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Abstract: The algorithms based on Surface Quasi-Geostrophic (SQG) dynamics have been developed
and validated by many researchers through model products, however it is still doubtful whether
these SQG-based algorithms are worth using in terms of observed data. This paper analyzes the
factors impeding the practical application of SQG and makes amends by a simple “first-guess (FG)
framework”. The proposed framework includes the correction of satellite salinity and the estimation
of the FG background, making the SQG-based algorithms applicable in realistic circumstances.
The dynamical-statistical method SQG-mEOF-R is thereafter applied to satellite data for the first
time. The results are compared with two dynamical algorithms, SQG and isQG, and three empirical
algorithms, multivariate linear regression (MLR), random forest (RF), and mEOF-R. The validation
against Argo profiles showed that the SQG-mEOF-R presents a robust performance in mesoscale
reconstruction and outperforms the other five algorithms in the upper layers. It is promising that the
SQG-mEOF-R and the FG framework are applicable to operational reconstruction.

Keywords: subsurface reconstruction; operational framework; dynamical-statistical algorithm

1. Introduction

The satellite can provide a broad view on the ocean, while only the sea surface can
be observed. Conversely, Argo profiles can reach as deep as 2000 m but are sparsely and
loosely distributed. It is an important issue to project the satellite data into the interior
of the ocean. This projection extends the conventional remote sensing and can thus be
nominated as subsurface and deeper ocean remote sensing [1].

Pure empirical algorithms are typically employed in the subsurface reconstruction.
One approach is to perform reconstruction by the superposition of empirical vertical modes,
e.g., the Gravest Empirical Mode [2], Coupled Pattern Reconstruction [3], and mEOF-R
(multivariate Empirical Orthogonal Function—Reconstruction) [4–6]. Although the empiri-
cal modes can represent multi-scale signals, the modes at one exact grid cannot actually
be computed since Argo profiles are irregularly distributed. Only the approximate modes
can be obtained, assuming that all of the profiles in the given temporal/spatial window
share the same modes. The other approach is to perform surface-subsurface regression.
This approach is favored, especially in recent years with the development of machine
learning algorithms. The state-of-the-art machine learning algorithms can dig the nonlinear
relation among the data at the expense of consuming more computational resources in
the training phase. A good number of works have demonstrated the performance of the
machine learning algorithms [7–11]. However, the nonlinear machine learning algorithms
could possibly bring about negligible improvements or even take risks in deteriorating the
performance of certain layers [7].

On the other hand, the algorithms based on Surface Quasi-Geostrophic (SQG)
dynamics can retrieve subsurface density and geostrophic velocity from surface inputs
and stratification profiles [12,13]. The SQG theory is a special case of quasi-geostrophic
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dynamics that is intended to highlight the role of surface buoyancy in mesoscale motions,
such as frontogenesis [14,15]. The SQG solution is in substance a surface-trapped vertical
mode that projects the surface buoyancy signal into the interior of the ocean [16]. However,
the SQG mode is not enough to present robust performances since the interior of the ocean
is driven by potential vorticity (PV). Isern-Fontanet et al. [17] proposed an eSQG (effective
SQG) algorithm by estimating the PV of upper layers by surface buoyancy. Wang et al. [18]
put forward the isQG (interior plus SQG) method by representing the interior solution with
the barotropic mode and the first baroclinic mode. The isQG is still far from perfect due
to the intrinsic surface-intensified shape of SQG mode and the first baroclinic mode [19].
Yan et al. [20] developed the SQG-mEOF-R algorithm by superimposing the dynamical
mode of SQG and the empirical mode of EOF, which outperformed SQG and isQG, espe-
cially in the Peru–Chile upwelling domain. Nevertheless, almost all of these algorithms are
applied to model products only.

To the best of our knowledge, only one study of practical application has ever been
reported, which was the realistic application of isQG [21]. Unfortunately, the performances
were quite poor in terms of satellite inputs. Liu et al. [21] attributed the poor performances
to the erroneous remotely sensed Sea Surface Salinity (SSS) data. However, their utilization
of monthly climatology as the background (so-called L17 Framework hereinafter) should
also take responsibility. In the previous SQG works based on model products, a daily
varying background, e.g., the low-pass-filtered background extracted from daily data,
is typically employed. Compared to the non-static background, the monthly climatology
makes the SQG solution less tenable and could thus lead to significant bias (see Section 2.4.1
for a detailed explanation).

In brief, an operational framework for the practical application of SQG-based algo-
rithms is still lacking. In terms of observed data, no historical research has ever reported the
comparison between pure empirical algorithms and those improved SQG algorithms, such
as isQG and SQG-mEOF-R. It is especially questionable whether the SQG-based algorithms
are worth using in this era of machine learning.

This paper proposes a first-guess (FG) scheme to operationally implement SQG-
based algorithms and further validates the performance of SQG-mEOF-R by observational
data. Two dynamical algorithms, SQG and isQG, and three empirical algorithms, includ-
ing mEOF-R, multivariate linear regression (MLR), and random forest (RF), are used as
baseline models.

2. Materials and Methods
2.1. Data Introduction

The sea surface temperature (SST) is extracted from the Reynolds OISST v2.1 dataset,
which is a well-known product that fuses the temperature observations from satellite and in
situ platforms by the Optimal Interpolation (OI) [22]. The Advanced Very-High-Resolution
Radiometer (AVHRR)-only daily version was used in this paper. This is a product gridded
on a 0.25◦ regular grid.

The Data Unification and Altimeter Combination System (DUACS) Absolute Dynamic
Topography (ADT) product is a daily objective analysis product that combines the sea
surface height (SSH) data from multi-platforms [23]. The delayed-time L4 reprocessed
0.25◦/daily product (ID: SEALEVEL_GLO_PHY_CLIMATE_L4_REP_OBSERVATIONS_008_057)
was obtained from Copernicus Marine Environment Monitoring Service (CMEMS). Besides
the daily products, the monthly ADT climatology was calculated by the Mean Dynamic
Topography (MDT) plus the monthly climatological Sea Level Anomaly (SLA) derived
from the monthly SLA product of 2000–2018.

The ESA (European Space Agency)-CCI (Climate Change Initiative) SSS v1.8 is the
latest version of satellite salinity products blending the remotely sensed salinity data
of SMOS (Soil Moisture and Ocean Salinity) L2 ESA-OSv622/CATDS (Centre Aval de
Traitement des Données SMOS) RE05, Aquarius L3 v5.0, and SMAP (Soil Moisture Active
and Passive) L2 RSS (Remote Sensing Systems) v3.0 [24]. This product undergoes a series
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of calibrations and corrections and presents a high quality with the global root mean
squared difference (RMSD) of 0.16 psu against Argo [25]. Note that the CCI SSS product
is the only existing SSS product blending multi-platform satellite salinity observations.
The daily running product was adopted. The nominal spatial resolution was 25 km. The
SSS data were linearly gridded onto the regular grids of SST to compute the sea surface
density (SSD).

The World Ocean Atlas (WOA) temperature/salinity monthly climatology is a grid-
ded climatological mean dataset based on multi-source in situ observations [26]. The
WOA13 monthly climatology used in this paper has the nominal spatial resolution of 0.25◦

and 57 uneven layers ranging from 0 to 1500 m.
The temperature/salinity (T/S) profiles of Global Observational Argo Dataset V3.0

were employed [27]. A series of “quality re-control” procedures were implemented to all
of the real-time and delayed mode Argo profiles retrieved from the Global Data Assembly
Center [28]. Only those adjusted data flagged as “good” were employed in this paper. Note
that there are intensified 1-day profiles in 2014 provided by the project of Pacific Mode
water Ventilation-Experiment (P-MoVE) [29].

The Global Reanalysis multi-model Ensemble Product (GREP) product is an ensemble
product of four re-analyses, including GLORYS (Global ocean reanalysis) 2V4 [30], FOAM
(Forecast Ocean Assimilation System) [31]-GLOSEA (Met Office Global Seasonal forecasting
system) [32] 5v13, C-GLORS (CMCC-Global Ocean Reanalysis System) [33], and ORAS5
(Ocean Reanalysis System) [34,35]. Satellite SST, SSH, and multi-source in situ observations
have been assimilated in the GREP dataset. The 0.25◦/daily version utilized in this paper
is available in CMEMS (ID: GLOBAL-REANALYSIS-PHY-001-031).

2.2. Data Preprocessing

The data of 2010–2013 and 2015–2017 are the training set, while the data of 2014 and
2018 are the validation set. The SSS, SST, ADT, ADT climatology, and WOA13 T/S climatol-
ogy were interpolated onto the locations of Argo to obtain the collocated observation pairs.
The shallowest T/S of Argo (must be <10 dbar) was taken as the near-surface temperature
and salinity (NST/NSS). The Argo profiles and collocated climatological profiles were
vertically interpolated onto 19 uneven layers of 10, 20, 30, 40, 50, 75, 100, 125, 150, 200, 250,
300, 400, 500, 600, 700, 800, 900, and 1000 dbar. Note that we chose 1000 dbar as the bottom
since a good number of Argo profiles (about 12%) cannot reach 1000 dbar. The Steric
Height (SH) and Dynamic Height (DH) were computed by SH(z) = 1

g
∫ z
−H

(
1
ρ −

1
ρ0

)
dz and

DH(z) = − 1
ρ0

∫ z
−H ρdz, where H is the reference depth, i.e., 1000 dbar. The meaning of the

other symbols can be found in Section 2.3.3. Since ADT is highly correlated to surface SH
and surface DH (correlation coefficient > 0.9), an ADT-to-DH adjustment and an ADT-to-SH
adjustment were carried out by the linear regression of longitude, latitude, and ADT with
surface DH and surface SH to eliminate the height signal deeper than 1000 dbar.

2.3. Reconstruction Methods
2.3.1. MLR and RF

The regression of MLR (multivariate linear regression) and RF (random forest) was
carried out between the surface layer and the 19 uneven layers. In the training phase,
we used the collocated NST, NSS, ADT, longitude, and latitude as the predictors and the
T or S at each layer as labeled data. The monthly climatology was firstly removed from
the predictors and labeled data to build the surface–interior relation of anomalies. Each
predictor was normalized by subtracting the mean value and then dividing the standard
deviation. It must be noted that in some documents, the surface SH instead of ADT is
used [11], however no significant differences can be seen between the results of surface
SH and those of ADT since the surface SH has to be estimated by ADT. For RF or MLR,
2 (for T/S) × 19 (layers) regression models of monthly anomalies were trained. In the
prediction phase, the gridded SST, SSS, ADT, and the longitude and latitude of the
grid were input into 2 × 19 regression models to perform subsurface reconstruction.
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The reconstructed T/S were transformed into density to perform a further comparison
with those SQG-based algorithms.

The random forest is an ensemble learning algorithm that randomly selects features
and samples as the input of decision trees and then ensembles the results of the trees [36].
The most important parameters of RF are the number of trees (n_estimators) and the
number of input features (or predictors) (n_features). Based on the scikit-learn toolkit
of Python [37], we can directly use the GridSearchCV module to tune the parameters.
The GridSearchCV performed an exhaustive search among all of the parameter combina-
tions and chose the one that presents the best results of cross-validation (CV). We set the
n_estimators as [50:50:300] and n_features as [1:1:5], and the best parameters were then
automatically determined through a 10-fold CV.

Besides the subsurface reconstruction, RF also plays a role in SSS correction, which
will be introduced in Section 2.4.3.

2.3.2. mEOF-R

The mEOF-R method is well-studied in previous works [4–6] and is thus not intro-
duced in detail in this paper. In the training phase, mEOF-R extracts empirical modes
(so-called mEOFs) based on the eigenvectors of the multivariate matrix X. The classical
X is constructed by the profiles of T, S, and SH that are firstly interpolated onto the even
layers of [10:10:1000] dbar. Since the magnitude of each variable is different, the profiles
are normalized with regard to monthly climatology and standard deviation before they
are input into the multivariate matrix. We computed different mEOFs at each grid of SST.
Since no Argo is exactly located on the grids, a matchup of 10 degrees and 30 days was
employed to make sure of the robustness of empirical modes. In the prediction phase,
the depth-irrelevant amplitudes of at most three T/S/SH mEOFs can be estimated by
the SST, SSS, and ADT-get SH (namely computed by the ADT-to-SH adjustment) so as
to perform reconstructions. In this paper, three modes were employed to optimize the
performance of the upper layers.

2.3.3. SQG, isQG, and SQG-mEOF-R

The Quasi-Geostrophic (QG) framework can be expressed as [38]:

Lψ + f0 + βy = Q

L =

(
∂

∂x2 +
∂

∂y2 +
∂
∂z

f 2
0

N2
∂
∂z

)
,−H < z < 0

(1)

In Equation (1), ψ denotes the QG stream function, f0, β denotes the regional mean
and meridional gradient of the Coriolis parameter, Q denotes the QG potential vorticity
(QGPV), N2 denotes the buoyancy frequency, and H denotes the depth of the ocean bottom.

By a low-pass (LP) filter < >, the background should also satisfy Equation (1) in the
form [18]:

L〈ψ〉+ f0 + βy = 〈Q〉 (2)

After removing the background, the perturbation form that is used to perform recon-
struction can be expressed as:

∇2ψ + ∂
∂z

(
f 2
0

N2
∂ψ
∂z

)
= q

ρ = − ρ0 f0
g

∂ψ
∂z ;

→
V =

→
z ×∇ψ

B.C. ∂ψ
∂z |z=0 =

b|z=0
f0

= bs
f0

; ∂ψ
∂z |z=−H =

b|z=−H
f0

= 0

(3)

Here, ψ and q are the perturbation forms of the QG stream function and QGPV,
respectively, ρ denotes the density anomaly, V denotes the horizontal velocity anomaly, and
bs = −gρs/ρ0 is the surface buoyancy anomaly, calculated by the surface density anomaly,
ρs, the volume mean density, ρ0, and the gravity acceleration, g.
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Assuming that q = 0, the SQG equation is obtained. Based on sea surface density
anomaly (SSDA) and regional mean, N2, the SQG solution can be computed in the Fourier
space where the horizontal variation (namely the Laplace term) can be easily transformed
into wavenumber [12].

The isQG assumes that the interior variation of QGPV can be decomposed into
barotropic mode and baroclinic modes [18]. Based on the surface and bottom conditions of
the stream function, the amplitudes of the barotropic mode (F0) and the baroclinic mode
(F1) can be estimated by:{

ψ̂(0) = A0F0(0) + A1F1(0) + ψ̂s(0) =
g
f0

η̂

ψ̂(−H) = A0F0(−H) + A1F1(−H) + ψ̂s(−H) = 0
(4)

Here, ψs denotes the SQG solution, A0 and A1 are the amplitudes, and η denotes the sea
surface height (SSH) anomaly. The hat on the variables means the Fourier transformation.
The reconstruction is then performed by ψ̂ = A0F0 + A1F1 + ψ̂s.

Neither the SQG mode nor the first baroclinic mode, F1, could model subsurface-
intensified eddies due to their surface-intensified shape [19]. Besides, it could possibly
degrade the performance to use the uniform F1 derived from the regional mean, N2. The
SQG-mEOF-R is proposed to replace the surface-intensified F1 with the empirical mode that
differs at each grid [20]. The empirical mode is extracted following the same configurations
and steps of mEOF-R, except for constructing the multivariate matrix by SQG-residual
(SQG_res) density and SH profiles. The SQG_res profiles are computed by Argo profiles
subtracting the collocated SQG solutions. Note that the SQG density should be theoretically
projected by the surface “truth”, thus the SQG_res density mode should be zero at the
surface. We processed the SQG_res density profiles by setting the surface value as zero and
making the linear interpolation lie between the zero surface and thermocline (defined as
the depth with the maximum N2 here). The SQG_res SH was also adjusted corresponding
to the SQG_res density. Based on the empirical mode coupling SQG_res density and SH,
the amplitude can be easily estimated by fitting the surface SH:

SHa = a1M1(0) (5)

In Equation (5), SHa denotes the SQG-residual density, and a1 and M1 denote the
amplitude and the first SH mode of mEOF. The density reconstruction (ρ) can be performed
by the combination of the first density mode of mEOF (M1) and the SQG density ρSQG,
namely: ρ = a1M1 + ρSQG.

2.4. Proposal of the FG Framwrok
2.4.1. The L17 Framework

The implementation of SQG and isQG by Liu et al. [21] follows three main steps.
Step 1: The sea surface height anomaly (SSHA) and sea surface density anomaly (SSDA)
are calculated by ADT subtracting ADT monthly climatology, and satellite SSD subtracting
monthly observational density climatology. Please note that “SSHA” instead of SLA is
used since there is a matchup between the background of SSH and the background of
density. Step 2: The SQG solution can be computed in the Fourier space by SSDA and the
N2 profile through Equation (3), where the N2 profile is calculated from regional mean
Argo T/S profiles. Then, the isQG solution can be solved by SSHA and the dynamical
modes of F0 and F1 through Equation (4). Note that F0 and F1 are also computed from the
regional mean, N2. Step 3: The complete solution can be obtained by the solution of step 2
plus the three-dimensional (3D) observational climatology.

2.4.2. Shortcomings of the L17 Framework

The L17 framework performed unsatisfactorily in the reconstruction based on ob-
served data due to two dominant problems.
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Problem 1: The satellite data, especially the SSS data, are erroneous or intrinsically
different from the near-surface observations of Argo [39–41]. It is explicitly demonstrated in
Equation (3) that the SQG solution is determined by the surface buoyancy, i.e., the surface
density. As discussed in the L17 framework [21], the heavy bias of satellite SSS was
the culprit of the failure of the reconstruction from satellite data. Nonetheless, a SSS
correction module is not included in the L17 framework. In addition, the quality of the
newest versions of SSS products has been significantly improved with the global RMSD of
~0.2 psu w.r.t Argo [42,43]. It implies that this problem can be solved by the employment
of newly released SSS products and the import of a correction procedure.

Problem 2: The background field cannot be simply replaced by monthly climatology.
Equation (3) can be taken for granted in the application to model products since the daily
varying low-pass (LP)-filtered background can always be available. However, Equation (2)
cannot be tenable in terms of the monthly climatology used in the L17 framework [21].
Consequently, Equation (3) would not be solved in the Fourier space unless the extra
residuals of Equation (2) were compulsorily superimposed onto the perturbations. Sys-
tematic errors would be imposed when employing Equation (3) to perform reconstruction.
The systematic errors do not only comprise of the biases between monthly climatology and
daily varying background, but also include the biases of surface perturbation inherited
from the climatology, which would be further projected into the interior of the ocean.

2.4.3. The FG Framework

In order to solve these problems, the FG framework is proposed to make practical
SQG-based reconstructions, as shown in Figure 1. Problem 1 can be improved by a SSS
correction module based on the RF algorithm (the yellow part). The technique details are
similar to the RF regression in Section 2.3.1, except for changing the predictors as longitude,
latitude, SST, SSS, and ADT, and the labeled data as the Argo NSS. The corrected SSS along
with the other satellite data would then be used to generate first-guessed fields based on
the MLR regression. Problem 2 is circumvented by the estimation of a daily varying first-
guessed background (the green part). The background is computed by carrying out a LP
filter on the three-dimensional density reconstructed by MLR in Section 2.3.1. To be more
specific, the quadratic surfaces are extracted from each layer of daily MLR reconstruction as
the LP-filtered background [40]. The reason why we chose MLR instead of RF lies in the fact
that the background estimated by two reconstructions would not differ significantly, while
the MLR is more lightweight to become the pre-module of SQG reconstruction. Finally,
we can compute the solution of SQG, isQG, and SQG-mEOF-R using the first-guessed
background field, the sea surface density anomaly field, the regional mean N2 profile of
Argo, and the adjusted surface DH or SH (the red part). The computation of the SQG
solution and the isQG solution follows the same steps of the L17 framework, except for
using the first-guessed background and the ADT-get DH. Please note that the surface DHA
is also extracted by a LP filter in order to match the density background. The computation
of SQG-mEOF-R is based on the SQG solution, the ADT-get SH, and the SQG-residual
mEOF 1, as illuminated in Equation (5). Rather than performing 3D reconstruction directly,
SQG-mEOF-R is implemented grid-by-grid.
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Figure 1. Technique flow of the FG scheme.

3. Results

Two domains were selected to validate the reconstructions, including the North-West
Pacific (NWP; 143◦ E–153◦ E, 25◦ N–35◦ N) and the South-East Pacific (SEP; 105◦ W–95◦ W,
15◦ S–25◦ S). The NWP is characterized by the Kuroshio current, where mesoscale eddies
are ubiquitous, while the SEP is dominated by the Peru–Chile upwelling where there
exist abundant subsurface-intensified eddies [44]. These two regions are aligned with
the previous work of Yan et al. [20] so as to highlight the difference of model product
application and practical application.

The RF correction has improved the quality of SSS. The root mean squared difference
(RMSD) w.r.t Argo NSS was reduced from 0.14 to 0.13 psu in NWP and from 0.08 to 0.07 psu
in SEP, while the correlation coefficient w.r.t Argo increased from 0.56 to 0.61 in NWP and
from 0.90 to 0.93 in SEP. Note that the initial versions of SSS can be rather erroneous,
e.g., the RMSD of monthly data can reach over 0.6 psu [45]. It indicates that the SSS CCI
product has been a qualified one compared to initial versions of SSS products, thus the
improvement of correction is limited. Nevertheless, the correction module is potentially
useful considering the utilization of other SSS products in other regions, e.g., the RMSD
of SMOS-only CATDS L3 products can be reduced from 0.367 to 0.255 psu in the Indian
Ocean [46].

The bias of the surface density anomalies against WOA13 is 0.97± 0.45 kg/m3 in NWP
and 0.13 ± 0.08 kg/m3 in SEP. Once the WOA13 were taken as the background, the heavy
bias would be projected into the interior of the ocean. This systematic error could even
exceed the error of surface density, since the salinity error of 0.2 psu usually corresponds to
the density error of 0.1–0.2 kg/m3. The FG framework has effectively circumvented this
problem, as the anomaly extracted from the low-pass filter is always zero-biased (namely,
the mean value is close to zero). Note that the daily varying background estimated by the
FG framework is based on the anomaly against WOA13, and thus the WOA climatology
has been merged.

The reconstructed density fields of three SQG-based algorithms were compared
through two zonal sections, as shown in Figure 2. The left panels show the section in
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NWP. This region is characterized by the strong but shallow pycnocline, which impedes the
penetration of the SQG solution. As can be seen in Figure 2a, the SQG solution is trapped
at upper 100 dbar and thus presents a negligible signal in the deeper ocean. The isQG
solution and SQG-mEOF-R solution (Figure 2b,c) successfully project the surface signal
into the ocean below the pycnocline. Consequently, the interior solution (isQG minus
SQG) and the SQG-residual solution (SQG-mEOF-R minus SQG) present almost the same
patterns with isQG and SQG-mEOF-R (Figure 2d,e). It turns out that the SQG solution
loses its effectiveness in the NWP region, while the interior solution and SQG-residual
solution dominate the interior signal of the ocean.

Figure 2. Comparison of the sections of SQG-based solutions. The left panels (a–e) present the 26.125◦ N section of NWP on
19 July 2014, while the right panels (f–j) present the 20.125◦ S section of SEP on 4 April 2018. From top to bottom: SQG
solution (a,f), isQG solution (b,g), SQG-mEOF-R solution (c,h), isQG minus SQG (d,i), and SQG-mEOF-R minus SQG (e,j).
Note that the solutions are in the perturbation form without adding on the background.

The right panels of Figure 2 show the section in SEP. In this region, the pycnocline
is weak but deep, which is beneficial to the penetration of the SQG solution. In Figure 2f,
the SQG solution can reach as deep as 300 dbar. The isQG solution (Figure 2g) is confined
to upper 500 dbar and presents no more than two phases from surface to subsurface.
The SQG-mEOF-R solution (Figure 2h) can present more complicated vertical structures,
such as the warm-cold-warm three-compartment structure [44]. The pattern of SQG-
mEOF-R is significantly different from that of the isQG solution or SQG solution. The
SQG-residual solution presents a strong cold phase at 100–300 dbar and thus reverses the
phase of the SQG solution (Figure 2j). In contrast, the interior solution of isQG (Figure 2i)
only slightly adjusts the SQG solution, especially for upper 300 dbar. It implies that the
SQG-mEOF-R has stronger potential to reconstruct complicated structures. Nevertheless,
it is still doubtful whether the SQG-residual solution would bring about improvements
instead of artifacts.

The RMSD and the spatial correlation of the reconstructions with regard to Argo are
computed as the function of depth. The results of the test set are shown in Figure 3. As can
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be seen, the GREP product presents the best performance in both regions, which is not
surprising since the Argo profiles have been assimilated in the product. In Figure 3a, all of
the reconstructions present comparable RMSD except for the SQG and mEOF-R. The poor
performance of mEOF-R indicates that the Argo profiles are still far from enough to extract
robust empirical modes. Since the horizontal variation is quite strong in NWP, the profiles
in the temporal and spatial window differ a lot from each other so that the mEOFs cannot
represent the true variation of the given grid. The RMSD curves of isQG, SQG-mEOF-R,
RF, and MLR are similar. The largest RMSD locates at about 50 dbar, corresponding to the
shallow but strong mixed layer base. At 200–400 dbar, the RF and isQG are slightly better
than SQG-mEOF-R, succeeded by the MLR.

Figure 3. RMSD and correlation coefficient of the density reconstructions w.r.t Argo as the function of depth. From left to
right: RMSD (a,c) and correlation coefficient (b,d). From top to bottom: NWP (a,b) and SEP (c,d). The dotted lines show the
statistics of the GREP dataset.

In Figure 3b, the lowest correlation locates at 200–250 dbar, which is much deeper
than the maximum RMSD layer. The SQG solution is extremely poor with the correlation
lower than 0.5 at 200–700 dbar, partly due to the strong and shallow pycnocline. The corre-
lation coefficient of mEOF-R strays away from other algorithms at deeper than 400 dbar,
indicating that interior variation below pycnocline is still too strong to be caught by the
empirical modes. As a result, the correlation of SQG-mEOF-R is also degraded. Conversely,
the performances of RF and MLR at >400 dbar are much better. Nonetheless, the SQG-
mEOF-R outperforms RF and MLR at upper 250 dbar, which highlights the advantage of
the dynamical-statistical design of SQG-mEOF-R.

In the previous works about model product application, the isQG was believed to
be intrinsically applicable to the strong currents [18,47] and presented comparable perfor-
mances to SQG-mEOF-R [20]. However, at upper layers above 300 dbar in Figure 3b,
the correlation of isQG is unexpectedly low. Combined with low RMSD of isQG in
Figure 3a, it turns out that the baroclinic mode computed by regional mean stratifica-
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tion can successfully estimate the amplitude of the density field, but fails to retrieve the
horizontal structures.

The performances of SQG-mEOF-R are prominent in Figure 3c,d, with a signifi-
cant reduction of RMSD at 100–300 dbar and a significant improvement of correlation at
100–200 dbar. Satisfactory reconstructions can also be seen in terms of isQG or even the
simple SQG. As concluded in [20], the weak pycnocline facilitates the penetration of SQG
mode, making SQG-based algorithms more applicable in SEP than in NWP. In addition,
since the horizontal variation is also weak in SEP, the extracted empirical modes or the
first baroclinic mode are more robust. As a result, the mEOF-R also presents acceptable
performances in SEP. On the other hand, the RF and MLR suffer from over-fitting, with a rel-
atively low RMSD but a poor correlation at 100–150 dbar. It turns out that the regression
relation drawn by the machine learning algorithm of RF is inferior to the simplest SQG
mode at upper layers in SEP.

Abnormal peaks are reconstructed by SQG, isQG, and mEOF-R in Figure 3b. The un-
satisfactory performances of these three coincide with the low correlation revealed by
Figure 3b. The series of SQG and isQG present discrepancies with regard to Argo,
and a significant reversed phase can be seen after day 200. Consequently, correlation
coefficients of SQG and isQG are −0.56 and −0.12, respectively. It turns out that neither
SQG nor the isQG solution are applicable at the upper layers of NWP. The series of MLR
(yellow) is generally aligned with Argo, with a relatively low RMSD of 0.07 kg/m3 and
high correlation of 0.62. Note that the SQG-based reconstructions are computed by the
first guess of MLR. Hence, the unsatisfactory performances of SQG and isQG indicate that
SQG mode and the first baroclinic mode are problematic or at least not representative. The
SQG-mEOF-R, however, has successfully reproduced the general tendency of Argo series,
with the RMSD of 0.05 kg/m3 and the correlation of 0.75. It turns out that the SQG mode
plus the empirical mode is beneficial for the reconstruction, while the first baroclinic mode
cannot model the true pattern of the upper layers.

Taking the high-frequency Argo profile (float number: 2,901,565) as an example, the
performance of mesoscale reconstruction is highlighted in Figure 4. In Figure 4a, we can see
that the float is caught by a series of energetic mesoscale eddies. The Argo is at first carried
by an anti-cyclonic eddy and the trajectory gradually becomes cyclonic from day 150,
and then becomes anti-cyclonic again from day 220. In Figure 4b, the corresponding low–
high–low-density variation can be witnessed, and the corners of the trajectory in Figure 4a
have their counterparts in the local peaks of the time series (the red line) in Figure 4b.

On the other hand, the machine learning algorithm of RF cannot outperform the MLR
despite the increase in computational cost. The time series of RF (purple) even presents the
opposite phase to Argo. Consequently, the correlation of RF is close to zero. It suggests
that the machine learning algorithm takes risks in deteriorating the performance.

Figure 5 depicts the pattern of density anomalies of Argo 2,901,565 and the patterns
of reconstructions. It can be seen that the basic patterns are successfully retrieved by
5 algorithms, except for the significant overestimation of mEOF-R in eddy centers. The
warm center at approximately 300–600 dbar and day 110–125 (Figure 5a) is reconstructed
by mEOF-R (Figure 5b), isQG (Figure 5e), and SQG-mEOF-R (Figure 5f), but fails to be
estimated by MLR (Figure 5c) and RF (Figure 5d). In addition, the zero anomalies at
200 dbar and day 160–200 are only retrieved by MLR and SQG-mEOF-R, corresponding
to the results in Figure 4. Although the performances of isQG and RF at 200 dbar are
inferior to MLR in Figure 4, the correlation of the former two at all depths is still superior
to the latter one in Figure 5. It indicates that the isQG and RF present merits in estimat-
ing the structures that are less energetic. The pattern of SQG-mEOF-R is closest to that
of Argo, with the lowest RMSD and best correlation among all 5 algorithms. Neverthe-
less, none of the 5 reconstructions could present a robust performance at upper 50 dbar.
The reconstruction of mixed layers is still a difficult task for the existing techniques.
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Figure 4. (a) Trajectory of the Argo 2901565. The Argo moved from light-dark points to deep-dark points, with the labeled
number denoting the day of the year in 2014. (b) Time series of Argo density and the reconstructed density at 200 dbar. The
statistics in the bracket show the RMSD and the correlation coefficient (Corr) of the reconstruction against Argo 2,901,565.
The x-axis is the day of the year in 2014.

Figure 5. Time-depth plot of the density anomalies of Argo 2,901,565 (a) and the reconstructions of mEOF-R (b), MLR (c),
RF (d), isQG (e), and SQG-mEOF-R (f). The anomalies are calculated by subtracting the monthly climatology of WOA13.
The statistics above (b–f) show the RMSD and correlation of the pattern of each panel against the pattern of Argo in (a).
X-axis is the day of the year in 2014.
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Taking the GREP product as the reference, horizontal patterns can also be compared.
It must be noted that it is tricky to take the mesoscale motions in GREP as the truth. Al-
though the statistics in Figure 3 are supportive of the high quality of GREP, the Argo profiles
used in validation are in substance not independent of GREP reanalysis. As depicted in
Figure 6a, the GREP mainly presents four eddies, i.e., eddy 1 (143◦ E–146◦ E, 24◦ N–27◦ N),
eddy 2 (149◦ E–152◦ E, 24◦ N–26◦ N), eddy 3 (148◦ E–151◦ E, 30◦ N–32◦ N), and eddy
4 (147◦ E–149◦ E, 26◦ N–29◦ N). These four eddies were successfully reconstructed by the
algorithms in this paper, except SQG. Overestimation of eddies 1 and 4 can be seen in
mEOF-R, MLR, RF, and SQG-mEOF-R. Meanwhile, eddy 4 of GREP presents a one-core
pattern, however a two-core pattern can be seen in Figure 6c–g. Generally speaking, the
performance in reconstructing mesoscale structures is comparable for mEOF-R, MLR, RF,
and SQG-mEOF-R, however the mEOF-R tends to produce non-physical artifacts.

Figure 6. Comparison of the horizontal slices. The left panels (a–g) present the 200 dbar slice of NWP on 19 July 2014,
while the right panels (h–n) present the 150 dbar slice of SEP on 4 April 2018. From top to bottom: GREP (a,h), SQG
reconstruction (b,i), mEOF-R reconstruction (c,j), MLR reconstruction (d,k), isQG reconstruction (e,l), RF reconstruction
(f,m), and SQG-mEOF-R reconstruction (f,n).

The horizontal pattern in Figure 6h is much simpler. The most conspicuous structure
is the warm phase extending from left to right. The SQG reconstruction and isQG recon-
struction present a quite uniform warm center in the middle of Figure 6i,l. The mEOF-R
reconstruction still presents non-physical artifacts by estimating too many small eddies
(Figure 6j). The MLR, RF, and SQG-mEOF-R successfully retrieve the extension-like pattern,
however the former two misplace the center and significantly overestimate the warm
phase. In the SEP region, the horizontal pattern is more difficult to reconstruct via existing
methods. The SQG-mEOF-R turned out to be the most applicable algorithm.

In order to make further comparison against GREP, we compute the STD of different
reconstructions with regard to GREP, as shown in Figure 7. In the NWP region, the SQG
and mEOF-R present significantly high STD against GREP. The MLR and RF present a high
STD center at (145◦ E–146◦ E, 32◦ N), which does not appear on isQG and SQG-mEOF-R
reconstructions. The SQG-mEOF-R also presents several high STD centers, which partly
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coincide with the centers of mEOF-R. It indicates that the problem of mEOF-R is more or less
inherited by SQG-mEOF-R. In terms of the SEP region, three SQG-based reconstructions
present a low level of STD against GREP. The mEOF-R reconstruction is poorly aligned
with GREP and presents several high STD centers. The STD pattern of MLR is similar
to that of RF and shows a significantly high STD center at the southwest of the region.
The results imply that the RF reconstruction can be more consistent with GREP than isQG
and SQG-mEOF-R in NWP, however the superiority of SQG-based algorithms stands out
in SEP.

Figure 7. The standard derivation of reconstructions with regard to GREP. The left panels (a–f) present the STD at 200 dbar
in NWP, while the right panels (g–l) present the STD at 150 dbar in SEP. From top to bottom: SQG reconstruction (a,g),
mEOF-R reconstruction (b,h), MLR reconstruction (c,i), isQG reconstruction (d,j), RF reconstruction (e,k), and SQG-mEOF-R
reconstruction (f,l).

4. Discussion

The technique of the pure empirical algorithm is favored by researchers in recent years,
due to the rapid development of machine learning algorithms. The overall performance
of RF is superior to MLR, as shown in Figures 3 and 5. Nevertheless, the time series in
Figure 4 demonstrates that the machine learning algorithm could possibly deteriorate the
performance. Note that the typical circumstance is the low RMSD along with the poor
correlation. Although RF is an ensemble learning algorithm that is claimed to lower the risk
of over-fitting, the well-tuned RF is still powerless to retrieve the structures at upper layers.

The dynamical algorithms of SQG and isQG performed poorly in NWP (upper panels
in Figure 3). The better performance of MLR has eliminated the possibility of the erroneous
background. Thus, the main problem lies in the SQG and the first baroclinic mode (F1).
The poor performance of SQG was not surprising as the SQG mode was trapped by the
shallow and strong pycnocline (see Figure 2). However, it is disappointing that isQG
cannot even outperform the linear regression in NWP, since isQG is meant to be applicable
in the strong currents [18,47]. The degradation of isQG in realistic application is likely
owing to the utilization of a regional mean F1. The significant horizontal variation in the
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Kuroshio current decreases the representativeness of F1. This problem is not noticeable
in the application to model simulation but stands out in the realistic circumstance, where
neither the surface nor the background is accurate. As a result, the error statistics (RMSD
and STD) of isQG are satisfactory in Figures 3, 6 and 7, however the correlation is quite
poor in Figure 3b. In the SEP, the weak stratification and better horizontal homogeneity
facilitate the SQG and isQG (lower panels in Figure 3). Even the simplest SQG is more
representative than the surface-subsurface relation derived from random forest (Figure 3d).
The SQG-mEOF-R is comparable to RF at upper layers of NWP and outperforms RF at
almost all depths of SEP. It turned out that the dynamical-statistical method can be more
applicable than the complicated random forest algorithm.

The results are also supportive of the robustness of the FG framework. Compared to the
L17 framework, the FG framework eliminates the bias of the input surface anomaly and pro-
vides a robust daily varying background. The FG framework thus makes Equations (2) and (3)
tenable and prevents the projection of the bias of ~0.97 kg/m3 (in NWP) or ~0.13 kg/m3

(in SEP) into the interior of the ocean. The sea surface salinity is also a source of reconstruc-
tion error, while the utilization of CCI SSS effectively lowered the uncertainty of surface
density. Although, the surface RMSD can never become zero in Figure 3 due to the intrinsic
difference between satellite observation and in situ observation, e.g., the sub-footprint
variation [39,41].

The SQG-mEOF-R is still facing problems in terms of practical application. The biggest
headache lies in the extraction of empirical modes in the inhomogeneous regions, such as
the Kuroshio current, where the number of Argo profiles is far from enough to extract
a representative mode. The mEOFs must be computed by the profiles in a wide temporal
and spatial window, while the profiles can be significantly different from each other.
Consequently, the mEOFs can generally retrieve the mean state but cannot represent the
variations. Evidence can be seen in the significantly low correlation of mEOF-R in those
less energetic layers deeper than 400 dbar in Figure 3b. Similarly, the degradation of
SQG-mEOF-R is also noticeable in Figure 3b. A better way to exploit the limited Argo
profiles turned out to be the geography-based regression, namely taking longitude and
latitude as factors. Future works are considered in terms of the combination of SQG and
geography-based machine learning.

The validation of the mesoscale structure is still not perfectly solved by the existing
data. Although the reanalysis data can be taken as the reference, it is still unknown whether
the mesoscale eddies in the reanalysis are true. Note that the validation of reanalysis is
also based on sparse Argo profiles, not to mention that these Argo profiles have been
assimilated in the reanalysis.

5. Conclusions

This paper proposed an FG scheme to carry out SQG-based algorithms in the prac-
tical application, based on which the dynamical-statistical algorithm SQG-mEOF-R was
validated by observed data for the first time. The results showed the robustness of the FG
scheme, which contributed to the better performances of SQG, isQG, and SQG-mEOF-R in
the weak-stratified and relatively homogeneous SEP region.

The vertical modes were not representative enough in the inhomogeneous NWP
region due to the lack of Argo profiles. It is a disappointing conclusion that isQG was not
quite applicable in the practical reconstruction in strong currents. Meanwhile, the poor
empirical mode also degraded the performance of SQG-mEOF-R. Nonetheless, the SQG-
mEOF-R presented better performance at upper layers and performed satisfactory work in
retrieving the mesoscale variations of the 1-day Argo profile.

The machine learning algorithm random forest can perform well in subsurface re-
construction, especially considering the incorporation of longitude and latitude as factors.
Nevertheless, the improvement from linear regression to machine learning can be negligi-
ble. There are circumstances in which the random forest algorithm is even inferior to linear
regression due to the over-fitting problem.
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The results in this paper highlighted that SQG-mEOF-R can be more powerful than
the “shallow” machine learning algorithm of random forest at upper layers, especially
in the South-East Pacific region. Besides pursuing deep machine learning algorithms,
the technique of the dynamical-statistical method is worth investigating in the future.
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