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Abstract: Among various ways to eliminate the multipath effect in high-precision global navigation
satellite system positioning, the multipath hemispherical map (MHM) is a typical multipath correction
method based on spatial domain repeatability, which is suitable for not only static environments,
but also some dynamic carriers, such as ships and aircraft. So, it has notable advantages and is widely
used. The MHM method divides the sky into grids according to the azimuth and elevation angles of
satellite, and calculates the average of the residuals within the grid points as its multipath calibration
value. It is easy to implement, but it will inevitably lead to excessive or insufficient multipath
correction in the grid. The trend surface analysis-based multipath hemispherical map (T-MHM)
method makes up for this deficiency by performing trend surface analysis on the multipath spatial
changes within the grid points. However, the effectiveness of T-MHM is limited and less capable of
resisting noise interference due to the multicollinearity between the independent variables caused by
the special spatial distribution of multipath sampling and the overfitting problem caused by ignoring
the multipath anisotropy. Thus, we proposed an improved multipath elimination method named
AT-MHM (advanced trend surface analysis-based multipath hemispherical model), which cautiously
judges the occurrence of the above problems and gives corresponding solutions. This was extended
to double-difference mode, which expands the scope of application. The performance of AT-MHM in
GPS pseudorange multipath mitigation was verified on geodetic receiver and low-cost receiver in a
strong multipath environment with high occlusion.

Keywords: advanced trend surface analysis; multipath hemispherical map; multipath mitigation;
GNSS

1. Introduction

Multipath error is one of the key unresolved errors in global navigation satellite system (GNSS)
positioning, as it is difficult to parameterize and cannot be eliminated by differential technology.
At present, the methods to suppress multipath error are mainly divided into hardware-based and
software-based. The hardware-based method includes improvements of the antenna and receiver.
The antenna improvement methods mainly include the patch elements placed on choke rings [1],
the multipath estimating delay-locked loop [2,3] and a “narrow correlator” delay-locked loop [4],
which can only partially eliminate multipath error. Antenna-related improvements also include
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array antennas [5–10] and dual-polarized antenna techniques [11–13]. The above methods effectively
suppress the multipath effect, but increase the hardware cost.

There are four types of data processing methods. The first category makes use of the correlation
between the carrier to noise power density ratio (C/N0) and multipath error to reduce the error of the
multipath positioning results according to the observed value of C/N0 [14]. However, the attenuation
of the direct signal may lead to the decrease in C/N0, and the reflected signal strength of glass, metal,
and wet surfaces may be equivalent to that of the direct signal [15]. The second category is based on a
time series analysis. Zhong et al., Satirapod et al., and others used the Vondrak filter, empirical mode
decomposition (EMD), and wavelet analysis to construct multipath mitigation models [16–18]. This type
of method separates the multipath error from the residual time series and performs post-processing
corrections on the same observation sequence, which is inconvenient to realize the real-time calculation
and correction of the multipath effect.

The third category method is based on the repetitive period of satellite constellation distribution
in time domain, including sidereal filtering (SF) [19], modified sidereal filtering (MSF) [20–23] and
Advanced Sidereal filtering (ASF) [24–27]. This type of method calculates the precise repeat periods
of satellite orbits. In addition, it is only suitable for static environments and is difficult to extend
to dynamic environments. The fourth category is modeling based on multipath spatial domain
repeatability. As long as the primary multipath environment between the antenna and its carrier does
not change, the multipath error is only related to the elevation and azimuth angle of the satellite, and
irrelevant to which satellite. Based on this feature, the application of multipath mitigation can be
extended from static scenes to dynamic scenes (such as ships and aircrafts) with an unchanged primary
multipath environment.

There are several ideas in multipath modeling based on spatial domain repeatability.
Cohen constructed a 12th spherical harmonic model to fit the multipath error [28]. This method is
equivalent to the revolution of a 30◦ × 30◦ grid size. However, to meet the positioning accuracy
requirements, it is typically necessary to use a fine mesh (such as 1◦ × 1◦). Due to the high computational
complexity of high-order spherical harmonic model, some studies divided the sky into grids according
to the equal angle interval [29] or equal area [30] and then calculated the mean value of the residual
error within the grid points as its multipath.

This type of method is simple to implement and has low complexity; however, the spatial
distribution of the multipath inside the grid is ignored, which leads to a better correction effect for
a low-frequency multipath and limited modification for a high-frequency multipath [29]. To solve
this problem, Wang et al. established a trend surface analysis-based multipath hemispherical
model (T-MHM), which uses the trend surface polynomials of different orders to simulate the
variation of multipaths in grids and to realize the reduction in both low-frequency and high-frequency
multipaths [31]. This method provides in-depth modeling within MHM grids. By combining the
statistical method of spatial analysis with the time–space repeatability of multipaths, this method can
be more capable for a complex multipath environment.

However, some weaknesses that affect the trend surface analysis should be investigated and
further remedied. First, when there is only one satellite trajectory in the grid, the multicollinearity
problem exists among the regression independent parameters, which leads to the singularity of the
equation. The least squares solution obtained in this case may be close to ill-conditioned; thus,
it is necessary to be cautious in the substantial interpretation of the multipath spatial pattern [32].
Second, multipath errors are closely related to the environment. Therefore, the multipath errors may
exhibit strong spatial anisotropy even within a certain grid, which is modeled by a few skew paths of
satellites in T-MHM fitting, where the elevation and azimuth parameters are always given the same
weights. Such a treatment may fit part of the noise or other interference, causing overfitting.

Based on the above analysis, an improved method named advanced trend surface analysis-based
multipath hemispherical model (AT-MHM) was proposed to remedy the weakness in the application
of T-MHM and enhance the anti-interference capability. In order to be adaptable for more general
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applications, AT-MHM adopts the “Zero Mean” method to obtain single-difference multipath values
through double-difference residual conversion [33]. We verified the performance of pseudorange
multipath correction for the geodetic receiver in a strong multipath environment and discussed the
feasibility of multipath correction for low-cost equipment.

In the following sections, we first introduce the modeling process of AT-MHM. Then, the key factors
affecting the effectiveness of the trend surface analysis results are discussed, detailed data examples
and analysis are listed, and AT-MHM solutions are given for these drawbacks. In Sections 3 and 4,
the experimental settings and data processing results of both geodetic receiver and low-cost receiver
are introduced and discussed. The last section concludes with a summary.

2. Methodology of AT-MHM

AT-MHM is established on the basis of the T-MHM method, and its modeling process is as shown
in Figure 1. First, we solve the baseline solution and extract the multipath error from the double
difference residuals as the input for the next modeling step. Second, we define the grids for the
proposed model by azimuth and elevation angles and conduct the advanced trend surface analysis for
all converted single-difference observable residuals residing in this lattice, which will be described in
detail in Section 2.3. Finally, we choose the appropriate model based on the statistical criteria and store
the proper set of multipath correction coefficients or the average value of the multipath. The steps
shown in the blue box in the Figure 1 are the improvements in AT-MHM compared with T-MHM.

Figure 1. Flow chart of advanced trend surface analysis-based multipath hemispherical model
(AT-MHM) construction.
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All the above steps are programmed in the software RPAD (realtime position and attitude
determination) independently developed by our team. While implementing multipath correction
using the AT-MHM, the required correction table will be loaded. For an epoch, we first calculate
the satellite’s azimuth and elevation, query the corresponding grid points of the correction table to
obtain the trend surface coefficients, and then substitute the satellite angle to calculate the multipath
estimation value, and finally deduct it from the double-difference observation minus calculation value.
In the following sections, we mainly introduce the details of key modeling steps of AT-MHM.

2.1. Extract the Multipath Error from Short Baseline Double-Difference Residuals

Let ρi
U, ρ j

U be the GPS L1 pseudorange observations of satellite i, j received by receiver U,

and ρi
R, ρ j

R be the observations of satellite i, j received by receiver R. The single-difference observation
equation can be expressed as:

∆ρi
UR = ρi

U − ρ
i
R (1)

∆ρ j
UR = ρ

j
U − ρ

j
R. (2)

Then, the double-difference observation equation can be expressed as:

∆ρi j
UR = ∆ρi

UR − ∆ρ j
UR = ∇∆Ri j

UR + ε. (3)

where ∇∆Ri j
UR is the double-difference satellite-receiver distance corresponding to receiver U and

receiver R, and satellite i and satellite j. Short baseline double-difference effectively eliminates the
atmospheric error, ionosphere, orbital errors, and the clock offset of both the satellite and receiver.
For an epoch, the position parameters were estimated by least square algorithm. When the coordinates
of the rover and the base station are known or have a reliable solution, ∇∆Ri j

UR in the equation can
be determined and fixed. Then, the residual ε can be considered mainly as the double-difference
multipath error plus the observation noise. As the AT-MHM method is also based on the spatial
repeatability of the multipath, it is necessary to establish the relationship between the multipath and
the satellite elevation and azimuth. Therefore, the double-difference multipath value cannot be used
directly, and it must be converted into a single-difference residual value.

Here, we adopt the “zero mean” assumption [24,33] and express the double-difference multipath
value Mi j

UR as the product of a matrix and single-difference Mi
ur seen as Equation (4).
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(4)

Assuming that n shared satellites were received by two stations at this epoch, the satellite j with the
highest elevation angle was selected as the reference satellite. Then, wi as calculated by the reciprocal
of the elevation angle of satellite i, and let

∑
wiMi

ur = 0. The single-difference multipath value Mi
ur can

be obtained by matrix inversion. The method of converting double-difference to single-difference was
originally used to study the atmospheric water component, and later Zhong et al. used it to model the
filtering residuals of the sidereal day.
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2.2. Overview of the T-MHM Method

The mathematical equations used to calculate the trend surface include polynomial functions and
Fourier series. T-MHM utilizes commonly used polynomial functions, which are expressed as

m̂i(a, e) = b0 + b1ai + b2ei (5)

m̂i(a, e) = b0 + b1ai + b2ei + b3ai
2 + b3aiei + b5ei

2 (6)

m̂i(a, e) = b0 + b1ai + b2ei + b3ai
2 + b3aiei + b5ei

2 + b6ai
2ei + b7aiei

2 + b8ai
3 + b9ei

3. (7)

Equations (5)–(7) are the formulas for the linear, quadratic, and cubic trend surfaces, respectively,
where m̂i represents the multipath estimation value at the residual point with azimuth angle ai and
elevation angle ei, a and e represent the integer index of the sky grid (a, e). For example, when the model
utilizes D◦ ×D◦ resolution, there are a total of (360/D) × (90/D) grids, and the grid (a, e) contains
all residual points of satellite azimuth falling in interval [(a− 1) ∗D, a ∗D) and elevation falling in
interval [(e− 1) ∗D, e ∗D).

The trend surface formula of the T-MHM method can be expressed in matrix form, as shown in
Equations (8) and (9).

1 a1

1 a2

e1 . . .
e2 . . .

a1er−1
1 er

1
a2er−1

2 er
2

...
...

1 an

...
. . .

en . . .

...
...
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n er
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...
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 (8)
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, B =


b1

b2
...

bp

, M =


m1

m2
...

mn

 (9)

B = argmin‖NB−M‖ =
(
NTN

)−1
NTM (10)

where n is the total number of sample points within the grid, mi is the multipath error (converted
single-difference residual) assigned to the grid (a, e), r represents the fitting order of the trend surface
model, and p represents the number of trend surface coefficients. The conventional least squares
unbiased estimation of trend surface coefficients b0, b1, . . . can be obtained using Equation (10).
Then, through the goodness of fit test and significance tests, a suitable trend surface was selected from
linear, quadratic, and cubic trend surface fittings. When the goodness of fit test result is less than 0.3 or
significance test fails, that fitting result will not be adopted. If both the lower and higher order trend
surface fitting can satisfy the conditions, successive significance test is essential to confirm whether
progressively higher order is meaningful [34]. In two cases, the average of residuals will be used as the
multipath correction value. One case is that all the fitting results fail the statistical tests, and the other
is when the number of residual points in the grid is less than a certain amount, for example, we set
a minimum of 24 by trial. The related equations of the goodness of fit test and significance tests are
given in Table 1.

2.3. Improvements in AT-MHM

The T-MHM method adopts the method of fitting the trend surface and considers the spatial
position relationship between points and the spatial trend change of the multipath, which has been
verified to be effective for multipath mitigation in both low and high frequency bands. However,
in practical application, we found that the trend surface fitting formula may not adapt properly to
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some situations. In this section, the constraint methods and improvements adopted by AT-MHM
are introduced.

Table 1. Statistical tests of trend surface analysis.

Statistic Tests Equations Detailed Notes

Goodness of fit R2 =
∑n

i=1(m̂i−m̂)
2∑n

i=1(mi−m)2
mi—observable residuals
m̂i—estimated multipath value
m—the mean of residuals
m̂i—the mean of estimations
n—the total number of
observations
SSD—the residual square sum
p, q—the degrees of freedom of
trend surfaces of order K and K+1

Significance test
SSD =

n∑
i=1

(mi −m)2
−

n∑
i=1

(
m̂i − m̂

)2

F =
∑n

i=1(m̂i−m̂)
2
/(p−1)

SSD/(n−p)
F ∼ F(p− 1, n− p)

Successive significance test FK→K+1 =
(SSK+1

D −SSK
D)/(q−p)

SSK+1
D /(n−q)

FK→K+1 ∼ F(q− p, n− q)

2.3.1. Identification and Solution of the Multicollinearity Problem

To meet the requirements of positioning accuracy, we typically divided the sky into grids of
appropriate scale when establishing the multipath correction model. Figure 2a shows the multipath
skymap obtained from static observations. We see that, even if many intersection points of satellite
orbits exist, there are many grids (1◦ × 1◦ resolution) with only one track passing through (Figure 2b).
As the trajectory is approximate to a straight line, the parameters are highly linear correlated in
numerical value, resulting in the ill-conditioned fitting trend surface, seen as Figure 2c. The trend of
the fitted plane in the direction orthogonal to the trajectory is nearly singular, which leads to a large
uncertainty of trend in this direction and weak resistance to noise perturbation. Even the result of this
trend surface fitting has a high goodness of fit as the small disturbances in data space due to system
noises tend to cause large fluctuations in the results of model space. Hence, trend surface analysis
should be cautiously performed to interpret the spatial pattern of multipaths of a single-trajectory grid.

Figure 2. Spatial distribution of the multipath value in a single-trajectory grid (35, 317). (a) Sky plot of
satellite trajectories. (b) Projection of the multipath value in grid (35, 317) on the plane of elevation
and azimuth. (c) trend surface analysis-based multipath hemispherical model (T-MHM) linear trend
surface fitting of grid (35, 317).
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The methods to judge and eliminate multicollinearity include increasing the sample size,
eliminating the collinearity parameters, and ridge regression. Boots et al. and Wheeler et al.
utilized the linear combination of eigenvectors of other parameters to eliminate one of the collinear
parameters [32,35]. Similarly, AT-MHM adopts the constrained least squares fitting method, as shown
in Equation (11), in which the parameters k and l can be obtained by linear fit to ai and ei. If the R2

(seen in Table 1) of equation ai = k · ei + l is greater than 0.9, then it is almost certain that this grid
satisfies the case of multicollinearity. This is also a fast way to judge this situation without storing
satellite numbers. 

(
NTN

)
B−NTM = 0

ai = k · ei + l
. (11)

We replace one of the parameters by the linear combination fitted in Equation (11). The constrained
variable matrix N′ is shown in Equation (12). Then, the constrained estimation of trend surface
coefficients is obtained with Equation (13).

N′ =


1 k · e1 + l
1 k · e2 + l

e1 . . .
e2 . . .

(k · e1 + l)er−1
1 er

1
(k · e2 + l)er−1

2 er
2

...
...

1 k · en + l

...
. . .

en . . .

...
...

(k · en + l)er−1
n er

n

 (12)

B̂ =
(
N
′TN′

)−1
N
′TM. (13)

Finally, the estimated value m̂ is calculated for the statistical test of the current model, shown as
Equation (14), where the N is the observed variable matrix in Equation (9).

m̂ = NB̂. (14)

To show the difference between the constrained least squares fitting and the original T-MHM
method, the grid (35, 317) is still taken as an example. The statistical test results of the linear and
quadratic fitting trend surface of AT-MHM are shown in Table 2. The constrained linear and quadratic
fitting results both passed the significance test, in which the goodness of fit of linear model relative to
T-MHM is reduced a little. The two fitting surfaces are displayed in Figure 3, where (a) and (c) are the
linear and quadratic trend surface under constraints, respectively.

Compared with Figure 2c, we see that the fitting surfaces of the constrained method are quite
different in areas lacking data (Figure 3a,c). Then, we take the multipath errors in the same grid of
the next day as the target, written as mt, and estimate the correction value from two models, which is
expressed as m̂. The differences between mt and m̂ are shown in Figure 3b,d. From the results of the
statistical test and actual mitigation, the goodness of fit and correction effect of quadratic trend surface
fitting were much better. According to the conclusion of Wang et al. [31], it is unnecessary to consider
cubic trend surface fitting for the grid points with a resolution of 1

◦

× 1
◦

.

Table 2. Statistical tests of constrained linear and quadratic fitting of the trend surfaces of grid (35, 317).

Trend Surface Model R2 Significance Successive Significance Test

Constrained Linear 0.76 F1 > F0.05(2, 148)
Constrained Quadratic 0.95 F2 > F0.05(5, 145) F21 > F0.05(3, 145)
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Figure 3. Constrained trend surface fitting results of grid (35, 317). (a) Linear trend surface fitting with
constraints. (b) Residual plot of target multipath value mt minus constrained linear fitting trend surface
fitting m̂. (c) Quadratic trend surface fitting with constraints. (d) Residual plot of target multipath
value minus constrained quadratic trend surface fitting. X, Y-axis unit: degree, Z-axis unit: meter.

2.3.2. Identification and Solution of the Anisotropic Problem

The nature of a multipath is closely related to the environment; therefore, the variation characteristics
of the multipath error in the azimuth and elevation parameters are likely different to reflect the spatial
anisotropy. In the expression of the trend surface model, the linear term contributes to the trend of the
data, while quadratic or high-order terms fit local non-linear variations. In the application of multipath
correction, proper quadratic or high-order terms in the elevation and azimuth directions, respectively,
should be chosen to model multipath anisotropy and to avoid over fitting. Then, by analyzing the
co-correlation among the multipath, elevation, and azimuth, AT-MHM determines which parameter in
this grid has a greater impact on the multipath variation. The Pearson correlation coefficient (PCC) is
adopted as the criterion, and its calculation is shown as Equation (15) [36].

ρ(A, B) =
1

n− 1

n∑
i=1

(
Ai −A
σA

)(
Bi − B
σB

)
(15)

where n is the number of sample points within the grid; A, B, and σA, σB are the mean values and
the standard deviations, respectively, of A, B. When the absolute value of PCC is 0.8–1.0, the two
variables are highly correlated, 0.6–0.8 are a strong correlation, 0.4–0.6 are a moderate correlation,
0.2–0.4 are a weak correlation, and finally 0.0–0.2 are an extremely weak correlation or no correlation.
When considering the quadratic trend surface fitting, T-MHM uses the same highest power for
parameters ai and ei, as shown in Equation (6). While AT-MHM adopts quadratic term for the
parameter which has greater correlation with multipath variation, and only linear term is used for
the other parameter. Therefore, there are two quadratic trend surface fitting forms of AT-MHM,
which correspond to the higher correlation between azimuth and multipath and the higher correlation
between elevation and multipath, as shown in formula 16.{

QA : m̂ = b00 + b10ai + b01ei + b20ai
2 + b11aiei

QE : m̂ = b00 + b10ei + b01ai + b20ei
2 + b11aiei

. (16)

The above two forms are named QE and QA, respectively. Next, we use two examples to prove
the necessity and effectiveness of using different forms of quadratic trend surface fitting formulas
for different multipath anisotropy performance. For each example, we will fit the linear, T-MHM
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quadratic, QA and QE trend surfaces respectively, and compare the statistical test results and the actual
multi-path correction effect of these four models.

Case 1

The first example shows the grid type suitable for selecting the QE trend surface. The grid (30,
313) is shown in Figure 4. In order to intuitively show the variation of the multipath error in space,
we use different colors in a 2D heat map to represent the value at the corresponding positions. From
the color change and PCC results, the multipath error clearly varies with the elevation in this grid.

Figure 4. The multipath error varies closely with the elevation in grid (30, 313). (a) Correlation between
the elevation and multipath. (b) Correlation between the azimuth and multipath. X-axis unit: degree,
Y-axis unit: meter. Pearson correlation coefficient (PCC).

We used the data of the previous day to construct linear, quadratic, QA, and QE models to correct
the same grid point of the next day and to observe the change of residuals after multipath correction.
The statistical test results of four models are given in Table 3. The models of the previous day all show
very strong trend patterns. The goodness of fit of the quadratic, QA, and QE trend surface models are
only different from the third decimal place, in which the quadratic trend surface obtained the highest
score. Next, we will test the performance of these models for the next day. The results of the multipath
reduction are shown in Figure 5. We first noticed that the linear trend surface and the QE trend surface
achieved better correction effects followed by the QA trend surface, while the quadratic trend surface
with the highest goodness of fit introduced larger errors in local areas.

The satellite data in the modeling day were sometimes less than in the corrected day, which may
be due to the short observation time, signal blocking, satellite orbit adjustment, and other causes.
The results of the fitting surface and residual plot in Figure 5c,d show that quadratic trend surface
model overestimated the areas lacking data and caused large errors. In addition, the results of the QA
trend surface model also demonstrated that (Figure 5e,f). The QE model was fitted conservatively on
the parameters with less influence, which not only improved the fitting performance compared with
the linear trend surface but also did not appear to over-fit the results of the quadratic trend surface,
thus obtaining the best correction effect (Figure 5g,h).

Table 3. The statistical test results of models constructed from the previous day.

Trend Surface Model R2 Significance Successive Significance Test

Linear 0.92 F1 > F0.05(2, 322)
Quadratic 0.96 F2 > F0.05(5, 319) F21 > F0.05(3, 319)
AT-MHM QA 0.96 FQA > F0.05(4, 320) F21 > F0.05(2, 320)
AT-MHM QE 0.96 FQE > F0.05(4, 320) F21 > F0.05(2, 320)
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Figure 5. The fitting and application results of four trend surface models constructed from the previous
day of grid (30, 313). (a,b) The fitting surface and residual plot after multipath correction of the linear
trend surface model. (c,d) The fitting surface and residual plot after multipath correction of the T-MHM
quadratic trend surface model. (e,f) The fitting surface and residual plot after multipath correction
of the AT-MHM QA trend surface model. (g,h) The fitting surface and residual plot after multipath
correction of the AT-MHM QE trend surface model. X, Y-axis unit: degree, Z-axis unit: meter.

Case 2

Next, the grid type suitable for selecting QA trend surface is illustrated in Figure 6. We also used
the data of the previous day to construct linear, quadratic, QA, and QE models to correct the same grid
points of the next day. The statistical test results of the four models are given in Table 4. The goodness
of fit of the quadratic trend surface, QA, and QE also achieved almost the same results, and they all
passed the successive significance test.

The multipath reduction effects of these models for the next day are shown in Figure 7. The results
of root mean square (RMS) after multipath correction show that the order of correction effectiveness was
QA, QE, linear, and quadratic model. From the four fitting trend surfaces on the left (Figure 7a,c,e,g),
the linear and QA trend surface better reflected the variation of the multipath value with the azimuth,
while the quadratic and QE trend surfaces exhibited poor extension due to a quadratic term in the
elevation parameter.
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Figure 6. The multipath error varies closely with the azimuth in grid (18, 273). (a) Correlation between
the elevation and multipath. (b) Correlation between the azimuth and multipath. X-axis unit: degree,
Y-axis unit: meter.

Figure 7. The fitting and application results of the four trend surface models constructed from the
previous day of grid (18,273). (a,b) The fitting surface and residual plot after multipath correction of
the linear trend surface model. (c,d) The fitting surface and residual plot after multipath correction of
the T-MHM quadratic trend surface model. (e,f) The fitting surface and residual plot after multipath
correction of the AT-MHM QA trend surface model. (g,h) The fitting surface and residual plot after
multipath correction of the AT-MHM QE trend surface model. X, Y-axis unit: degree, Z-axis unit: meter.



Remote Sens. 2020, 12, 3601 12 of 20

Table 4. Statistical test results of four types of fitting trend surfaces of grid (318, 10).

Trend Surface Model R2 Significance Successive Significance Test

Linear 0.73 F1 > F0.05(2, 193)
Quadratic 0.80 F2 > F0.05(5, 190) F21 > F0.05(3, 190)
AT-MHM QA 0.80 FQA > F0.05(4, 191) F21 > F0.05(2, 191)
AT-MHM QE 0.80 FQE > F0.05(4, 191) F21 > F0.05(2, 191)

Both of the above examples illustrate that for a grid with obvious anisotropy, even if the statistical
test was passed, the prediction of subsequent observations may be inaccurate if the high-order terms
are not used properly.

3. Experiment Validations of Geodetic Receiver

A short baseline experiment was conducted from DOY (day of year) 50 to 52, 2019, every day
from 5:00 to 17:00 UTC at the campus of the East China Normal University. Each day the sampling
rate was 1 Hz. The rover station used a Trimble BD982 receiver and was placed on the balcony near
the office window on the fourth floor of the Communication and Electronic Engineering Building
(Left panel of Figure 8). Choosing such a scene can simulate the high shelter of the city environment
and ensure a strong interference multipath error. The base station utilized the Continuously Operating
Reference Station (CORS), as shown in right panel of Figure 8, erected on the roof of the Estuary and
Coast College, approximately 56.7 m away from the rover station. The CORS station used a Trimble R9
receiver, and the sampling frequency was also 1 Hz.

Figure 8. Surrounding environments of the rover station and reference station.

3.1. Multipath Error Assessment of Geodetic Receiver

Before discussing general multipath modeling and correction effects, we evaluated the multipath
error of the geodetic receiver in the environment shown in Figure 8. According to the workflow
introduced in the theory part, we used the data of DOY 50 and took the centimeter level precision
coordinate results calculated by GAMIT as the true value of the rover station, and then solved the
double-difference fixed solution residual of the GPS pseudorange observables. The double-difference
residuals can be considered to have eliminated the common errors, such as the ionosphere and
troposphere, and are mainly composed of multipath errors and random noises.

Then, we used the “Zero Mean” method to obtain the new single-difference residual converted from
the double-difference residual, which is represented by the “ZM single-difference” later. The probability
density histogram is shown in the left panel of Figure 9. We can see that the mean value of the multipath
error value of this experiment was near zero, distributed between −15.32 and 20.77 m, of which 98.5%
of the values fell between −3 and +3 m. We drew the skymap of the ZM single-difference, as shown
in the right panel of Figure 9. The azimuth angle of 90 to 210 degrees was blocked by the building,
and the satellite signal could hardly be received. The larger values of the multipath were distributed in
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the direction of azimuth 30 to 90 degrees and 230 to 320 degrees, which were interfered with by the
reflected signal from the wall.

Figure 9. The probability density histogram(left) and sky map(right) of the multipath error of day of
year (DOY) 50.

3.2. Comparison of MHM, T-MHM, and AT-MHM in Double-Difference Mode for the Geodetic Receiver

Next, we performed two tests to compare the improvement effect of the pseudorange positioning
accuracy of the geodetic receiver after multipath correction using MHM, T-MHM, and AT-MHM.
The first test was to simulate the ideal situation where the spatial repetition rate of multipath effect can
reach 100%. We utilized DOY50 modeling to correct the multipath of itself. The results show that the
AT-MHM model achieved the best results in three directions, and the baseline accuracy was improved
by approximately 45.98%, 58.68%, and 43.93% in the three directions of east, north, and vertical,
respectively (Table 5). Compared with T-MHM, the improvement in the north was more obvious.

Table 5. The root mean square error (RMSE) comparison between solutions of MHM, T-MHM, and
AT-MHM on DOY 50. (Unit: meter).

Direction Uncorrected MHM T-MHM AT-MHM

East 0.883 0.565 0.477 0.477
(30.37%↓) (45.98%↓) (45.98%↓)

North 1.670 1.104 0.821 0.690
(33.89%↓) (50.84%↓) (58.68%↓)

Vertical 1.714 1.150 0.962 0.961
(32.91%↓) (43.87%↓) (43.93%↓)

The east direction (left panel) and north direction (right panel) of the baseline solution are shown
in Figure 10. This demonstrates both the high frequency error and low frequency error, and the
correction effect of MHM (blue) for the low-frequency multipath (7:00–9:00 and 16:00–17:00) was clearly
better than that of the high-frequency error (10:00–11:00, 12:00–13:00, and 13:00–14:00). The results of
T-MHM (green) also improve the high frequency multipath, but also brought some errors. The low
frequency and high frequency multipath correction results of AT-MHM (red) are better than both
MHM and T-MHM. Compared with the uncorrected solutions (gray), the improved epochs of MHM,
T-MHM, and AT-MHM accounted for 70.51%, 75.31%, and 76.02% of the total epochs respectively in
north direction.

The second test was to apply these models to conduct multipath mitigation to the follow-up days.
The correction effects on DOY 51 are displayed in Table 6 and Figure 11. When T-MHM was applied to
another day, due to the problems described in Section 2.3, the fitting model of single-trajectory grids
had weak resistance to noise perturbation and introduced large errors, which is the main reason for the
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results in the Figure 11. In contrast, the accuracy improvement rate of MHM and AT-MHM was stable
at the level close to the ideal situation (Table 5).

Figure 10. The results of the east (left panel) and north (right panel) directions before and after multipath
correction on DOY 50. The color gray in the figure represents the uncorrected baseline solution of DOY
50. X-axis unit: second, Y-axis unit: meter.

Figure 11. The results of the east (left panel) and north (right panel) directions before and after the
multipath correction on DOY51. The color gray in the figure indicates the uncorrected baseline solution
of DOY 51. X-axis unit: second, Y-axis unit: meter.
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Then, we continued to apply the DOY 50 model to DOY 52 multipath correction, and the results
are shown in Table 7. From the perspective of the baseline accuracy improvement ratio, the correction
ratio of MHM was slightly lower than that of DOY 50 and 51. The correction ratio of AT-MHM was
basically stable except for a slight decrease in the north direction, while the overfitting of T-MHM was
more serious. Figure 12 shows the comparison of the results of MHM and AT-MHM (east direction in
the left panel and north direction in the right panel). As shown in the Figure 12, compared to MHM,
the effect of AT-MHM on the high frequency multipath correction was still significant.

Figure 12. The comparison between the MHM and AT-MHM multipath correction results of the east
(left panel) and north (right panel) directions on DOY52. X-axis unit: second, Y-axis unit: meter.

Table 6. The RMSE of the uncorrected and MHM, T-MHM, and AT-MHM corrected solutions on
DOY51. (Unit: meter).

Direction Uncorrected MHM T-MHM AT-MHM

East 0.764 0.532 1.645 0.415
(30.37%↓) (115.31%↑) (45.68%↓)

North 1.299 0.832 2.566 0.670
(35.95%↓) (97.54%↑) (48.42%↓)

Vertical 1.651 1.150 3.256 0.881
(34.40%↓) (97.21%↑) (46.64%↓)

Table 7. The RMSE of the uncorrected and the MHM, T-MHM, and AT-MHM corrected solutions on
DOY52. (Unit: meter).

Direction Uncorrected MHM T-MHM AT-MHM

East 0.791 0.554 1.942 0.416
(29.96%↓) (145.51%↑) (47.41%↓)

North 1.268 0.851 2.837 0.723
(32.89%↓) (123.74%↑) (42.98%↓)

Vertical 1.715 1.125 3.919 0.913
(34.40%↓) (128.51%↑) (46.76%↓)
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4. Feasibility Discussion of Multipath Correction for Low-Cost Receiver

This experiment was to test the feasibility of applying the AT-MHM method to multipath reduction
for a low-cost receiver in a strong multipath environment. We utilized the Ublox 9 receiver as the
rover station to conduct a short baseline experiment at almost the same location as the previous year
from DOY 152 to 153, 2020. The surrounding environment of the rover station is shown in Figure 13.
The daily observation time was still from 5:00 to 17:00 UTC, covering a full 43,200 s with a sampling
rate of 1 Hz. The base station also utilized the CORS station.

Figure 13. The environment of the rover station of the Ublox test.

4.1. Multipath Error Assessment of Low-Cost Receiver

We evaluated the multipath error of the low-cost receiver in a similar environment as shown in
Figure 14. The ZM single-difference of the Ublox test on DOY 153 were calculated, and the probability
density diagram is shown in the left panel of Figure 14. We can see that the multipath value of this
experiment was distributed between −76.5 and 314.3 m, of which 98.7% of the values fell between −10
and +10 m. We drew the skymap as shown in the right panel of Figure 14. The larger values were
mostly distributed in the low-elevation area, which were interfered with by the reflected signal from
the wall. Compared with those of the geodetic receiver, the pseudorange observations of the Ublox
receiver suffered from greater multipath error and higher dispersion. Therefore, the application of
AT-MHM to low-cost pseudorange multipath correction requires strong anti-noise ability.

Figure 14. The probability density histogram(left) and sky map(right) of the multipath error of DOY 153.

4.2. Comparison of MHM and AT-MHM in Double-Difference Mode for a Low-Cost Receiver

Since the effect of T-MHM on the pseudorange correction was discussed in terms of the geodetic
receiver, we only discuss the correction results of the MHM and AT-MHM models in this section.
We built correction models from DOY 152 and applied these to conduct multipath mitigation on DOY
153. The RMSE of the baseline solutions are shown in Table 8. The improvement ratios of AT-MHM and
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MHM were significantly higher than those of the geodetic receiver, because the power of pseudorange
multipath of low-cost receiver was higher, and its low-frequency variation trend was well improved as
shown in Figure 15. The fluctuation range and standard deviation of the baseline component corrected
by AT-MHM were smaller. This is because the average value had only a small amount of correction for
the grid points with a large multipath variation.

Table 8. The multipath reduction effects of MHM and AT-MHM constructed from DOY 152 on DOY
153. (Unit: meter).

Direction Uncorrected MHM AT-MHM

East 7.914 4.076 1.881
(48.49%↓) (76.23%↓)

North 7.634 4.848 1.689
(36.49%↓) (77.90%↓)

Vertical 8.124 5.543 2.177
(31.78%↑) (73.20%↓)

Figure 15. Comparison of the multipath correction effect of MHM and AT-MHM modeled by DOY152
data on DOY153. Left panel, the east direction; Right panel, the north direction. X-axis unit: second,
Y-axis unit: meter.

5. Conclusions

The multipath mitigation methods based on multipath spatial repeatability have the advantage
of being able to be applied to static or dynamic environments in real-time correction. Among these.
T-MHM utilizes the classical trend surface method to fit the multipath variation inside the grid.
This has the advantages of enhancing the high-frequency multipath modeling capabilities. However,
the application of trend surface analysis in T-MHM ignores the potential multicollinearity problem
in the parameters and the influence of multipath anisotropy on the selection of the trend surface
order, which makes the T-MHM method less capable of resisting the noise interference and limits
its performance. This paper aimed to remedy the weakness in the application of T-MHM to express
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the spatial variation of the multipath error. An improved method named advanced trend surface
analysis-based multipath hemispherical model (AT-MHM) was proposed to prevent multicollinearity
of the parameters and to optimize the selection of the trend surface fitting forms.

The research work of this paper mainly contributes to the following four aspects: (1) We expounded
the importance of preprocessing the multicollinearity problem of parameters in multipath trend surface
fitting, and proposed a constraint scheme. (2) We proposed a new form of quadratic trend surface
fitting considering the multipath anisotropy, which utilized the linear trend terms for parameters
with weak spatial heterogeneity, thus, avoiding over interpretation of the spatial trend. Two typical
cases were illustrated to verify the rationality and effectiveness of the improvement. (3) We extended
AT-MHM to double-difference measure mode by utilizing the “Zero Mean” assumption to be adaptable
for more general applications. (4) We verified the performance of pseudorange multipath correction
for the geodetic receiver in a strong multipath environment and discussed the feasibility of multipath
correction for low-cost equipment.

Short baseline experiments of both a geodetic receiver and low-cost receiver were conducted
on a balcony near an office window, which can simulate the high shelter of a city environment and
ensure a strong interference multipath error. This is a challenging but realistic application scene. In this
environment, 98.5% of the ranging errors of the geodetic receiver fell in three meters, while 98.7% of
the multipath values of the low-cost Ublox 9 receiver fell in 10 m. The performance of MHM, T-MHM,
and AT-MHM were compared, and the results verify the fact that T-MHM suffered from overfitting
due to relying on the goodness of fit and successive significance test to measure the accuracy of spatial
trend predictions and that AT-MHM was more robust when the signal quality in a high-occlusion
environment could not be guaranteed. AT-MHM could maximize the correction ability and avoid the
overfitting result. Compared with the uncorrected solution, the accuracy of the MHM corrections
were improved by approximately 33.6% for the Trimble receiver and 55.7% for the Ublox receiver.
The enhancement ratios of the AT-MHM correction were approximately 45.7% for the Trimble receiver
and 72.9% for the Ublox receiver.

Although, in this paper, we presented the multipath mitigation results of the MHM, T-MHM,
and AT-MHM models for pseudorange observables in double-difference mode, this modeling method
can also be extended in the following aspects. First, it can be applied to single station and dynamic
scenes as long as the satellite clock, receiver clock, and other terms can be effectively solved. Second,
AT-MHM can also be used for carrier multipath correction of low-cost devices theoretically. However,
the premise of application is to ensure the carrier ambiguity is fixed accurately, which needs further
study. Last, the modeling method based on multipath spatial repeatability only involves geometric
repeatability of multipath signals. Therefore, it can also be applied to multi-constellation applications.

The reliability of the correction model, short sampling time, and applicability to real-time static or
dynamic scenes are all advantages of AT-MHM, which is worthy of further study.
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