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Abstract: Multi-epoch double-differenced pseudorange observation (MDPO) is a dual-satellite lunar
navigation algorithm specially designed for a precursor mission, using a minimum number of lunar
orbiting small satellites to realize a GNSS-like radio navigation system for the Moon. In this study,
we evaluated the performance of the MDPO algorithm by using real pseudorange measurements
obtained from a pair of GNSS ground stations, one of which represented a lander, and the other
a rover on the Moon. It was natural that the resulting positioning accuracy varied largely by
satellite geometry, but the estimated error distributions of the double-differenced pseudorange
observations were consistent and agreed with the predicted value. The results showed that the
MDPO algorithm worked properly with the real GNSS observables and was capable of providing the
expected navigation performance for future lunar exploration missions.

Keywords: GNSS; navigation; lunar exploration; lunar rover; small satellites

1. Introduction

As part of human exploration of the Moon, a wide variety of commercial and interna-
tional missions have been undertaken to send robotic landers and rovers to the surface of
the Moon [1]. To support the growing number of ongoing and scheduled robotic activities
and improve their autonomous operation capabilities, future lunar missions will require
reliable infrastructure to provide navigation and communication services to the explorers
on the Moon. For this purpose, robotic rovers will be used for resource mapping and
scientific observation missions on the lunar surface. Earlier studies have reported that
a positioning accuracy of less than 100 m is required to support these goals [2].

There are several ongoing feasibility studies on dedicated lunar orbiting satellite con-
stellations like the Global Navigation Satellite System (GNSS) around the Earth [3–5]. While
they can provide robust and precise navigation services to the entire Moon’s surface and
its proximity, the transportation cost to inject many satellites into multiple lunar orbits
is not affordable at the early stage of lunar exploration programs. To reduce the initial
deployment cost of the lunar navigation satellite constellations, the authors proposed
a new dual-satellite navigation method called multi-epoch double-differenced pseudor-
ange observation (MDPO), which requires range observations from only two navigation
satellites in a single orbit plane [6]. Furthermore, it is still quite challenging for lunar
orbiting satellites to achieve reasonable orbit and clock determination as well as prediction
accuracies, especially for a small satellite with its limited size, weight, and power. The
MDPO algorithm efficiently eliminates these error sources by taking a double-differenced
measurement between a lander and a rover.

Although there are several operational limitations in availability and real-time prop-
erty, MDPO can handle the typical pseudorange observables provided by the satellites in
the future full constellation. Since there is no special treatment required for the first two
navigation satellites, it is quite suitable for a temporal precursor mission by the completion
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of the full constellation. More details about the MDPO algorithm and comprehensive
numerical analysis results can be found in the early work [7].

In this study, to evaluate the performance of the MDPO algorithm with real pseu-
dorange observations, we applied it to GNSS pseudorange measurements obtained from
a pair of GNSS ground stations emulating a lander and a rover on the lunar surface. Since
the resulting positioning accuracy varied largely by satellite geometry, the consistency of
the navigation performance was evaluated by the estimated measurement errors of the
double-differenced pseudorange observations.

2. MDPO Positioning Method

In this section, we provide a brief description of the MDPO algorithm and its require-
ments. First, it is a relative positioning method and requires a pair of receivers, one of
which will be on the lander as a base station and the other on the rover. The position of
the lander must be determined before rover deployment by other means. For example, the
Lunar Reconnaissance Orbiter Camera (LROC) successfully identified the location of the
Chinese Chang’e 5 lunar lander with an accuracy of 20 m [8].

At a time of ti, each receiver provides pseudorange measurements expressed by the
following equation:

ρS
R(ti) = rS

R(ti) + c
(

dτR(ti)− dTS(tS
i )
)
+ ωS

R(ti), (1)

where the subscript R and the superscript S represent the receiver and one of the tracking
satellites, respectively, c is the speed of light, dτR(ti) is the receiver clock bias, dTS(tS

i
)

is the
satellite clock bias including the range offset due to the satellite position error, and ωS

R(ti)
represents the pseudorange noise. The true range between the receiver and the satellite can
be defined as:

rS
R(ti) =

∥∥xS(tS
i )− xR(ti)

∥∥, (2)

where xR(ti) is the receiver position vector at the time of ti, and xS(tS
i
)

is the satellite
position vector at the corresponding signal transmission time of tS

i .
Now, we assume two navigation satellites, S = 1, 2, which are commonly visible

from both the lander (R = 1) and the rover (R = 2). Then, we have the following four
pseudorange observations at each epoch ti:

ρ1
1(ti) = r1

1(ti) + c
(

dτ1(ti)− dT1(t1
i )
)
+ ω1

1(ti) , (3)

ρ2
1(ti) = r2

1(ti) + c
(

dτ1(ti)− dT2(t2
i )
)
+ ω2

1(ti), (4)

ρ1
2(ti) = r1

2(ti) + c
(

dτ2(ti)− dT1(t1
i )
)
+ ω1

2(ti), (5)

ρ2
2(ti) = r2

2(ti) + c
(

dτ2(ti)− dT2(t2
i )
)
+ ω2

2(ti). (6)

For typical GNSS pseudorange observations, the magnitude of dTS(tS
i
)

is reasonably
small, and it is treated as a known parameter provided in the broadcast navigation message.
For the lunar orbiting satellites, however, it is challenging to obtain reasonable orbit and
clock determination and prediction accuracies especially for a small satellite. For example,
the expected orbit determination accuracy of EQUULEUS, a 6U-size CubeSat to be launched
to an Earth-Moon L2 quasi-Halo orbit, was reported about a kilometer by using range and
range rate observations obtained on two ground stations [9]. It is three orders of magnitude
larger than a typical GPS ephemeris error, which is usually in the order of a meter.

Fortunately, these errors can be virtually eliminated by combining the simultaneous
observations from the receivers. Since the two receivers are both observing the same satellite
at the same time, the difference in the satellite clock bias errors between the receivers is
obviously zero. Moreover, if the baseline between the two receivers is shorter than the
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distance to a satellite by orders of magnitude, the range bias due to the satellite position
error is also the same between the receivers. In addition, since each receiver is observing
two satellites simultaneously, the receiver clock error dτR(ti) can also be eliminated by
differencing the pseudorange measurement of one satellite from that of the other. Finally,
when the two types of differences are combined, the result is known as a double-differenced
measurement. From Equations (3)–(6), it could be written as:

∆∇ρ(ti) =
(

ρ1
1(ti)− ρ1

2(ti)
)
−
(

ρ2
1(ti)− ρ2

2(ti)
)
= ∆∇r(ti)− ∆∇ω(ti), (7)

where ∆∇ denotes the double-difference operation. The resulting double-differenced
pseudorange is composed of only the double-differenced true range and pseudorange
noise. Although the noise is increased by the double-difference operation, both the receiver
clock and the satellite-related bias errors are efficiently eliminated.

In order to eliminate the satellite and the receiver clock bias errors from the double-
differenced measurements, time synchronization between the two receivers is essential.
In the common GPS positioning, it can be achieved in the position calculation process
by estimating the receiver clock bias at the same time. However, the receiver clock bias
is removed in the double-differenced observation and cannot be estimated. Since the
maximum range rate of the pseudorange observation obtained from a low lunar orbiting
satellite is about 1.3 km/s, the resulting range error is no larger than 1.3 m if the time
synchronization error is maintained under 1 ms. This could be achieved by the frame
synchronization of the navigation signals transmitted from the lunar orbiting satellites or
the communication link signal between the rover and the lander.

Since the baseline is much shorter than the distance to a satellite, the following rela-
tionship is obtained:

∆∇r(ti) =
(

r1
1(ti)− r1

2(ti)
)
−
(

r2
1(ti)− r2

2(ti)
)

=−
(

l1
1(ti)− l2

1(ti)
)
· b(ti)

(8)

where b(ti) is the relative position vector between the two receivers, defined as the following:

b(ti) = x2(ti)− x1(ti), (9)

and lS
1 (ti) is the unit direction vector from the base station receiver, which is the lander in

this case, to the satellite. It is called the line-of-sight (LOS) vector and could be written as:

lS
1 (ti) =

xS(tS
i
)
− x1(ti)

‖xS
(
tS
i
)
− x1(ti)‖

. (10)

Since the lander location x1(ti) = x1 is stationary and is assumed to be well known,
the rover position x2(ti) in Equation (9) can be written as the following:

x2(ti) = b(ti) + x1, (11)

where the relative position b(ti) is the only unknown vector composed of three unknown
parameters.

Let us now consider the relative position estimation based on Equation (8). In order
to estimate b(ti), we need at least three linearly independent observations. With the
two satellites in view, however, only one double-differenced pseudorange measurement is
available at each epoch. To overcome this issue, we assume the rover position b(ti) = b
is also stationary during multiple observation periods ti (i = 1, 2, . . . , N), where N must
be greater than or equal to the number of unknown parameters in b. Then the double-
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differenced pseudorange measurements from multiple observation periods can be written
in vector-matrix notation as below:


∆∇ρ(t1)
∆∇ρ(t2)

...
∆∇ρ(tN)

 =



−
(

l1
1(t1)− l2

1(t1)
)T

−
(

l1
1(t2)− l2

1(t2)
)T

...

−
(

l1
1(tN)− l2

1(tN)
)T


b−


∆∇ω(t1)
∆∇ω(t2)

...
∆∇ω(tN)

. (12)

This is the typical over-determination set of linear equations, and the relative position
vector b can be estimated by the least-squares method. Equation (12) can be rewritten in
general vector and matrix form as:

y = Gb + ε, (13)

where y and ε are the observation and the residual vectors, respectively, and G is called
the geometric matrix. Then the least-squares solution b̂ that minimizes the sum of squared
residuals εTε can be obtained from:

b̂ =
(

GTG
)−1

GTy. (14)

In order to solve the relative position vector b in Equation (12), the rover must be
stationary for at least three observation periods. Further reduction in the stationary periods
can be achieved if the topocentric height of the rover is known. Equation (12) can be easily
transformed into the local ENU (East-North-Up) coordinate frame by writing the LOS
vector lS

1 (ti) as below:

lS
1 (ti) =

cos δS
1 (ti) sin γS

1 (ti)

cos δS
1 (ti) cos γS

1 (ti)

sin δS
1 (ti)

, (15)

where γS
1 (ti) and δS

1 (ti) are the azimuth and elevation angles of satellite S, respectively, as
observed from the lander location. If the topocentric height of the rover can be pre-estimated
using a lunar digital elevation model (DEM), the remaining two unknown parameters are
the horizontal relative position vector of the rover. In this case, the minimum number of
the stationary periods can be reduced to two.

It is obvious that the satellite position difference must be large enough between the
two consecutive observation periods to avoid the singularity of the least-squares solution
of Equation (14). Many early studies utilize an elliptical lunar frozen orbit (ELFO) that
has an orbital period of 24 h [10,11]. It provides good south pole coverage, but the rover
must remain stationary for a long time. On the other hand, the satellite motion is much
faster in a low altitude orbit. The numerical simulation results in the early work showed
that a set of double-differenced pseudorange measurements taken in a 30-s interval from
the satellites in a 300 km altitude circular orbit could provide reasonable rover position
estimation accuracies for the baseline length of up to a few kilometers [6,7].

3. Demonstration Experiment of MDPO

In order to evaluate the performance of the MDPO algorithm with real pseudorange
observations, we applied it to GNSS pseudorange measurements obtained from a pair of
GNSS ground stations emulating a lander and a rover on the Moon. In this experiment,
two neighbor International GNSS Services (IGS) stations, KGNI and MTKA, were selected.
Table 1 describes their locations. The KGNI and MTKA stations were considered as the
rover and the lander vehicles, respectively, and the baseline length between them was
approximately 5 km. Both the observation and navigation data were obtained from the
Crustal Dynamics Data Information System (CDDIS) archive in the form of RINEX format.
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Table 1. Selected GNSS stations and their locations.

IGS Code Site Latitude (deg) Longitude (deg) Elevation (m)

KGNI Koganei, Japan 35.7013 139.4881 123.5

MTKA Mitaka, Japan 35.6795 139.5614 109.0

3.1. Double-Differenced Pseudorange Error Assessment

Prior to the MDPO demonstration, the relative position vector b of the rover with respect
to the lander location was estimated with all the visible GPS satellites. Then, we used the
result to evaluate the expected accuracy of the double-differenced pseudorange observations.

In the observation model of Equation (1), the pseudorange error ωS
R(ti) is assumed

zero-mean Gaussian noise. Thus, the residual vector ε in Equation (13) has the following
stochastic properties:

Cov(ε) = E
(

εεT
)
= σ2I, (16)

where E(·) and Cov(·) denote the mean value and the covariance, respectively, and σ is
the standard deviation of the double-differenced pseudorange error. The covariance of the
least-squared solutions of the relative position vector b̂ is then written as:

Cov(b̂) = σ2
(

GTG
)−1

(17)

For simplicity of notation, let:

H =
(

GTG
)−1

. (18)

In the local ENU coordinate frame, it follows from Equation (17) that:

σ2
E = σ2H11; σ2

N = σ2H22; σ2
U = σ2H33, (19)

where Hii indicates the ith entry on the diagonal of H, and σE, σN, and σU are the standard
deviation of the east, north, and up (vertical) components of the position error, respectively.
Equation (17) shows that the distribution of the position error depends entirely on the
variance of the range error and the satellite geometry. The so-called horizontal dilution of
precision (HDOP) is then given by:

HDOP =
√

H11 + H22. (20)

The distribution of the horizontal position error can be described simply as:

drms =
√

σ2
E + σ2

N = σ·HDOP (21)

where drms stands for the distance root-mean-squared and expresses 2-dimensional posi-
tioning accuracy.

Figure 1 shows the horizontal position errors of the rover and the corresponding
HDOP values obtained from the double-differenced pseudorange observations of all the
visible GPS satellites. The red circle in the horizontal position error plot has a radius of
2drms (twice distance rms) from the true rover location. Typically, 95% of all possible
position errors scatter inside a 2drms circle.
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Figure 1. Relative positioning result using double-differenced pseudorange observations of all the
visible GPS satellites: (a) the horizontal position errors; (b) the corresponding HDOP values.

Table 2 summarizes the results shown in Figure 1. As shown in Equation (21), HDOP
is only a value of probability for the geometric effect on horizontal positioning accuracy
and is roughly interpreted as the ratio of position error to the range error. That means that
the value of 2drm divided by HDOP should provide an expected 2σ (95%) error of the
double-differenced pseudorange observations.

Table 2. The horizontal position errors and mean HDOP values.

2drms (m) Mean HDOP 2drms/HDOP (m)

1.618 1.624 0.996

It should be noted that the range offsets due to the ionosphere and the troposphere,
both of which do not exist around the Moon, are major error sources of the pseudorange
observations on the ground. Fortunately, they are effectively removed by taking double-
differenced measurements and show little influence on the final positioning accuracy.

3.2. MDPO Demonstration

Unlike the experiment in the previous subsection, the MDPO algorithm assumes
that only two visible satellites are available at each epoch. For the MDPO demonstration
experiment, a set of GPS satellite pairs was selected so that “phase angle” and “angular
travel” could be similar to those of the lunar MDPO simulation in [6]. The phase angle is
the interior angle between the LOS vectors of the pair of satellites, and the angular travel is
the angle at which one of the satellites moves during each observation period as shown in
Figure 2.
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Table 3 shows the satellite orbital parameters used in the previous lunar MDPO
simulation study. In this case, a typical phase angle observed from the lander and the rover
on the Moon was around 35 degrees, and each satellite moved about 3 degrees during the
30-s observation period.

Table 3. Satellite orbital parameters used in the lunar MDPO simulation [6].

Orbital Elements Satellite 1 Satellite 2

Altitude 300 km

Inclination 0◦

Eccentricity 0.0

Right Ascension of the Ascending Node 0◦

Argument of Perilune 0◦

True Anomaly 0◦ −15◦

Figure 3 shows the sky plots of the GPS satellite pairs that provide similar phase
angles to those of the lunar MDPO simulation. Each satellite of the pair has to be chosen
from a different orbit plane since the separation angles of the GPS satellites in the same
orbit plane are too wide to emulate the lunar MDPO constellation as shown in Table 3. The
observation period was set to 450 s to achieve a similar angular travel value of 3 degrees.
The observation period is much larger than that in the lunar MDPO simulation because the
typical orbital period of GNSS satellites is about 24 h, whereas the simulated low-altitude
lunar satellite completes one orbit every 2.4 h.
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Figure 4 shows the horizontal position errors of the rover station and the corresponding
HDOP values achieved by the MDPO algorithm using the real pseudorange observations.
Each red circle in the horizontal position error plot has a radius of 2drms from the true rover
location. It should be noted that all the horizontal position estimates with a HDOP larger
than 300 were excluded from the 2drms calculation, as it indicates that the least-squares
estimation tends to be singular. Fortunately, it is rather easy to avoid possible singularities
even in real applications because the satellite orbits and the corresponding HDOP values
can be predicted in advance.
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the corresponding HDOP values with (a1,a2) PRN 01 and PRN21; (b1,b2) PRN 12 and PRN25;
(c1,c2) PRN 16 and PRN26, and; (d1,d2) PRN 19 and PRN17.
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Table 4 summarizes the results shown in Figure 4. In the MDPO demonstration
experiment, all the 2drms/HDOP values are consistent and about 1 m, which agrees with
the 2σ double-differenced pseudorange error in Table 2 that was obtained with all the
visible GPS satellites. This is a good indication that the MDPO algorithm worked properly
with the real GPS observables and provided the expected performance.

Table 4. MDPO horizontal position errors and mean HDOP values.

Satellite 1 Satellite 2 2drms (m) Mean HDOP 2drms/HDOP (m)

PRN 01 PRN 21 82.4 82.2 1.00

PRN 12 PRN 25 117.1 112.0 1.05

PRN 16 PRN 26 39.9 43.6 0.91

PRN 19 PRN 17 113.3 102.6 1.10

4. Discussion
4.1. Satellite Geometries

In the MDPO demonstration experiment, the normal matrix GTG in Equation (18)
sometimes approaches nearly singular and the corresponding HDOP value becomes ex-
tremely large. When a pair of GPS satellites are chosen as shown in Figure 3, they are
usually allocated in different orbital planes. Since the shapes of these two GPS orbits are
nearly identical except for the right ascension of the ascending node, the baseline vector
between the two satellites may move parallel in two consecutive times as shown in Figure 5.
The resulting differential LOS vectors in Equation (12) become virtually identical, and it
makes the corresponding normal matrix nearly singular.
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Figure 5. Parallel baseline motion of two GPS satellites in different orbital planes.

Fortunately, it will not happen for a pair of satellites in the same orbital plane since the
baseline vector between them is continuously rotating at the rate of their orbital frequency.
That is one of the reasons why we proposed a dual-satellite lunar navigation system sharing
the same orbital plane with some phase separation.

In addition to that, there are many other satellite geometry design parameters that
need to be considered to satisfy the mission requirements. For example, long-term stability
of the orbital phase difference is one of the key requirements to minimize the total delta-V.
More details of the multi-objective optimization work for the satellite geometry of the
dual-satellite lunar navigation system will be discussed elsewhere.

4.2. Link Budget

It is important to mention that the magnitude of the pseudorange error is closely
related to the signal strength such as the carrier to noise spectral density ratio (C/N0). It
is known that the typical C/N0 values of the GPS signals on the ground are about 37 to
45 dB-Hz [12].
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With the assumption of an antenna noise temperature of 290 K and isotropic antennas
for both the transmitting and receiving ones, the C/N0 value can be computed from the
following formula [13]:

C
N0

[dB−Hz] = PT [dBW]− 20 log10

(
4πd f

c

)
[dB] + 204.0 [dBW−Hz], (22)

where PT is the transmitted power, d is the propagation distance, f is the frequency, and c
is the speed of light.

As shown in Table 3, we assumed a low lunar circular orbit for the MDPO satellites.
In this case, the signal propagation distance varies from 300 km at the zenith to about
1000 km on the horizon. For in situ lunar-based navigation systems, the frequency band of
2483.5 to 2500 MHz is recommended by Space Frequency Coordinate Group (SFCG) [14].
A simple link budget analysis in Table 5 shows that the expected C/N0 on the Moon can be
comparable to that of the GPS signals on the ground with 0.2 W transmitted power, which
is acceptable even for a small satellite.

Table 5. Link budget analysis of the lunar MDPO signals.

Parameters Values

Propagation Distance, d 300 km 1000 km

Transmitted Power, PT 0.2 W (−7 dBW)

Frequency, f 2500 MHz

C/N0 47.1 dB-Hz 36.6 dB-Hz

4.3. Satellite Position Error

In the derivation of Equation (7), we assumed that the satellite position error was com-
pletely removed from the double-differenced measurement. However, it is not always true,
and the contribution of the satellite position error to the relative position vector estimation
depends on the baseline length and the satellite altitude. As a rule of sum, the contribution
of the satellite position error, δb, can be approximated by the following equation:

δb =
b
h

δxS, (23)

where b is the baseline length between the lander and the rover, h is the satellite altitude,
and δxS is the satellite position error.

In the demonstration experiment of MDPO, the baseline length is about 5 km. Since
the typical GPS satellite altitude is 20,200 km and the broadcast ephemeris error is about
1 m, the contribution of the satellite position error is about 0.2 mm. It is much less than the
2drms relative position errors shown in Table 4 and negligible.

On the other hand, the altitude of the lunar orbiting satellites is assumed to be 300 km.
For the same baseline and satellite position error of the demonstration experiment, the
resulting δb becomes 16 cm. If we would need to limit the baseline to 10 km and keep
the magnitude of δb less than a few meters, it is required to have a lunar system that
can provide a satellite ephemeris accuracy of better than 100 m. It is still challenging
but not completely unreasonable. We are currently working on a detailed performance
evaluation of our lunar satellite orbit determination system using an X-band range and
range rate transponder.

5. Conclusions

In this study, we demonstrated the MDPO algorithm for the dual-satellite lunar
navigation system with real GNSS pseudorange measurement obtained from GNSS stations
on the ground. A pair of stations separated by about 5 km were selected to emulate a lander
and a rover on the Moon.
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Prior to the MDPO demonstration, a double-differenced pseudorange error assessment
was performed using all the visible GPS satellites. Major pseudorange errors, such as
satellite and receiver clock offsets and ionospheric delay, can be effectively removed from
the double-differenced observations and the remaining error would be basically the sum of
pseudorange noises. Thus, the distribution of the relative position error depends entirely
on the variance of the range error and the satellite geometry, and the 2σ (95%) error of
the double-differenced pseudorange observations can be obtained from the 2drms on the
horizontal position errors and the corresponding HDOP values. The result showed that the
expected 2σ error of the double-differenced pseudorange observations was about 1 m.

Next, we applied the MDPO algorithm using the same data set used in the double-
differenced pseudorange error assessment. In this case, it was assumed that only two visible
satellites were available at each epoch and four sets of satellite pairs were selected to emulate
the satellite geometry resembling that of the previous lunar MDPO study. It was natural
that the resulting horizontal positioning accuracies varied by satellite geometry, but the
double-differenced pseudorange errors estimated from the 2drms of horizontal positioning
errors and corresponding HDOP values were consistent and about 1 m. This agrees with
the result of the previous double-differenced pseudorange error assessment, and it can be
concluded that the MDPO algorithm worked properly with the real GPS observables and
provided the expected performance.

Although the positioning accuracy of the MDPO algorithm tends to be lower because
of its poor satellite geometry, it is still good enough for many lunar exploration activities.
The MDPO algorithm is also suitable for the initial deployment stage of the lunar navigation
satellite system because it only requires two satellites in view.

We are currently working on a design study of a lunar navigation satellite system
using a pair of 6U-size CubeSats to demonstrate the MDPO algorithm on the Moon. More
details of the satellite design will appear in our future article.
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