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Abstract

:

The controlled source extremely low frequency (CSELF) method bears the potential for deep resource exploitation utilizing the skywave. The “Skywave” denotes the electromagnetic wave propagating through the waveguide formed by the Earth and ionosphere. It has a considerable penetration depth into the lithosphere due to its low-frequency band. Previous research on extremely low-frequency electromagnetic fields with the coupled lithosphere, atmosphere, and planar ionosphere models ignored the effect of the Earth’s curvature. Thus, we aimed to present the exact formulas for horizontal electric dipoles (HED) in a spherical “Earth-ionosphere” model. These new formulas consider the Earth’s curvature as a multilayer medium rather than a homogeneous underground. We introduce three techniques: function combination pairs, addition and subtraction terms, and Padé approximants, to handle slow convergence in numerical calculation. In the spherical waveguide, electromagnetic fields are mutually interfered with and produce oscillations, which is different from the planar model. The influence of Earth’s curvature cannot be neglected with the increase in source–receiver distance, though it is negligible within 3000 km. Furthermore, it is worth noting that apparent resistivity ρθφ enters the waveguide area earlier than ρφθ. This method can be used as Green’s function to simulate the electromagnetic field of actual antennas and 3-D models.
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1. Introduction


Controlled source is an extremely low-frequency electromagnetic field emitted by a 100-km-long horizontal dipole source with a power output of up to megawatts and a transmission frequency range of 0.1–300 Hz. Electromagnetic waves propagate forward through the spherical air waveguide due to the large electrical resistivity contrast between the Earth and air and between the ionosphere and air, also known as the “skywave”, shown in Figure 1a. The “Skywave” was first used by researchers in the United States and the Soviet Union for submarine communications and other military purposes. Therefore, they began to study the propagation of skywaves on Earth [1,2,3,4,5]. Communication between the ocean and land is challenging due to the high-frequency electromagnetic signals’ rapid attenuation in seawater [6]. This issue is resolved using low-frequency (3–30 kHz) electromagnetic (VLF-EM) waves emitted by high-voltage wire [7,8,9]. The frequency band in VLF-EM wave propagation theory is naturally extended to super low-frequency (SLF) (300–30 Hz) and extremely low-frequency (ELF) (30–3 Hz) EM propagation to increase the depth of underwater communication [10,11,12,13,14,15,16]. Since the 1970s, many studies have been on wave propagation in a spherical earth. Here, the Earth is treated as a sphere rather than a planar ground [17,18,19,20]. In those studies, the internal structures of the Earth are ignored; rather, the Earth is considered a uniform sphere [21,22,23,24,25,26]. Though the simplified earth model lays a fundamental foundation for understanding the CSELF fields, the model does not have much use for geophysical exploration because of the lack of the Earth’s internal structure.



The skywave has a high potential for resource exploration because of its deep penetration into the lithosphere. In order to utilize the skywave to detect underground structures, geophysicists have proposed a new controlled source electromagnetic method: Controlled source extremely low frequency (CSELF) [27,28,29,30,31,32]. CSELF combines the advantages of magnetotellurics (MT) and controlled source audio-frequency magnetotellurics (CSAMT), which have a considerable detection depth and a high signal-to-noise ratio [31]. Accurate theories and calculation techniques must be developed to interpret the field data. Several pioneers on CSELF established an “Earth-ionosphere” horizontal model that consists of the ionosphere and the Earth’s multilayer to simplify the mathematical complexity of the electromagnetic field in a spherical waveguide [30,31,33]. However, the model does not consider the curvature of the Earth. To overcome these limitations, we consider the Earth’s curvature and include a spherically layered medium in the Earth. The new model establishes a framework for the geophysical purposes of the CSELF method.



The primary goal of this study is to establish an analytical solution for wave propagation by a horizontal electric dipole (HED) source on the surface of the spherical Earth used in the CSELF method. The new solution differs from that of Srivastava [34] and Gao [35] for a vertical electric dipole; the latter does not have much use in the CSELF method. In addition, this method is not limited to calculating the electromagnetic field on the Earth’s surface [36]; it can also calculate the electromagnetic field inside the Earth, which is very useful for three-dimensional modelling. Taking into account the fact that the actual ionosphere is not a uniform medium, the model utilized in the formula derivation contained ionospheric vertical non-uniformity, as shown in Figure 2b, which can be used to study the layered structure of the ionosphere. In this work, we introduce three techniques: function combination pair, “addition and subtraction term,” and Padé approximant [35,37], to ease the cost and further achieve a performance boost of 1000 times. Based on these results, which are notably different from the planar model, we have studied its physical mechanism and provided theoretical guidance for field data acquisition. We further investigated the influence of the ionospheric structure on electromagnetic fields. At the end of this work, we discussed the application of Cagniard’s apparent resistivity to the CSELF.




2. Materials and Methods


As shown in Figure 1b, the horizontal antenna will generate formation waves that propagate underground, surface waves that propagate along the Earth’s surface, and sky waves that propagate upward in the air until they are reflected back to the ground through the ionosphere. In CSELF, sky waves are used to study the underground electrical structure. Thus, the source–receiver distance reaches thousands of kilometers [38].



2.1. Spherical “Earth-Ionosphere” Full-Space Model


In order to deduce the formulas of the electromagnetic field emitted by the CSELF source in the spherical “Earth-ionosphere” model, we simplified the artificial source to a horizontal electric dipole (HED), as shown in Figure 2. Considering the vertical anisotropic nature of the Earth and ionosphere, our model consists of multilayer media, and all layers in the model are isotropic media as well.



To make the formula, including four curl operators in spherical coordinates [35], more concise, we introduce a coordinate system with the spherical center as the origin, while the axis of the HED (of dipole moment dl) is oriented in the x direction, and it is assumed to carry a constant current I. In this coordinate, we used the relationship between the magnetic vector potential A and the electric dipole source (Equations (3)–(5)) to derive the expression of the primary field without curls.



The HED is located at   (  r ′  , 0 , 0 )  , and the receiver is located at   ( r , θ , φ )  . The axes of the cartesian coordinate pass through   (  r ′  , π / 2 , 0 )     (  r ′  , π / 2 , π / 2 )  ,   (  r ′  , 0 , 0 )  . We denote the medium where the HED is located as the 0th medium. The distance from the top interface of each layer to the center is    a i   .




2.2. Derivation of the Formulas


With the time-harmonic factor    e  − i ω t    ,   i =   − 1    , and the Debye potential    π e    and    π m   , the electromagnetic wave is divided into TM and TE waves [39], and the fields are expressed as follows:


     E  =  1  σ − i ω ε   ∇ × ∇ ×  r   π e  − ∇ ×  r   π m       H  = ∇ ×  r   π e  −  1  i ω μ   ∇ × ∇ ×  r   π m     



(1)




where σ is the conductivity of the medium, ω is the angular frequency, ε is the dielectric constant, µ is the permeability of the medium, E is the electric vector, and H is the magnetic vector.



The Green’s function of the uniform space is expressed as follows, to ensure that the time t of the field lags the time of the source:


  G ( r ,  r ′  ) =    e  i k R     4 π R    



(2)







According to the relationship between the magnetic vector potential A and the electric dipole source:


   A  =  A x    e   x   =   I d l   4 π      e  i k R    R   e x   



(3)






  i k  h 0  ( 1 )   ( k r ) =    e  i k r    r   



(4)







Therefore,


     A  =  A x    e   x   =   I d l   4 π   i k  h 0  ( 1 )   ( k  |  r −  r ′   |  )   e   x        h 0  ( 1 )   ( k  |  r −  r ′   |  ) =   ∑  n = 0  ∞   ( 2 n + 1 )    j n  ( k r < )  h n  ( 1 )   ( k r > )  P n  ( cos ξ )     cos ξ = cos θ cos  θ ′  + sin θ sin  θ ′  cos ( φ −  φ ′  )    



(5)




where R is the distance between the receiver and the source, k is the wave number,    k 2  = i ω μ ( σ − i ω ε )  ,    h 0  ( 1 )     is the 0 order spherical Hankel function, dl is the electric dipole moment, r> and r< are the larger and smaller of the radial coordinate of the source and the receiver, respectively, and    P n  ( x )   is the Legendre function.



The primary field is obtained by transforming the magnetic vector into spherical coordinates:


    r  π m  = −   I d l ω μ   4 π k  r ′    sin φ                       ∑  n = 1  ∞     ( 2 n + 1 )   n ( n + 1 )      J n  ( k r < )  H n  ( 1 )   ( k r > )  P n 1  ( cos θ )     r  π e  =   I d l ( σ − i ω ε )   4 π ω ε k  r ′    cos φ                       ∑  n = 1  ∞     ( 2 n + 1 )   n ( n + 1 )    ∂  ∂  r ′       J n  ( k r < )  H n  ( 1 )   ( k r > )  P n 1  ( cos θ )      J n  ( x ) = x  j n  ( x )      H n  ( 1 )   ( x ) = x  h n  ( 1 )   ( x )    



(6)




where    j n  ( x )   is the n-order spherical Bessel function, and    h n  ( 1 )   ( x )   is the n-order spherical Hankel function.



The Debye potential    π e    and    π m    satisfy the Helmholtz equation. In the spherical coordinate, the basic form of the general solution is obtained by separating variables:


   [       π e         π m       ]  = [  a   J n  ( k r ) +  b   H n  ( 1 )   ( k r ) ]  P n m  ( cos θ )  e  i m φ    



(7)




where a and b are two-dimensional column vectors, and    P n m  ( cos θ )   is the associated Legendre function.



The reflection and transmission of the primary field of the source generate the electromagnetic field in the passive region. The orthogonality of    P n m  ( cos θ )   and    e  i m φ     means that all waves are decoupled. Thus, the general solution of the passive region should be the same as the form of the primary field:


    r  π e  =   I d l (  σ 0  − i ω  ε 0  )   4 π ω  ε 0   k 0   r ′    [  a n   J n  ( k r ) +  b n   H n  ( 1 )   ( k r ) ]  P n 1  ( cos θ ) cos φ     r  π m  = −   I d l ω μ   4 π  k 0   r ′    [  c n   J n  ( k r ) +  d n   H n  ( 1 )   ( k r ) ]  P n 1  ( cos θ ) sin φ    



(8)







The boundary condition adopted is a general boundary condition where the tangential electromagnetic field is continuous, and the mathematical expression follows:


    r  π  e 1   = r  π  e 2        1   σ 1  − i ω  ε 1     ∂  ∂ r   r  π  e 1   =  1   σ 2  − i ω  ε 2     ∂  ∂ r   r  π  e 2       r  π  m 1   = r  π  m 2        1   μ 1     ∂  ∂ r   r  π  m 1   =  1   μ 2     ∂  ∂ r   r  π  m 2      



(9)







The definite solution is the general solution plus the special solution. Given the boundary conditions, we derive the formulas of the electromagnetic field at an arbitrary point in the spherical “Earth-ionosphere” model.


    r  π  m i   = −   I d l ω  μ 0    4 π  k 0  b   sin φ   ∑  n = 1  ∞     ( 2 n + 1 )   n ( n + 1 )    F m  ( r )    T  0 , i   T E    M i  T E    M 0  T E    P n 1  ( cos θ )      F m  ( r ) = [  J n  (  k i  r ) +   R ˜   i . i − 1   T E    H n  ( 1 )   (  k i  r ) ] [  H n  ( 1 )   (  k 0  b ) +  R  0 , − 1   T E    J n  (  k 0  b ) ]     r  π  e i   =   I d l (  σ 0  − i ω  ε 0  )   4 π ω  ε 0   k 0  b   cos φ   ∑  n = 1  ∞     ( 2 n + 1 )   n ( n + 1 )      F e  ( r )  T  0 , i   T M    M i  T M    M 0  T M    P n 1  ( cos θ )      F e  ( r ) = [  J n  (  k i  r ) +   R ˜   i . i − 1   T M    H n  ( 1 )   (  k i  r ) ] [  H n ′  (  k 0  b ) +  R  0 , − 1   T M    J n ′  (  k 0  b ) ]    



(10)




where   R ˜   is the generalized reflection coefficient,  T  is the generalized transmission coefficient and the influence factor of each layer due to multiple reflections in multilayered media [35]. See Appendix A for a detailed expression of the coefficient.




2.3. Numerical Calculation


The formulas include a spherical Bessel function and an associated Legendre function. We defined the electrical size of the model as kr. Since the Earth’s radius is approximately 6370 km, the huge electrical size of the Earth causes the series to converge very slowly [23]. In the small-scale model, the series can converge with a ten-fold magnitude. On the Earth scale, the series is still difficult to converge within the order of tens of millions. To solve the above numerical problem, we took three techniques. The first technique we used was to change the formula form to relieve the memory demand, where the enormous electrical size makes trouble. For the derivative of the spherical Bessel function, we adopt the recursive formula:


      d  J n  ( x )   d x   =  J  n − 1   ( x ) −  n x   J n  ( x )       d  H n  ( x )   d x   =  H  n − 1   ( x ) −  n x   H n  ( x )    



(11)







To calculate the brackets values in Equation (10) more efficiently, we follow Equation (11) and extract the multiplication of    J n  ( x )   and    H n  ( x )  , where the reciprocal connection between them eliminates the considerably large value.



Barrick [23] proposed a fast convergence method that consists of adding and subtracting another series to the solution. The subtracting series is the approximate value of each original series at n → ∞, and the added term is the sum of all approximate values. Based on this idea, we derived the approximate values and the sum of the approximate values of 10 electromagnetic components in the TM and TE wave modes. This problem’s specific convergence method was provided, and is abbreviated as the “addition and subtraction” convergence method (see Appendix B).



When using the “addition and subtraction” convergence method, the numerical summation converged when n was greater than 106. We introduced the Padé approximant to accelerate the convergence further [35,37]. The series converged when n took a value of 1000 and greatly improved the complexity of our solution.





3. Results


In this section, a comparison between previous results and data measured in the field was performed to verify the accuracy of the formulas and numerical results. We discussed the electromagnetic characteristics of the spherical “Earth-ionosphere” model, compared it with the results of the planar layered model, and analyzed its physical mechanism. In addition, the global electromagnetic radiation map was also given to guide data acquisition in CSELF exploration.



3.1. Correctness Verification


3.1.1. Comparison of the Theoretical Results


The Earth is considered a uniform sphere. Peng [25] gave the numerical results of the electromagnetic field in the spherical waveguide of the Earth-ionosphere. Although the model is not particularly useful for geophysical exploration, it can be used to validate our results. The resistivity of air is 1014 Ω·m, the resistivity of the ionosphere is 105 Ω·m, and the resistivity of Earth is 1000 Ω·m, corresponding to 0, 1, and −1, respectively, in Figure 2b. The height of the ionosphere from the ground is 85 km, the radius of the Earth is 6370 km, and the electric dipole moment is Idl = 1 A·m, as shown in Figure 2a.



The two results, depicted in Figure 3, were essentially consistent. We further calculated the relative error between our results and those of Peng. The black dotted line shows that the relative error is less than 1%.




3.1.2. Comparison of Data Measured in the Field


The measurement conditions specified by Bannister (1973) are as follows [1]: the conductivity of Earth is 2.8 × 10−4 S/m, the angle between the measuring path and source is 15° at a frequency of 45 Hz; the conductivity of Earth is 3.2 × 10−4 S/m, the angle between the measuring path and the source is 19° at a frequency of 75 Hz; and the Wisconsin station is an east–west antenna with a length of 22.5 km and current of 300 A. We simulated the electromagnetic field and then compared the results with the data published for the Wisconsin station.



Figure 4 indicates the agreement between the simulation and the data measured in the field, and only a few points have a slight deviation. The relative error between the theoretical and measured values is less than 2%, as shown on the black dotted line. The model we used is an approximation of the ionosphere, and with the spatial disturbance of the ionosphere and measurement error, we believe that the calculation accuracy of this paper is acceptable.





3.2. Analysis of the Electromagnetic Characteristics


3.2.1. Comparison between Planar and Spherical Model


To illustrate the influence of the curvature of the Earth on the electromagnetic field, we compared the calculation results of the planar model [31] and the spherical model based on the resistivity of air and ionosphere. Earth is 1014 Ω·m, 105 Ω·m, and 1000 Ω·m, the height of the ionosphere from the ground is 100 km, the radius of the Earth is 6370 km, and the electric dipole moment is Idl = 250 A × 50 km. When the source–receiver distance is less than half of the Earth’s radius, the influence of the Earth’s curvature is small, and the Earth’s surface can be approximated to a plane. Figure 5 shows that the calculation results of the two are in good agreement within 3000 km, but the curves diverge with the increase in distance.



It was discovered that the field may oscillate in space with a growing amplitude in the spherical cavity model at greater offset. Contrary to the conventional planar model, the fields on the global scale do not decay with the source–receiver distance. The ionosphere, air, and Earth together make up a horizontal infinite waveguide in a planar layered model; as a result, electromagnetic waves from the source propagate in all directions. In the spherical model, however, the ionosphere, air, and Earth form a closed spherical waveguide. Electromagnetic waves trapped in the waveguide may produce resonance. In the near-field, resonance is absent because the fields directly emitted from the source are dominant and display only geometrical decay.




3.2.2. Curve Characteristic Analysis


To explain the characteristics of the electromagnetic field under the global spherical “Earth-ionosphere” cavity, we examined the electromagnetic field propagation curves at different frequencies. Under the same model parameters as the previous section, the source was a unit dipole.



Figure 6 illustrates the electromagnetic field propagation rule that the spatial oscillation frequency increases with the temporal frequency. The wavelength is inversely proportional to the frequency. Thus, the higher the frequency, the shorter the wavelength, which results in more antinodes. The fields emitted by the source travel in all directions and arrive in the same phase at the mirror point. As a result, the fields at the mirror point are always the strongest locally.




3.2.3. Radiation Pattern


To further understand the spatial characteristics of the fields emitted by a CSELF source, we investigated the radiation pattern of the fields in 3-D.



Figure 7, Figure 8, Figure 9 and Figure 10 show the    E ϕ   ,    E θ   ,    H θ   , and    H ϕ    field patterns at 10 Hz. We observed that the fields attenuated slowly in the spherical waveguide region except in the resonant area. A comparison of    E ϕ    and    E θ    shows that in the Northern Hemisphere,    E θ    was less affected by the low value region, whereas in the Southern Hemisphere,    E ϕ    was less affected by the low value region. The magnetic field presents similar laws.



Under the influence of the ionosphere, the electromagnetic field emitted by the HED becomes strong in some places and weak in others. Collecting electromagnetic signals in an area with a weakened field strength is bound to be detrimental to studies on underground structures. The electromagnetic waves received on the surface convey both noise and helpful signals carrying underground information. The signal-to-noise ratio will decrease if electromagnetic signals are collected in a region with weak field strength. This further affects the quality of data interpretation. Therefore, drawing electromagnetic field radiation patterns can guide field data acquisition and collect higher-quality signals in strong areas.




3.2.4. The Influence of Ionospheric Structure on Electromagnetic Fields


Although we can equate the ionosphere with a uniform medium with a certain conductivity, its layered structure can also have an impact on the electromagnetic field. The ionosphere serves as a propagation medium for electromagnetic waves, which are refracted, reflected, dispersed, and absorbed, with some energy lost in the process. Therefore, it is necessary to study the influence of ionospheric structure on electromagnetic fields.



We set the conductivity of the ionosphere at 10−5 S/m as model U (uniform), which corresponds to σ1 in Figure 2b. In model G (σ2 < σ1), the conductivity of the ionosphere was 10−5 S/m and 10−7 S/m, corresponding to σ−1 and σ−2. In model D (σ2 > σ1), the conductivity of the ionosphere was 10−5 S/m and 10−3 S/m, corresponding to σ−1 and σ−2. The conductivity of air was 10−14 S/m, and the conductivity of the Earth was 0.001 S/m, corresponding to σ0 and σ1 in Figure 2b. The height of the ionosphere from the ground is 85 km, the radius of the Earth is 6370 km, and the electric dipole moment is Idl = 1 A·m, as shown in Figure 2a. We calculated the propagation curves of the electromagnetic field under three different models at a frequency of 100 Hz.



Figure 11 illustrates how various ionospheric structures might alter the electromagnetic field’s amplitude. Yet, as the propagation curve’s shape is solely determined by frequency, it will have no impact on that. The three curves overlapped at areas with a short offset (about 700 km), as we discovered at the same time. This demonstrates that the ionosphere’s impact on the electromagnetic field is negligible under a short offset.






4. Discussion


Following the rules of the MT, by observing the orthogonal electric and magnetic field components, the Cagniard apparent resistivity was computed:


     ρ  θ φ   =  1  ω μ     |     E θ     H φ     |  2       ρ  φ θ   =  1  ω μ     |     E φ     H θ     |  2     



(12)







For a given frequency, the partition of the near- and far-field regions depends on the Earth’s resistivity value. The lower the Earth’s resistivity, the sooner a wave can reach the far-field region. Thus, the Earth resistivity was assigned a value of 104 Ω ⋅ m to ensure that the predicted far-field region was valid for any practical applications because the real earth resistivity is generally less than 104 Ω ⋅  m.



Figure 12 and Figure 13 clearly shows that    ρ  θ φ     enters the far-field regions sooner. With a frequency of 0.1 Hz,    ρ  φ θ     converges to the true resistivity value at 2000 km, while    ρ  θ φ     converges at 1500 km. Therefore, we suggest adopting the data acquisition method of apparent resistivity    ρ  θ φ    .




5. Conclusions


The present research aimed to study the electromagnetic field emitted by CSELF and present the exact formulas for a horizontal electric dipole (HED) in a spherical “Earth-ionosphere” space model to expand the coverage of CSELF. We established a new spherical “Earth-ionosphere” full-space model for CSELF. Using the general boundary condition of the electromagnetic field, we obtained an accurate expression in the sum of the series of the spherical Bessel function and the Legendre function through the separation of variables method. This research can also calculate the electromagnetic field under the layered medium.



We assessed three techniques: function combination pairs, addition and subtraction terms, and Padé approximants, to handle slowly converging numerical calculations and achieve a performance boost of 1000 times. The new solution was consistent with the previous numerical results and data measured in the field.



The most prominent finding is that the electromagnetic fields emitted by HED render geometrical attenuation with the source–receiver distance in the near-field regions. However, in the far-field regions, the fields demonstrate resonance, a pattern different from the traditional planar layer model. Finally, we discussed the application conditions of Cagniard’s apparent resistivity in CSELF. One of the interesting findings is that the apparent resistivity,    ρ  θ φ    , enter the far-field regions sooner than    ρ  φ θ    .



A limitation of this study is that we did not consider the actual length and current variation of the transmitting antenna. For the following work, the results in this paper can be used as Green’s functions to simulate the electromagnetic field of actual antennas and 3-D models.
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Appendix A


The expression of the coefficients:


     R  i , i + 1   T M   =    k i    ε ˜   i + 1    H n  ( 1 )   (  k  i + 1   a )  H n ′  (  k i  a ) −  k  i + 1     ε ˜  i   H n ′  (  k  i + 1   a )  H n  ( 1 )   (  k i  a )    k  i + 1     ε ˜  i   J n  (  k i  a )  H n ′  (  k  i + 1   a ) −  k i    ε ˜   i + 1    J n ′  (  k i  a )  H n  ( 1 )   (  k  i + 1   a )        T  i , i + 1   T M   =   i  k  i + 1     ε ˜   i + 1      k  i + 1     ε ˜  i   J n  (  k i  a )  H n ′  (  k  i + 1   a ) −  k i    ε ˜   i + 1    J n ′  (  k i  a )  H n  ( 1 )   (  k  i + 1   a )        R  i , i + 1   T E   =    k i   μ  i + 1    H n  ( 1 )   (  k  i + 1   a )  H n ′  (  k i  a ) −  k  i + 1    μ i   H n  ( 1 )   (  k i  a )  H n ′  (  k  i + 1   a )    k  i + 1    μ i   H n ′  (  k  i + 1   a )  J n  (  k i  a ) −  k i   μ  i + 1    H n  ( 1 )   (  k  i + 1   a )  J n ′  (  k i  a )        T  i , i + 1   T E   =   i  k  i + 1    μ  i + 1      k  i + 1    μ i   H n ′  (  k  i + 1   a )  J n  (  k i  a ) −  k i   μ  i + 1    H n  ( 1 )   (  k  i + 1   a )  J n ′  (  k i  a )      



(A1)






     T  i , i − 1   T M   =   i  k  i − 1     ε ˜   i − 1      k i    ε ˜   i − 1    J n  (  k  i − 1   a )  H n ′  (  k i  a ) −  k  i − 1     ε ˜  i   J n ′  (  k  i − 1   a )  H n  ( 1 )   (  k i  a )        R  i , i − 1   T M   =    k  i − 1     ε ˜  i   J n ′  (  k  i − 1   a )  J n  (  k i  a ) −  k i    ε ˜   i − 1    J n ′  (  k i  a )  J n  (  k  i − 1   a )    k i    ε ˜   i − 1    J n  (  k  i − 1   a )  H n ′  (  k i  a ) −  k  i − 1     ε ˜  i   J n ′  (  k  i − 1   a )  H n  ( 1 )   (  k i  a )        T  i , i − 1   T E   =   i  k  i − 1    μ  i − 1      k i   μ  i − 1    J n  (  k  i − 1   a )  H n ′  (  k i  a ) −  k  i − 1    μ i   J n ′  (  k  i − 1   a )  H n  ( 1 )   (  k i  a )        R  i , i − 1   T E   =    k  i − 1    μ i   J n  (  k i  a )  J n ′  (  k  i − 1   a ) −  k i   μ  i − 1    J n  (  k  i − 1   a )  J n ′  (  k i  a )    k i   μ  i − 1    J n  (  k  i − 1   a )  H n ′  (  k i  a ) −  k  i − 1    μ i   J n ′  (  k  i − 1   a )  H n  ( 1 )   (  k i  a )      



(A2)




where we take    ε ˜  = σ − i ω ε   and a is height of interface.


    R ˜   i , i + 1   =  R  i , i + 1   +    T  i + 1 , i     R ˜   i + 1 , i + 2    T  i , i + 1     1 −  R  i + 1 , i     R ˜   i + 1 , i + 2      



(A3)






    R ˜   i , i − 1   =  R  i , i − 1   +    T  i − 1 , i     R ˜   i − 1 , i − 2    T  i , i − 1     1 −  R  i − 1 , i     R ˜   i − 1 , i − 2      



(A4)






   M i  =  1  1 −  R  i , i − 1    R  i , i + 1      



(A5)






   T  1 , N   =  S  1 , 2    S  2 , 3   ⋯  S  N − 2 , N − 1    T  N − 1 , N    



(A6)






   S  i , i + 1   =    T  i , i + 1     1 −  R  i + 1 , i     R ˜   i + 1 , i + 2      



(A7)








Appendix B


Approximate value of each electromagnetic component and their sum.



For TE polarized waves:



(1)    E r   


   E r  ( n ) = ( 2 n + 1 )   (  r b  )   n + 1     i  k 2   k 1 2     k 2 2  +  k 1 2     P n 1  ( cos θ )  



(A8)






                S  E r  =   ∑  n = 1  ∞   ( 2 n + 1 )     (  r b  )   n + 1     i  k 2   k 1 2     k 2 2  +  k 1 2     P n 1  ( cos θ )     =  r b    i  k 2   k 1 2     k 2 2  +  k 1 2    (   3 y t    g 3    +   6 y  t 2  ( x − t )    g 5    )    



(A9)







(2)    E φ  T M    


   E φ  T M   ( n ) =   ( 2 n + 1 )  n   1 b    (  r b  )  n    i  k 2   k 1 2     k 2 2  +  k 1 2     P n 1  ( cos θ )  



(A10)






                S  E φ  T M   =   ∑  n = 1  ∞     ( 2 n + 1 )  n   1 b    (  r b  )  n    i  k 2   k 1 2     k 2 2  +  k 1 2     P n 1  ( cos θ )       =  1 b    i  k 2   k 1 2     k 2 2  +  k 1 2    (  x y  +   t − x   y g   + 2   y t    g 3    )    



(A11)







(3)    H φ  T M    


   H φ  T M   ( n ) =   ( 2 n + 1 )   n ( n + 1 )     (  r b  )   n + 1     i  k 2   k 1 2     k 2 2  +  k 1 2     ∂  ∂ θ    P n 1  ( cos θ )  



(A12)






    S  H φ  T M   =  r b    i  k 2   k 1 2     k 2 2  +  k 1 2      ∑  n = 1  ∞     ( 2 n + 1 )   n ( n + 1 )     (  r b  )  n   ∂  ∂ θ    P n 1  ( cos θ )                                                             =  r b    i  k 2   k 1 2     k 2 2  +  k 1 2    (   1 −  t 2     g 3    − 1 ) −  r b    i  k 2   k 1 2     k 2 2  +  k 1 2      cos θ   sin θ   (   x t + 1   y t   +    t 2  − 1   y t g   )    



(A13)







(4)    H θ  T M    


   H θ  T M   ( n ) =   ( 2 n + 1 )   n ( n + 1 )     (  r b  )   n + 1     i  k 2   k 1 2     k 2 2  +  k 1 2     P n 1  ( cos θ )  



(A14)






                S  H θ  T M   =   ∑  n = 1  ∞     ( 2 n + 1 )   n ( n + 1 )       (  r b  )   n + 1     i  k 2   k 1 2     k 2 2  +  k 1 2     P n 1  ( cos θ )     =  r b    i  k 2   k 1 2     k 2 2  +  k 1 2    (   x t + 1   y t   +    t 2  − 1   y t g   )    



(A15)







(5)    E θ  T M    


   E θ  T M   ( n ) =  1 b    ( 2 n + 1 )  n    (  r b  )  n    i  k 2   k 1 2     k 2 2  +  k 1 2     d  d θ    P n 1  ( cos θ )  



(A16)






    S  E θ  T M   =  1 b    i  k 2   k 1 2     k 2 2  +  k 1 2    [ 2    t b  ( x +  x 2   t b  − x  t b 2  − 2  t b  +  t b 3  )    g b 5                              + 3    t b  ( x −  t b  )    g b 3    +  1   g b    − 1 −   cos θ   sin θ   ( 2   y  t b     g b 3    +  x y  +    t b  − x   y  g b    ) ]    



(A17)







For TE polarized waves:



(1)    H r   


   H r  ( n ) = − i  k 2  r   (  r b  )  n   P n 1  ( cos θ )  



(A18)






    S  H r  = − i  k 2  r   ∑  n = 1  ∞     (  r b  )  n   P n 1  ( cos θ )                       = − i  k 2  r   y t    g 3       



(A19)







(2)    E φ  T E    


   E φ  T E   ( n ) =   − i  k 2  r   n ( n + 1 )     (  r b  )  n   ∂  ∂ θ    P n 1  ( cos θ )  



(A20)






    S  E φ  T E   = − i  k 2  r   ∑  n = 1  ∞    1  n ( n + 1 )     (  r b  )  n   ∂  ∂ θ    P n 1  ( cos θ )       = − i  k 2  r [ (  1   g b    − 1 ) −   cos θ   sin θ   (  x y  +    g b  − 1   y  t b    ) ]    



(A21)







(3)    H θ  T E    


   H θ  T E   ( n ) = − i  k 2   1 n    (  r b  )  n   ∂  ∂ θ    P n 1  ( cos θ )  



(A22)






    S  H θ  T E   = − i  k 2    ∑  n = 1  ∞    1 n    (  r b  )  n   ∂  ∂ θ    P n 1  ( cos θ )                                                     = − i  k 2  [ (   1 − x  t b     g b 3    − 1 ) −   cos θ   sin θ   (  x y  +    t b  − x   y  g b    ) ]    



(A23)







(4)    H φ  T E    


   H φ  T E   ( n ) =   − i  k 2   n    (  r b  )  n   P n 1  ( cos θ )  



(A24)






                S  H φ  T E   = − i  k 2    ∑  n = 1  ∞    1 n    (  r b  )  n   P n 1  ( cos θ )       = − i  k 2  (  x y  +    t b  − x   y  g b    )    



(A25)







(5)    E θ  T E    


   E θ  T E   ( n ) =   − i  k 2  r   n ( n + 1 )     (  r b  )  n   P n 1  ( cos θ )  



(A26)






                S  E θ  T E   =   ∑  n = 1  ∞     − i  k 2  r   n ( n + 1 )     (  t b  )  n   P n 1  ( cos θ )       = − i  k 2  r (  x y  +    g b  − 1   y  t b    )    



(A27)







Among   x = cos θ  ,    t b  =  r b   ,    g b  =   1 − 2 x t +  t 2      and   y =   1 −  x 2     .



Note: The symbol A(n) represents the approximate value, and SA represents the series sum of infinite term approximate value. Lower subscript 1 represents the underground medium parameters, and lower subscript 2 represents the air layer parameters.
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Figure 1. Electromagnetic field in the spherical “Earth-ionosphere” full space model (a) Sky waves in the “Earth-ionosphere” model: Solid and dashed lines represent sky waves propagating through different paths in a waveguide. (b) EM signals transmitted by the antenna: artificial sources generate three types of electromagnetic waves throughout full space: the sky wave, surface wave, and formation wave. 
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Figure 2. Geometric model diagram of HED in spherical coordinates. (a) Simplified spherical “Earth-ionosphere” full space model; (b) Multilayer medium inside the Earth or ionosphere: the subscript 0 indicates the medium where the source is located. 






Figure 2. Geometric model diagram of HED in spherical coordinates. (a) Simplified spherical “Earth-ionosphere” full space model; (b) Multilayer medium inside the Earth or ionosphere: the subscript 0 indicates the medium where the source is located.



[image: Remotesensing 15 02235 g002]







[image: Remotesensing 15 02235 g003 550] 





Figure 3. Comparison diagram of the electromagnetic field results. The red curve represents our result. The blue dot represents the results of Peng. The black dotted line is the relative error. (a) Tangential electric field    E θ    propagation curve. (b) Tangential magnetic field    H θ    propagation curve. 
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Figure 4. Comparison between the measured in the field and theoretical values. The blue dot represents the data given by Bannister. The red curve represents our calculation result. The black dotted line is the relative error. (a) Magnetic field    H φ    results at a frequency of 45 Hz. (b) Magnetic field    H φ    results at a frequency of 75 Hz. 
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Figure 5. Comparison of electromagnetic fields at a frequency of 100 Hz under the spherical–planar model (a,b). 
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Figure 6. Propagation curve of the electromagnetic field in the waveguide region at 1 Hz, 50 Hz, and 100 Hz,. (a) Propagation curve of    E φ   . (b) Propagation curve of    E θ   . (c) Propagation curve of    H φ   . (d) Propagation curve of    H θ   . 






Figure 6. Propagation curve of the electromagnetic field in the waveguide region at 1 Hz, 50 Hz, and 100 Hz,. (a) Propagation curve of    E φ   . (b) Propagation curve of    E θ   . (c) Propagation curve of    H φ   . (d) Propagation curve of    H θ   .



[image: Remotesensing 15 02235 g006]







[image: Remotesensing 15 02235 g007 550] 





Figure 7. Radiation pattern of    E φ   . 
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Figure 8. Radiation pattern of    E θ   . 
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Figure 9. Radiation pattern of    H θ   . 
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Figure 10. Radiation pattern of    H φ   . 
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Figure 11. Propagation curve of the electromagnetic field in the waveguide region at 100 Hz: The blue, red, and orange lines represent the electromagnetic fields in the U, G, and D models, respectively. (a) Propagation curve of Eθ. (b) Propagation curve of Eφ. (c) Propagation curve of Hθ. (d) Propagation curve of Hφ. 
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Figure 12. Cagniard apparent resistivity    ρ  φ θ    . The black, red, blue, orange, and black dotted lines are the apparent resistivities at 0.1, 1, 10, 100, and 300 Hz, respectively. 
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Figure 13. Cagniard’s apparent resistivity    ρ  θ φ    . The black, red, blue, orange, and black dotted lines are the apparent resistivities at 0.1, 1, 10, 100, and 300 Hz, respectively. 
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