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Abstract: Gravity field and steady-state Ocean Circulation Explorer (GOCE) data are strongly affected
by noise and long-wavelength errors outside the satellite measurement bandwidth (MBW). One
of the main goals in utilizing GOCE data for gravity field modeling is the application of filtering
techniques that can remove gross errors and reduce low-frequency errors and high-frequency noise
while preserving the original signal. This paper aims to present and analyze three filtering strategies
used to de-noise the GOCE Level 2 data from long-wavelength correlated errors and noise. These
strategies are Finite Impulse Response (FIR), Infinite Impulse Response (IIR), and Wavelet Multi-
resolution Analysis (WL), which have been applied to GOCE residual second order derivatives of the
gravity potential. Several experiments were performed for each filtering scheme in order to identify
the ideal filtering parameters. The outcomes indicate that all the suggested filtering strategies proved
to be effective in removing low-frequency errors while preserving the signals in the GOCE MBW,
with FIR filtering providing the overall best results.
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1. Introduction

The Gravity field and steady-state Ocean Circulation Explorer (GOCE) products, which
mainly refer to the original Satellite Gravity Gradiometry (SGG), have been widely used in
gravity field research in order to provide improved representations of the static gravity field
at medium wavelengths of the spectrum with high accuracy [1]. However, before using
the SGG observations, a proper filtering technique should be applied in order to remove
systematic errors, noise and long-wavelength correlated error, while the signals in the
GOCE measurement bandwidth (MBW) of 0.005 Hz to 0.1 Hz should be preserved. During
the last two decades, filtering of GOCE data received attention and has been one of the main
objectives of many studies. One of the first attempts [2] was based on the application of
discrete filters that convert colored to white noise through the error Power Spectral Density
(PSD) function. Later studies focused on the application of along-track filtering [3], Wiener
filtering [4], successfully applying high-pass filtering [5], while other studies propose
calibration of the gradiometers towards the reduction of systematic errors [6]. In this
work we evaluate digital Finite Impulse Response (FIR), Infinite Impulse Response (IIR),
and wavelet-based (WL) filters in order to filter GOCE SGG data. Furthermore, FIR and
IIR filtering has also been tested during the wavelet decomposition in order to filter the
individual gradient levels before WL synthesis. This is an important topic of recent research,
as until now GOCE filtering has only been performed with mainly spatial filters neglecting
the individual spectral characteristics of the SGG signal which can be accomplished through
WL multi-resolution analysis (WL-MRA).
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2. GOCE Data Pre-Processing

In this paper, we use and process the GOCE Level 2 data, referring to the EGG_NOM_2
and SST_PSO_2 files [7,8], which have been collected from the European Space Agency
(ESA) GOCE Online Dissemination service (https://goce-ds.eo.esa.int/oads /access/ collection/
GOCE_Level_2) (accessed on 2 March 2020). The EGG_NOM_2 files contain the measure-
ments of the gravity gradiometer in E6tvés (1E = 10~”s72) in the Gradiometer Reference
Frame (GRF), while the SST_PSO_2 files contain, among others, information about the
kinematic orbit of the satellite. The format of these files is XML (eXtensible Markup Lan-
guage), a format useful for transferring large datasets [9] but not for their processing. Thus,
they have been converted into a typical text format using the GOCEPARSER software
developed by Arsov [10]. In order to determine the satellite orbit [11] and geolocate the
gravity gradients [12], the two products should be processed, combined, and synchronized
properly. The geolocated gradients often contain erroneous observations appearing as
outliers, spikes, or jumps. These errors are carefully detected based on a threshold of form
i £ ko, so that when a sample is more than +k the standard deviation (¢) from their
mean value (), then it is identified as a blunder and is removed. Note that the k value can
vary depending on the strictness of the statistical test that needs to be performed. Within
the present study a value of k = 3 was used, resembling the classical 3 rms test for the
SGG gradients. The aforementioned filtering methods are applied to the gravity gradients
residuals, and referenced to a Global Geopotential Model (GGM) in the GREF. To derive
residuals of the second order derivatives of the potential, we subtract from the original
GOCE gravity gradients the contribution of a combination of Global Geopotential Models
(GGMs), as shown in the following equation:

_ 17GOCE TIM R6165 EGM20082L0
‘/lges — ‘/1] _ ‘/z] _ ‘/l] 166 , (1)

In Equation (1), Vl-;-es denote the residuals, Vi?OCE the observations of GOCE, and

VIIM RS |y ECMOST e contributions of the GO_CONS_GCF_2_TIM_R6 [13] up to
degree and order (d/o) 165 and that of EGM2008 [14] from d /o 166 to 2190, respectively.
The selection of this spectral combination of the GGMs was based on comparisons with
GPS/Levelling data over Greece, which show that they provide the overall best results [15].
The contribution of the geopotential models was determined through spherical harmonic
synthesis using the GrafLab software [16]. It should be noted that GrafLab performs the
synthesis to the Local North Oriented Frame (LNOF), so that a transformation of the GGM
gradients in the GRF is needed. All reference frame transformations are performed with the
newly developed GeoGravGOCE software [17], which allows the relevant transformation
used in GOCE gradiometry.

We focus the study on an extended region around Greece, defined as 21° < ¢ < 57°
and 11° < A < 48°. Figure 1 displays the computed residuals Vi3*, Vji* and V;;* for one
year’s worth of GOCE data in the study area, while Table 1 summarizes the statistics before
and after the reduction of GOCE observations. After the reduction, the std of the estimated
residuals is reduced by 66.8% for the V5, 89.2% for V2° , while it increased by 14% for
Vyy - Despite the fact that the yy component is expected to have the smallest contribution,
in the original GOCE observations it is evident that some blunders still exist. Hence, the
increase of std after the reduction does not raise questions about the quality of the GGM,
but it rather dictates that the V,/* data are quite noisy (compare also the residual fields
in Figure 1). It should be noted that the entire analysis with the FIR, IIR and WL filters
is performed globally, i.e., for the entire one-year record of GOCE data at a global scale.
This is preferable for the FIR and IIR filter to avoid edge effects and mandatory for the WL
filters as it is applied in the along-track direction of the satellite orbit (see Section 5).


https://goce-ds.eo.esa.int/oads/access/collection/GOCE_Level_2
https://goce-ds.eo.esa.int/oads/access/collection/GOCE_Level_2
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Figure 1. The gravity gradient residuals (E6tvos) in the Gradiometer Reference Frame for (a) V%’ ,

(b) Vye* and () VZ&.

Table 1. Statistics of the gravity gradient (GOCE, GGM, and residuals) in the Gradiometer Reference
Frame. Units: [E6tvos].

Vij Min Max Mean Std Rms
VGOCE —845.3973 —824.2611 —833.0453 4.6350 833.0582
Vi Ok —2288.4527  —2185.6553 —2230.5057 29.1599 2230.6963
véOCE 2503.7758 2539.9047 2517.8606 7.7178 2517.8725
vgeM —1379.2229  —1360.4318  —1367.6672 3.7218 1367.6723
VoM —1377.0201  —1360.8739  —1366.5978 3.5684 1366.6025
VZé/GM 2721.4291 2756.2323 2734.2651 7.2474 2734.2747

Ve 312.5748 547.4686 535.0950 1.5400 535.0973
4 —922.0031 —806.0065 —863.9518 33.2854 864.5927
yres —219.4768 —213.7558 —217.1494 0.8303 217.1510

3. Finite Impulse Response (FIR) Filter Design

In order to filter the time series of GOCE gravity gradient residuals, a band-pass,
windowed, feed-forward FIR filter was developed according to GOCE measurement band-
width specifications. The first step to design the filter structure is to determine the frequency
response and calculate the filter coefficients. The frequency response H (/') of the filter is
a rational function of z = ¢/, which can be written as the convolution sum [18,19]:

H ] — )

where the coefficients b(k) and a(k) define the filter frequency response and e/’ is a complex
exponential. Note that the terms of the denominator polynomial a(k) are zero in the
difference equation; therefore, there are no poles (denominator’s roots). Hence the designed
filter is non-recursive and there is no feedback, so it is always stable [20,21].

The direct form of an Nth order FIR filter can be described through a linear constant
coefficient difference equation, which indicates that any output sample depends on the N
input samples, exclusively [22] as:

N

y(n) =) b(k)x(n—k), ®)

k=0

where x(n — k) denotes the input signal, y(1) denotes the output signal, N represents the
order of the filter, b(k) coefficients indicate the value of the impulse response, and k is the
instant for 0 < k < N of the Nth order filter. It is noticed that the b(k) filter coefficients are
computed through a least-squares approximation.
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As the filter is structured, a ripple effect, known as Gibbs oscillations, is shown in the
transition bands in both passbands. In order to attenuate these oscillations and provide
more accuracy to the original frequency spectrum, a window function, such as a Hanning,
Hamming or Blackman window [23], with no abrupt discontinuity, should be applied. We
chose to apply a Hamming window to eliminate this error and smooth the filter’s impulse
response at the edges of the GOCE MBW. The shape of the window and its cutting off
frequency is given by [19]:

0.54 — 046cos(#2%), 0 <n< N-1
wy = . (4)
0, otherwise

The final filter coefficients are then derived by multiplying the coefficients b(k) with
the window function w;. The effect of applying the window in Equation (4) to the filter
frequency response is given by the convolution:

Hfinal (ejw) = %H(ej‘*’> * W(ej“’), ®)

where Hjy (ej“’) denotes the desired frequency response, H (ef“’) denotes the initial fre-
quency response, W(ej“’) represents the Fourier transform of the Hamming window w;,,
and * symbolizes the convolution.

Once the final frequency response has been determined, the filter is applied to the daily
GOCE data, separately for each gravity gradient residual Vl-;-es . The frequency response
of the resulting Nth filter is evaluated in terms of the PSDs of the unfiltered and filtered
signals. Figure 2 presents the PSDs of the filtered V]* component for N = 700, N = 1000
and N = 1500 filter order, respectively. The vertical dashed lines in the figures below
designate the cut-off frequencies (0.005 Hz to 0.1 Hz) of the band-pass filter.

PSD - Filtered V%% - GRF (FIR, N=700) PSD - Filtered V%% - GRF (FIR, N=1000) PSD -Filtered V°° - GRF (FIR, N=1500)
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Figure 2. PSDs of the filtered (red) and unfiltered (grey) V/:® residuals for (a) N = 700, (b) N = 1000
and, (c) N = 1500 filter order.

From Figure 2 it can be concluded that the signal remains stable within the GOCE
MBW for all filter options, while for lower orders the unfiltered signal remains outside the
MBW. Based on this, an FIR filter with order N = 1500 has been selected with its impulse
and frequency response being depicted in Figures 3 and 4 outlining the entire windowed
FIR filter design procedure.



Remote Sens. 2022, 14, 3024

50f 20

Amplitude

Impulse Response

Frequency Response

[
&

Magnitude

Specify
frequency
response (H)

10 ‘VE
B0 1000 1500 m.‘:ui'ﬁ 10 10 10?2 o 7 10°
Coefficients Frequency (Hz)
@) (b)
Figure 3. (a) Impulse Response and (b) Frequency Response of a 1500th order FIR filter.
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Figure 4. FIR filter design procedure.

FIR Computational Experiments

The gravity gradient residuals are filtered with a 1500th order FIR filter. Figure 5
displays the PSDs of the filtered and unfiltered gravity gradient residuals. It is apparent
that GOCE signals remain unaffected in the passband while the low- and high-frequencies
outside the MBW are removed efficiently. Note that the filter reacts the same way on all
gravity gradient components.
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Figure 5. PSDs of the filtered (colored ones) and unfiltered (grey) gravity gradient residuals for V5,
V?’eS VI‘L’S VVES Vres Vyygs.

yyr Vzz s Vxy s Yz s

In theory, the trace of the main diagonal gradient components (Vxx, Viy, sz) should
fulfill Laplace’s equation, i.e., Vix + Vi, + Vz; = 0 [24]. In order to evaluate the filtering
procedure, we compute and analyze the Laplace equation for the filtered gravity gradient
residuals. Figure 6 presents their trace in the time and frequency domain, before (gray) and
after filtering (blue), while Table 2 summarizes the statistics. In Table 2, FIR denotes the
statistics after the application of the FIR filter, IIR the ones after the IIR filter (see Section 4),
14..17 those after the WL filtering using only levels four to seven for the reconstruction and
13flt 14..17 for those after WL filtering based on selective filtering for 13 and reconstruction
with only levels three to seven (see Section 5).
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Figure 6. Trace of the residual FIR filtered SGG tensor in (a) time domain and (b) frequency domain.

Table 2. Laplace equation statistics for the unfiltered and filtered residuals. Units: [E6tvos].

Ve YYs2Z Min Max Mean Std Rms
Unfiltered —602.9003 —602.2378 —602.6038 0.1250 602.6038
FIR —0.0467 0.0518 0.0000 0.0077 0.0077
IIR —0.0470 0.0545 0.0000 0.0075 0.0075
14..17 —0.0433 0.0715 0.0000 0.0072 0.0072
13filt 14..17 —0.0529 0.0701 0.0000 0.0085 0.0085

Ideally, the computed trace of the main diagonal filtered residuals should be zero, as
the colored noise has been efficiently removed [25]. As it can be seen from both Figure 6
and Table 2, after the FIR filtering, the mean value of the trace is zero, therefore confirming
Laplace’s equation, with a std which is at the ~8 LE level. The latter is a 93.8% reduction of
the std of the Laplacian, which together with the zero mean confirm the appropriateness
of the FIR filtering. The spectral performance of the filtered residuals, as demonstrated in
Figure 6b, implies and confirms that the remaining noise is solely white, as is also shown
from the zero mean of the statistics in Table 2. Consequently, it can be concluded that the
main diagonal gravity gradient residuals have been filtered correctly and present high
quality within the GOCE MBW.

As the result is satisfying, we followed the same process using a 1500th band pass FIR
filter for the gravity gradient residuals over a year. We focused the study on an extended
region around Greece. Figure 7 presents the filtered Vi in the area under study, while
Table 3 summarizes their corresponding statistics. Comparing Figures 1 and 7, where the
unfiltered and filtered gradients are presented, it can be concluded that the FIR filtering
procedure successfully manages to reduce the track wise errors and the noise in the data.
This can be derived from the statistics of the gradients as well (see Table 3), since the std

reduces by 91.5% for the Vie filt ,99.8% for Vyrgs il and 81.6% for Ve fit , while the mean

value for all gradient gradients is practically zero. This provides good evidence that the
FIR filtering is successful, so that the main characteristics of the gravity field in the area
under study are well represented, with the dominant feature being the large gradient over
the south Aegean Sea.

Table 3. Statistics of the FIR filtered residuals. Units: [E6tvos].

Min Max Mean Std Rms
yres unfilt 312.5748 547.4686 535.0950 1.5400 535.0973
Vi unfilt —922.0031 —806.0065 —863.9518 33.2854 864.5927
yres unfilt —219.4768 —213.7558 —217.1494 0.8303 217.1510
yres FIR —0.7859 0.7458 0.0007 0.1284 0.1284
yres FIR —0.2046 0.2545 0.0000 0.0381 0.0381

vy
Vjes FIR —0.8844 0.8798 —0.0007 0.1522 0.1522
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Figure 7. FIR filtered residuals for components (a) V¢ FIR (b) Viy' FIR and (c) ViIes FIR,

4. Infinite Impulse Response (IIR) Filter Design

Another type of filter tested to the GOCE time series was through the Infinite Impulse
Response (IIR) approach. For this purpose, a digital passband IIR filter based on an analog
low-pass Butterworth filter was designed [26]. Five well-known low-pass filters are usually
employed in related works, i.e., the Elliptic, Cauer, Bessel, Chebyshev, and Butterworth
ones [27]. In this work we have used a Butterworth filter approximation due to its smooth
monotonic frequency response (H,(jQ2)), and wide use in the field of geodesy. The filter is
given by the following equation:

Ho(jQ) = —— 6)

1+((%)2N

where () denotes the sampling frequency, (), the cutoff frequency and N the order of the
filter. Note that an analog (s = j()) low-pass filter is converted to an equivalent digital
(z= ef“’) passband filter through the z-transform [28]. Also, it should be mentioned that
due to the main characteristic of the Butterworth filter, its response is flat and there are
no ripples in the passband (0.005 Hz to 0.1 Hz); therefore, no extra window function is
needed. The frequency response of an IIR filter can be given as the following convolution
sum [18,19]:

jw lec\]:O b(k)ejwik
] —
H(e ) =T ad @)

where b(k) denotes the feed-forward coefficients, a(k) denotes the feedback coefficients,
and ¢/ stands for the complex exponential. Considering that the frequency response has
both zeros (numerator’s roots) and poles (denominator’s roots), the filter is recursive, so
there is feedback on the system. As feedback exists on the system, its stability depends on
the poles and their position in the unit circle.

The direct form of an IIR filter can be expressed through the following difference
equation:

M N
y(n) ==Y alk)y(n —k)+ Y b(k)x(n - k), (®)
k=1 k=0

where x(n — k) denotes the input sample, y(n) the related output sample and y(n — k) the
auto-regressive part of the filter.

Once the frequency response and the filter coefficients have been determined, the filter
is applied to the daily GOCE gravity gradient residuals. As in the case of the FIR filter, the
frequency response of the Nth IIR filter is evaluated in terms of the PSDs of the unfiltered
and filtered signals. Figure 8 presents the PSDs of the filtered V}Z* gradients for filter order
N=3, N=5and N =7.
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Figure 8. PSDs of the filtered (red) and unfiltered (grey) VJ¢° for (a) N=3,(b) N=5and, (c) N=7
filter order.

As shown in Figure 8, the filter can remove the low-frequency errors while preserving
the pass-band signals unaffected for each filtering option. However, visible differences are
observed. As the filter order increases, the IIR Butterworth filter becomes less efficient in
the lower limit of the measurement bandwidyth, i.e., frequencies smaller than 0.005 Hz. To
investigate the IIR filter stability, the pole configuration has been determined, as shown in

Figure 9.
Pale Plot Pole Plot Pole Plot
1 1 1
§° * 5 4 5 *
[ o +* o k.
=
g 0 * # R * o g o A
+ 3
T8 * =05 * 1 =05 -
1 1 J 1
4.8 o 05 0 05 1 15 2 2 A5 4 05 0 0s 1 15 2 2 15 1 06 0 05 1 15 2
Real Part Real Part Real Pan

(a) (b) (c)
Figure 9. Pole configuration of V® for bandpass filter order (a) N =3, (b) N=5and, (¢c) N=7.

Given that the poles are enclosed to the unit circle, we can conclude that the system is
stable. It is noticed that for each complex pole that there is another conjugate one. Also,
it should be mentioned that for filter order N > 7 the poles are located outside of the unit
circle and the system becomes automatically unstable. As we confirmed the filters stability,
we based our study only on their spectral representation. We preferred to use the N = 5 IIR
filter, as it has sharper transition characteristics, attenuates high frequencies more efficiently,
and reveals the best spectral performance compared to the other options. The IIR filter
impulse and frequency response are presented in Figure 10.

Impulse Response Frequency Response

Amplitude

s 5

2 B =
Magnitude

15 :
0 200 400 600 800 1000 10° 10* 10° 10? 10" 10°
Length of Impulse response Frequency (Hz)

(a) (b)
Figure 10. (a) Impulse response and (b) frequency response of N = 5 IIR Butterworth filter.

To conclude, Figure 11 recapitulates the passband Butterworth IIR filter design proce-
dure.
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Figure 11. IIR filter design procedure.

IIR Computational Experiments

In the practical implementation of the IIR filter, the GOCE gravity gradient residuals
are filtered with a 5th order IIR filter. Figure 12 presents the PSDs of the filtered and
unfiltered gravity gradient residuals, where it becomes clear that the input signals remain
unaffected in the passband, while the low- and high-frequency signal outside the MBW is
removed. It should be noticed that the filter responds the same way on all gravity gradient
components, while compared to the FIR filter, the IIR does not manage to filter the GOCE
signal exactly on the borders of the MBW. In that way, part of the residual signal remains
even after filtering. In order to evaluate the IIR filtering, the Laplace equation for the
filtered gravity gradient residuals has been computed, with Figure 13 showing their trace
in the time and frequency domain and Table 2 giving the respective statistics. Despite the
fact that the IIR filter does not manage to filter the GOCE signal exactly on the MBW, the
statistics of Laplace’s equation are marginally the same as those with the FIR filter in terms
of the range and the std, respectively. As shown in Figure 13 and Table 2, the trace of the
main diagonal components has a zero mean value and an std reduced by 94%. The spectral
performance of the filtered residuals verifies that the remaining noise is simply white.
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The same strategy as in the FIR case was followed when testing the 5th order bandpass
Butterworth IIR filter, i.e., the filtering referred to the residual GOCE gradients using one-
years’ worth of data. Figure 14 depicts the Vi;.es IIR and Table 4 their statistics over the area
under study. Comparing Figures 1 and 14, the main gravity field features over the south
Aegean Sea are well-depicted, as well as the strong gradient over the Alps in North Italy.
Compared to the FIR filter, the IIR provides almost the same statistics of the filtered residual
field. The V¢ IR field is slightly noisier than the FIR one, with a larger range by 9.3 mE,
a larger mean by 0.2 mE, and a smaller std by 0.4 mE, but these values are statistically
insignificant.
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Figure 14. IIR filtered residuals for components (a) VI IR | (b) Vi IR and (c) V7es 1R,

Table 4. Statistics of the IIR filtered residuals. Units: [E6tvos].

Min Max Mean Std Rms
yres R —0.7840 0.7531 0.0008 0.1280 0.1280
Vyes 1R —0.2027 0.2572 0.0000 0.0381 0.0381
vres IR —0.8931 0.8804 —0.0009 0.1518 0.1518

5. Wavelet MRA Filter Design

The third filtering method used to filter the GOCE gravity gradient residuals was
based on wavelets (WLs) in the form of the so-called Wavelet Multi-resolution Analysis
(MRA) [29]. Wavelet MRA, both one dimensional (1-D) and two dimensional (2-D), has
been extensively used since its introduction in applications of geodesy and gravimetry
as a significant analysis tool [30]. WL-MRA has been used in local geoid determination
employing gravity anomalies and deflections of the vertical [31] for the evaluation of the
Stokes and Vening Meinesz integrals [32], for terrain correction [33], in analysis of GOCE
and GRACE based global geopotential models [34], and in GOCE SGG data processing [35].
The localization parameters of the method are its distinctive characteristic, compared to
the Fourier transforms which is the standard tool used in signal processing, given the
fact that they analyze the signal in both the space and time domains. When employing
WLs to analyze potential field data, the selection of the appropriate mother wavelet is
important [36]. In the present study, we have employed the Daubechies mother wavelet [37]
and in particular the Daubechies 10 (db10) wavelet. The db10 wavelet has been selected due
to its smoothness [35], which allows its use with gravity-field related data. Other mother
wavelet functions can be employed as well, such as the Haar and the Morlet wavelets, but
have not been investigated here as they have proved to provide less accurate results when
GOCE SGG data was evaluated against GNSS/Levelling observations. In the frame of the
present study, WL-MRA has been used within two schemes. The first one employs wavelets
to decompose the GOCE SGG residuals and reconstruct the signal based on the selection
of some level of decomposition. The second scenario involves, after the decomposition,
selective filtering at the levels referring to the high-frequency information, in order to
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retrieve signal that is contaminated by noise. Such a selective filtering approach using
wavelets alongside with classical filtering can provide further improved results [38].

As in the FIR and IIR cases, the computed GOCE residual data were filtered using
wavelets with the purpose of retaining the signal inside the MBW of the satellite. The GOCE
data needed to first be divided into orbits in order for the wavelet functions to be applied
in the along-track direction. For each orbit, the satellite required 1.5 h, or 5400 s, meaning
that sixteen orbits were fulfilled in a single day. This results in a typical daily file of GOCE
that includes sixteen orbits (86,400 s), fifteen full and two half orbits, one at the start and
one in the end of the file. Wavelet decomposition decomposes the original signal in levels
and each of these levels corresponds to a specific spatial resolution. The spatial resolution
of every level is the double of the previous one, and the number of levels is selected so
that the spatial resolution of the last level corresponds to the perimeter of the Earth in
spherical approximation. For each level of decomposition in the 1-D wavelet analysis, detail
and approximation coefficients are computed. The detail and approximation coefficients
are computed by the wavelet (i) and the scaling functions (¢), respectively. The GOCE
gravity gradiometer collects measurements at an interval of 1 s which, based on its speed,
corresponds to an 8 km measurement rate [35] and to a spatial resolution varying from 8 to
16 km for the first level. Table 5 summarizes the correspondence between decomposition
levels and spatial resolution. Given that the latest GOCE global geopotential models have
a useful bandwidth to degree and order (d /o) 280-300 [39], this corresponds to a spatial
resolution of ~70 km, implying that the useful levels in the WL-MRA would be from level
4 and above.

Table 5. Resolution of the levels of decomposition.

Levels Resolution (in km) Levels Resolution (in km)
Level 1 8 16 Level 7 512 1024
Level 2 16 32 Level 8 1024 2048
Level 3 32 64 Level 9 2048 4096
Level 4 64 128 Level 10 4096 8192
Level 5 128 256 Level 11 8192 16,384
Level 6 256 512 Level 12 16,384 32,768

The selection of levels to be removed or retained is dictated each time by the ob-
jectives of the filtering procedure. Such would be the case of removing high-frequency
signal (first levels of decomposition) or retaining the low-frequency one (higher levels of
decomposition).

In general, the signal reconstruction is based on a summation that includes the detail
coefficients, which need to be retained, and the approximation coefficient of the last level of
decomposition. A key role that allows this simple signal reconstruction is the orthogonality
property of wavelets [29,30]. Unwanted levels are accordingly omitted from the reconstruc-
tion process and their impact on the newly synthesized signal is excluded. The following
equation represents a signal reconstruction, where d; (i = 1 — 12) are the detail coefficients
of each level of decomposition, a1, the approximation coefficient of the last level (in this
case the twelfth one), and s is the reconstructed signal.

s=(d1) + (d2) + ...+ (a12 + d12) )

As already mentioned, the mother wavelet used in the present study was a Daubechies
one (db10) with twelve levels of decomposition. PSDs for all the coefficients of decom-
position were calculated and plotted for an orbit of the satellite so as to distinguish the
relation between the spectral content of each level and the satellite MBW. It was found
that detail coefficients from levels (1) 14 to 17, corresponding to spatial resolutions from 64
to 1024 km were the ones that mainly carried the signal inside the MBW in all six of the
gravity gradients. Figure 15 depicts the signal PSDs for 13 to 17 detail coefficients, which
mainly include information inside the GOCE MBW. From Figure 15 it can be clearly seen
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that detail coefficients from levels larger than 7 do not contain information within the MBW
(see 18 PSDs), hence they should not be included in the reconstruction. On the other hand,
the 13 coefficients have signal marginally within the upper band of the MBW spectrum. For
the 13 contribution, we are most interested in the signal from 41072 Hz to 10~ ! Hz, which
seems to be within the MBW complementing the 14 signal which loses its power in that
band (see the decay of the 14 signal after 3 x 1072 Hz).
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Figure 15. PSDs of detail coefficients of levels 3, 4, 5, 6, 7 and 8 (d3, d4, d5, d6, d7, and d8) for one
orbit of the V,, component.

Based on the above, various scenarios concerning signal reconstructions using different
combinations of detail coefficients were applied to daily files, with a reconstruction using
only the detail coefficients of levels 4 to 7 being the one that optimally retained the useful
signal, as it excluded higher and lower frequencies outside the MBW. Retaining the signal
outside the MBW introduces errors that affect the final filtered data. These errors would
then be propagated to the next processing steps, such as gravity anomaly and geoid
estimation.

Figure 16 presents the PSDs of three reconstruction scenarios based on 13 to 17, 14 to
17 and 14 to 18, respectively. As it can be seen, the use of 13 retains a signal outside the
MBW towards the higher frequencies (10! to 2 x 10~! Hz), while the use of 18 retains
signal in the lower frequencies (5 x 1073 to 2 x 1073 Hz). Figure 17 outlines the WL-MRA
processing scheme as employed for GOCE SGG filtering.
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Figure 16. PSDs of the filtered (red) and unfiltered (grey) V. gravity gradient for reconstruction 13..17
(top left), reconstruction 14..17 (top right), reconstruction 14..18 (bottom left), and reconstruction 14..18
(bottom right).
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Figure 17. Wavelet MRA design procedure.

Wavelet MRA Computational Experiments

Based on the previous characteristics of the signal PSDs for the detail coefficients, the
following scenarios have been tested for GOCE SGG filtering. First, signal reconstruction
was based on the use of 14 to 17 given that this combination retains a signal only within
the MBW (see Figure 16). A second scenario was based on selective filtering of 13, in
order to retain some higher frequencies between 6 x 1072 and 10! Hz. The selective
filtering of 13 detail coefficients is based on the aforementioned FIR filter with N = 1500.
Figure 18 shows the PSD of the 13 detail coefficients before and after selective filtering,
while Tables 6 and 7 show the respective statistics. From Figure 18 it can be seen that after
the selective filtering signal inside the MBW is mainly retained in the detail coefficients of
level 3, while the noise of the higher frequencies is removed. From Tables 6 and 7 it can be
seen that the selective filtering applied to 13 reduces the std by 27% for Vi¥, 26% for V/;®
and 25% for V.
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Figure 18. PSDs of detail coefficients of level 3 (a) before and (b) after the selective filtering for one
orbit of the V,, component.

Table 6. Statistics of the detail coefficient of level 3 before the selective filtering. Unit: [E6tvos].

Min Max Mean Std Rms
vies 13 —0.0123 0.0118 0.0000 0.0029 0.0029
V;;S 13 —0.0136 0.0118 0.0000 0.0027 0.0027
yres 13 —0.0149 0.0167 0.0000 0.0044 0.0044

Table 7. Statistics of the detail coefficient of level 3 after the selective filtering. Unit: [E6tvos].

Min Max Mean Std Rms
e B3 filt —0.0081 0.0080 0.0000 0.0021 0.0021
Ve Bl —0.0090 0.0094 0.0000 0.0020 0.0020
e B3 filt —0.0150 0.0120 —0.0001 0.0033 0.0033

Based on the aforementioned results, a more representative behavior of the two optimal
WL filters, meaning reconstruction 14..17 and reconstruction of 13fi1t14..17, is illustrated in
Figures 19 and 20, where the PSDs for all the gravity gradient residuals are depicted. As
can be seen, the reconstruction of 14..17 presents some distinct steps in the higher bands of
the spectrum (see the bandwidth from 4 x 1072 to 10! Hz. This indicates that 14 alone
cannot provide the higher frequencies to the end of the spectrum. From Table 5 the spatial
extent of 13 reaches 64 km, which corresponds to the harmonic degree (d /o) of expansion
~310. Even the latest GOCE GGMs, such as TIM-R6, reach a maximum d/o of 300, since
after that the signal to noise ratio of the spherical harmonic coefficients is lower than 1 [40].
This is an interesting point, since formally 13 should not fall within the MBW of GOCE.
Nevertheless, after selective filtering of 13 and reconstruction (see Figure 20) the filtered
signal PSD seems more compete without any steps inside the MBW.

Another useful measure to evaluate the filtering procedure it to compute Laplace’s
equation using the filtered diagonal gravity gradients for the two reconstruction scenarios.
The results of the Laplace equation, as well as its PSD and statistical behavior, are shown in
Figures 21 and 22 and Table 2 for both tests. The 14..17 reconstruction provides results with
lower std from the FIR and IIR filters, but as seen from Figure 21 the signal strength is lost
at the higher frequencies of the MBW. This is corrected when using selective filtering for 13
and then performing the reconstruction with 13ft14..17.
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Figure 19. PSDs of the filtered (colored ones) and unfiltered (grey) gravity gradient residuals after
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Figure 21. Trace of the residual WL MRA filtered SGG tensor of the reconstruction 14..17 for one day
of data in (a) time domain and (b) frequency domain.
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Figure 22. Trace of the residual WL MRA filtered SGG tensor of the selective reconstruction 13f1t14..17
for data of 15 full orbits in (a) time domain and (b) frequency domain.

Finally, one-years’ worth of GOCE data were filtered based on the WL MRA with the
resulting field depicted in Figure 23, for the three diagonal residual gravity gradients. The
statistics are presented in Table 8, where it can be seen that the mean is at the 0.1-0.4 mE
level for all constituents. WL MRA gives almost the same filtered residuals with the more
traditional FIR and IRR filters, with slightly lower std by 5 mE for V;%*, 0.3 mE for Vi, and
higher std by 4 mE for V¢*. The range of the MRA residuals are higher compared to the
classical filters by as much as 1.8 E for the V/¢*, which is depicted in Figure 23 (see panel c)
along with a stronger signal, especially over the Eastern Mediterranean Sea.

-
32

Longitude Longitude Longitude

(@) (b) (c)

Figure 23. The 14..17 reconstruction based on one year of residual data (a) V¢ IR | (b) Vi IR and
() Ve IR,

Table 8. Statistics for the 14..17 reconstruction for one year of data. Unit: [E6tvos].

Min Max Mean Std Rms
yres WL —0.8524 0.7991 0.0005 0.1037 0.1037
Vyes WE —0.2275 0.2737 0.0001 0.0378 0.0378
Ve WL —0.9641 0.9676 —0.0005 0.1263 0.1263

The same scenario was carried out with selective filtering using the reconstruction
13fl]4..17 and FIR 1500 for one year of GOCE data as shown in Figure 24 and Table 9.
The reconstructed signal appears to have the same characteristics as the simple 14..17
reconstruction, and close to the classic FIR and IIR filters. The main difference of the
13filt14..17 residual signal, compared to the 14..17 synthesis, is in the range of all constituents,
which is higher by 1-4 mE.
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Figure 24. The selective 13f14..17 reconstruction based on one year of residual data (a) V& WL,

(b) Vyis WE and (c) Vzes WE.

Table 9. Statistics for the selective 13ft14..17 reconstruction for one year of data. Unit: [E6tvos].

Min Max Mean Std Rms
yres WLfilt —0.8535 0.8021 0.0005 0.1237 0.1037
Vyes WEFlE —0.2273 0.2725 0.0001 0.0378 0.0378
yres WLfilt ~0.9615 0.9698 —0.0005 0.1263 0.1263

To evaluate the differences between the filtered fields, Figure 25 depicts the V¢°
comparison between the FIR, IIR, WL MRA and filtered WL MRA residuals, while Table 10
tabulates the statistics. As it can be seen, the FIR and IIR filters give almost the same results
with a std of the differences at the 11 mE level. The differences with the 14..17 synthesis
are much higher with an std 4-5 mE and a range of 300400 mE. This is also depicted in
Figure 25, where the differences show a strong orange-skin effect with variations in the
form of tesseral harmonics from —0.1 E to 0.1 E. The spatial extent of these features is
~7° x 7°, which corresponds to ~770 km and coincides with the 18 coefficients which are
omitted from the WL synthesis. Despite the fact that they are very small in magnitude, it
shows that there is still some residual signal not filtered by the FIR and IIR in the edges of
the GOCE MBW. Moreover, the shorter scale characteristics show that the 14..17 synthesis,
without inclusion of the 13 contribution (see also the steps in the Figure 16 PSDs), does
not manage to map the shorter scale characteristics in the higher frequencies of the GOCE
MBW. This is smoothed out in the comparisons of the 13f14..17 residuals with those from
the FIR and particularly the IIR. In this latter comparison, the strong signal differences are
smoothed out, compared to the simple 14..17 synthesis, which is evidenced in the statistics
as well, with a reduction of the range to the FIR by 3 mE and to the IIR by 1 mE. The
differences between the FIR and IIR residuals have a range of ~80 mE and a std of 11 mE
and show differences mainly in the form of tesseral harmonics. Finally, the differences
between the residuals of the two WL filters have a range of 32 mE and an std of just 3 mE.
The aforementioned differences between the FIR, IIR and WL filtered residuals, which are
at the sub mE level in terms of the mean and at the 10-40 mE level in terms of the std signal
that the three alternatives tested, provide compatible results.
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Figure 25. V]?° differences between the FIR, IIR, WL and WLt residuals for FIR vs. IR, FIR vs. WL,
IR vs. WL, FIR vs. WLflt TIR vs. WLfilt, and WL vs. WLflt,

Table 10. Statistics of V£ differences between the FIR, IIR and WL MRA filtered residuals. Unit:

[Ebtvos].
Min Max Mean Std Rms
yes FIR-IIR —0.0407 0.0407 0.0002 0.0114 0.0114
ypes: FIR-WL —0.2065 0.2156 0.0011 0.0486 0.0486
yes HR=WL —0.1695 0.1779 0.0009 0.0400 0.0400
yres FIR=WLFilt 02064 0.2131 0.0011 0.0485 0.0485
yres HIR=WLFilE - _0.1691 0.1772 0.0009 0.0399 0.0399
yres WE=WLFIE 00163 0.0160 0.0000 0.0033 0.0033

6. Conclusions and Discussion

Three different strategies to filter GOCE SGG data to the mission MBW have been
discussed in this study, ranging from the classic FIR and IIR filters to a novel WL filter
employing the db10 wavelet. The filters have been applied to the actual GOCE gravity gra-
dient residuals, after reduction to a spectrally enhanced version of TIM-R6 with EGM2008,
aiming to reduce noise outside the MBW. The most suitable parameters of each filtering
technique were identified through various numerical experiments. From the results ac-
quired, the optimal choice for the Finite Impulse Response filter was a 1500-order filter, for
the Infinite Impulse Response a five-order filter, and for the Wavelet MRA a reconstruction
using the detail coefficients of levels four to seven. In the latter case, selective filtering of
the 13 detail coefficients gave improved results, as it both managed to produce signal PSDs
without any steps in the higher frequencies of the MBW and provided smallest differences
with the FIR and IIR filters. It should be noted that the filtering outputs are the direct
results, and no further processing was performed in order to smooth-out residual noise.
Each of the filtering methods showed promising results based on the statistical properties
and the satisfactory spectral performance, as all can remove the long-wavelength correlated
errors and noise in the GOCE observations. The results acquired, especially in terms of the
filtering of the signal within the GOCE MBW and the reduction of the noisy characteristics
of GOCE in the space domain are consistent with those achieved in [3-5]. The FIR and
IIR filtered residuals show an agreement at the 11 mE level, in terms of the std, which
increases to ~40-50 mE in comparison with the WL filter. The selective filtering with WLs
poses a promising alternative to the classic FIR and IIR ones, as the signal is decomposed
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in specific spatial scales, and dedicated filtering can be applied directly to each level of
decomposition without changes in the other parts of the signal spectrum. This implies
that certain high-frequency features present in the GOCE SGG data in the spatial scales
60-70 km (d/0~272-300) can be retained by selective filtering of the 13 detail coefficients.
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