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Abstract: Rapidly advancing airborne laser scanning technology has become greatly useful to estimate
tree- and stand-level variables at a large scale using high spatial resolution data. Compared with that
of ground measurements, the accuracy of the inferred information of diameter at breast height (DBH)
from a remotely sensed database and the models developed with traditional regression approaches
(e.g., ordinary least square regression) may not be sufficient. Thus, this regression approach is
no longer appropriate to develop accurate models and predict DBH from remotely sensed-related
variables because DBH is subject to the random effects of forest stands. This study developed a
generalized nonlinear mixed-effects DBH estimation model from remotely sensed imagery data.
The light detection and ranging (LiDAR)-derived stand canopy density, crown projection area, and
tree height were used as predictors in the DBH estimation model. These variables can be more
readily measured over an extensive forest area with higher accuracy compared to the conventional
field-based methods. The airborne LiDAR data for a total of 402 Picea crassifolia Kom trees on a
sample plot that were divided into 16 sub-sample plots and located in the most important distribution
region of western China were used. The leave-one sub-sample plot-out cross-validation method was
applied to evaluate the model’s prediction accuracy. The results indicated that the random effects of
the sub-sample plot on the prediction of DBH were large and their inclusion into the DBH model
significantly improved the prediction accuracy. The prediction accuracy of the proposed model at the
mean (M) response was also substantially improved relative to the accuracy obtained from the base
model. Among several tree selection alternatives evaluated, a sample size of the two largest trees
per sub-sample plot used in estimating the random effects showed a significantly higher accuracy
compared to other sampling alternatives. This sample size would balance both the measurement
cost and potential prediction errors. The nonlinear mixed-effects DBH estimation model at the M
response can also be applied if obtaining the estimates of individual tree DBH with a relatively lower
cost, and a lower prediction accuracy was the purpose of the study.
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1. Introduction

Tree diameter at breast height (DBH) is an important characteristic and can be directly measured
on the ground. It is an indicator of tree vigor and used to describe stand structure, estimate tree
volume and biomass, and select sample trees in a forest inventory [1–4]. However, it would be costly
and time consuming to collect DBH data over a large forest area. A large number of studies have
thus been carried out to advance the methods used for obtaining DBH of individual trees through
the development and application of estimation models based on satellite or airborne remote sensing
databases [5–8].

Especially, with the advancement of airborne laser scanning (ALS) technology, individual
tree height and its canopy characteristics, such as crown width, crown projection area (CPA), and
crown-height ratio, can be more readily estimated over an extensive forest area with a higher accuracy
compared to that of conventional field-based methods [9–11]. However, ALS does not provide DBH
measurements directly but estimates through established models that account for the relationship of
DBH with tree crown variables obtained by individual tree detection and crown delineation algorithms
based on light detection and ranging (LiDAR) point-cloud data [8,12,13]. Thus, the accuracy of DBH
predictions is always critical. Although estimation of the tree stem volume and biomass can be made
using models with tree height or crown characteristics alone or their combinations as predictors, the
accuracy obtained from this estimation is inadequate [14]. In the absence of DBH measurements, stem
volume, and taper equations, tree growth and biomass equations cannot be used to predict these
characteristics accurately [8]. However, this information is highly necessary to update the inventory
databases, which are based on one-off or periodical ALS, due to the high cost of scanning the same
forest area every year. In addition, taper equations with tree DBH and height as predictors are usually
used for accurately estimating tree volume [8]. Thus, an accurate estimation of DBH as a critical
predictor becomes very important.

So far, the most common approach used to predict tree DBH is based on models that account for
DBH variations in the relationship of height and crown characteristics, the information of which is
derived from LiDAR imageries [8]. Several DBH estimation models have been developed using LiDAR
databases [5–8]. Some of them predict DBH from LiDAR-based tree height (LH) alone and some other
predict DBH using the delineated crown width or CPA as additional predictors. These model forms
are mostly linear, but power or exponential functions are also used after transforming them to the
linear forms [8]. The relationships of DBH with tree height or crown characteristics over the wider
range of tree sizes and stand conditions are nonlinear, and therefore the existing linear models cannot
be applicable to such conditions. The models aimed at certain forest stands may not be applicable to
other stands [15].

In addition, the existing DBH estimation models based on remotely sensed data have mostly been
developed using linear or nonlinear functions. Ordinary least squares (OLS) regression has been used
to estimate the parameters of these DBH models [8,16]. Data required for developing DBH models are
obtained from individual trees on the sample plots, and this results in hierarchically structured data.
There can be spatial correlations among the observations [17,18]. When estimating models using such
data and OLS regression, the assumption of error independence does not hold [19] and significantly
biased variance estimates can occur; due to this, there can be invalid tests of the hypothesis [17,20].

An appropriate solution to this problem is to apply nonlinear mixed-effects (NLME) modeling.
This method has been mostly used to develop forest models in recent years [3,21,22], as this analyzes
the mutually correlated observations more effectively and results in a higher prediction accuracy
compared to OLS regression [23,24]. To the authors’ knowledge, although a number of studies have
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used tree height and crown characteristics [3,4,22] as predictors in DBH estimation models [1,18,25],
none of the studies have applied the NLME modeling approach and airborne LiDAR data to establish
DBH models.

This study thus developed a generalized DBH estimation model applied NLME modeling and
LiDAR data from a total of 402 Picea crassifolia Kom trees. Data were collected from a sample plot
that was divided into 16 sub-sample plots located in an important Picea crassifolia Kom distribution
region of western China. The diameter estimation model used ground-measured DBH as a dependent
variable; stand-level variables (e.g., stand canopy density, SCD), tree-level variables LH, and crown
characteristics (e.g., CPA) derived from LiDAR imagery as predictors; and random effects at the
sub-sample plot level. The generalized NLME DBH estimation model and the corresponding base
model were validated with the leave-one sub-sample plot-out cross-validation method. The model
can be used for the prediction of the DBH and biomass of Picea crassifolia Kom trees in western China
based on airborne LiDAR data.

2. Methods

2.1. Study Site and Data

This study was conducted on the Xishui forest farm located in Su’nan Yuguzu Autonomous
County, Dayekou Basin of Gansu Qilian Mountain National Nature Reserve, with longitudes and
latitudes of 100◦12’E to 100◦20’E and 38◦29’N to 38◦35’N (Figure 1a). Its average elevation is 2993 m
with a range of 2550–3680 m above mean sea level. The National Nature Reserve was established for
water resource conservation in the temperate alpine cold semi-arid and semi-humid zone, which is
mainly characterized by mountainous forests and steppe [26,27]. The forests are matured secondary
pure natural forests with the ground covered by moss and mainly distributed in the shady slopes of
this region, while the grass lands are typically found in the sunny slopes. The dominant species is
Picea crassifolia Kom.
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Figure 1. (a) Location of the study site: Xishui forest farm located in Su’nan Yuguzu Autonomous
County of the Gansu Qilian Mountains National Nature Reserve, Western China; (b) spatial distribution
of flight lines on orthorectified charge-coupled device images (WGS1984 UTM Zone 47N); and (c) tree
positions within 16 sub-sample plots within a permanent sample plot of 100 m × 100 m.

A representative forest stand of the entire Dayekou Basin of Gansu Qilian Mountain National
Nature Reserve was selected to establish the permanent sample plot (PSP) of 100 m × 100 m along the
hillside to properly represent forest stands with typical site conditions. The PSP was divided into 16
sub-sample plots of 25 m × 25 m (Figure 1c). The sub-sample plots within PSP were located using a
DGPS (differential global position system) unit. Measurements for DBH, height (H), height to crown
base, and crown width at two perpendicular directions were made for a total of 402 Picea crassifolia Kom
trees with DBH larger than 5 cm. Trees were positioned using a total station as shown in Figure 1c.

A LiDAR LiteMapper 5600 system was utilized to collect point-cloud data on June 23 2008 [28].
The laser scanner called Riegl LMS-Q560 was used, which had a wavelength of 1550 nm with an
interval of 3.5 nm, laser beam divergence of 0.5 mrad, pulse repetition frequency (PRF) of 50 kHz,
maximum scanning angle of 30 degree, and scanning frequency of 49 Hz. The LiDAR data were
collected at an average flying height of 3699 m and average flying speed of 230 km·h−1. The spatial
flight line configuration is shown in Figure 1b. The elevations of the point returns had a range of 2725
to 3193 m (Figure 2a) with an average point density of 4.34 points m−2 (Figure 2b).
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Figure 2. Spatial distribution patterns of the elevation (a) and density of laser points (b) on the
study site.

2.2. Estimating Tree Variables from LiDAR Imagery

In this study, stand-level variable SCD and individual tree-level variables, LH and CPA, were
derived using the aforementioned LiDAR imagery. In the estimation of LH and CPA, tree crowns
were first delineated based on point cloud data and a canopy height model (CHM) was created as
the difference of the digital surface model (DSM) and digital elevation model (DEM). In order to
generate the DSM that contains elevation information of the objects (such as trees) and ground features,
the raw LiDAR point clouds were interpolated using the method of maximum height interpolation
and null-cell filling with values of neighboring cells. Moreover, the DEM was derived using the last
return LiDAR point clouds with a progressive morphological filter [29].

To derive CHM, determining an appropriate cell size of the grid would be critical [30]. The
appropriate cell size was selected to reduce the number of raster gaps and preserve sufficient details.
We used a grid cell size c =

√
n based on the study of Chen et al. [30], where n was the pulse density;
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that is, the number of returns m−2. Moreover, the Gaussian-smoothing filter was employed to mitigate
noise in the data [31].

Theoretically, an image segmentation algorithm can be used to split CHM into different
polygons. The polygon boundaries imply individual tree crowns, with the maximum of each
polygon corresponding to the top of a tree. However, in this method, the gaps among the tree crowns
are regarded as tree crowns, which leads to false crowns and an overestimation of crowns [32]. We
used the local maxima algorithm [30] to create CHM. Using the local maxima algorithm, a potential
crown top was first found for each tree and used as a seed point. Based on the seed point, the boundary
of the tree crown was delineated using the regional growing method.

When the tree crown top was searched using the local maxima algorithm, the window size varied,
which was determined from the correlations of tree height with crown width. Moreover, the window
size was larger than or equal to the minimum crown width but smaller than or equal to the tree
height [32,33]. In addition, delineation of the boundaries of tree crowns was carried out using the
tangent value of the crown angle obtained with a crown angle recognition algorithm [32,33]. Many
researchers have described this algorithm and the crown delineation approach in detail [32,34], and
therefore are not discussed in this article. We delineated crowns for a total of 402 Picea crassifolia
Kom trees in the 16 sub-sample plots nested in the PSP (Figure 3). A detailed description of the
extraction method for SCD based on the airborne LiDAR point-cloud data was presented in Liu et
al. [35]. Summary statistics of the tree-level information (LH and CPA) and stand-level information
(SCD) are presented in Table 1. Additionally, the corresponding statistics of ground-measured DBH
are also presented in this table.
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Table 1. Descriptive statistics of tree variable measurements (SD, standard deviation; DBH, diameter at
breast height; LH, LiDAR-derived tree height; CPA, crown projection area; and SCD, stand canopy
density).

Variable Mean SD Min Max

DBH (cm) 23.46 8.35 2.50 81.10
LH (m) 6.95 1.90 1.96 11.30

CPA (m2) 7.43 2.06 2.94 13.50
SCD 0.79 0.06 0.67 0.89

2.3. Nonlinear Mixed-Effects DBH Estimation Model

We formulated the individual tree DBH estimation models with sub-sample plot random effects
following the NLME modeling technique:

DBHi j = f (φi j, xi j) + εi j, i = 1, . . . , M, j = 1, . . . , ni, (1)

where DBHi j is the diameter at breast height of the jth tree on the ith sub- sample plot, M is the number
of sub-sample plots, ni is the number of observations in the ith sub- sample plot, and f (·) is a real
valued and differentiable function of a subject-specific parameter vector φi j and a covariate vector
xi j. The within-group error vector εi = (εi, . . . , εini)

T that accounts for within-group variance and
correlation was assumed to follow a normal distribution with zero expectation and a positive-definite
variance-covariance structure Ri [36]. Ri is expressed as a function of the parameter vector θ [21]:

εi ∼ N(0, Ri(θ)). (2)

Moreover, φi j could be expressed as:

φi j = Ai jβ+ Bi jui, ui ∼ N(0, Ψ), (3)

where β is a p-dimensional vector of the fixed effects, ui is an independently and normally distributed
q-dimensional vector of random effects with zero means and a variance-covariance matrix Ψ, Ai j and
Bi j are design matrices, and ui and εi j are independent of each other.

2.4. Predictor Variables

Tree DBH could be related to two groups of relevant variables that were derived from LiDAR
imageries, they are: Tree size variables (e.g., CPA and LH) and stand size variables (e.g., mean tree
height and SCD). Existing methods and algorithms could be used to obtain tree variables with high
accuracy [9,37]. To reduce the over-parameterization and collinearity effects, which leads to biased
parameter estimation of the models, we selected only one stand-level variable: SCD, and two tree-level
variables: CPA and LH as predictors to develop the DBH estimation models.

2.5. Base Model

Firstly, we considered four commonly used candidate models of various forms, including a linear
model (Equation (4)), Richards model (Equation (5)), logistic model (Equation (6)), and exponential
model (Equation (7)) as base models to fit the full data set (Table 1) with three predictor variables: SCD,
CPA, and LH. Secondly, we chose the best performing one to develop the generalized NLME DBH
estimation model through the inclusion of the random components describing the variations of DBH
at the sub-sample plot level. All the models have four parameters, except Equation (6), which has five
parameters:

DBH = β1 + β2LH + β3CPA + β4SCD + ε, (4)

DBH = β1[1− exp(−β2LH − β3CPA− β4SCD)] + ε, (5)
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DBH = β1/[1 + β2 exp(−β3LH − β4CPA− β5SCD)] + ε, (6)

DBH = β1 exp(−β2LH − β3CPA− β4SCD) + ε, (7)

where β1 − β5 are parameters and ε is an error term.
The best performing model selected based on the following statistical criteria [38] was used for

further analyses:
e =

∑
et/N =

∑
(DBHt −DB̂Ht)/N, (8)

δ =
∑

(et − e)2/(N − 1), (9)

R2 = 1−

∑N
t=1 (DBHt −DB̂Ht)

2∑N
t=1 (DBHt −DBH)

2 , (10)

RMSE =

√
e2 + δ, (11)

where DBHt and DB̂Ht are the observed and predicted diameter at breast height, respectively, of the tth

tree; DBHt is the mean of the observed DBH values; and e, δ, R2, and RMSE are the mean bias, variance
of bias, coefficient of determination, and root mean square error, respectively. The RMSE is defined as
the combination of the mean bias and its variance. The RMSE is used as the most important evaluation
criterion of the model. The nls function with OLS in R [39] was used for nonlinear regressions.

2.6. Parameter Effects

We used the best performing base model to develop a generalized NLME DBH estimation model
with the sub-sample plot random effects included in it. All the NLME model alternatives were fitted to
the full data set. The alternative models were formed with all possible combinations of the fixed-effects
parameters with the random effects. The model variant with the smallest Akaike’s information
criterion (AIC) and the largest log-likelihood (LL) was selected for further evaluation [40]. To avoid
over-parameterization, the likelihood ratio test (LRT) was applied [41].

2.7. Determining the Structure of the Between Sub-Sample Plot Variance–Covariance Matrix (Ψ)

The variance–covariance matrix for the random effects at the sub-sample plot level, Ψ, which
is common to all sub-sample plots, was assumed to account for the variability of DBH across these
plots. Ψ was assumed to be unstructured [42]. We assumed the 3× 3 variance-covariance matrix as
shown below: 

σ2
11 ρ12 ρ13

ρ21 σ2
22 ρ23

ρ31 ρ32 σ2
33

,

where σ2
i j(i, j = 1, 2, 3, i = j) is a variance in the ith random effect and ρi j (i, j = 1, 2, 3, i , j) is a

covariance of the ith and jth random effects.

2.8. Determining Structure of Within Sub-Sample Plot Variance–Covariance Matrix (R)

We applied the method suggested by Davidian and Giltinan [36] to account for within sub- sample
plot heteroscedasticity and autocorrelation in the variance–covariance matrix (R) [21,36]:

Ri = σ2G0.5
i ΓiG0.5

i , (12)

where σ2 is an error dispersion, which is also known as a scaling factor and is equal to the residual
variance of the model; Gi is an ni × ni diagonal matrix of the within sub-sample plot heteroscedasticity
variances; and Γi is an ni × ni matrix of the within sub-sample plot autocorrelations. No pattern of
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autocorrelation emerged between the observations in our data; we therefore reduced Γi to an ni × ni
identity matrix.

We evaluated three commonly used variance-stabilizing functions: An exponential function
Equation (13), a power function Equation (14) and a constant plus power function Equation (15) to
account for the variance heterogeneity [15]. Then, the most effective variance function was chosen
using the LRT and AIC [17,41]:

var(εi j) = σ2 exp(2γxi j), (13)

var(εi j) = σ2xi j
2γ, (14)

var(εi j) = σ2(γ1 + xγ2
i j )

2
, (15)

where xi j is a selected predictor (LH and CPA); and γ, γ1, and γ2 are parameters to be estimated.

2.9. Model Estimation

The maximum likelihood with the Lindstrom and Bates (LB) algorithm implemented in the R
software (version 3.4.2) nlme function [17,23] was used to estimate all NLME model variants. Many
studies [17,23,43] have described the LB algorithm and nlme functions.

2.10. Subject-Specific Prediction

The NLME DBH estimation model was used to predict DBH with and without the random
effects involved. A model becomes a mean response (M response) if the predicted random effects are
not included, and a model with the predicted random effects becomes the subject-specific model or
localized model. Localizing the mixed effects model is also known as calibration [21,44]. Calibration
requires prior information of a response variable, i.e., DBH measurement from a sub-sample of trees
in our case, for prediction. When no situation permits prediction of the random effects, either the M
response or an OLS model (a model excluding the random effects on the fitting) needs to be used for
DBH prediction. The empirical best linear unbiased prediction (EBLUP) theory [21,23] was used to
predict the random effects:

ûi = Ψ̂ZT
i (R̂i + ZiΨ̂ZT

i )
−1

ei,= Ψ̂ZT
i (R̂i + ZiΨ̂ZT

i )
−1[

yi − f(β̂, u∗i , xi) + Ziu∗i
]
, (16)

where ûi is a q- dimensional vector of the predicted random effects for the ith sub-sample plot
(i = 1, . . . , M); u∗i is a vector of EBLUP for random effects ui; f(·) is an NLME DBH estimation model;
β̂ is a vector of the estimated fixed-effect parameters β; xi is a vector of the predictors; Ψ̂ is an
estimated variance-covariance matrix for the random effects ui (i = 1, . . . , M); R̂i is an estimated
variance-covariance matrix for the error term ei; Zi is an ni × q dimensional design matrix of partial
derivatives of NLME DBH estimation model f(·) with respect to random effects ui. As the unknown
random effects appeared on both sides of Equation (16), no direct algebraic solution for ûi is possible.
However, for its algebraic solution, Meng and Huang [21] developed a three-step iterative algorithm
based on the EBLUP theory for the prediction of random effects. The computer program using R
software for this algorithm was presented by Fu et al. [3].

We used DBH measurements from a varying number of sample trees for the prediction of the
random effects in Equation (16). In general, the larger the number of sample trees used to localize
the model, the higher the prediction accuracy [1,3,22]. Many modeling studies have determined the
optimal number of sample trees necessary for the calibration of NLME models with reliable prediction
accuracies. For example, studies have modelled the height–diameter relationships [1,40,45], basal area
increment [40], diameter increment [42], and height to crown base [3]. Based on the previous studies by
Calama and Montero [42] and Fu et al. [3], the following four alternatives were applied to select sample
trees per sub-sample plot to account for the subject-specific variability of a response variable (DBH):

(i) DBH of 1-10 randomly selected trees per sub-sample plot (random).
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(ii) DBH of 1-10 medium-size trees per sub-sample plot (medium).
(iii) DBH of 1-10 the largest trees per sub-sample plot (largest).
(iv) DBH of 1-10 the smallest trees per sub-sample plot (smallest).

Each sample of the trees selected for the four alternatives was repeated 100 times. The DBH
estimates of the remaining trees on the same sub-sample plots were then obtained by computing
the mean values of the corresponding tree’s DBH estimates according to the sampling results. We
evaluated the prediction performances of each alternative with 1 to 10 sample trees using the full data
set with the help of commonly used statistical measures, such as the root mean square error (RMSE)
(Equation (11)) and total relative error (TRE) (Equation (17)):

TRE =
∑∣∣∣DBH −DB̂H

∣∣∣/∑
DB̂H. (17)

2.11. Model Evaluation

The DBH estimation model could be validated using an independent data set. However,
this was not possible in our study due to the small data set. Alternatively, we evaluated the
predictive performance of DBH estimation models using the leave-one-out cross-validation (LOOCV)
method [46,47], which is also feasible for a smaller data set. Data were naturally grouped by sub-sample
plots. The LOOCV method was modified so that one sub-sample plot rather than a tree observation
was left out from the full data set in each step and data from the left-out sub-sample plots were used
to fit the DBH models. These models were then used to predict the DBH values of the trees within
the deleted sub-sample plot. This was carried out for all 16 sub- sample plots in the full data set. The
observed and predicted DBH values were then used to calculate some statistical measures of e, δ, RMSE,
and R2 (Equations (8)–(11)). The smaller the values of e, δ, and RMSE, and the larger the value of R2,
the higher the prediction accuracy of the models. The predictive performances of the NLME DBH
estimation models, including their M responses and the corresponding base model, were compared
based on the results of the LOOCV. The model with the smallest e, δ, and RMSE, and the largest R2

was selected as a final DBH estimation model. The source codes for the LOOCV method employed in
R version 3.4.2 are provided in Appendix A. We carried out all computations using R version 3.4.2.

2.12. Model Application

The estimated forest biomass is useful for practical forestry and research [2]. The developed
NLME DBH estimation model in this study can be used for estimating the biomass of each subject
tree using the full data. Firstly, we estimated the DBH of 402 individual trees using the developed
NLME DBH estimation model. Then, the biomasses of aboveground components (stem, branch,
foliage, and fruit) of the 402 Picea crassifolia Kom trees were estimated using the empirical allometric
models proposed by Wang et al. [48]. Finally, the aboveground biomass (AGB) of each subject tree was
obtained by summing the component biomasses. The biomass of each subject tree obtained from both
estimated DBH and observed DBH were evaluated using the Pearson correlation coefficient.

3. Results

3.1. Base Model

Both Equations (6) and (7) showed a slightly superior fitting performance compared to Equations (4)
and (5) (Table 2). Relative to Equation (6), Equation (7) is more simplified with only four parameters,
and it was therefore chosen as a basic nonlinear model to build the generalized NLME DBH estimation
models based on the LiDAR-derived predictors. The estimated parameters for Equation (7) are listed
in Table 3.
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Table 2. Fit statistics of candidate base Equations (4)–(7) (e, mean prediction error; δ, variance of biases;
RMSE, root mean square error; and R2, coefficient of determination).

Models
¯
e δ RMSE R2

Model (4) 0.0000 4.8070 4.8070 0.6244
Model (5) 0.7426 4.9460 5.0010 0.5934
Model (6) 0.0040 4.7150 4.7150 0.6386
Model (7) −0.0043 4.7190 4.7190 0.6381

Table 3. Parameter estimates and fit statistics of three different models (AIC, Akaike’s information
criterion; and LL, log-likelihood).

Parameters Model (7) Model (18) Model (19)

Fixed-effects
parameters β1 12.90 16.64 15.98

β2 −0.0954 −0.1141 −0.1083
β3 −0.0458 −0.0346 −0.0372
β4 0.5681 0.9495 0.8702

Variance
components s1 - 0.2713 0.3543

s2 - 0.0020 0.0013
s3 - 0.0014 0.0152
s12 - 0.0124 0.0296
s13 - −0.0058 0.0068
s23 - −0.0230 0.0064
γ - - 0.6189
σ 4.7360 4.4150 4.3480

Model
performance AIC 2391 2382 2360

−2LL −1191 −1180 −1168

3.2. Generalized NLME DBH Estimation Model

Considering the four parameters in a model (β1 − β4), there were 15 different combinations of the
random effects for the base Equation (7). All the NLME model alternatives converged with meaningful
parameter estimates (omitted due to a limited space), but, the following NLME DBH estimation model
(Equation (18)) exhibited the smallest AIC (2382) and the largest −2LL (−1180) among the converged
models (Table 3):

DBHi j = (β1 + u1i) exp
[
−(β2 + u2i)LHi j − (β3 + u3i)CPAi j − β4SCDi

]
+ εi j, (18)

where β1 − β4 are the fixed effects parameters; and u1i, u2i, and u3i are random effects due to the ith

sub-sample plot on β1 − β3, respectively. The values of ui = (u1i, u2i, u3i)
T varied with i, and ui were

assumed to be distributed normally with zero expectation and a 3× 3 dimensional variance–covariance
matrix of Ψ. For comparison, the within-group errors εi j were assumed to be independently normally
distributed with homogeneous error variances. ui and εi j were assumed to have mutual independence.
All other parameters and predictors are the same as defined earlier.

The parameter estimates of the NLME DBH estimation model (Equation (18)) are presented in
Table 3. All the estimates were significant (p < 0.05). It was found that even with the random effects
introduced, heteroskedasticity still existed in the DBH estimation model (Equation (18)) (Figure 5a).
The empirical autocorrelation function for Equation (18) showed insignificant autocorrelations among
the standardized residuals within the sample plots.
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3.3. Parameter Estimation

We evaluated three variance-stabilizing functions, and the power variance function with LH as a
predictor showed the best performance (Table A1), and therefore it was applied in Equation (18). All
the estimates of Equation (18), with the power variance function included along with the evaluation
metrics, are listed in Table 3. After substituting the estimated value of the fixed effects parameter into
Equation (18), the final NLME DBH estimation model for Picea crassifolia Kom in western China would
become:

DBHi j = (15.98 + u1i) exp
[
−(−0.1083 + u2i)LHi j − (−0.0372 + u3i)CPAi j − 0.8702SCDi

]
+ εi j (19)

where:

ui =


u1i
u2i
u3i

 ∼ N




0
0
0

, Ψ1 =


0.3543 0.0296 0.0068
0.0296 0.0013 0.0064
0.0068 0.0064 0.0152


,

εi = (εi1, . . . , εini)
T
∼ N

(
0, Ri = 18.91G0.5

i ΓiG0.5
i

)
,

Gi = diag
(
LHi1

1.238, . . . , LHini
1.238

)
,

Γi = Ini ,
and Ini was an ni × ni identity matrix. All other parameters and predictors in this model are the same
as defined earlier.

Equation (19) led to a smaller AIC and larger LL values than both Equations (7) and (18) with
homogeneous error variances, indicating that the sample sub-sample plot exerted significant random
effects on the predictions of DBH.

3.4. Subject-Specific DBH Prediction

The patterns of the prediction statistics for a calibrated response with different sampling strategies
are shown in Figure 4. Both the RMSE and TRE for four sampling strategies had similar trends.
Regardless of the number of trees (1 to 10 trees) for each sampling strategy, except the smallest trees
used for calibration of the model or its localization at the sample plot level, both RMSE and TRE for
Equation (19) were smaller than that of the M response and OLS Equation (7). Calibration of Equation
(19) with the alternatives of the randomly selected trees and largest trees showed a steadily increasing
accuracy of DBH when a larger number of trees were used for the random effect predictions. When the
largest tree per sub-sample plots were used in the calibration, Equation (19) produced the smallest
TRE. The model RMSE did not follow the same trends. With the selection of two or fewer sample trees,
the RMSE for the largest trees is smaller than that for randomly selected trees. When the selection of
more than two sample trees, the RMSE for the largest trees is larger than that for randomly selected
trees. Figure 4 also shows the greatest reduction rates in the RMSE and TRE of Equation (19) when
the two largest trees were used in the calibration. This led to the reduction of the RMSE and TRE by
3.4% and 3.9%, respectively, compared to that of the M response. The RMSE and TRE could be further
reduced by selecting a larger number of the largest trees in the calibration. However, the inclusion of
several sample trees could increase the inventory cost. Using only the two largest trees per sub-sample
plot for the calibration could provide the most cost-effective and accurate predictions of Equation (19).
Calibration of the mixed-effects model using only an optimal number of sample trees with a high
prediction accuracy is always a better strategy for efficient forest management.
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Figure 4. Root mean squared error (RMSE) for ordinary least square (OLS) Equation (7), Equation
(19) with mean response (M response), and Equation (19) calibrated with four sampling strategies and
sample sizes for diameter at breast height within each sub-sample plot, for estimating the random
effects (random: randomly selected trees; largest: the largest trees; medium: medium-size trees; and
smallest: the smallest trees).

3.5. Model Evaluation

The prediction statistics based on the cross-validation method for Equation (7) and Equation
(19) in two cases, at the M response and sub-sample plot level, are presented in Table 4. The mean
prediction biases for these models were not significant (p < 0.05).

Table 4. Prediction statistics of two models using the leave-one sub-sample plot-out cross-validation
(e, mean prediction error; δ, variance of biases; RMSE, root mean square error; R2, coefficient of
determination; and M response, mean response).

Model
¯
e δ RMSE R2

Model (7) 0.1101 4.6530 4.7280 0.6122
Model (19)
M response 0.0843 4.6570 4.6620 0.6335

Sub-sample plot level −0.0307 4.4210 4.4210 0.6815

The δ and RMSE of Equation (19) were much smaller, and the R2 value was much larger than its
counterparts for Equation (19) at the M response and Equation (7). This indicated that the estimated
random effects at the sub-sample plot-level on the prediction of DBH were large and their introduction
substantially improved the model’s prediction accuracy. Among these models, Equation (19) at the
sub-sample plot level showed the highest prediction accuracy of DBH. For example, Equation (19)
at the sub-sample plot level resulted in an RMSE of 4.4210, which was 5.2% and 6.5% smaller than
those of Equation (19) at the M response and Equation (7), respectively. Moreover, Equation (19) at the
sub-sample plot level resulted in an R2 of 0.6815 and the increases of 7.6% and 11.3% compared to
that of Equation (19) at the M response and Equation (7), respectively. Therefore, Equation (19) was
recommended to predict individual tree DBH based on the LiDAR data.

Figure 5b shows the residuals distribution of the NLME DBH estimation model (Equation (19)) at
the sub-sample plot level based on the leave-one sub-sample plot-out cross-validation. Compared
to Equation (18) with homogeneous error variances (Figure 5a), heteroscedasticity was significantly
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reduced for Equation (19). This showed that the power variance function applied with LH as a predictor
effectively accounted for heteroscedasticity (Figure 5b).
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prediction errors based on Equation (19) (b) with a variance-stabilizing function included

3.6. Model Application

Based on the above-mentioned Equations (19) and provisions, the estimated DBH of all subject
trees were used for estimating their corresponding AGB. Figure 6 shows the scatter plots of the
predicted AGB from the observed DBH against that from the estimated DBH by Equation (19). This
figure confirmed that the two sets of AGB estimates were very close and the corresponding Pearson
correlation coefficient of the two sets of AGB estimates was 0.89. This suggested that the presented
NLME DBH estimation model could be used for a precise estimation of AGB, and is thus important for
informed decision-making in forestry.Remote Sens. 2020, 2, x FOR PEER REVIEW    15 of 28 

 

 

Figure 6. Scatter plots of the predicted aboveground biomass (AGB) from the observed diameter at 

breast height (DBH) against that from the estimated DBH by Equation (19), with the red dotted line 

illustrating  a  linear  relationship  between  two  variables,  black  line  denoting  y x ,     is  the 
correlation  coefficient  of  the  predicted AGB  from  the  estimated DBH  by  Equation  (19)  and  the 

observed DBH. 

4. Discussion 

This study established the generalized tree‐based NLME DBH model to predict DBH of Picea 

crassifolia Kom trees  in western China. The sub‐sample plot variability was  included  in the model 

through modeling  of  the  random  effects  that were  specific  to  the  sub‐sample  plot.  The NLME 

modeling also allowed  the dependent observations obtained  from  the nested data structure  to be 

dealt with. Additionally, when using  the  random  component models, we  considered  the unique 

variance‐covariance structure for the individual tree DBH estimation model to which a random part 

indicating a sub‐sample plot deviation from the mean behavior was also added. Deviation values 

could be properly explained by tree‐ and stand‐level variables and their integration [3,18]. 

The CPA and LH could be estimated using airborne LiDAR data and used to infer DBH based 

on  the model  (Equation  (19)). Previous  studies  [2,49] have proved  that DBH  is  the most  reliable 

measurable  tree variable  for  biomass  estimation. Therefore, DBH  offers  a useful  tool  for  remote 

sensing  techniques  for  assessment  of  the  aboveground  biomass  over  the  extensive  forest  area. 

Several  researchers  [50,51]  have  also  reported  that  some  variables,  such  as  crown diameter  and 

crown  volume,  have  significant  contributions  to  the  prediction  accuracy  of DBH. We  evaluated 

these  variables  for  their  potential  contributions  to  improve  the model;  however,  the  prediction 

accuracy of Equation (19) was not significantly improved when crown diameter or crown volume 

was included. This insignificant contribution probably resulted from the collinearity between these 

crown characteristics and CPA. Based on  the  rapidly advancing remote sensing  technology, CPA 

can  be more  easily measured  than  crown diameter;  this  is  because  the derived  crown diameter 

could be  influenced by measurement directions  [52]. To mitigate  the uncertainty  from  the crown 

diameter measurement, CPA was used in our modeling. 

Calibration  of  the mixed‐effects models  using  a  small  number  of  sample  trees  is  the most 

useful  in  forestry  application  [3,21]. All  those  tree‐  and  stand‐level  variables, which  could  have 

significant effects on  the DBH, cannot be directly measured  in  routine  inventories. The effects of 

such variables may be captured indirectly by a small number of sample trees per sample plot that 

are used to calibrate the mixed‐effects models, and this would result in a great improvement on the 

model’s prediction accuracy [3]. We found remarkably better calibration results were achieved from 

Figure 6. Scatter plots of the predicted aboveground biomass (AGB) from the observed diameter at
breast height (DBH) against that from the estimated DBH by Equation (19), with the red dotted line
illustrating a linear relationship between two variables, black line denoting y = x, ρ is the correlation
coefficient of the predicted AGB from the estimated DBH by Equation (19) and the observed DBH.
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4. Discussion

This study established the generalized tree-based NLME DBH model to predict DBH of Picea
crassifolia Kom trees in western China. The sub-sample plot variability was included in the model
through modeling of the random effects that were specific to the sub-sample plot. The NLME
modeling also allowed the dependent observations obtained from the nested data structure to be
dealt with. Additionally, when using the random component models, we considered the unique
variance-covariance structure for the individual tree DBH estimation model to which a random part
indicating a sub-sample plot deviation from the mean behavior was also added. Deviation values
could be properly explained by tree- and stand-level variables and their integration [3,18].

The CPA and LH could be estimated using airborne LiDAR data and used to infer DBH based
on the model (Equation (19)). Previous studies [2,49] have proved that DBH is the most reliable
measurable tree variable for biomass estimation. Therefore, DBH offers a useful tool for remote
sensing techniques for assessment of the aboveground biomass over the extensive forest area. Several
researchers [50,51] have also reported that some variables, such as crown diameter and crown volume,
have significant contributions to the prediction accuracy of DBH. We evaluated these variables for their
potential contributions to improve the model; however, the prediction accuracy of Equation (19) was
not significantly improved when crown diameter or crown volume was included. This insignificant
contribution probably resulted from the collinearity between these crown characteristics and CPA.
Based on the rapidly advancing remote sensing technology, CPA can be more easily measured than
crown diameter; this is because the derived crown diameter could be influenced by measurement
directions [52]. To mitigate the uncertainty from the crown diameter measurement, CPA was used in
our modeling.

Calibration of the mixed-effects models using a small number of sample trees is the most useful
in forestry application [3,21]. All those tree- and stand-level variables, which could have significant
effects on the DBH, cannot be directly measured in routine inventories. The effects of such variables
may be captured indirectly by a small number of sample trees per sample plot that are used to calibrate
the mixed-effects models, and this would result in a great improvement on the model’s prediction
accuracy [3]. We found remarkably better calibration results were achieved from the two largest trees
per sample plot that were used to predict the sample’s plot-level random effects. For the smallest trees,
the calibration results were the worst. For example, calibration with the inclusion of the random effects
increases the prediction accuracy of the NLME DBH models even when the EBLUP theory is applied
based on the largest tree per sub-sample plot (Figure 4), but the smallest trees failed to do so. This
indicates that only the largest trees could effectively describe the random effects of the sub-sample
plot, especially for LiDAR data. This is probably because the largest trees are usually considered as
dominant trees in the sub-sample plot. Their heights, also defined as dominant heights, are used to
reflect the stand and tree developments and the dominant height is also a reliable indicator of site
productivity, and therefore it is frequently used in different forest models [3,53].

The estimated random effects using a large number of sample trees for calibration of the NLME
DBH model is not often justifiable, as this increases sampling and measurement cost [3]. The evaluation
of 10 different sample sizes (from 1 to 10 trees) for the four alternatives used in calibration showed a
higher prediction accuracy with an increased number of sample trees (Figure 4). This result is consistent
with the results, for example, from the studies modeling height–diameter relationships [18,45,54]
and individual tree height to crown base [3]. The model calibrated using the two largest trees per
sub-sample plot could also result in the most accurate prediction with a reasonably low sampling and
measurement cost. Calibration of the mixed-effects model using only a reasonable number of sample
trees with a great accuracy is always a better alternative for efficient forest management. Thus, the
two largest trees per sub-sample plot, which are assumed to balance the sampling cost and potential
errors of the prediction, can be recommended as an optimal sample size for DBH prediction with high
accuracy. It should be noted that Equation (19) at the M response might be used when the prediction
accuracy of DBH is not a concerning issue in the model application. When prior information of a
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response variable (DBH) is not available, the M response can be used. With reference to the base
Equation (7), the accuracy of Equation (19) at the M response was significantly improved (Table 4). For
example, the RMSE and R2 values from Equation (19) at the M response were 4.662 and 0.6335, which
were 1.4% smaller and 3.5% larger than those of the base Equation (7), respectively.

Unlike the conventional ground-based methods, the DBH estimation models developed from the
remote sensing data could be used for a large-scale assessment of aboveground forest biomass. The
empirical models built using any data set may be applicable for predicting the response variable in
other data sets that are different from the modeling data [55]. Thus, the NLME modeling approach is
employed to estimate DBH from LiDAR imagery, not only in situations in which the imagery feature is
captured, but the features of the forest stands should also be taken into account.

There could be some important challenges while modeling DBH using both ground- and
LiDAR-based datasets. For example, the estimates of CPA and LH are subject to errors, although the
measurements of any tree variables are generally assumed to be free of significant errors [55]. The
omission and commission errors that occur in the crown delineation are another challenge [12,13,55].
The measurement errors arising due to imagery illuminations, delineation algorithms, and geometric
features of the crown shape on the imageries can be substantial [55]. Especially, the delineation
algorithms are very sensitive to forest stand density. In all the existing DBH estimation models [5–8],
including that developed in our study (e.g., Equation (19)), DBH is assumed as a random variable
and all predictor variables are fixed and observed without errors. The fact is that the violation of the
second assumption may lead to biased parameter estimates and their variances and consequently,
mislead the hypothesis tests [55]. If the predictors in Equation (19) are assumed to have significant
errors, alternatively, any new NLME modeling approach is necessary to deal with such error problems.
However, none of the algorithms and computational techniques are available so far to implement such
a new approach. This article emphasizes more on the methodology for a natural pure forest, and it may
be useful for other researchers to develop similar NLME DBH models using a remotely sensed database
of other species as well. For natural mixed forests, we are also in the process of developing models
using the NLME modeling approach to estimate individual tree DBH based on airborne LiDAR data.

5. Conclusions

We developed a generalized nonlinear mixed-effects DBH estimation model for Picea crassifolia
Kom trees in western China. Data acquired from the Airborne LiDAR LiteMapper 5600 system with a
high spatial resolution were used to estimate stand canopy density, crown projection area, and tree
height, which were involved in the DBH estimation model as predictors. The random effects of the
sub-sample plots on the DBH variations were significant, and the introduction of these effects into the
model resulted in a substantial improvement of the DBH prediction accuracy. The heteroskedasticity
problem was substantially reduced by introducing the power variance function with tree height as a
predictor. Relative to the base model, the prediction accuracy of the generalized nonlinear mixed-effects
model at the mean response was also significantly increased. Calibration of the mixed-effects DBH
estimation model using the two largest sample trees per sub-sample plot provided a reasonably
higher accuracy compared to other alternatives. This sample size is therefore considered suitable
for estimating random effects, as this alternative is assumed to balance both measurement cost and
potential prediction errors. The nonlinear mixed-effects DBH estimation at the mean response can
be applied if obtaining the values of individual tree DBH, with a relatively lower cost and lower
prediction accuracy being the purpose of the study.
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Appendix A

A R program for estimating and evaluating the base Equation (7), Equation (18) with homogeneous
error variances in two cases: At the mean response and sub-sample plot level, and Equation (19) in two
cases: At the mean response and sub-sample plot level using the leave-one sub-plot-out cross-validation
approach is given as follows:

setwd("E:/R/remote sensing")
library(openxlsx)
library(dplyr)
GX_method2<-read.xlsx("plotCD.xlsx",sheet = 1)
FittingEvaluationIndex<-function(EstiH,ObsH){

Index<-array(dim=6)
e<-ObsH-EstiH
e1<-ObsH-mean(ObsH)
pe<-mean(e)
var2<-var(e)
var<-sqrt(var(e))
RMSE<-sqrt(peˆ2+var2)
R2<-1-sum(eˆ2)/sum((e1)ˆ2)
TRE<-100*sum(eˆ2)/sum((EstiH)ˆ2)
Index[1]<-pe
Index[2]<-RMSE
Index[3]<-R2
Index[4]<-var2
Index[5]<-TRE
Index[6]<-var
dimnames(Index)<-list(c("pe","RMSE","R2","Var","TRE","sd"))
return(Index)}

lm.f<-function(data1){
try<-try(mod<-nls(D0~a1+a2*LH+a3*LCA+a4*CD, data=data1,start=c(a1=261.7477,a2=30.4992,a3=0.3395,a4=1)), TRUE)
if (class(try)=="try-error" ){

TT<-rep(0,12)
}else{

if (length(coef(mod))<5){
TT<-c(coef(mod),rep(NA,5-length(coef(mod))))

} else {TT<-coef(mod)}
TT<-c(TT,FittingEvaluationIndex(fitted(mod),data1$D0),AIC(mod))

}
names(TT)<-c("a","b","c","d","e","pe","RMSE","R2","Var","TRE","sd","AIC")
TT<-bind_rows(TT,data.frame())
TT$Func<-"lm"
return(TT)

}
non.f<-function(data1){

try<-try(mod<-nls(D0~a1*(1-exp(-a2*LH-a3*LCA-a4*CD)), data=data1,start=c(a1=3.075e+02,a2=8.874e-03,a3=2.013e-03,a4=0.0001),
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control = list(maxiter = 50, tol = 1e-05, minFactor = 1/1024,
printEval = FALSE, warnOnly = TRUE)), TRUE)

if (class(try)=="try-error" ){
TT<-rep(0,12)

}else{
if (length(coef(mod))<5){

TT<-c(coef(mod),rep(NA,5-length(coef(mod))))
} else {TT<-coef(mod)}
TT<-c(TT,FittingEvaluationIndex(fitted(mod),data1$D0),AIC(mod))

}
names(TT)<-c("a","b","c","d","e","pe","RMSE","R2","Var","TRE","sd","AIC")
TT<-bind_rows(TT,data.frame())
TT$Func<-"non"
return(TT)

}
logistic.f<-function(data1){

try<-try(mod<-nls(D0~a1/(1+a2*exp(-a3*LH-a4*LCA-a5*CD)), data=data1,start=c(a1=150,a2=20,a3=0.108,a4=0.06,a5=0.002)), TRUE)
if (class(try)=="try-error" ){

TT<-rep(0,12)
}else{

if (length(coef(mod))<5){
TT<-c(coef(mod),rep(NA,5-length(coef(mod))))

} else {TT<-coef(mod)}
TT<-c(TT,FittingEvaluationIndex(fitted(mod),data1$D0),AIC(mod))

}
names(TT)<-c("a","b","c","d","e","pe","RMSE","R2","Var","TRE","sd","AIC")
TT<-bind_rows(TT,data.frame())
TT$Func<-"logistic"
return(TT)

}
exp.f<-function(data1){

try<-try(mod<-nls(D0~a1*exp(-a2*LH-a3*LCA-a4*CD), data=data1,start=c(a1=26.7477,a2=0.004992,a3=0.003395,a4=1)), TRUE)
if (class(try)=="try-error" ){

TT<-rep(0,12)
}else{

if (length(coef(mod))<5){
TT<-c(coef(mod),rep(NA,5-length(coef(mod))))

} else {TT<-coef(mod)}
TT<-c(TT,FittingEvaluationIndex(fitted(mod),data1$D0),AIC(mod))

}
names(TT)<-c("a","b","c","d","e","pe","RMSE","R2","Var","TRE","sd","AIC")
TT<-bind_rows(TT,data.frame())
TT$Func<-"exp"
return(TT)

}
para_value<-data.frame()
value<-lm.f(GX_method2)
para_value<-bind_rows(para_value,value)
value<-non.f(GX_method2)
para_value<-bind_rows(para_value,value)
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value<-logistic.f(GX_method2)
para_value<-bind_rows(para_value,value)
value<-exp.f(GX_method2)
para_value<-bind_rows(para_value,value)
write.xlsx(para_value,"indices of fit for basemodel.xlsx")
#—-random effects
library(nlme)
fm0<-nls(D0~a1*exp(-a2*LH-a3*LCA-a4*CD), data=GX_method2,start=c(a1=26.7477,a2=0.004992,a3=0.003395,a4=1))
fm1<-nlme(D0~a1*exp(-a2*LH-a3*LCA-a4*CD), data=GX_method2,fixed=list(a1+a2+a3+a4~1),

random=list(Plot1=(a1+a2+a3~1)),start=c(a1=12,a2=-0.1,a3=-0.05,a4=0.5))
summary(fm1)
fm2<-nlme(D0~a1*exp(-a2*LH-a3*LCA-a4*CD), data=GX_method2,fixed=list(a1+a2+a3+a4~1),
random=list(Plot1=(a1+a2+a3~1)),start=c(a1=15,a2=-0.1,a3=-0.04,a4=1),weights=varPower(form=~LH))
fm3<-nlme(D0~a1*exp(a2*LH+a3*LCA+a4*CD), data=GX_method2,fixed=list(a1+a2+a3+a4~1),
random=list(Plot1=(a1+a2+a3~1)),start=c(a1=15.8,a2=0.055,a3=0.02,a4=-0.86),weights=varExp(form=~LH))
fm4<-nlme(D0~a1*exp(a2*LH+a3*LCA-a4*CD), data=GX_method2,fixed=list(a1+a2+a3+a4~1),
random=list(Plot1=(a1+a2+a3~1)),start=c(a1=16,a2=0.056,a3=0.105,a4=0.86),weights=varConstPower(form=~LH))
#predict the mode withl random effects
Mainfunction<-function(sampledata,beta.value,var.err,D,var.power){

R<-getRmatrix(sampledata,var.err,var.power)
u.value<-rep(0,ncol(D))
u0<-u.value
zmatrix<-getdesignMatrix(beta.value, u.value, sampledata)
eMatrix<-geteMatrix(beta.value,u.value,sampledata,zmatrix$z)
u.value<-getRandomeffect(D,R,zmatrix$z,eMatrix)
while (sum(abs(u.value-u0))>0.0000001) { u0<-u.value

zmatrix<-getdesignMatrix(beta.value, u.value, sampledata)
eMatrix<-geteMatrix(beta.value,u.value,sampledata,zmatrix$z)
u.value<-getRandomeffect(D,R,zmatrix$z,eMatrix) }

return(u.value)}
getRmatrix<-function(sampledata,var.err,var.power = 0){

if (var.power == 0){
Rmatrix<-var.err*diag(rep(1,nrow(sampledata)))

} else {
temp<-sampledata$LHˆ(2*var.power)
Gmatrix<-diag(temp,nrow = length(temp))
Rmatrix<-var.err*sqrt(Gmatrix)%*%diag(rep(1,nrow(sampledata)))%*%sqrt(Gmatrix)

}
return(Rmatrix)}

getdesignMatrix<-function(beta.value,u.value,sampledata){
b1<-beta.value[1]
b2<-beta.value[2]
b3<-beta.value[3]
b4<-beta.value[4]
u1<-u.value[1]
u2<-u.value[2]
u3<-u.value[3]
LH<-sampledata$LH
CPA<-sampledata$CPA
CD<-sampledata$CD
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z1<-exp(-(b2+u2)*LH-(b3+u3)*CPA-b4*CD)
z2<-(b1+u1)*(-LH)*exp(-(b2+u2)*LH-(b3+u3)*CPA-b4*CD)
z3<-(b1+u1)*(-CPA)*exp(-(b2+u2)*LH-(b3+u3)*CPA-b4*CD)
z<-cbind(z1,z2,z3)
return(list(z=z))}

geteMatrix<-function(beta.value,u.value,sampledata,zmatrix){
b1<-beta.value[1]
b2<-beta.value[2]
b3<-beta.value[3]
b4<-beta.value[4]
u1<-u.value[1]
u2<-u.value[2]
u3<-u.value[3]
DBH<-sampledata$DBH
LH<-sampledata$LH## get the predictor from the sampledata
CPA<-sampledata$CPA
CD<-sampledata$CD
e<-DBH-(b1+u1)*exp(-(b2+u2)*LH-(b3+u3)*CPA-b4*CD)
e<-matrix(e)
e<-e+zmatrix%*%u.value
return(e)}

getRandomeffect<-function(D,R,zmatrix,eMatrix){
covMatrix<-solve(zmatrix%*%D%*%t(zmatrix)+R)
Randomeffect<-D%*%t(zmatrix)%*%covMatrix%*%eMatrix
return(Randomeffect)}

#—————–predict for one plot
predict_DBH<-function(data,sampledata,objectnlme){

beta.value<-fixed.effects(objectnlme)
b1<-beta.value[1]
b2<-beta.value[2]
b3<-beta.value[3]
b4<-beta.value[4]
var<-VarCorr(objectnlme)

D<-matrix(c(as.numeric(var[1,1]),as.numeric(var[1,2])*as.numeric(var[2,2])*as.numeric(var[2,3]),as.numeric(var[1,2])*as.numeric(var[3,2])*as.numeric(var[3,3]),
as.numeric(var[1,2])*as.numeric(var[2,2])*as.numeric(var[2,3]),as.numeric(var[2,1]),as.numeric(var[2,2])*as.numeric(var[3,2])*as.numeric(var[3,4]),
as.numeric(var[1,2])*as.numeric(var[3,2])*as.numeric(var[3,3]),as.numeric(var[2,2])*as.numeric(var[3,2])*as.numeric(var[3,4]),as.numeric(var[3,1])),nrow=3,ncol=3)

var.err<-as.numeric(var[4,1])
var.power<-objectnlme$modelStruct$varStruct[1]
u.value<-Mainfunction(sampledata,beta.value,var.err,D,var.power)
u1<-u.value[1]
u2<-u.value[2]
u3<-u.value[3]
DBH<-data$DBH
LH<-data$LH
CPA<-data$CPA
CD<-data$CD
data$pre1<-(b1+u1)*exp(-(b2+u2)*LH-(b3+u3)*CPA-b4*CD)
data$pre0<-b1*exp(-b2*LH-b3*CPA-b4*CD)
return(list(data=data,uvalue=u.value))

}
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#——–Evalation for random sample
Evalation_sample<-function(data,n_sample,n_rep,nlmeobject,type){

Evalation_value<-list()
Pre_value<-data.frame()
if(type=="random_all"){

for (i in 1:n_rep) {
Temp<-sample_n(data,n_sample)
data_pre_value<-predict_DBH(data,Temp,nlmeobject)
Pre_value<-bind_rows(Pre_value,select(data_pre_value[[1]],DBH,pre1,pre0))

}
} else if(type=="random_max"){

data_max<-filter(data,DBH >= unname(quantile(DBH,0.8)))
if (n_sample < nrow(data_max)) {

for (i in 1:n_rep) {
Temp<-sample_n(data_max,n_sample)
data_pre_value<-predict_DBH(data,Temp,nlmeobject)
Pre_value<-bind_rows(Pre_value,select(data_pre_value[[1]],DBH,pre1,pre0))

}
} else {

Temp<-arrange(data,desc(DBH))[1:n_sample,]
data_pre_value<-predict_DBH(data,Temp,nlmeobject)
Pre_value<-select(data_pre_value[[1]],DBH,pre1,pre0)

}
} else if(type=="random_min"){

data_min<-filter(data,DBH <= unname(quantile(DBH,0.2)))
if (n_sample < nrow(data_min)) {

for (i in 1:n_rep) {
Temp<-sample_n(data_min,n_sample)
data_pre_value<-predict_DBH(data,Temp,nlmeobject)
Pre_value<-bind_rows(Pre_value,select(data_pre_value[[1]],DBH,pre1,pre0))

}
} else {

Temp<-arrange(data,DBH)[1:n_sample,]
data_pre_value<-predict_DBH(data,Temp,nlmeobject)
Pre_value<-select(data_pre_value[[1]],DBH,pre1,pre0)

}
} else if(type=="random_median"){

data_median<-filter(data,DBH >= unname(quantile(DBH,0.4)) & DBH <=

unname(quantile(DBH,0.6)))
if (n_sample < nrow(data_median)) {

for (i in 1:n_rep) {
Temp<-sample_n(data_median,n_sample)
data_pre_value<-predict_DBH(data,Temp,nlmeobject)
Pre_value<-bind_rows(Pre_value,select(data_pre_value[[1]],DBH,pre1,pre0))

}
} else {

Temp<-data_median
data_pre_value<-predict_DBH(data,Temp,nlmeobject)
Pre_value<-select(data_pre_value[[1]],DBH,pre1,pre0)

}
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} else if(type=="max_all"){
Temp<-arrange(data,desc(DBH))[1:n_sample,]
data_pre_value<-predict_DBH(data,Temp,nlmeobject)
Pre_value<-select(data_pre_value[[1]],DBH,pre1,pre0)

} else if(type=="min_all"){
Temp<-arrange(data,DBH)[1:n_sample,]
data_pre_value<-predict_DBH(data,Temp,nlmeobject)
re_value<-select(data_pre_value[[1]],DBH,pre1,pre0)

} else {warnings("Type is wrong!")}
Evalation_value[[1]]<- DBH_FittingEvaluationIndex(Pre_value$pre1,Pre_value$DBH)
Evalation_value[[2]]<- DBH_FittingEvaluationIndex(Pre_value$pre0,Pre_value$DBH)

return(list(Evalation_random=Evalation_value[[1]],Evalation_fixed=Evalation_value[[2]]))
}
LOOCV_nlme<-function (Data,n_sample,n_rep,type){

N<-nlevels(factor(Data$plot))## the number of sample plot
plot_fail<-data.frame()
Evalation_mean<-list(prePlot=list(),prePA=list())
Evalation_Index<-list()
for (i in 1:N){

Temp1<-subset(Data,Data$plot!=levels(factor(Data$plot))[i])
Temp2<-subset(Data,Data$plot==levels(factor(Data$plot))[i])
try<-try(DBHnlme<-nlme(DBH~a1*exp(-a2*LH-a3*CPA-a4*CD),

data=Temp1,fixed=list(a1+a2+a3+a4~1),
random=list(Plot1=(a1+a2+a3~1)),start=c(a1=15,a2=-0.1,a3=-0.04,a4=0.8),weights=varPower(form=~LH)), TRUE)

if (any(class(try)=="try-error" )){
plot_value<-data.frame(plot=levels(factor(Data$plot))[i])
plot_fail<-bind_rows(plot_fail,plot_value)

Evalation<-list(Evalation_random=data.frame(pe=NA,RMSE=NA,rRMSE=NA,R2=NA,Var=NA,TRE=NA),
Evalation_fixed=data.frame(pe=NA,RMSE=NA,rRMSE=NA,R2=NA,Var=NA,TRE=NA))

}else{
Evalation<-Evalation_sample(Temp2,n_sample,n_rep,DBHnlme,type)}

for (j in 1:2) {
Evalation_mean[[j]]<-bind_rows(Evalation_mean[[j]],Evalation[[j]])

}
}
for (j in 1:2) {

Evalation_Index[[j]]<-summarise_all(Evalation_mean[[j]],mean,na.rm = TRUE)
}
Evalation_Index<-bind_rows(Evalation_Index)

return(list(Evalation_random=Evalation_mean[[1]],Evalation_fixed=Evalation_mean[[2]],Evalation_Index=Evalation_Index,plot_fail=plot_fail))}
#———————-output result
type_all<-c("random_all","random_max","random_min","random_median","max_all","min_all")
for (type in type_all) {

Indexhe<-list(prePlot=list(),prePA=list())
for (i in 1:10) {

Predict_value<-LOOCV_nlme(GX_method2,i,100,type)
lujing<-paste0(type,i,"predict result.xlsx")
write.xlsx(Predict_value,lujing)
Index1<-Predict_value[[3]][1,]
Index1$sample<-i
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Index0<-Predict_value[[3]][2,]
Index0$sample<-i
Indexhe[[1]]<-bind_rows(Indexhe[[1]],Index1)
Indexhe[[2]]<-bind_rows(Indexhe[[2]],Index0)

}
write.xlsx(Indexhe,paste0(type,"predict result for n trees.xlsx"))

}
#plot of leave one out cross validation
par(mfrow=c(1,2),mar=c(4.5,4.5,1,1))
colset<-c("gray0","blue","red","gold","green4","darkred")
DrawFigure<-function(Data){

y_min<-min(Data$RMSE)
y_max<-max(Data$RMSE)
type1<-unique(Data$type)
Tdata<-subset(Data,type==type1[1])
plot(Tdata$number,Tdata$RMSE,xlab="Number of trees",ylab="Root mean square error(m)",

ylim=c(y_min-0.065,y_max),cex=1.5,cex.lab=1.2,cex.axis=1.0,"p",col=colset[1],pch=19,bg=colset[j])
axis(1,1:10, 1:10)

lines(Tdata$number,Tdata$RMSE,col=colset[1],lwd=2)
j<-2
for (i in type1[2:length(type1)]){

Tdata<-subset(Data,type==i)
if(j<=4){

points(Tdata$number,Tdata$RMSE,cex=1.5,"p",col=colset[j],pch=19+j,bg=colset[j])
lines(Tdata$number,Tdata$RMSE,col=colset[j],lwd=2)

} else {
lines(Tdata$number,Tdata$RMSE,col=colset[j],lwd=2)

}
j<-j+1

}
legend("bottom", legend=c("random","medium","largest","smallest","M

response","OLS"),pch=c(19,21:23,26,27),col=colset,
text.width=2,pt.bg=colset,pt.cex=1.5,x.intersp = 0.5,y.intersp =

0.8,lty=1,lwd=2,bty="n",cex=1.0,ncol = 2,seg.len = 1)
}
DrawFigure(data1)
DrawFigure<-function(Data){

y_min<-min(Data$TRE)
y_max<-max(Data$TRE)
type1<-unique(data1$type)
Tdata<-subset(Data,type==type1[1])
plot(Tdata$number,Tdata$TRE,xlab="Number of trees",ylab="Total relative error",

ylim=c(y_min-0.5,y_max),cex=1.5,cex.lab=1.2,cex.axis=1.0,"p",col=1,pch=19,bg=colset[j])
axis(1,1:10, 1:10)
lines(Tdata$number,Tdata$TRE,col=1,lwd=2)
j<-2
for (i in type1[2:length(type1)]){

Tdata<-subset(Data,type==i)
if(j<=4){

points(Tdata$number,Tdata$TRE,cex=1.5,"p",col=colset[j],pch=19+j,bg=colset[j])
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lines(Tdata$number,Tdata$TRE,col=colset[j],lwd=2)
} else {

lines(Tdata$number,Tdata$TRE,col=colset[j],lwd=2)
}
j<-j+1

}
legend("bottom", legend=c("random","medium","largest","smallest","M

response","OLS"),pch=c(19,21:23,26,27),col=colset,
text.width = 2,pt.bg=colset,pt.cex=1.5,x.intersp = 0.5,y.intersp =

0.8,lty=1,lwd=2,bty="n",cex=1.0,ncol = 2,seg.len = 1)
}
DrawFigure(data1)
#——AGB computer
GX_method2$stem<-0.0478*(GX_method2$DBHˆ2*GX_method2$H0)ˆ0.8665
GX_method2$branch<-0.0061*(GX_method2$DBHˆ2*GX_method2$H0)ˆ0.8905
GX_method2$foliage<-0.2650*(GX_method2$DBHˆ2*GX_method2$H0)ˆ0.4701
GX_method2$fruit<-0.0342*(GX_method2$DBHˆ2*GX_method2$H0)ˆ0.5779
GX_method2$AGB<-GX_method2$stem+GX_method2$branch+GX_method2$foliage+GX_method2$fruit
GX_method2$AGBjisuan<-0.0478*(data1$DBHEˆ2*data1$H0)ˆ0.8665+0.0061*(data1$DBHEˆ2*data1$H0)ˆ0.8905+

0.2650*(data1$DBHEˆ2*data1$H0)ˆ0.4701+0.0342*(data1$DBHEˆ2*data1$H0)ˆ0.5779
data1<- GX_method2
data1$treeNO<-1:nrow(data1)
data2<-melt(data1,

id.vars = c("plot","Plot1","Obs","treeNO"),#需要保留不参与聚合的变量,
measure.vars = c("AGB","AGBjisuan"),#用于聚合的变量,
variable.name="type",
value.name="value")

cor(data1$AGB,data1$AGBjisuan)
colset<-c("gray0","red","blue","gold","green4","darkred")
par(mfrow=c(1,1),mar=c(4.5,5.5,1,1))
DrawFigure<-function(Data){

y_min<-min(Data$value)
y_max<-max(Data$value)
type1<-unique(Data$type)
Tdata<-subset(Data,type==type1[1])
plot(Tdata$treeNO,Tdata$value,xlab="Subject trees",ylab=expression(paste("AGB(",kg,"/",hmˆ2,")",sep

= "")),
xlim=c(0,405),ylim=c(y_min,y_max),cex=1,cex.lab=2.0,cex.axis=1.5,"p",col=colset[1],pch=19,bg=colset[1])

lines(Tdata$treeNO,Tdata$value,col=colset[1],lwd=2)
j<-2
for (i in type1[2:length(type1)]){

Tdata<-subset(Data,type==i)
a<-j
points(Tdata$treeNO,Tdata$value,cex=1,"p",col=colset[j],pch=19+j,bg=colset[j])
lines(Tdata$treeNO,Tdata$value,col=colset[j],lwd=2)
j<-j+1

}
#text(50,850,"correlation = 0.8883")
legend("topleft", legend=c("AGB obtained from observed DBH","AGB obtained from estimated

DBH"),pch=c(19,21),col=colset,pt.bg=colset,
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y.intersp = 1.0,bty="n",cex=1,lty = 1,lwd = 2,inset = c(0.05,0))
}
DrawFigure(data2)

Table A1. Assessment of the nonlinear mixed-effects diameter at breast height model (18) with different
variance functions (CPA, crown projection area (m2); LH, LiDAR derived tree height (m); AIC, Akaike’s
information criterion; LL, log-likelihood; LR, likelihood ratio; EF, exponential function – Equation (13);
PF, power function – Equation (14); CPF, constant plus power function – Equation (15); and variance
function 1 meant that the variances were homogeneous).

Variance CPA LH

Function AIC −2LL LR p value AIC −2LL LR p value
1 2382 −1180 2382 −1180

PF 2363 −1169 21.56 <0.0001 2360 −1168 24.42 <0.0001
EF 2366 −1171 18.39 <0.0001 2361 −1169 22.87 <0.0001

CPF 2365 −1169 21.55 <0.0001 2362 −1168 24.42 <0.0001
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