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Abstract: Translational motion compensation is a prerequisite of inverse synthetic aperture radar
(ISAR) imaging. Translational motion compensation for datasets with low signal-to-noise ratio
(SNR) is important but challenging. In this work, we proposed a noise-robust translational motion
compensation method based on high-order local polynomial transform–generalized scaled Fourier
transform (HLPT-GSCFT). We first model the translational motion as a fourth-order polynomial
according to order-of-magnitude analysis, and then design HLPT-GSCFT for translation parameter
estimation and parametric translational motion compensation. Specifically, HLPT is designed to
estimate the acceleration and third-order acceleration of the translational motion and GSCFT is
introduced to estimate the second-order acceleration. Both HLPT and GSCFT have a strong ability
for cross-term suppression. In addition, we use a minimum weighted entropy algorithm to estimate
the velocity of the translational motion, which can improve the noise robustness of the parameter
estimation. Experimental results based on a measured dataset prove that the proposed method is
effective and noise-robust.

Keywords: inverse synthetic aperture radar (ISAR); translational motion compensation; local polyno-
mial transform

1. Introduction

Translational motion compensation is a pre-step in inverse synthetic aperture radar
(ISAR) imaging. In the early days of ISAR imaging, limited by the performance of micro-
electronic devices, most imaging radars used narrowband tracking–broadband imaging
systems. Stretch processing was adopted to perform pulse compression for the echoes.
Under this condition, the translational error cannot be modeled because a random phase
error is introduced in the echoes. Therefore, early translational motion compensation meth-
ods were dedicated to compensating the translation error of each pulse separately. Such
methods are called non-parametric translational motion compensation methods and are still
widely used today. Specifically, the translational error affects both range profile and phase.
Thus, non-parametric methods first align the range profile and then correct the phase.
Common range alignment methods include maximum correlation-based range alignment
(MCRA) [1] and minimum average range profile entropy (ARPE) [2,3]. Existing phase
correction methods involve signal subspace-based methods [4–7], dominant scatter-based
methods [8–10] and minimum entropy or maximum contrast methods [11–15]. However,
most non-parametric methods struggle to achieve ideal results in low signal-to-noise ratio
(SNR) environments. With the rise of artificial intelligence technology, some scholars have
applied neural networks to translational motion compensation. For example, using deep
recurrent neural networks for range alignment at low SNR [16] and combining neural
networks with compressed sensing to accomplish autofocusing [17,18]. However, such
methods require a lot of effort to train.

With the development of microelectronics technology, echoes with coherent transla-
tional error can be obtained from modern radar. Under this condition, the translational error
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can be modeled according to the movement of the target relative to the radar. Currently,
most scholars model the translation as a polynomial, and the joint compensation of range
profile and phase can be realized by the estimation of translational polynomial parameters.
Such methods are called parametric translational motion compensation methods. Since
estimating several translational parameters is far easier than estimating hundreds of phase
errors, parametric methods are generally more robust. Some scholars draw on the idea of
the minimum entropy algorithm in the non-parametric method and propose using the gra-
dient descent algorithm [19,20], or the swarm intelligence algorithms [21–25], to optimize
the ISAR image quality to estimate the translational parameters. Other scholars use time–
frequency distribution to realize the non-search estimation of translation parameters [26].
However, the accuracy and robustness of parametric translational motion compensation
methods need to be further improved. On the one hand, parameter estimation based on
image quality of range-Doppler (RD) imaging results easily converges to a local optimum
in low SNR, and, on the other, the existing time-frequency transform-based methods, such
as the fractional-order Fourier transform based-method [26] and the high-order ambiguous
function-based method [27], can only be applied to third-order polynomials, and, therefore,
have major limitations.

We propose a noise-robust translational motion compensation method based on high-
order local polynomial transform–generalized scaled Fourier transform (HLPT-GSCFT).
Through mathematical derivation and order-of-magnitude analysis, we determined that
the translational error should be modeled as a fourth-order polynomial. Then we design
HLPT-GSCFT to estimate the translational parameters. Specifically, HLPT is designed to
estimate the acceleration and the third-order acceleration and GSCFT is used to estimate the
jerk. Additionally, we design a minimum weighted entropy algorithm (MWE) to estimate
radial velocity. HLPT-GSCFT is robust due to its low degree of nonlinearity. Experimental
results of a Yak-42 measured dataset prove that the proposed method is effective and
noise-robust.

2. Signal Model

In this section, we derive expressions for the target echoes and detail how we model
translational motion as a fourth-order polynomial through order-of-magnitude analysis.

Currently, most imaging radars transmit a wideband linear frequency modulation
(LFM) signal

s
(
t̂, tm

)
= rect

(
t̂

Tp

)
exp[j2π fct] exp

[
jπµt̂2

]
(1)

where t = t̂ + tm is the full time, Tp is the pulse width of the transmitted signal, fc is the
carrier frequency, and µ is the chirp rate. rect(t) is the rectangular window function, it
takes the value of 1 when t ∈ [0, 1] and 0 in other cases. t̂ is the time sequence of a single
pulse, which is usually called fast time. tm = nTpr is the slow time, where n is the number
of pulses and Tpr is pulse repetition time.

The transmitted signal is reflected by the target and generates an echo. If the total
number of scattering centers of the target is N, the echo can be written as

sr
(
t̂, tm

)
=

N
∑

p=1
σprect

(
t̂−(2Rp(tm)/c)

Tp

)
exp

[
j2π fc

(
t− 2Rp(tm)

c

)]
exp

[
jπµ
(

t̂− 2Rp(tm)
c

)2
] (2)

where c is the speed of light and Rp(tm) is the distance between the radar and the scattering
center p.

After pulse compression, (2) can be written as

Sr( fr, tm) =
N

∑
p=1

σp exp
[
−j

4π

c
( fr + fc)Rp(tm)

]
(3)
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where fr = µt̂ is the fast time frequency. According to the basic theory of ISAR imaging [28],
Rp(tm) can be divided into rotational motion history and translational motion history. When
the target moves smoothly, the rotational motion history Rp,rot(tm) can be approximated as

Rp,rot(tm) = xpωtm + yp (4)

where ω is the rotational angular velocity of the target, xp is the azimuth coordinate of the
scattering center p and yp is the distance coordinate of the scattering center p. The y-axis of
this imaging coordinate system is the radar line of sight direction, and the origin of this
coordinate system is the geometric center of the target.

Next, we analyze the translational motion of the target. During ISAR imaging, the
motion of the target relative to the radar is shown in Figure 1.
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Figure 1. The motion of the target relative to the radar, where R0 is the initial distance between radar
and target, Rtrans(tm) is the translational motion of the target, V is the speed of the target and θ0 is
the initial oblique angle.

According to Figure 1, Rtrans(tm) can be expressed as

Rtrans(tm) =
√

R02 + V2tm2 − 2R0Vtm sin θ0 (5)

Using Taylor series expansion, (5) can be rewritten as

Term(tm) =

(
Vtm

R0

)2
− 2

Vtm

R0
sin θ0 (6)

Rtrans(tm) = R0

(
1 +

1
2

Term(tm)−
1
8
(Term(tm))

2 + · · ·
)

(7)

Then we should determine the order of the Taylor series expansion. Obviously, the
first-order term of (7) must be preserved. The question is whether the higher-order terms
of (7) need to be preserved and if so, to which order. Therefore, we use order-of-magnitude
analysis to determine the order of (7). Specifically, the error phase caused by the kth term in
(7) can be ignored if it changes by a small amount during the imaging process. According
to the Sine Law, Term(tm) can be rewritten as

Term(tm) =

(
sin ϕr

cos(θ0 − ϕr)

)2
− 2

sin ϕr

cos(θ0 − ϕr)
sin θ0 (8)

where ϕr is the rotated angle, which is usually taken as 3◦–5◦ [28].
The mapping from θ0 to Term(tm) is shown in Figure 2 (set ϕr = 3◦).
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Figure 2. The mapping from θ0 to Term(tm).

We can find from (8) and Figure 2 that the absolute value of Term(tm) decreases with
the increase of θ0 or the decrease of ϕr. When 3◦ ≤ ϕr ≤ 5◦ and θ0 ≤ 60◦, the value of
(Term(tm))

2/2 satisfies

3.4× 10−7 ≤ (Term(tm))
2/2 ≤ 2.9× 10−5 (9)

Considering that the order of magnitude of R0 is 104 m and the order of magnitude
of wavelength is 10−2 m, the effect of the squared term in (7) on the phase of the echo
cannot be ignored in most cases. In comparison, the maximum of the absolute value of
(Term(tm))

3/4 is 1.1× 10−7 when 3◦ ≤ ϕr ≤ 5◦ and θ0 ≤ 60◦. Therefore, the cubic and the
higher terms in (7) can be ignored.

Based on the above analyses, Rtrans(tm) can be written as

Rtrans(tm) = R0 − (V sin θ0)tm + (V cos θ0)
2

2R0
tm

2

+V3 sin θ0
4R0

2 tm
3 − V4

8R0
3 tm

4
(10)

It can be found that the model of the translational motion is a fourth-order polynomial,
and the echo can be expressed as

Sr( fr, tm) =
N
∑

p=1
σp exp

[
−j 4π

c ( fr + fc)
(

R0 + yp +
(
v + xpω

)
tm
)]

exp
[
−j 4π

c ( fr + fc)
(
a1tm

2 + a2tm
3 + a3tm

4)] (11)


v = −V sin θ0

a1 = (V cos θ0)
2

2R0

a2 = V3 sin θ0
4R0

2

a3 = − V4

8R0
3

(12)

3. Translational Parameter Estimation Based on HLPT-GSCFT

To eliminate the translation error, we need to estimate v, a1, a2 and a3. In this section,
we will describe the specific steps of HLPT-GSCFT and display how to estimate a1 and a3
using HLPT and a2 using GSCFT. In addition, we analyze how HLPT-GSCFT suppressed
the cross terms.

According to [29–31], the local polynomial transform (LPT) can be defined as

LPT( fτm, ζ) = FTτm

{[
S(tm + τm)S∗(tm − τm) exp

(
−jπ

1
3

ζτm
3
)]∣∣∣∣

tm=0

}
(13)
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where τm is the delay variable, ζ is the quadratic chirp rate and FT is the Fourier transform.
LPT has the ability to perform non-search estimation on the frequency and quadratic chirp
rate of cubic phase signals. Meanwhile, it has a low degree of nonlinearity and strong
cross-term suppression ability. Referring to LPT, we propose HLPT.

We define the kernel function of HLPT as

RLPT( fr, tm, τm) = Sr( fr, tm + τm + ε)S∗r ( fr, tm + τm − ε)
Sr( fr, tm − τm − ε)S∗r ( fr, tm − τm + ε)

(14)

where ε is the delay constant. The specific expression of RLPT( fr, tm, τm) can be written as

RLPT( fr, tm, τm) =
N
∑

p=1
Ap

4 exp
[
−j 4π

c ( fr + fc)(8εa1τm)
]

exp
[
−j 4π

c ( fr + fc)(24εa2τmtm)
]

exp
[
−j 4π

c ( fr + fc)εa3
(
48τmtm

2 + 16τm
3)]+

Cross( fr, tm, τm)

(15)

where Cross( fr, tm, τm) is the cross terms of RLPT( fr, tm, τm).
Then we perform inverse Fourier transform (IFT) for RLPT( fr, tm, τm) on fr, the result

of the first part of (15) (we call it “self-terms”) can be expressed as

R′LPT,S(tr, tm, τm) =
N
∑

p=1
Ap

4δ

[
B
(

tr +
16εa1τm+48εa2τmtm+32εa3(3τmtm

2+τm
3)

c

)]
exp

[
−j 4π fc

c
(
8εa1τm + 24εa2τmtm + 16εa3

(
3τmtm

2 + τm
3))] (16)

where tr is the modified fast time and δ is the Dirac function.
According to the analyses of Section II, the impact of a1, a2 and a3 on the range profile

is not significant. If we set a small value for ε, the impact of a1, a2 and a3 on the range
profile will be greatly reduced. Under this condition, the range profile offset caused by a1,
a2 and a3 can be ignored. Therefore, we can approximate that the energy of the self-terms
is focused in the range bin corresponding to tr = 0. Based on the above analysis, we take
tr = 0, the result can be written as

R′LPT,S(tm, τm)|tr=0 ≈
N
∑

p=1
Ap

4

exp
[
−j 4π fc

c
(
8εa1τm + 24εa2τmtm + 16εa3

(
3τmtm

2 + τm
3))] (17)

Then we perform LPT for (17) and the result can be expressed as

LPT( fτm, ζ) =
∫ (

R′LPT,S(tm, τm)|tr=0

)∣∣∣
tm=0

exp
(
−j2π

(
fτmτm + ζτm

3))dτm

=
N
∑

p=1
Ap
∫

exp
(
−j2π

((
fτm + 16 fcεa1

c

)
τm +

(
ζ + 32 fcεa3

c

)
τm

3
))

dτm
(18)

According to the standing-phase method [28], we can obtain that

|LPT( fτm, ζ)| =

∣∣∣∣∣∣ 1√
fτm + 16 fcεa1

c

√
ζ + 32 fcεa3

c

∣∣∣∣∣∣ (19)
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It can be found that (19) will reach a maximum only when fτm = − 16 fcεa1
c and

ζ = − 32 fcεa3
c . Therefore, the estimation of a1 and a2 can be obtained by peak search as{

â1 = − c fτm,max
16 fcε

â3 = − cζmax
32 fcε

(20)

where fτm,max and ζmax represent the coordinates of the maximum values, respectively
Next, we analyze the ability of HLPT to suppress the cross terms. Cross( fr, tm, τm) in

(15) has three kinds of components, which can be expressed as

corss1( fr, tm, τm) = Ap Aq Ar As exp
[
−j 4π

c ( fc + fr)
(
yp − yq − yr + ys

)]
exp

[
−j 4π

c ( fc + fr)
(
xp − xq − xr + xs

)
tm

]
exp

[
−j 4π

c ( fc + fr)
(
xp − xq + xr − xs

)
τm

]
sel f ( fr, tm, τm)

(21)

corss2( fr, tm, τm) = Ap
2 Aq

2 exp
[
−j 8π

c ( fc + fr)
(

xp − xq
)
τm
]

sel f ( fr, tm, τm)
(22)

corss3( fr, tm, τm) = Ap Aq Ar
2 exp

[
−j 4π

c ( fc + fr)
(
yp − yq

)]
exp

[
−j 8π

c ( fc + fr)
(
xp − xq

)
(tm + τm)

]
sel f ( fr, tm, τm)

(23)

sel f ( fr, tm, τm) = exp
[
−j 4π

c ( fr + fc)(8εa1τm)
]

exp
[
−j 4π

c ( fr + fc)(24εa2τmtm)
]

exp
[
−j 4π

c ( fr + fc)εa3
(
48τmtm

2 + 16τm
3)] (24)

where p, q, r and s are four different scattering centers.
It can be found that xp,xq,xr and xs cause migration through resolution cell (MTRC)

in corss1( fr, tm, τm). That means only a small part of corss1( fr, tm, τm) has the opportu-
nity to participate in LPT after we perform IFT and take tr = 0. Under this condition,
corss1( fr, tm, τm) is unable to focus the energy by LPT. Even if xp − xq − xr + xs = 0 and
xp − xq + xr − xs = 0, corss1( fr, tm, τm) will not be focused by LPT because the energy
only focuses on the range bin corresponding to tr = 2

(
yp − yq − yr + ys

)
/c. Similarly,

corss2( fr, tm, τm) and corss3( fr, tm, τm) will not be focused by LPT. Therefore, HLPT has
excellent cross-term suppression ability.

Then we adopt GSCFT to estimate a2. According to [32,33], GSCFT can be defined as

T
(

f
[ξ∆e

m�
f
m ]

, ∆m

)
=
∫
� f

m

[
g(∆m) exp

(
j2πψ∆e

m�
f
m

)]
exp

(
−j2π

(
ξ∆e

m�
f
m f

[ξ∆e
m�

f
m ]

))
d
(

∆e
m�

f
m

)
= g(∆m)δ

(
f
[ξ∆e

m�
f
m ]
− ψ

ξ

) (25)

where ξ represents the zoom factor to avoid spectrum aliasing, f
[ξ∆e

m�
f
m ]

is the scaled

frequency domain with respect to � f
m, e and f are constant power, g(∆m) is a function of

∆m and ψ is an empirical parameter.
We use â3 to construct a compensation function as

F(tm, τm) = exp
[

j
64π fc

c
εa3

(
3τmtm

2 + τm
3
)]

(26)
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Compensating (17) by (26), the result can be written as

R′′ LPT,S(tm, τm) =
R′LPT,S(tm, τm)|tr=0 · F(tm, τm)

=
N
∑

p=1
Ap

4 exp
[
−j 4π fc

c (8εa1τm + 24εa2τmtm)
] (27)

Performing GSCFT for (27), we can obtain that

R′′ LPT−GSCFT

(
f[ξτmtm ], τm

)
=
∫

R′′ LPT,S(tm, τm) exp
(
−j2π

(
ξτmtm f[ξτmtm ]

))
d(τmtm)

=
N
∑

p=1
Ap

4δ
(

f[ξτmtm ] +
48 fcεa2

cξ

)
exp

[
−j 32π fc

c εa1τm

]
(28)

We can take the absolute value of (28) as

∣∣∣R′′ LPT−GSCFT

(
f[ξτmtm ], τm

)∣∣∣ = ∣∣∣∣∣ N

∑
p=1

Ap
4δ

(
f[ξτmtm ] +

48 fcεa2

cξ

)∣∣∣∣∣ (29)

Obviously, we can estimate a2 by peak search for (29), and the estimated value of a2
can be written as

â2 =
cξ f[ξτmtm ],m

48 fcε
(30)

4. Translational Motion Compensation

Using â1, â2 and â3, we can reconstruct the translational error and compensate for the
original echo as

T( fr, tm) = exp
[
−j

4π

c
( fc + fr)

(
â1tm

2 + â2tm
3 + â3tm

4
)]

(31)

Sr−LT( fr, tm) = Sr( fr, tm)T∗( fr, tm)

=
N
∑

p=1
σp exp

[
−j 4π

c ( fr + fc)
(

R0 + yp +
(
v + xpω

)
tm
)] (32)

It can be found that the linear translational error has still not been compensated. To
ensure the noise robustness of the compensation, we design a minimum weighted entropy
algorithm (MWE). The weighted entropy is defined as

WE(I) =
B

∑
b=1

A

∑
a=1

hamm(a, b)
|I(a, b)|2

E
ln

E

|I(a, b)|2
(33)

where I is the ISAR image, a and b are the sampling number of fc and tm, respectively, E is
the total energy of I and hamm is the 2-D Hamming window function.

The linear translational error can be compensated by solving the following optimiza-
tion

Snon−T( fr, tm) = min
v
{WE(Sr−LT( fr, tm)Tl(v, fr, tm))} (34)

Tl(v, fr, tm) = exp
[

j
4π

c
( fr + fc)vtm

]
(35)

Snon−T( fr, tm)
N

∑
p=1

σp exp
[
−j

4π

c
( fr + fc)

(
R0 + yp + xpωtm

)]
(36)

There are many algorithms that can solve one-dimensional optimization problems.
Even linear search can successfully solve the problem in (34).
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To sum up, the flow chart of translational motion compensation based on HLPT-GSCFT
is shown in Figure 3.
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5. Experiment of Yak-42 Measured Dataset

In this section, we adopt a Yak-42 measured dataset to validate the performance of
the proposed method. The shape of the Yak-42 is shown in Figure 4a. A C-band radar
records the dataset with a bandwidth of 400 MHz, a PRF of 100 Hz and a carrier frequency
of 5.52 GHz. The dataset contains 256 pulses, where each pulse has 256 sampling points.
The RD imaging result of the dataset is shown in Figure 4b.
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Figure 4. Yak-42 (a) The shape of the Yak-42. (b) The RD imaging result of the dataset.

Next, we add a translational error for the dataset. We set R0 = 5 km, V = 500 m/s and
θ0 = 2◦, the expression of the translational motion added in the dataset is the same as (5).
The range profile of the dataset after adding the translational error is shown in Figure 5a.
According to (12), we can obtain that v = −17.5, a1 = 24.9, a2 = 0.043 and a3 = −0.062.
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Figure 5. The range profile of the dataset after adding the translational error and the result of each
step. (a) The range profile of the dataset after adding the translational error. (b) The result of HLPT.
(c) The result of GSCFT. (d) The result of MWE. (e) The range profile after translational motion
compensation. (f) The RD imaging result after translational motion compensation.

We adopt the proposed method to compensate for the Yak-42 dataset. The result of
each step is shown in Figure 5b–f.

We found that the range profile with the translational error is significantly bent. In
the process of the proposed method, HLPT obtains that â1 = 24.85 and â3 = −0.06104,
GSCFT obtains that â2 = −0.0444 and MWE obtains that v̂ = −17.46. The relative errors of
the translational parameter estimation are 0.2%, 1.5%, 3.2% and 0.2%, respectively. After
translational motion compensation by the proposed method, the range profile of the dataset
is straight and the RD imaging result is very close to Figure 4b. This proves that the
proposed method is able to estimate the translational parameters and compensate for the
translational error accurately.

Next, we further validate the effectiveness and the noise robustness of the proposed
method by comparing it with other translational motion compensation methods. We
adopt particle swarm optimization (PSO) [24] and phase difference–Keystone transform–
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fractional Fourier transform (PD-KT-FrFT) [26] as a control group. Under the conditions of
SNR = 0 dB, −3 dB and −6 dB, the results of the above three methods and the ideal result
(Imaging result of the original dataset, illustrated in Figure 4b) are shown in Figures 6–8,
respectively. Additionally, we provide the entropy of each imaging result in Table 1 to
quantify the imaging results. In general, the lower the entropy, the better the image quality.

Table 1. The entropy of each imaging result.

Ideal Result PSO PD-KT-FrFT Proposed Method

SNR = −0 dB 8.2354 8.4554 8.3455 8.2651
SNR = −3 dB 9.5212 9.8930 9.6251 9.5321
SNR = −6 dB 10.4501 10.6651 10.5021 10.4589

The entropy of the results of PSO is higher than that of other methods at different SNRs.
Moreover, the results of PSO become increasingly defocused as the SNR decreases. This is
because the parameter estimation based on the image quality of RD imaging results is not
noise-robust under low SNR. PD-KT-FrFT has better performance and noise robustness
than PSO because this method does not depend on the quality of the RD image. However,
the results of PD-KT-FrFT still have a certain degree of defocusing because this method is
based on the third-order polynomial translation model and is unable to compensate for the
translational error caused by a3. In comparison, the entropy of the results of the proposed
method is closest to the ideal results. Moreover, the results of the proposed method are
well-focused under different SNRs. Those prove that the proposed method is noise robust
than traditional methods.
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Finally, we validate the performance of the proposed method under the conditions
of extremely low SNR and explore the performance limits of the proposed method. The
results of the proposed method under the conditions of SNR = −9, −10, −11 and −12 dB
are shown in Figure 9. Additionally, we provide the results of translational parameter
estimation in Table 2.
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Table 2. Result of translational parameter estimation.

v a1 a2 a3

SNR = −9 dB −17.43 24.85 0.0444 −0.061
SNR = −10 dB −17.48 24.85 0.0444 −0.061
SNR = −11 dB −17.46 25.13 0.0421 −0.064
SNR = −12 dB −17.55 25.72 0.0457 −0.057

The relative errors of the translational parameter estimation are lower than 3.2% when
SNR is higher than −11 dB. Each scattering center in Figure 9a,b is well-focused. Under the
condition of SNR = −11 dB, the error in translational parameter estimation becomes larger.
However, this change is not significant in the final result. Under the condition of SNR =
−12 dB, the results of the translational parameter estimation have a significant deviation.
This causes a certain degree of defocusing for the result of the proposed method. Therefore,
the proposed method is effective and accurate when SNR is higher than −12 dB.

6. Conclusions

This work proposes a noise-robust translational motion compensation method based
on HLPT-GSCFT. Specifically, we first model the translational motion as a fourth-order
polynomial according to order-of-magnitude analysis and then design HLPT-GSCFT to
estimate the translational parameters. In the process of HLPT-GSCFT, HLPT is designed to
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estimate the acceleration and the third-order acceleration, GSCFT is adopted to estimate the
jerk and MWE is designed to estimate the speed. Experimental results based on a Yak-42
measured dataset demonstrate the effectiveness and noise robustness of the proposed
method. It must be noted that there are still some shortcomings in the proposed method.
On the one hand, as with other parametric translational motion compensation methods, the
proposed method is powerless to compensate for random translational errors, and, on the
other, the proposed method has limited ability to compensate for sparse aperture echoes.
In future research, we hope to extend the proposed method from conventional targets to
micro-motion targets for higher-order translational compensation and ISAR imaging.
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