a convolution operation. The gradient operator is
represented by ∇, and the Kronecker Product is used. It should be noted that the structure
tensor has dimensions of 2 × 2. The local image features can be enhanced by employing
principal axis transformation in the structure tensor, thereby improving their discriminative
power and facilitating more accurate analysis:

J = STΛS = ∑
m

λmjmjT
m (6)
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where S = [j1, j2]
T and j1 ⊥ j2 is the structure tensor J characteristic vector, while

Λ = diag(λm) is a diagonal matrix of eigenvalues. The computation of the structure
tensor’s two eigenvalues is performed through

λ1, λ2 = J11 + J22 ±
√
(J22 − J11)

2 + 4J2
12. (7)

The characteristics of the image can be represented by the top two eigenvalues of
the structure tensor under various conditions involving λ1 and λ2. First, λ1 ≥ λ2 ≫ 0,
indicating a corner region. It can be observed that the partial derivative amplitude is
similar in two vertical directions; however, there is a noticeable difference in their respective
orientations. This discrepancy indicates a variation in the location of this performance,
particularly towards the corner. Second, λ1 ≫ λ2 ≈ 0, indicating an edge region. This
implies that the partial derivative at this particular position exhibits a minimal change in one
direction, approaching zero, while displaying a substantial variation in the perpendicular
direction. This pronounced dissimilarity signifies a distinct orientation, thereby indicating
a high likelihood of the point being situated on an edge. Third, λ1 ≈ λ2 ≈ 0, indicating a flat
region. This implies that the partial derivative at this particular position exhibits minimal
variation in all directions, approaching zero. Consequently, the grayscale transition occurs
gradually, indicating a high likelihood of the point being situated within a flat region.

Although both the RIPT model [30] and PSTNN model [32] utilize the structure tensor,
they do not simultaneously incorporate all three types of feature points; instead, only one
or two of them are utilized. In order to maximize the utilization of these three types of
features, we have devised the following functions to depict the characteristics exhibited in
infrared images:

ωa =
1
2

e
λ1

λ2+0.003−1
[
eλ1(λ2−λ1) + eλ2(λ2−λ1)

]
, ωb = e

λ1
λ2+0.003−1 (8)

where ωb serves as a measure of the amplification factor indicating the difference between
λ1 and λ2. When ωa approaches infinity, this indicates that a pixel lies in an edge region
and should be categorized as a line feature. Conversely, when ωa approximates 1, it can be
regarded as a flat feature while considering other parts of the initial area as point features.
Nevertheless, careful selection of suitable threshold values becomes crucial due to noise
interference and potential over-amplification caused by ωb. The decision-making process
for thresholds can be summarized accordingly:

classp = a1 max(P), class f = a2 min(P) (9)

classp1 = a3 min(Q), class f 1 = a4 min(Q) (10)

where a1, a2, a3, and a4 are fixed values, while P and Q denote the remaining elements ob-
tained by removing infinity from sets ωa and ωb, respectively. By conducting an exploration
to satisfy the aforementioned criteria

ωa(x, y) > Classp and ωb(x, y) ≤ Classp1, (x, y) ∈ point
ωa(x, y) = ∞ and ωb(x, y) > Classp1, (x, y) ∈ line
ωa(x, y) ≤ Class f and ωb(x, y) ≤ Class f 1, (x, y) ∈ flat

(11)

the (x, y) coordinates represent the pixel position. The corner region contains point features,
the edge region contains line features, and the flat region contains flat features.
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3.3. The Cluster 4D-FCTN Model
3.3.1. Four-Dimensional Infrared Image Tensor Model

IR small target detection models based on low-rank and sparse decomposition gen-
erally assume the presence of target, noise, and background in the original image. This
assumption allows for an approximate modeling of the image, as follows:

fD = fB + fT + fN (12)

where fD, fB , fT , and fN represent the initial image, backdrop image, desired image, the
noise image, respectively. The IPI model represents an optimal approach for maximizing
the utilization of this characteristic, as illustrated below:

D = B + T + N (13)

where T, B, N, and D represent the target, background, noise, and the original infrared image.
The presence of spatial correlation between adjacent pixel data in the image is dis-

rupted by employing the “pulling vector” approach for each image block in the image
block matrix method, leading to a decline in detection performance. Conversely, utilizing
the “pulling vector” technique for each image patch within the image patch matrix method
disrupts this spatial correlation and results in a decrease in detection performance. To
enhance the model’s performance, we introduce a novel approach called image patch
tensor (IPT). This method shares similarities with the IPI model, and is represented in
Equation (14):

D = B + T +N (14)

where D,B, T ,N ∈ Rm1∗m2∗m3 stand for the original image tensor, the background tensor,
the target tensor, and the noise tensor, respectively.

However, both methods exhibit limited effectiveness in complex infrared environ-
ments. Moreover, the computational complexity is further exacerbated by the need for
restacking after tensor generation, hindering the efficiency of execution. In order to boost
local correlation and retain temporal data, Wu [38] recently presented a novel 4D infrared
tensor model that eliminates the need for restacking and enhances the tensor order, enabling
effective extraction of spatial–temporal information through high-order decomposition-
based optimization. Consequently, the proposed formulation of the 4D infrared tensor D4D

can be expressed as follows:

D4D = B4D + T 4D +N 4D (15)

where D4D, B4D, T 4D, and N 4D∈ RM1×M2×M3×M4 . Here, M3 represents the number of
consecutive frames in an image sequence, while M1 and M2 are patch sizes (M1 = M2),
Additionally, we define both the sliding step Ms and window size M1 to have equal values.
Lastly, we use M4 to indicate the total quantity of generated patches.

It is possible to place a constraint on D4D by taking advantage of the low-rank feature
of the 4D background tensor[38]:

rank
(
B4D

)
≤ r (16)

where the complexity of the background is denoted by a positive constant r.
Usually, spatially sparse distributions characterize tiny infrared targets which occupy

a limited area. Despite environmental fluctuations occurring rapidly, these targets only
cover a small fraction of their trajectory zone over time. As a result, they maintain their
sparsity even within temporal patch volumes. This property guarantees that the 4D target
tensor T 4D satisfies the following condition:∥∥∥T 4D

∥∥∥ ≤ α (17)
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where the value of α is determined by the characteristics and number of the targets. Subse-
quently, the low-ranking background and sparse target can be effectively separated through
TRPCA modeling:

min
B4D ,T 4D

rank
(
B4D

)
+ λ1

∥∥∥T 4D
∥∥∥

0

s.t. D4D = B4D + T 4D +N 4D
(18)

where the weighting parameter λ1 regulates the overall tradeoff between the target patch-
tensor T 4D and the background patch-tensor B4D.

However, the fourth dimension of the 4D tensor constructed by the algorithm does
not fully maintain the spatial continuity and correlation of patches, that is, all patches are
arranged into a row to form the fourth dimension, which destroys the spatial structure of
the patches.

3.3.2. ISTD Based on C4D-FCTN

Based on the problems of the ordinary 4D tensor model, we propose a feasible classi-
fication and combination of 3D patch tensors to form several kinds of more relevant 4D
tensors to solve such limitations.

In a complex background, strong edges sometimes only occupy a small portion of
the image with distinct edge characteristics. However, more blocks may be required to
adequately capture the low-rank property of the background in such cases. To address
this issue, we propose modeling and grouping similar feature blocks that satisfy the
low-rank property within their respective spaces. This approach aligns better with the
low-ranking nature of the background and enables parallel computation through block
grouping, thereby reducing computational time.

The infrared image features can be clustered into three groups based on the tensor
feature description, which is the foundation for calculating the probability of belonging
to each group within a block. The image patches exhibiting significant similarities are
naturally grouped together. The probability of the i-th patch belonging to the three features
can be computed as follows:

Pi(point, line, flat) =
ki(piont, line, flat)

max
(
kpoint, kline, kflat

) (19)

where ki (point, line, flat) represents the number of pixels belonging to point features, line
features, and flat features in the i-th image patch, while kpoint, kline, and kflat represent
the number of pixels belonging to point features, line features, and flat features in all
image patches.

After grouping the block images, we tested the low-rank property of tensors in each
cluster and performed singular value decomposition on them. The results are presented
in Figure 5, where (a) denotes the original image, (b) represents the singular value curve
of the point feature cluster tensor, (c) shows the singular value curve of the line feature
cluster tensor, and (d) displays the singular value curve of the flat feature cluster tensor. It
is evident that different clusters possess their own intra-cluster low-rank properties; hence,
the background can be modeled on this basis.

After the completion of the aforementioned clustering process, instead of stacking
the spatial tensor patches in series, we rearrange the 3D patches with the same feature
type into the same cluster to form the 4D tensor (that is, the four dimensions of the 4D
tensor are the length of the sliding window, width of the sliding window, sequence index,
and sliding window index within a cluster). Specifically, as described in Algorithm 1,
the initialized patch is obtained by adaptively selecting the sliding window size through
superpixel segmentation of the initial frame. Subsequently, the feature detection function
in Formula (11) is used to extract three kinds of feature points on the initialized patch. The
clustering criterion in Formula (19) is then applied to calculate the probability of each pixel
in the sliding window belonging to these three types of features based on the extracted
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feature points. This probability is further divided into a cluster of tensors with maximum
probability, resulting in three 3D tensors:

(
D3D)

p,
(

D3D)
l , and

(
D3D)

f . Subsequently, each
patch in the N3 frames are classified as the corresponding patch at the same position as the
initial frame, thereby stacking the image patches into three 4D tensors:

(
D4D)

p,
(

D4D)
l ,

and
(

D4D)
f .
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Figure 5. Intra-cluster low-rank properties of different clusters (a) represents the original image,
(b) represents the singular value curve of the point feature group tensor, (c) represents the singular
value curve of the line feature group tensor, and (d) represents the singular value curve of the flat
feature group tensor.

The stacking is performed in the order of the third-order coordinates of the frame
index N3, and the patch index N4 is used as the fourth-order axis. The patches with the
same feature type in the third dimension patch of a 4D tensor are rearranged into the same
cluster to form three 4D tensors. Using MATLAB, we start by utilizing sliding window
techniques to produce N1 localized patches from a single image (the starting frame) for the
purpose of constructing sub-three-way tensors. Subsequently, we utilize the operator for
multidimensional arrays to accomplish the stacking process of the 4D tensor.

Algorithm 1: The process of building the 4D infrared image tensor for clustering

Input: Image sequence S1, S2, S3, ...., SN∈ Rm×n

Output: Original 4D tensor D4D

Initialization: The initialized patch is obtained by superpixel segmentation of the
initial frame. Initialize patch size N1, time size N3

for i = 1 :N3 do
1.Use formula (11) to extract three kinds of feature points on the initialized

patches;
2.Use formula (19) to calculate the probability of each pixel in the sliding
window belonging to these three types of features based on the extracted
feature points. This probability is further divided into a cluster of tensors
with maximum probability, resulting in three 3D tensors:
(D3D

i )p ∈ RM1×M2×M4 , (D3D
i )l ∈ RM1×M2×M4 , (D3D

i ) f ∈ RM1×M2×M4；
3.each patch in the N3 frames are clustered as the corresponding patch at the
same position as the initial frame, thus along the direction of the third
dimension N3, stacking the image patches into three 4D tensors:
（D4D)p(:, :, i, :) = D3D

i , (D4D)l(:, :, i, :) = D3D
i , (D4D) f (:, :, i, :) = D3D

i .
end

A recent investigation [51] has unveiled the efficacy of the FCTN-based TRPCA tech-
nique in handling high-dimensional data, providing an accurate estimation of tensor rank.
In comparison to alternative tensor decompositions, FCTN decomposition demonstrates
superior performance when addressing challenges related to tensor completion. This ad-
vantage arises from its inherent ability to flexibly capture correlations among different
modes. In this study, we propose a novel Cluster 4D-FCTN model that employs a new
FCTN nuclear norm as a convex surrogate for quantifying mode correlations within our
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4D model. For an Nth-order tensor X ∈ RM1×M2×···×IN , we formulate the FCTN nuclear
norm as follows: ∥∥∥B4D

∥∥∥
4D−FCTN

=
L

∑
k=1

βk

∥∥∥Bk⌈nk
1;nk

2]

∥∥∥
∗

(20)

where the weighting factors βk satisfy the condition ∑L
k=1 βk = 1, which are all positive, nk

is the k-th rearrangement of the vector [1, 2, · · · , N], nk
1 = nk

1:⌊N/2⌋, nk
2 = nk

⌊N/2⌋+1:N , and

L = C⌊N/2⌋
N .

To ensure low rank within clusters while maintaining each cluster’s independence
from the others and global sparsity of targets, our proposed Cluster 4D Fully-Connected
Tensor Network model (C4D-FCTN) is

min
B4D ,T 4D ,N4D

3

∑
i=1

∥∥∥(Bi
)4D

∥4D−FCTN + λ1∥T 4D∥1 + λ2∥N 4D∥2
F (21)

s.t. D4D = B4D + T 4D +N 4D.

Our proposed method effectively utilizes the low-rank characteristics of the back-
ground and the sparse properties of the target, with the positive penalty parameter λ2

responsible for regulating noise and
(
Bi)4D denoting the background tensor of cluster i.

min
B4D ,T 4D ,N4D

L

∑
k=1

3

∑
k=1

βk

∥∥∥∥Bi
k[nk

1 :nk
2]

∥∥∥∥
∗
+ λ1

∥∥∥T 4D
∥∥∥

1
+ λ2

∥∥∥N 4D
∥∥∥2

F

s.t. D4D = B4D + T 4D +N 4D

E = T 4D

Bk = B4D

(22)

3.4. Resolution of the Proposed Model

We have developed the Cluster 4D-FCTN model for representing IR images. Subse-
quently, an Alternating Direction Method of Multipliers (ADMM) approach is employed to
effectively address the provided optimization problem as a resilient tensor recovery task.
By introducing auxiliary variables, Equation (22) is reformulated as follows:

L
(
B4D, T 4D,N 4D, E ,Bk,Xk,U ,V

)
=

N

∑
k=1i=1

3

∑
k

{
βk

∥∥∥∥Bi
k[nk

1 :nk
2]

∥∥∥∥
∗
+ < Xk,Bi

k −
(
Bi
)4D

> +
ωk
2

∥∥∥Bi
k −Bi4D

∥∥∥2

F

}
+ λ1

∥∥∥T 4D
∥∥∥

1

+ λ2

∥∥∥N 4D
∥∥∥

F
+ < U ,F > +

σ

2
∥F∥2

F+ < V , E − T 4D > +
γ

2

∥∥∥E − T 4D
∥∥∥2

F

(23)

s.t. F = D4D −B4D − T 4D −N 4D

where the variables ωk, σ, and γ represent penalty parameters and where Xk, U , and V de-
note Lagrangian multipliers. According to the ADMM framework [55], Bk, E , B4D, and T 4D

can be divided into two subsets, with the variables in each subset being updated alternately.

(
Bt+1

k , E t+1
)
= arg min

Bk ,E
L

[ 3

∑
i=1

(
Bi
)4D

]t

, T 4Dt, E ,Bk,X t
k ,U t,V t

 (24)

(
B4Dt+1, T 4Dt+1

)
= arg min

B4D ,T 4D
L

(
3

∑
i=1

(
Bi
)4D

, T 4D,S t+1,Bt+1
k ,X t

k ,U t,V
)t

(25)
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Next, we provide additional information regarding each individual subproblem.
(1) Update Bk. The formulation of subproblem Bk (where k = 1, 2, . . . , L) can be readily

converted into an equivalent representation:

Bt+1
k = arg min

Bk

αk

3

∑
i=1

∥∥∥∥(Bi
)

k[nk
1;nk

2]

∥∥∥∥
∗
+ < Xk, Bk −B4D > +

ωk
2

∥∥∥Bk −B4D
∥∥∥2

F

= arg min
Bk

αk

3

∑
i=1

∥∥∥∥(Bi
)

k[nk
1;nk

2]

∥∥∥∥
k
+

ωk
2

∥∥∥∥∥∥Bk[nk
1;nk

2]
−
(
B4Dt −

X t
k

ωk

)
[nk

1;nk
2]

∥∥∥∥∥∥
2

F

(26)

and the given equation possesses a closed-form solution

Bt+1
k[nk

1;nk
2]
= UΣβk/ωk

VT (27)

where
(
B4Dt − X t

k
ωk

)
[nk

1;nk
2]
= UΣVT , Σβk/ωk

= diag(max(Σr,r − βk/ωk, 0)) and Σr,r is the

rth singular value of Σ.Bt+1
k = Υ

(
Bt+1

k

)
.

(2) Update E . The E -subproblem is

E t+1 = arg min
E

λ∥E∥1 +
〈
V t, E − T 4Dt

〉
+

γ

2

∥∥∥E − T 4Dt
∥∥∥2

F

= arg min
E

λ∥E∥1 +
σ

2

∥∥∥∥E − T 4Dt +
V t

γ

∥∥∥∥2

F
,

(28)

which can be solved analytically using the following formula:

E t+1 = softλ/σ

(
T 4Dt − V t

σ

)
(29)

where the operator softλ/σ represents a soft shrinkage operation using a threshold value
of λ/σ.

(3) Update
(
B4Dt, T 4Dt). This subproblem (B4Dt, T 4Dt) can be formulated as a problem

of minimizing the sum of squared residuals:

(
B4D(t+1), T 4D(t+1)

)
= arg min

Bi4D ,T 4D

L

∑
k=1

{〈
Xk,Bk −B4D

〉
+

ωk
2

∥∥∥Bk −B4D
∥∥∥2

F

}
+ < U ,F > +

γ

2
∥F∥2

F+ < V , E − T 4D > +
σ

2

∥∥∥E − T 4D
∥∥∥2

F

= arg min
B4D ,T 4D

L

∑
k=1

ωk
2

∥∥∥∥∥Bt+1
k −B4D +

X t
k

ωk

∥∥∥∥∥
2

F

+
σ

2

∥∥∥∥D4D(t+1) −B4D − T 4D +
U t

σ

∥∥∥∥2

F

+
γ

2

∥∥∥∥E t+1 − T 4D +
V t

σ

∥∥∥∥2

F
.

(30)

and is acquired through

B4D(t+1) =
(
σKt − (σ + γ)J t)/(σ2 −

(
L

∑
k=1

ωk + σ

)
(γ + σ)

)
(31)

and

T 4D(t+1) =

(
σJ t −

(
L

∑
k=1

ωk + σ

)
Kt

)
/

(
σ2 −

(
L

∑
k=1

ωk + σ

)
(γ + σ)

)
, (32)
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where J t = ∑L
k=1 ωk

(
B4D(t+1)

k +X t
k /ωk

)
+ σ

(
D4D(t+1) + U t/σ

)
and Kt = σ(D4D(t+1) +

U t/σ) + γ(S t+1 + V t/γ)
(4) Update the multipliers. The Lagrangian multipliers are modified using the follow-

ing procedure: 
X t+1

k = X t
k + αωk

(
B4D(t+1) −Bt+1

k

)
, k = 1, 2, · · · , L

U t+1 = U t + αγ
(
D4D −B4D − T 4D)

V t+1 = V t + ασ
(
T 4D − E

) (33)

where α is the step length.
The comprehensive procedural overview of the ADMM-based method for addressing

the Cluster 4D-FCTN is presented in Algorithm 2.

Algorithm 2: Algorithm utilizing ADMM to solve the 4D-FCTN clustering
problem.

Input: Original infrared tensor D4D. parameter λ1, λ2, τ.
Output: Background tensor B4D, target tensor T 4D, and noise tensor N 4D.
Initialization: B4D = D4D, T 4D, N 4D, Multiplier of the Lagrangian function
X 0

k (k = 1, 2, · · · , L), U , V , parameters ωk(k = 1, 2, · · · , L),γ.
Update Bt+1

k by Formula(27);
Update E t+1 by Formula (29);
Update B4Dt+1 and T 4Dt+1 by Formula (31) and (32);
Update Lagrangian multiplies by Formula (33);
Verify the condition of convergence:∥∥∥D4D −B4D∗ − T 4D∗ −N 4D∗

∥∥∥
F

/
∥∥D4D

∥∥
F < τ;

Should the convergence criteria not be satisfied, increment t by 1 and proceed to
Step 1.

In summary, Figure 6 depicts the comprehensive process of identifying infrared targets
through the proposed model. The subsequent stages are expounded upon as follows:

(1) For a sequence of original images consisting of N frames, denoted as {S1, S2, . . . ,
SN ∈ Rm×n}, we create three Cluster 4D infrared image tensors

(
D4D)

p,
(

D4D)
l ,

and
(

D4D)
f ∈ RN1×N2×N3×N4 by organizing a sequence of N3 frames in the correct

temporal sequence using Algorithm 1, as described in Step 1 of Figure 6.
(2) For the three obtained 4D tensors, each is decomposed into target 4D tensors T 4D,

background 4D tensors B4D, and noise 4D tensors N 4D obtained through D4D by
Cluster 4D-FCTN decomposition using Algorithm 2, as described in Step 2 of Figure 6.

(3) We reconstruct the target images
{

ST
1 , ST

2 , ST
3 , . . . , ST

N3
∈ Rm×n

}
from the 4D target

tensor of the point feature (T 4D)p, the 4D target tensor of the line feature (T 4D)l , and
the 4D target tensor of the flat feature (T 4D) f using the reverse process outlined in
Algorithm 1, as described in Step 3 of Figure 6.

3.5. Complexity Analysis

This section briefly touches upon the computational complexities associated with our
proposed approach. To ensure uniformity, we denote the true dimensions of our 4D tensor
as M1 × M2 × M3 × M4. For Algorithm 2, we establish the constant xi as xi = ∏l

i=1 Mni , yi
as yi = ∏N

i=l+1 Mni , l = ⌊N/2⌋, and n as the rearrangement of vector (1, 2, · · · , N). Thus,

the update complexity of Bk is O
(

∑L
i=1 xiyi min(xi, yi)

)n
, and the updating of B4D, T 4D,

and N 4D are within the complexity of O
(

∏N
i=1 Mi

)
. In addition, the computing complexity

of Xk, U , and V are O
(

∏N
i=1 Mi

)
.
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Figure 6. Overall procedure of the Cluster 4D−FCTN model.

4. Experiment and Results

The effectiveness of the proposed the Cluster 4D-FCTN method is assessed in this
section through a series of experiments. Initially, we present the experimental setup, which
includes evaluation criteria, datasets, and baseline techniques. Subsequently, various
crucial parameters are examined and the resilience of our model is evaluated. Additionally,
a comparative analysis is conducted between our method and other competitive approaches.
Lastly, a series of ablation studies demonstrates that techniques elevating the dimensionality
to 4D and conducting clustering computations yield more favorable outcomes compared to
analogous methods based on 3D data and 4D approaches without clustering. This section
additionally encompasses a discussion on limitations and future directions.

4.1. Data and Experiment Settings

To provide a more objective assessment of the Cluster 4D-FCTN model’s performance
and facilitate comparisons with other models, we performed trials on five different sets
of images captured in diverse environments, as listed in Table 1. The dataset utilized in
our research comprised infrared images, as suggested by Hui et al. [56]. Figure 7 exhibits
representative images captured from these sequences, featuring expanded target regions
showcased in the upper right-hand corner of every picture. Sequences 1 and 2 exhibit
significant local contrast variations while featuring background consisting of trees and
man-made structures, posing a moderate detection challenge. Sequence 3 presents low
contrast levels and noticeable background radiation, making it particularly challenging to
detect targets. In Sequence 4, several radiation sources emitting high-intensity levels in the
surrounding environment can significantly increase false alarm rates. On the other hand,
Sequence 5 is relatively straightforward; however, it encompasses a large target area that
necessitates algorithms capable of preserving target integrity.

Table 1. Data description (sizes in pixels).

Seq. Image Size Frames Average SCR Target Description Background Description

1 256 × 256 300 0.83 Single, tiny, low nonlocal contrast Artifical structures, clutter
2 256 × 256 200 6.08 Small, slow-moving airplane Village, reflective road, forest
3 256 × 256 100 0.71 Small, slow-moving airplane village, reflective road, forest
4 256 × 256 300 14.52 Single, slow-moving airplane Forest, bright rock, noise
5 256 × 256 200 7.55 Small, dim, regular shape River, noise, heavy clutter
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Figure 7. Images (a–e) represent five real sequences employed in the experiments.

4.2. Evaluation Metrics and Baselines

In this study, a performance assessment of infrared target detection algorithms em-
ploying five prevalent metrics is presented. These measurements include the ROC curve
for receiver operating characteristic, the SCRG, which represents the signal-to-clutter ratio
gain, the LSNRG, which denotes the local signal-to-noise ratio gain, the BSF, indicating the
background suppression factor, and CG, which represents the contrast gain:

SCRG =
SCRout

SCRin
, BSF =

σout

σin
(34)

where SCRin and SCRout are the SCR values of the original image and the recovered target
image. Similarly, the standard deviations between the original image and the reconstructed
target image are represented by σout and σin . The ROC curves are depicted based on the
false alarm ratio (Fa) and the probability of detection (Pd), as outlined below:

Fa =
the quantity of identified false targets

the total number of pixels throughout the entire image.
(35)

Pd =
the quantity of detected true targets

the aggregate count of authentic targets.
(36)

where Fa represents the abscissa and Pd denotes the ordinate.
In addition, we employ the LSNRG for evaluating the ability to enhance the target,

quantified as follows:

LSNRG =
LSNRout

LSNRin
(37)

where LSNRout and LSNRin denote the respective LSNR values of the initial image and
the modified image,

LSNR =
PT
PB

(38)

where PT and PB denote the highest pixel values of the surrounding area and the target,
respectively. Lastly, we present the CG, which is expressed as follows:

CG =
CONout

CONin
(39)

where CONout and CONin represent the contrast of the initial and modified image, respec-
tively, with CON defined as

CON = |σin − σout |, (40)

where σin and σout have identical values to those in Equation (34).
In our comparative analysis, we incorporated six state-of-the-art ISTD methods as

benchmarks. Specifically, these methods included a matrix-based IPI approach [29], a tensor-
singleframe-based RIPT technique [30], a PSTNN algorithm [32], a tensor sequence-based
ECASTT method [35], an MFSTPT model [36], and SRSTT, a sparse regularization-based
twist tensor model [37]. The detailed parameter configurations are presented in Table 2.
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Table 2. Parameter settings of the seven comparison methods.

Method Parameters

IPI Patch size: m1 × n1 : 50 × 50, sliding size: 10, λ = 1/
√

min(m, n)，ε = 1 × 10−7

RIPT Patch size: m × n : 30 × 30, sliding size: 10, λ = 1/
√

min(m1, n1)，ε = 1 × 10−7

PSTNN Patch size: m1 × n1 : 40 × 40, sliding size: 40, λ = 1/
√

max(m1, n1) ∗ n3，ε = 1 × 10−7

ECASTT β = 0.1, t = 3, λ1 = 0.009, λ2 = 5/
√

min(m, n)× t, λ3 = 100, ε = 1 × 10−7

MFSTPT Patch size: m1 × n1 : 60 × 60, sliding size: 60, λ = 1/
√

max(n1, n2) ∗ n3

SRSTT L = 30, λ1 = 0.05, λ2 = 0.1, λ3 = 100, ε = 1 × 10−7, µ = 0.01

Ours Patch size: N1 × N2, temporal size: N3 = 20，ε = 1 × 10−7

4.3. Parameter Settings

The λ1 parameter affects the resilience of different scenarios. A larger λ1 is required to
reduce false alarms in the target image, while a smaller λ1 is needed to enhance the rate of
identification for the target image. To evaluate the influence of λ1 on the detection accuracy,
we conducted tests and plotted ROC curves for different values of λ1, which are presented
in the second column of Figure 8. The results indicate that there is an initial improvement
in detection ability as λ1 increases, and that this trend reverses beyond a certain threshold.
Thus, we imposed a constraint on the upper limit of λ1 when it reached 2. We correlated it
with the number of image patches to establish the following:

λ1 = min

 L ∗
∥∥∥Np − Npl

∥∥∥∥∥Np − Npp
∥∥ , 2

 (41)

where Np is the total number of patches, Npl is the number of patches of line type, and Npp
is the number of patches of point type.

According to the findings presented in the third column of Figure 8, the ROC curves
achieve their peak initial value when L is set at 0.6. Consequently, we opted for this value
for L. The empirical setting for λ2 was established as 100, following [35]. It has been
documented that penalty factors escalate with the number of iterations. Consequently, we
decide to set ω∗

k as σωk and γ∗ as σγ, whereρ represents a numerical constant and its
value corresponds to σ = 1.2. Furthermore, in our experiments both ωk and γ were assigned
a value of 1 × 10−4.

4.3.1. Patch Size N1

Traditional algorithms may need to test the size of the sliding window and the sliding
step in order to choose an appropriate size. In order to enhance the robustness of the sliding
window size and sliding step length, in this paper we propose an algorithm that draws
inspiration from superpixel segmentation. This algorithm uses a specific sliding step size,
and only requires initialization of the mesh size S. As depicted in the first column of Figure
8, images were individually tested with grid initialization sizes ranging from 5–50 using
a uniform selection of ten parameters. It is evident from the ROC curve that this algorithm
is not sensitive to variations in grid initialization size, even when scaling the horizontal
coordinate down to the 105 differences observed among the ROC curves under different
initialization sizes. This finding confirms that utilizing superpixel segmentation enhances
the algorithm’s resilience towards changes in window size.
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Figure 8. ROC curves for Sequences 1 and 4 with respect to varying parameters. The first row
corresponds to Sequence 1, while the second row represents Sequence 4. Column 1 pertains to patch
size N1, Column 2 encompasses different λ1 values, Column 3 shows various L values, and Column
4 concerns the temporal size N3.

4.3.2. Temporal Size N3

The temporal dimension N3 plays a crucial role in the construction and optimization
of 4D tensors. Insufficient frames can lead to the loss of low-rank features and ineffi-
cient utilization of time domain data, while an excessive number of frames may result
in increased time complexity, redundancy, repetition, and diminished time sparsity. To
address this issue, we conducted experiments with varying values of L (10, 20, 30, and
40). The results are presented in the final column of Figure 8. Our findings indicate that
G4D−FCTN performs optimally when N3 is set to 20. Consequently, we chose N3 as 20 for
subsequent experiments.

4.4. Robustness of Scene Perception in Real-World and Synthetic Noisy Environments.

In this section, we assess the robustness of the Cluster 4D-FCTN model across diverse
environments and varying noise intensities.

4.4.1. Robustness in Diverse Environmental Conditions

The first row (a)–(f) of Figure 9 displays four infrared (IR) images depicting different
scenes and sizes: 320 × 240, 256 × 172, 252 × 213, 256 × 256, 320 × 240, and 320 × 240, re-
spectively. Figure 9a,b represent sky scenes, Figure 9c,d depict land scenes, and Figure 9e,f
show ocean scenes. The second row (g)–(l) corresponds to the test results for these images;
red boxes have been used to highlight all objects. The clustered 4D−FCTN model accu-
rately detects small targets across various scenes while effectively suppressing background
interference. This observation underscores the versatility of this model in adapting to
diverse scenarios and datasets of different sizes.

4.4.2. Robustness against Noise

The application may result in noise presence within the acquired IR images, thereby
necessitating the implementation of a test to evaluate the model’s ability to cope with
such noise. To address this, we extracted six images from Figure 9 and injected Gaussian
white noise with standard deviations of 10 and 20. This led to the generation of the
corresponding noise maps presented in the first and third rows of Figure 10 a–f. The
second and fourth rows of Figure 10g–l display the recovered target images, which were
obtained by applying the Cluster 4D-FCTN model to these noise maps. It is evident that
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the introduction of noise significantly exacerbates image blurriness, making it increasingly
challenging to discern target features. Nonetheless, in spite of these obstacles, our Cluster
4D-FCTN model demonstrates robust detection capabilities while maintaining overall
stability throughout various robustness tests conducted on single-frame images alone.
Moreover, the employment of image sequences yields even more accurate detection results,
as demonstrated by these experiments. Consequently, it can be concluded that the Cluster
4D-FCTN algorithm is able to effectively process single-frame images.

Figure 9. Different scenes (a–f) and results (g–l).

Figure 10. Scenarios and outcomes related to noise. (a–f) represents the white Gaussian noise image
with standard deviation 10 added, and (g–l) represents its corresponding object detection results using
the C4D–FCTN method.(m–r) represents the white Gaussian noise image with standard deviation 10
added, and (s–x) represents its corresponding object detection results using the C4D–FCTN method.

4.5. Comparison with Other Typical Methods
4.5.1. Visual Comparison

To provide a more objective performance evaluation of the Cluster 4D-FCTN model,
we conducted tests employing various comparative algorithms on five distinct sequences
of infrared images. Figure 11 displays the outcome images via three-dimensional sur-
faces.Additionally, the results for Sequences 1–5, which were not subjected to threshold
segmentation, are presented in Figure 12. In the upper right corner, a magnified view
(scaled by a factor of 2) accentuates the target zone, which is represented by a purple
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rectangle. Moreover, instances of failed detection are indicated by a dotted purple box. The
IPI model demonstrates effectiveness in detecting targets across various sequences while
maintaining their shapes; however, it encounters challenges with non-smooth backgrounds,
resulting in images with pronounced edge residuals. The reason of this problem is that the
nuclear norm is not accurate enough to constrain the strong edge background; treating all
singular values equally leads to uniform shrinking, thereby compromising crucial details
of these backgrounds. Consequently, strong edges are incorporated into the detected tar-
get images. In comparison to matrix-based methods, the RIPT and PSTNN tensor-based
models exhibit superior ability to suppress complex backgrounds; however, they struggle
with accurately reconstructing target shapes, especially when faced with scenarios such as
Sequences 1–5, which contain numerous sparse objects within the backgrounds. Notably,
neither PSTNN nor RIPT could detect any targets in Sequence 4. Sequence-based methods
exhibit superior ability to suppress the background in intricate environments compared
to single-frame approaches. ECASTT, MFSTPT, and SRSTT exhibit better preservation of
the target’s edge shape. As observed in Sequences 1–3 and Sequence 4, the algorithms
demonstrate accurate target detection. However, because of the relatively expansive size of
the compact objectives in this series, the detected results partially suppress or magnify the
targets. Moreover, MFSTPT and SRSTT fail to detect the target in Sequence 4. Our model
and the IPI model exhibit the highest level of target shape retention integrity. Detecting
artificial road structures in Sequences 1, 4, and 5 presents a challenge, in particular the
presence of high-brightness background radiation in Sequence 2, which results in several
methods retaining these backgrounds in their detection results. Among Sequences 1–5,
only the Cluster 4D-FCTN model effectively suppresses clutter and noise across all frames.
Sequence 4 poses the greatest difficulty, involving a small target with low contrast; the RIPT,
PSTNN, and MFSTPT methods fail to detect the target, while the IPI and ECASTT meth-
ods retain significant noise areas. In contrast, our model effectively eliminates radiation
sources with high-intensity background while striving to preserve the target’s integrity. In
general, our model exhibits exceptional performance in detecting targets and suppressing
background in all five sequences.

4.5.2. Qualitative Analysis

We conducted a quantitative assessment of the detection outcomes of the aforemen-
tioned methods across five sets of sequences utilizing the average values of SCRG, BSF,
LSNRG, and CG calculated for each sequence. The resulting metric values are presented
in Table 3, with the maximum value for each metric on each sequence highlighted in bold.
It should be emphasized that if a single frame exhibits an Inf test value, this can result in
an Inf average value for the entire sequence, encompassing the detection impact of other
frames. Consequently, when calculating SCRG and BSF, we only consider them as Inf if
the algorithm exhibits Inf values throughout the entire sequence; otherwise, we compute
only the average of non-Inf values. Furthermore, Sequence 4 does not have targets detected
by the PSTNN, RIPT, SRSTT, and MFSTPT methods; hence, they are excluded from the
calculations. By definition, BSF evaluates the effectiveness of an algorithm in suppressing
background across the entire image, while SCRG and CG assess its ability to enhance target
presence and suppress background within local regions. Notably, the Cluster 4D-FCTN
model demonstrates remarkably high BSF and SCRG values across all test sequences, indi-
cating its exceptional capability to effectively remove background structures both locally
and globally. Compared to its remarkable capacity for background suppression, our Clus-
ter 4D-FCTN model demonstrates slightly inferior performance in target enhancement.
The SRSTT model exhibits impressive outcomes in CG, particularly for Sequences 3–4.
Nevertheless, when considering all algorithms across time, the Cluster 4D-FCTN model
surpasses others in terms of overall evaluation based on the CG and LSNRG metrics. By
integrating these three evaluation metrics, it becomes evident that the proposed Cluster
4D-FCTN model achieves superior outcomes by effectively suppressing background and
enhancing targets, particularly in terms of background suppression.
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Sequence1 #30 Sequence2 #14 Sequence3 #5 Sequence4 #9 Sequence5 #28

Top-hatTop-hat Top-hat Top-hat Top-hat

LCM LCM LCM LCM LCM

IPI IPI IPI IPI IPI

ECASTT ECASTT ECASTT ECASTT ECASTT

MFSTPT MFSTPT MFSTPT MFSTPT MFSTPT

PSTNN PSTNN PSTNN PSTNN PSTNN

RIPT RIPT RIPT RIPT RIPT

SRSTT SRSTT SRSTT SRSTT SRSTT

C4D-FCTN C4D-FCTN C4D-FCTN C4D-FCTN C4D-FCTN

Figure 11. Different testing methods were employed to detect the results on Sequences 1 to 5 in the
three-dimensional surface.
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Sequence1#30 Sequence2#14 Sequence4#9Sequence3#5 Sequence5#28

IPI IPI IPI IPI IPI

ECASTT ECASTT ECASTT ECASTT ECASTT

MFSTPTMFSTPT MFSTPT MFSTPT MFSTPT

PSTNN PSTNN PSTNN PSTNN PSTNN

SRSTTSRSTTSRSTT SRSTT SRSTT

C4D-FCTN C4D-FCTN C4D-FCTN C4D-FCTN C4D-FCTN

RIPTRIPTRIPT RIPT RIPT

Top-hat Top-hat Top-hat Top-hat Top-hat

LCM LCM LCM LCM C4D- LCM 
FCTN

Figure 12. Detection outcomes for Sequences 1 to 5 employing seven different testing methodologies.
The target is represented by a purple box, while a detection failure is indicated by a dotted box.
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The performance evaluation of our algorithm in complex and noisy scenarios is
illustrated by the five representative ROC curves shown in Figure 13, corresponding to
Sequence 1 to 5. Our C4D-FCTN method consistently produces stable results even under
challenging scenes, positioning itself relatively close to the top left corner, particularly
evident in Sequence.4 and Sequence.5 where the presence of target-like objects may result
in high false positive rates. Notably, single-frame methods such as RIPT and PSTNN fail
when dealing with dark and small targets. In contrast, multi-frame methods outperform
their single-frame counterparts across all sequences (Sequence.1–Sequence.5), highlighting
the significance of temporal information for background noise suppression and object
detection within sequence-based approaches. Nevertheless, some multi-frame methods like
SRSTT and MFSTPT exhibit detection failures due to suboptimal utilization of time domain
information, further emphasizing the effectiveness of our four-dimensional clustering
tensor construction approach.

Figure 13. ROC curves of the compared and proposed methods on different sequences.

Figure 12 illustrates the assessment of various algorithms in intricate and turbulent
surroundings (Sequences 1 through 5), with all of them exhibiting acceptable performance
in simple scenarios. Our method consistently generates stable results in demanding situa-
tions, positioning itself proximate to the uppermost left corner, particularly in Sequences
4 and 5 in locations with objects resembling the target that might elevate false positive
rates. Certain single-frame techniques, such as RIPT and PSTNN, manifest commendable
detection outcomes on Sequences 1 and 2. Nonetheless, when confronting dim and small
targets, strategies based on multiple frames surpass their single-frame counterparts on
Sequence 3 to 5, precisely where our proposed technique outperforms them. This finding
suggests that incorporating temporal information bolsters sequence-based methods in
reducing background noise and augmenting target detection capabilities.
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Table 3. Performance comparison of seven methods in terms of SCGR, BSF, CG, and LSNRG.

Method Seq1 Seq2 Seq3 Seq4 Seq5
SCRG BSF SCRG BSF SCRG BSF SCRG BSF SCRG BSF

IPI 7.63 2.38 8.63 7.63 5.30 2.87 10.62 5.62 25.64 7.17
ECASTT 60.16 15.81 15.29 23.47 11.91 26.49 11.34 9.75 84.64 14.45
MFSTPT 24.60 19.96 102.79 295.14 13.51 207.24 1.02 0.69 34.68 12.45
PSTNN 26.17 23.30 0.95 59.55 82.49 10.75 274.37 11.26 6.45 25.45

RIPT 6.71 1.32 10.41 2.18 4.61 4.21 9.42 1.92 15.14 9.65
SRSTT 56.96 262.48 346.98 245.78 206.97 94.52 49.09 98.97 64.52 246.54
Ours 70.17 221.32 408.55 1330.8 860.65 301.44 767.19 374.39 56.96 285.62

Method Seq1 Seq2 Seq3 Seq4 Seq5
CG LSNRG CG LSNRG CG LSNRG CG LSNRG CG LSNRG

IPI 1.27 2.75 19.54 1.43 1.10 1.22 1.90 2.73 1.23 17.08
ECASTT 0 32.67 1.35 1.30 1.21 1.12 0 2.87 1.62 4.44
MFSTPT 1.57 1.03 1.07 4.60 1.09 2.31 1.57 0 1.05 28.38
PSTNN 0.11 2.87 0.18 0.07 0.03 0.05 0.11 0 0.84 0.86

RIPT 2.31 2.87 1.40 2.04 1.25 1.43 2.30 0 1.31 4.27
SRSTT 2.83 47.08 1.28 20.01 2.81 2.89 2.87 0 1.56 8.36
Ours 3.75 68.45 2.25 35.64 1.14 0.98 2.32 47.08 1.60 4.62

4.5.3. Comparison of Time Required for Computation

The runtime (per frame) of the seven algorithms across the five sequences is presented
in Table 4. PSTNN emerges as the most proficient tensor-based method. Our approach
exhibits a reduced computational time in the spatial–temporal tensor-domain.

Table 4. Comparison of average computing time (in seconds) of the seven methods.

Method Seq1 Seq2 Seq3 Seq4 Seq5

IPI 10.53 11.706 12.272 17.341 23.929
ECASTT 9.205 14.823 15.006 16.087 13.821
MFSTPT 0.956 1.103 1.035 1.324 0.998
PSTNN 0.113 0.125 0.213 0.341 0.245

RIPT 2.800 2.341 2.515 2.641 3.069
SRSTT 18.625 17.633 19.562 20.065 17.326
Ours 0.351 0.247 0.650 0.324 0.231

4.6. Ablation Study

To demonstrate the efficacy and value of our dimensionality expansion and clustering
strategies, we conducted an ablation study to evaluate the contributions of the Cluster
4D−FCTN model. We compared it to two other approaches: a spatial–temporal tensor
construction-based 3D model (3DST−TCTN) akin to [57], and a model constructed by
spatial–temporal tensor without clustering (4D−FCTN). The experiments were carried
out on Sequences 1 to 5 with individually optimized parameter settings. As illustrated in
Figure 14, the detection performance of Cluster 4D−FCTN surpasses both comparative
methods in terms of ROC performance. Moreover, although 4D−FCTN achieves notable
results across most datasets, the overall performance of Cluster 4D−FCTN outperforms
both it and the 3D-based spatial–temporal tensor models. In conclusion, the integration
of four-dimensional tensors provides enhanced detection capability in four-dimensional
fields; however, our cluster four-dimensional tensor model demonstrates superior handling
of ISTD tasks. Therefore, this experiment provides compelling evidence indicating that
the employment of clustering calculations on four-dimensional data is both practical and
highly effective.
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Figure 14. Detection results of the ablation study, showing ROC curves for 3DST−TCTN, 4D−FCTN,
and C4D−FCTN on Sequences 1 to 5.

5. Discussion

Infrared detection systems exhibit superior stealth capabilities and robust anti-jamming
resistance, making them extensively applicable in both the military and civilian sectors.
Infrared dim and small target detection constitutes a crucial component of these detection
systems, and has emerged as a focal point of current research.

Considering that the background of infrared images has nonlocal autocorrelation
and that the target occupies only a small number of pixels, scholars have proposed the
application of low-rank sparse decomposition to the field of infrared small target detection.
In this approach, the low rank of the background and the sparsity of the target are used
to transform the target detection problem into a mathematical optimization problem to
restore low-rank components and sparse components. This can satisfy the global prior of
a low-rank sum target that is sparse in both simple and complex backgrounds. In recent
years, a method of fusing local prior and temporal information to construct a low-rank
sparse decomposition model that can effectively suppress false alarms has been developed.
This method based on low-rank sparse decomposition is more suitable for complex and
changeable scenes, and has better detection performance than other methods.

Although infrared dim and small target detection algorithms based on low-rank
sparse decomposition have achieved a series of promising research results, there are several
challenges that demand further study, mainly reflected in the following four aspects:

1. The method based on low-rank sparse decomposition involves many parameters, such
as the size of the sliding window, the moving step of the sliding window, the weight
coefficient in the objective function, and more. These parameters have an important
impact on the performance of the algorithm.

2. At present, the construction of the tensor is relatively simple, generally using the
sliding window to traverse the original infrared image or multi-frame sequence
images to construct the tensor directly, which involves a large amount of redundant
information that has nothing to do with the target.

3. The background tensor rank approximation is not accurate.
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4. When utilizing time-domain information, existing algorithms based on low-rank
sparse decomposition mainly fuse the time domain information into the image matrix
or tensor data, and use multi-frame images instead of the original single-frame images
to construct new data. However, the sequence information between the frames is not
fully mined.

6. Conclusions

To address the issues related to sensitivity of sliding window size, inadequate utiliza-
tion of time series data, and imprecise approximation of tensor rank in current methods for
detecting infrared dim and small targets, this study introduces a novel approach based on
superpixel segmentation and statistical clustering to construct a four-dimensional tensor
model. Our model diverges from existing approaches that rely solely on information
within the spatial domain at either a local or global level. Instead, our method utilizes
both temporal and spatial information, and uses their correlation to construct a new model.
By organizing 3D patches with the same feature type into the same group, we effectively
exploit temporal characteristics; moreover, we connect local patches in sequential order to
further capitalize on these temporal properties.

In addition, we propose a new tensor decomposition, called the Fully Connected
Tensor Network (FCTN) decomposition, which facilitates the decomposition of an nth-order
tensor into a sequence of low-dimensional nth-order factors. It breaks through the limitation
that the exclusive role of TT and TR decomposition lies in the disclosure of the operation
limited to two consecutive factors rather than the connection between any two factors,
resulting in limited ability to measure the correlation. These issues are effectively resolved
by leveraging the ADMM framework. In this paper, we extensively evaluate our methods
on several datasets containing infrared sequences, employing five cutting-edge algorithms.
Our results showcase superior detection accuracy and robustness in diverse scenarios
compared to existing approaches. Moreover, a series of ablation studies demonstrate that
the proposed techniques elevating the dimensionality to 4D and conducting clustering
computations yield more favorable outcomes compared to analogous methods based
on 3D data and 4D approaches without clustering. Finally, the Section 5 encompasses
a discussion on limitations and future directions. Notably, the algorithm occasionally
detects target-like items in fast-moving complex environments due to the absence of
constraints on prior information regarding the target. Therefore, our future work aims
to incorporate the prior knowledge of objects contained in the spatiotemporal features in
order to facilitate object detection and mitigate false positives.
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