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Abstract: Persistent scatterer interferometry (PSI) is commonly applied to monitor surface
displacements with millimetric precision. However, this technique still has trouble estimating
non-linear displacements because the algorithm is designed for the slow and linear displacements.
Additionally, there is a variety of non-linear displacement types, and finding an appropriate
displacement model for PSI is still assumed to be a fairly large task. In this paper, the conventional PSI
technique is extended using a non-parametric non-linear approach (NN-PSI), and the performance
of the extended method is investigated by simulations and actual observation data processing with
TerraSAR-X. In the simulation, non-linear displacements are modeled by the magnitudes and periods
of the displacement, and the evaluation of NN-PSI is conducted. According to the simulation results,
the maximum magnitude of the displacement that can be estimated by NN-PSI is two and a half times
the magnitude of the SAR sensor’s wavelength (2.5λ that is roughly equivalent to 8 cm for X-band,
14 cm for C-band, and 60 cm for L-band), and the period of the displacement is about three months.
However, this displacement cannot be reconstructed by the conventional PSI due to the limitation,
known as the 2π displacement ambiguity. The result of the observation data processing shows that a
large displacement with the 2π ambiguity can be estimated by NN-PSI as the simulation results show,
but the conventional PSI cannot reconstruct it. In addition, a different approach, Small BAseline
Subset (SBAS), is applied to the same data to ensure the accuracy of results, and the correlation
between NN-PSI and SBAS is 0.95, while that between the conventional PSI and SBAS is −0.66. It is
concluded that NN-PSI enables the reconstruction of non-linear displacements by the non-parametric
approach and the expansion of applications to measure surface displacements that could not be
measured due to the limitations of the traditional PSI methods.
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1. Introduction

Spaceborne synthetic-aperture radar (SAR) sensors are informative resources for measuring
surface deformations induced by natural disasters or human activities. In previous decades, differential
interferometry (D-InSAR) techniques were considered to be unexceptional methods for measuring
ground deformations from SAR data acquisitions [1–4]. Recently, due to the increase of the availability
of SAR data, these techniques have been rapidly extended by using multi-temporal data to raise the
accuracy of the resulting displacement with millimetric precision. These multi-temporal D-InSAR
approaches [5] are called interferometric stacking techniques [6], and one of the major techniques is
called persistent scatterer interferometry (PSI) [7].

PSI is the point target measurement, and it requires a permanently strong backscatter in order to
maintain the quality of the estimation with time series data. One of the technical advantages in PSI
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is that the algorithm operates on the phase time series of each pixel separately, and this PSI feature
allows a fine spatial resolution of the final results to be obtained [6]. There are many researches that
have adopted the PSI techniques to detect surface displacements, and many types of PSI applications
were investigated, such as monitoring landslides [8–11], infrastructure [12–15], and mining [16–18],
with measurements at millimeter scales. Although PSI has been becoming a proven surface-monitoring
method, there are also some limitations indicated in several PSI reviews [19,20], and one of the major
limitations of PSI is to estimate non-linear displacements. The accuracy of the displacement estimation
by PSI is in millimetric order, but the algorithm was designed for the slow and linear displacements
in order to avoid the measurement limitation in D-InSAR, called 2π displacement ambiguity [19,20].
Therefore, the non-linear displacements such as fast, large, and periodical motions are wrongly
estimated by PSI. In order to overcome this limitation in PSI, some empirical data, complicated
models, and parametric approaches are always required. There are some previous studies to solve
this limitation. For example, in [21], it is shown that the stochastic model was used in PSI to estimate
non-linear motions. In [22,23], the non-linear displacement was estimated using the surrounding
pixels. Recently, the tomography technique was also used to improve the PSI techniques in [24–28],
but these studies also define some models. Lastly, in [5], the non-linear displacements were estimated
by a mixed approach, combining PSI with other approaches, called Small BAseline Subset (SBAS)
techniques [29]. Currently, PSI methods for non-linear displacements are mainly based on parametric
approaches and / or assumptions on the correlation between displacements of adjacent pixels.

With regards to the measurement of the non-linear displacements by the interferometric stacking,
it is quite common that the SBAS technology is used to overcome the limitation of PSI approaches, and
it is worth highlighting the differences between the SBAS and PSI approaches in general. The SBAS
technique is designed to estimate the displacements for the distributed targets such as vegetated areas.
The difficulties of SBAS are to maintain both spatial and temporal coherence from the distributed
targets. In order to conduct SBAS successfully, the multiple masters with short temporal and spatial
baselines are used to decide the interferometric pairs. One of the significant differences from PSI
approaches is that SBAS adopts the spatial phase unwrapping which is applied to overcome 2π
displacement ambiguity [30]. The spatial phase unwrapping is the most complicated process in
D-InSAR, and to make its process easy, the spectral shift [31] and spatial filter are also adopted. After
the unwrapping process, the atmospheric correction is performed and the final displacements are
estimated by some inversion methods. Therefore, SBAS is robust to the non-linear displacements,
but because of the unwrapping and spatial filters, the resulting displacements are averaged by the
adjacent pixels. Consequently, the spatial resolution of SBAS is not as high as that derived by PSI,
although SBAS enables reconstruction of non-linear displacements. Based on the core algorithms of
SBAS and PSI, it is implicitly indicated that there is no technology enabling reconstruction of non-linear
displacements for the point targets that are needed to recognize among some complicated geometry,
unless some specific models are formulated.

According to the previous studies, the reconstruction of the non-linear displacement by PSI
is needed to improve with a non-parametric approach in order to overcome the 2π displacement
ambiguity. Then, it is a significant advantage that the non-linear displacement can be reconstructed
by a PSI technique at the same level of SBAS with full spatial resolutions of the SAR sensors. Thus,
in this paper, a new PSI approach, which enables reconstruction of non-linear displacements using
a non-parametric method, is proposed (non-parametric non-linear PSI: NN-PSI). NN-PSI uses a
scattering distribution map (SDM) for the selection of the best height by using temporal coherence,
and the displacement is reconstructed with a full spectrum of the displacement phase by a Fourier
transform at the selected height. In NN-PSI, no displacement model is defined or invented when
reconstructing the displacements. This proposed method is expected to help to simplify the estimation
of non-linear displacements with full spatial resolution, and this simplicity will expand the applications
of monitoring surface displacements that could not be measured due to the PSI limitations.
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In order to investigate the performance of the proposed method, non-linear displacements,
including 2π displacement ambiguity and strong non-linearities, are simulated, and the results of
NN-PSI with the simulation data are compared with those by the conventional PSI technique (ConvPSI),
which is considered to have some limitations to estimate the non-linear displacements. In addition to
conducting simulations, an experiment with the actual observation data of TerraSAR-X is conducted.
The rest of this paper is structured as follows. In Section 2, the basic concept of NN-PSI is described.
In Section 3, the methodology of the simulation is presented. In Section 4, the simulation results
are detailed and discussed. In Section 5, an experiment with actual observation data processing is
presented. Finally, in Section 6, further discussion and conclusions are presented.

2. Basic Concept and Methodology

2.1. Multi-Baseline Model

The basic concept of NN-PSI is based on the multi-baseline model [32,33], which has been well
established in [25–27,34,35], and the multi-baseline projection is depicted in Figure 1. The range
distance Rn in any azimuth–range pixel (x, r) at the nth (n = 0, . . . , N) acquisition is expressed with the
baseline distance bn, the reference range distance r, and the elevation direction s, and each acquisitions
is supposed to have a displacement in the line of sight d(s, tn) in Equation (1):

Rn =
bn

r
s + d(s, tn). (1)
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The received complex signal gn of the object, along the elevation in each acquisition, is expressed
as Equation (2):

gn =

∫ smax

smin

γ(s) exp
(
j2πξns + j

4π
λ

d(s, tn)
)
ds, (2)

where γ is the reflectivity function, λ is the wavelength of the carrier frequency, smin and smax are the
range of height, and ξn = 2bn/(λr) are the sampling spatial frequencies.

By expanding the exponential velocity term in Fourier harmonics described in [14,34],
the displacement component in Equation (2) can be expressed as Equation (3):

exp( j4πd(s, tn)/λ) =
∫ vmax

vmin

a(s, v) exp( j2πηnv)dv, (3)
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where a(s, v) is the spectral distribution associated with the displacement, vmin and vmax are the range
of velocity, and ηn = 2tn/λ are the temporal frequencies. Substituting the exponential velocity term in
Equation (2) with Equation (3), it is rewritten to Equation (4):

gn =

∫ smax

smin

∫ vmax

vmin

aγ(s, v) exp( j2π(ξns + ηnv)dvds, (4)

where aγ(s, v) is the scattering distribution.
According to Equation (4), a received signal gn is composed of a 2-D Fourier transform of the

scattering distribution in the elevation–velocity plane (EV plane), and using the scattering distribution,
individual scatterers with linear displacement show some peaks in an SDM [27,34]. Thus, it is
theoretically possible to detect a single scattering point that indicates the best combination of the
elevation and mean velocity by selecting the strongest scattering point in the SDM.

2.2. Calculation Procedure

Based on the parameters, height and mean velocity, at a single scattering point in the SDM,
the displacement is estimated in the NN-PSI approach. There are a few steps involved in extracting the
displacement, and Figure 1 shows these general steps, from the interferogram phase generation to the
displacement estimation. It is also shown in Figure 2 that the procedures of ConvPSI and the steps of
NN-PSI are the same from the beginning until the single scattering point needs to be detected.
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Figure 2. Process flows of the conventional persistent scatterer interferometry (PSI) and the
proposed method.

2.3. Scattering Distribution

Many methods have been proposed to estimate the scattering distribution of aγ(s, v) in Equation (4),
such as the multi-interferogram complex coherence (MICC) [24,36], beamforming (BF), Capon,
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generalized likelihood ratio test (GLRT), multiple signal classification (MUSIC), and singular value
decomposition (SVD), and the advantages of each method are explained well in [28,34]. In our
approach, MICC is adopted to estimate the scattering distribution and to generate the SDM for selected
height and velocity ranges. MICC is the indicator based on the temporal coherence that shows the
goodness of the fit between the observed displacement phase and the modeled one in time series.
This indicator provides the scattering distribution that highlights the difference of the velocity [27],
and it is estimated by a non-parametric method [22]. MICC is also used in ConvPSI to detect the
single scattering point, where the height and mean velocity are optimized. Thus, MICC is well suited
to our proposed method. The calculation of the temporal coherence used in MICC is expressed in
Equation (5):

γt(s, v) =
1
N

N∑
n=0

exp( jφn − j2π(ξns + ηnv)), (5)

where γt(s, v). is the temporal coherence at the given s and v and φn is the observed phase component
of the received complex gn. The temporal coherence ranging 0 to 1, is used to estimate the stability of
the displacement phase at each scattering point in the SDM.

2.4. ConvPSI

In ConvPSI, the maximum of the temporal coherence γt(s, v) in an SDM is selected in order to
find a single scattering point, as described in Equation (6):

argmax
{
γt(s, v)

}
. (6)

When detecting the single scattering point, the single elevation and mean velocity are also
automatically selected according to the point location in the SDM, as depicted in Figure 2. The selected
height s0 and velocity v0 are applied to the height and velocity phase components in Equation (4),
and it is rewritten to Equation (7):

exp( j4πd(s0, tn)/λ) = exp( j2π(ξns0 + ηnv0)). (7)

ConvPSI uses the single height and velocity values, and the scattering distribution is considered
to be the maximum (one). The displacement phase component at the selected height can be calculated
by the observed signal and given height and velocity.

2.5. NN-PSI

In the NN-PSI approach, the detection of a single scattering point is conducted in the same way
as it is in the ConvPSI approach, as expressed in Equation (6). In the ConvPSI procedure, a single
height and a mean velocity are selected to derive the final displacement, and the value of the temporal
coherence (scattering distribution) is not used when reconstructing it. A significant difference between
the proposed method and the ConvPSI approach is that the former uses the profile of the temporal
coherences in the velocity direction at the selected height in the SDM [26,27]. Figure 3 illustrates how
the single scattering point is determined and how the mean velocities are used in ConvPSI and the
proposed approach.

Once the height s0 is selected in the SDM, Equation (4) is rewritten to Equation (8):

exp( j4πd(s0, tn)/λ) =
∫ vmax

vmin

γt(s0, v) exp( j2π(ξns0 + ηnv))dv. (8)

In the equation, only the velocity term remains because the height is selected in the SDM, and the
height phase component becomes a known parameter. It is indicated that the scattering distribution
γt(s0, v) is the profile of the temporal coherence in the velocity direction. Now Equation (8), which is
the same form as Equation (3), is the velocity Fourier expansion of the scattering distribution, and all
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of the displacement signals are preserved along the velocity direction in the SDM [27]. The scattering
distribution can be estimated with the temporal coherence, and assuming the atmospheric phase
component is removed, the velocity phase component exp( j2π(ξns0 + ηnv)), can also be calculated
by the observed signal and given velocity and height. Thus, the displacement phase component
exp( j4πd(s0, tn)/λ) can be estimated by the Fourier transform from vmin to vmax.
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of the temporal coherence for the displacement reconstruction.

As described in Equation (8), the reconstructed displacement phase is calculated in complex
numbers, and the measurement unit of the displacement is still modulo-2π. In order to obtain the real
measurement unit, the temporal phase unwrapping is required via a simple phase offset adjustment
in the final step of NN-PSI [26]. It is common that some displacement models are implemented to
estimate non-linear displacements in general PSI approaches; however, no displacement model is
assigned in NN-PSI.

Finally, the atmospheric artifact is often discussed in interferometric stacking approaches. In the
simulation, the atmospheric correction is assumed to have been conducted, before the reconstruction of
the displacements is performed. For the real data processing explained in the later section, the standard
atmospheric correction described in [7] is adopted.

3. Simulation

To investigate the performance of NN-PSI, the displacement phase was modeled as an input phase
in this simulation. Then, the SDM was calculated from the modeled phase, and the single scattering
point was selected by the highest value of the temporal coherence in the SDM. The selected height
and mean velocity were used to reconstruct the final displacement. The initial displacement phase
was used for the reference displacement, and the reconstructed displacement was validated by the
root mean square error (RMSE) between the original and resulting displacement. The performance of
NN-PSI should be evaluated according to the RMSE. In addition to the evaluation of NN-PSI, ConvPSI
was also processed with the modeled displacement phase in order to compare the result of ConvPSI
with that of NN-PSI. Two principal aspects of NN-PSI were investigated, which are as follows:

1. The applicable displacements of NN-PSI were investigated by changing the magnitude and period
of the displacements (simulation-1);

2. How the velocity ranges that are used in the generation of SDM affect the resulting displacement
with NN-PSI was investigated (simulation-2).
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For the displacement phase model, the cumulative distribution function (CDF) was used to
generate the simulated phase that needs to be reconstructed. The CDF is adequate to express the
displacement, along with the magnitude and the period of the displacement, and these two parameters
can easily be used in the evaluation of NN-PSI. The displacement models in the simulations are
illustrated in Figure 4. The modeled displacement was composed of two periods. The first period had
no displacement, and the second period was defined by the CDF period. The no-displacement period
was added to this model, before the CDF period, in order to evaluate how NN-PSI should estimate
the flat displacement, before the non-linear displacements start. In the CDF period, the displacement
model was defined, with a CDF origin that was always defined by half of the given displacement
(Dmax) and CDF variance. As shown in Figure 4b, the period of the displacement becomes shorter as
the CDF variance is lowered.
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The simulation needed to be as realistic as possible, and the selected conditions of the simulation
were similar to the parameters of the current spaceborne satellites. The simulation conditions are
summarized in Table 1.

Table 1. The simulation conditions.

Items Simulation-1 Simulation-2

Slant range distance 700 km
Incidence angle 45◦

Baseline variance 1 ±4%
Backscatter coefficient 5 dB

Number of observations 41
Observation interval 10 days

Total period 410 days
No-displacement period 200 days

CDF period 210 days

Search velocity range ±70 mm/year 0–±300 mm/year
CDF variance 1–20 20

Dmax (λ: wavelength) 0–3λ 0–4λ

The value in this column is the ratio of the baseline and the critical baseline.

4. Simulation Results and Discussions

4.1. Simulation-1

The RMSE derived from simulation-1 under each condition is plotted in Figure 4. The color of
RMSE is represented, from 0 to 0.5λ, and the darkest color (brown) indicates that the RMSE is larger
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than half of the wavelength that is considered the 2π displacement ambiguity in D-InSAR techniques.
Both results obtained by ConvPSI and NN-PSI in Figure 5 show that RMSE increases as Dmax increases.
Figure 4a shows that a displacement with a Dmax value of less than 0.25λ is correctly reconstructed by
the ConvPSI technique, because the value of RMSE is less than 0.1λ, but a displacement of more than
0.25λ could not be reconstructed, and RMSE increases as Dmax increases. It is also clear that the results
obtained using the ConvPSI technique are not affected by the CDF variance, because RMSE remains
the same in the CDF variance direction. These results prove that ConvPSI works only with a small
displacement, with a Dmax value of less than 0.25λ.

Remote Sens. 2019, 11, x FOR PEER REVIEW 8 of 19 

 

variance, because RMSE remains the same in the CDF variance direction. These results prove that 
ConvPSI works only with a small displacement, with a Dmax value of less than 0.25𝜆. 

Figure 5b shows the RMSEs calculated with the displacements reconstructed by NN-PSI. Some 
of the displacements with a Dmax value of more than 0.25𝜆 can be reconstructed, and these RMSEs are 
less than 0.1𝜆 . When the CDF variance is 20, the displacement with a Dmax value of 𝜆  can be 
reconstructed correctly. When the CDF variance is lowered, the RMSEs tend to be larger, with the 
same values of Dmax. When the CDF variance is lowered to one, a Dmax value with a minimum RMSE 
of about 0.25𝜆 is the same as that resulting from the use of ConvPSI. This result indicates that the 
NN-PSI is dependent on the period of the displacement, and RMSE becomes larger when the CDF 
variance is smaller. However, it is clear that NN-PSI can adapt to larger displacements that are not 
handled correctly by ConvPSI. 

  
(a) (b) 

Figure 5. (a) The root mean square error (RMSE) distribution with the ConvPSI; and (b) the RMSE 
distribution with the NN-PSI. The vertical axis shows the CDF variance, and the horizontal axis shows 
the Dmax. 

Figure 5 shows the SDMs and time evolutions of the simulation results under each condition in 
simulation-1. According to the SDMs, as shown in Figure 6a,c,e, the selected height is 0 m for all 
SDMs, and the selected velocity is slightly increased as the Dmax is increased. The maximum value of 
the coherence in the SDM in Figure 5a is highest with a CDF variance of 15 and a Dmax value of 0.25𝜆, 
and becomes lower as Dmax increases, as shown in Figure 5c,e. The area of the high coherence values 
in Figure 6a has a rounded shape, but for the displacement with Dmax values of 0.75𝜆 and 1.5𝜆, the 
rounded shape becomes smaller and distorted. This indicates that the displacement that is close to 
the linear trend shows a rounded shape with high coherence values in the SDM, whereas the non-
linear displacement does not strongly show it. 

In Figure 6b, it can be seen that both ConvPSI and NN-PSI can reconstruct a displacement that 
fits the original one, with a CDF variance of 15 and a Dmax value of 0.25𝜆. With a CDF variance of 15 
and a Dmax value of 0.75𝜆, in this simulation, ConvPSI cannot reconstruct the displacement because 
of the phase jump incurred by the 2𝜋 displacement ambiguity, but the displacement of NN-PSI does 
not have a phase jump, and the displacement is correctly estimated, as shown in Figure 6d. Neither 
of the methods can reconstruct the displacement with a CDF variance of 15 and a Dmax value of 1.5𝜆, 
as shown in Figure 6f. There are big differences between the resulting displacements and the original 
one. The result of ConvPSI has several phase jumps, and the result of NN-PSI underestimates the 
displacement. However, there are no phase jumps in the NN-PSI result. 
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Figure 5b shows the RMSEs calculated with the displacements reconstructed by NN-PSI. Some of
the displacements with a Dmax value of more than 0.25λ can be reconstructed, and these RMSEs are less
than 0.1λ. When the CDF variance is 20, the displacement with a Dmax value of λ can be reconstructed
correctly. When the CDF variance is lowered, the RMSEs tend to be larger, with the same values of Dmax.
When the CDF variance is lowered to one, a Dmax value with a minimum RMSE of about 0.25λ is the
same as that resulting from the use of ConvPSI. This result indicates that the NN-PSI is dependent on
the period of the displacement, and RMSE becomes larger when the CDF variance is smaller. However,
it is clear that NN-PSI can adapt to larger displacements that are not handled correctly by ConvPSI.

Figure 5 shows the SDMs and time evolutions of the simulation results under each condition
in simulation-1. According to the SDMs, as shown in Figure 6a,c,e, the selected height is 0 m for all
SDMs, and the selected velocity is slightly increased as the Dmax is increased. The maximum value
of the coherence in the SDM in Figure 5a is highest with a CDF variance of 15 and a Dmax value of
0.25λ, and becomes lower as Dmax increases, as shown in Figure 5c,e. The area of the high coherence
values in Figure 6a has a rounded shape, but for the displacement with Dmax values of 0.75λ and 1.5λ,
the rounded shape becomes smaller and distorted. This indicates that the displacement that is close to
the linear trend shows a rounded shape with high coherence values in the SDM, whereas the non-linear
displacement does not strongly show it.

In Figure 6b, it can be seen that both ConvPSI and NN-PSI can reconstruct a displacement that
fits the original one, with a CDF variance of 15 and a Dmax value of 0.25λ. With a CDF variance of 15
and a Dmax value of 0.75λ in this simulation, ConvPSI cannot reconstruct the displacement because of
the phase jump incurred by the 2λ displacement ambiguity, but the displacement of NN-PSI does not
have a phase jump, and the displacement is correctly estimated, as shown in Figure 6d. Neither of
the methods can reconstruct the displacement with a CDF variance of 15 and a Dmax value of 1.5λ,
as shown in Figure 6f. There are big differences between the resulting displacements and the original
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one. The result of ConvPSI has several phase jumps, and the result of NN-PSI underestimates the
displacement. However, there are no phase jumps in the NN-PSI result.
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Figure 6. (a) The scattering distribution map (SDM) with a Dmax value of 0.25λ and a CDF variance
of 15. The horizontal dashed white line shows the selected height, and the vertical dashed white line
shows the selected velocity in the ConvPSI. (b) The resulting displacement of (a). (c) The SDM with a
Dmax value of 0.75λ and a CDF variance of 15. (d) The resulting displacement of (c). (e) The SDM with
a Dmax value of 1.5λ and a CDF variance of 15. (f) The resulting displacement of (e). In the time plots,
the red, blue, and black lines show the NN-PSI, ConvPSI, and modeled displacements, respectively.

4.2. Simulation-2

In simulation-2, RMSE is also investigated by changing the velocity range and Dmax, and Figure 7
shows results from both ConvPSI and NN-PSI. In Figure 7a, the displacement with a Dmax value of
0.25λ can be reconstructed with an RMSE of 0.1λ. As Dmax is increased, RMSE increases, and RMSE
reaches more than 0.5λ when the Dmax is more than 1.75λ. This result is the same as that from the first
simulation and indicates that the velocity range does not influence the results of ConvPSI. In Figure 7b,
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the displacement with a Dmax value of less than 2.5λ can be reconstructed with an RMSE of 0.1λ, when
the velocity range is set to be wider than a range from −250 to 250 mm/year. In simulation-1, the largest
displacement that can be correctly reconstructed is generated with a Dmax value of λ, when the velocity
range is set to be from −70 to 70 mm/year (Figure 4b). Thus, increasing the velocity range expands
the magnitude of the displacement, of which NN-PSI enables a correct estimation. The maximum
Dmax value of a displacement that NN-PSI can reconstruct with a low RMSE is around 2.5λ with larger
velocity ranges, but beyond this range, RMSE becomes higher with NN-PSI, although the velocity
ranges are increased.
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Figure 7. The results of the simulation for the velocity range: (a) the RMSE distribution with ConvPSI;
and (b) the RMSE distribution of NN-PSI.

Figure 8 shows the SDMs and time evolutions in simulation-2. In Figure 8a,c,e,g, the horizontal
size of SDM is widened by the velocity range. All SDMs show that the strongest coherence values are
located around the point with a height of 0 and a velocity of 0. The shape of the dominant scattering
point is a double circle, with Dmax values of 1.5λ and 2.5λ in Figure 8a,c,e, and the shape becomes a
horizontal circle as the Dmax is increased in Figure 8g. The right side (positive velocity) of the coherence
values at the selected height of 0 are clearly low in the SDMs with a Dmax value of 1.5λ and λ in
Figure 8a,c,e, but this pattern is not clear in the SDM with a Dmax value of λ in Figure 8g. This result
indicates that a positive mean velocity does not exist in the selected elevation in the SDM, and the
resulting displacement becomes a negative direction (subsidence).

The time evolutions are plotted in Figure 8b,d,f,h, and all of the displacements are not reconstructed
correctly by ConvPSI. The resulting displacements with Dmax values of 1.5λ and 2.5λ by NN-PSI agree
well with the original ones in Figure 8b,d,f. With a Dmax value of 4λ, NN-PSI cannot estimate the
displacement, and the result of NN-PSI shows an uplift that is opposite to the original one in Figure 8h.
In this case, the estimation is less accurate than that of ConvPSI due to the strong uplift estimated
by NN-PSI.
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The resulting displacements of (g). In the time plots, the red, blue, and black lines show NN-PSI, 
ConvPSI, and modeled displacements, respectively. 

In simulation-2, it is clear that the larger displacements up to a Dmax value of 2.5𝜆  can be 
estimated by NN-PSI by increasing the velocity range, but the estimation of the displacement 
becomes less accurate than that of ConvPSI, once the displacement is beyond the capability of NN-
PSI. One further advantage of using the wider velocity range in NN-PSI is that the fitting of the 
resulting displacement is better than with the smaller velocity range. Compared to the time 
evolutions of simulation-1 and simulation-2, the resulting displacement by NN-PSI, shown by the 
red line in Figure 6d, has some gaps between the resulting and the original displacements, whereas 
the output displacements, shown by the red lines in Figure 8d,f, do not have any gaps between the 
resulting and original displacements. 

Figure 8. (a) The SDM with a CDF variance of 1.5λ and a velocity range from −150 to 150 mm/year.
(b) The original and resulting displacements of (a). (c) The SDM with a CDF variance of 1.5λ and a
velocity range from −250 to 250 mm/year. (d) The resulting displacements of (c). (e) The SDM with a
CDF variance of 2.5λ and a velocity range from −250 to 250 mm/year. (f) The resulting displacements
of (e). (g) The SDM with a CDF variance of 4λ and a velocity range from −300 to 300 mm/year. (h) The
resulting displacements of (g). In the time plots, the red, blue, and black lines show NN-PSI, ConvPSI,
and modeled displacements, respectively.

In simulation-2, it is clear that the larger displacements up to a Dmax value of 2.5λ can be estimated
by NN-PSI by increasing the velocity range, but the estimation of the displacement becomes less
accurate than that of ConvPSI, once the displacement is beyond the capability of NN-PSI. One further
advantage of using the wider velocity range in NN-PSI is that the fitting of the resulting displacement
is better than with the smaller velocity range. Compared to the time evolutions of simulation-1 and
simulation-2, the resulting displacement by NN-PSI, shown by the red line in Figure 6d, has some gaps
between the resulting and the original displacements, whereas the output displacements, shown by
the red lines in Figure 8d,f, do not have any gaps between the resulting and original displacements.
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5. Experiment with Actual Observation Data

In this section, NN-PSI was applied to spaceborne SAR satellite data, TerraSAR-X, over Budapest
in Hungary. In Budapest, the construction of the subway called Metro Line 4 was started in 2006, and
the line crosses the city for a length of 12.7 km and comprises 16 stations [37], and in the study area
subsidence was detected around a newly built underground station [38]. It was also reported that
these displacements could not be measured by a ConvPSI approach due to the sudden descent on the
order of half of the system wavelength over a period of about three months [6]. Thus, this area was
selected to conduct NN-PSI and its performance was compared with that of ConvPSI.

In the last part of this section, the SBAS process was also conducted to ensure the results of PSI
approaches. There is a fact that Airbus Defence and Space had already conducted the SBAS process
with TerraSAR-X data in this area. The resulting displacements by Airbus Defence and Space had
been validated with ground survey data, and the accuracy was confirmed [38]. As described in the
Introduction, SBAS is not as good as PSI with the spatial resolution, but it is worth comparing SBAS
displacements that should be equivalent to the ground survey data with NN-PSI and checking if the
comparison shows the good correspondence as an additional validation.

5.1. ConvPSI and NN-PSI

The purpose of this experiment is to confirm if NN-PSI overcomes the limitation of ConvPSI
by using the actual data. The data description is summarized in Table 2, and the distribution of the
baseline distances is depicted in Figure 9.

Table 2. Data description.

Parameters Values

Satellite sensor TerraSAR-X
Monitoring period 24 October 2008–16 April 2010

Number of acquisitions 42
Time interval of the acquisitions 11 days
Date of the master acquisition 4 July 2009

Incidence angle 44.5◦

Wavelength (λ) 31.066 mm
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lines show the combination of the interferometric pairs. 

The data processing procedure was followed by the steps described in Figure 1, and the 
displacements calculated by ConvPSI were compared with those calculated by NN-PSI. Figure 10 
shows the mean velocities calculated by ConvPSI. Both NN-PSI and ConvPSI estimated 

Figure 9. The combination of the interferometric pairs used in the PSI approaches. The yellow square
shows the master acquisition, and the black squares are the slave acquisitions. The horizontal axis
shows the date of the acquisition, the vertical axis shows the baseline length in meters, and the gray
lines show the combination of the interferometric pairs.

The data processing procedure was followed by the steps described in Figure 1, and the
displacements calculated by ConvPSI were compared with those calculated by NN-PSI. Figure 10
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shows the mean velocities calculated by ConvPSI. Both NN-PSI and ConvPSI estimated displacements
pixel by pixel, and the resulting displacements are presented in point objects, as illustrated in Figure 10.
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Figure 10. The distribution of the resulting points of PSI around Szent Gellért Station. The color of the
points represents the mean velocity of ConvPSI. Pt1, Pt2, and Pt3 are the selected points, and the time
evolutions were investigated. The background map was obtained from OpenStreetMap (OSM).

According to the mean velocities estimated by ConvPSI, the direction of the displacements along
Budafoki Street in the center of Figure 9 was changed from subsidence (green) to uplift (red), from north
to south, and then the direction was changed from uplift to subsidence at the most south part of the
street. Around the station, it was reported in Reference [6] that the subsidence was confirmed by the
SBAS technique, so that the points showing uplift are conceived to have some large-scale displacements
that ConvPSI wrongly estimated due to the displacement ambiguity.

Three points, indicated by the red circle in Figure 10, were investigated, and the time evolutions
derived from each PSI approach were compared in Figure 11. According to the mean velocity values of
ConvPSI, Pt1 shows subsidence, and Pt2 and Pt3 show uplift. At Pt1 in Figure 11a, the displacements
of ConvPSI and NN-PSI show similar trends. Both displacements turn into subsidence after November
2009, and the amount of the displacement is so small (about 0.2λ) that ConvPSI and NN-PSI do not have
significant difference at Pt1. At Pt2 in Figure 11b, the ups and downs in the ConvPSI displacement are
frequent. The displacement of NN-PSI shows a strong subsidence at around November 2009, but the
one by ConvPSI shows a strong jump towards the uplift direction over the same period. This jump
should be the cause of the displacement ambiguity. At Pt3 in Figure 11c, both displacements of ConvPSI
and NN-PSI show a similar pattern before November 2009, but after November 2009, the displacement
of NN-PSI has a strong subsidence while ConvPSI shows an opposite displacement, which is a strong
uplift. The magnitude of the subsidence is roughly 0.5λ (15 mm), and the duration of the subsidence
is about 4 months. The displacements derived by the PSI approaches at Pt3 can be explained by the
simulation results shown in Figure 5. Because the displacement of NN-PSI at Pt3 is approximately
equal to a Dmax value of 0.5λ and a CDF variance of 30, and these are allowable parameters for NN-PSI
to reconstruct the displacement but not for ConvPSI due to the displacement magnitude larger than a
Dmax value of 0.25λ. As explained by the simulation, the difference between ConvPSI and NN-PSI at
Pt3 should come from the computation limitation of ConvPSI, and NN-PSI is still able to measure the
displacement, despite the ambiguity.
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5.2. Comparison with SBAS Results

The SBAS approach with the same data of TerraSAR-X was also conducted in order to ensure
the results of the simulations and performance of PSI approaches. In the SBAS process, about
300 interferometric pairs were processed to estimate the displacements in the same study area. To
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compare the results of SBAS with those of PSI approaches, the time evolutions were investigated at the
same points indicated in Figure 10, and they are presented in Figure 11.

At Pt1 in Figure 11a, all of the time evolutions calculated by three different methods are similar.
At Pt2 and Pt3 in Figure 11b,c, the time evolution of ConvPSI shows the phase jump, while those of
SBAS and NN-PSI are identical and able to reconstruct non-linear displacements. In Reference [6],
the time evolution of SBAS conducted by Airbus Space and Defence is shown, and the magnitude of
the displacement is around 15 mm (0.5λ), and the date to start the strong subsidence is around October
in 2009. That is, the time evolution of SBAS shown in the reference corresponds with those of SBAS
and NN-PSI at Pt3. Additionally, the correlation between SBAS and two PSI methods was calculated to
understand the difference quantitatively at each point, and the results are presented in Table 3. At Pt1
where the small linear displacement is confirmed, the correlation values of ConvPSI and NN-PSI are
relatively low. However, the correlation values of NN-PSI are significantly increased at Pt2 and Pt3
where the non-linear displacements are observed by SBAS. On the other hand, the correlation values of
ConvPSI at Pt2 and Pt3 are decreased and become an inverse relation. The results support that NN-PSI
can maintain the accuracy of the estimation with non-linear displacements that cannot be estimated
by ConvPSI.

Table 3. The correlation between SBAS and PSI methods.

Method Pt1 Pt2 Pt3

ConvPSI 0.31 −0.14 −0.66
NN-PSI 0.35 0.88 0.95

6. Conclusions

We have extended PSI using the NN-PSI and investigated NN-PSI in order to overcome the large
non-linear displacement issues associated with PSI. Two types of simulations were conducted, and the
results of NN-PSI were compared with those of the ConvPSI. Additionally, NN-PSI was applied to the
actual observation data of TerraSAR-X.

In the first simulation, the applicable displacements that can be measured by NN-PSI were
investigated using the CDF, which enables an evaluation of the magnitude (Dmax) and a period (CDF
variance) of the displacement. The results show that NN-PSI is able to reconstruct the displacement
with a Dmax value of three-quarters of the wavelength (0.75λ) and a CDF variance of 15, whereas
ConvPSI cannot reconstruct the same displacement due to the 2π displacement ambiguity. As for the
actual numbers, the displacements of roughly 2, 4, and 18 cm with X-, C-, and L-bands, respectively,
over 80 days should be reconstructed by NN-PSI. In the second simulation, the influence of the
velocity range was investigated, and it was confirmed that the displacement with a Dmax value of
2.5λ, which is roughly equivalent to 8 cm for X-band, 14 cm for C-band, and 60 cm for L-band, can be
reconstructed with a velocity range from −250 to 250 mm/year. The wider the velocity range, the larger
the displacement that can be reconstructed by NN-PSI. The allowable Dmax value is raised by up to
three times that in simulation-1, with a wider velocity range.

One of the most significant limitations observed in the simulations is that neither ConvPSI
nor NN-PSI could reconstruct a displacement with small CDF variances. The results indicate that
displacements that occur over a very short period with a large magnitude, such as a step displacement,
cannot be reconstructed. This limitation could be resolved by increasing in the number of the data,
but the displacement extraction should be conducted with a limited number of data acquisitions, and
the limitation still exists in practical situations.

Regarding the real data processing, it was confirmed that the simulation results were reproduced
by NN-PSI and ConvPSI with TerraSAR-X data. Additionally, the SBAS was applied to the same data,
and the displacement of NN-PSI agrees well with that of SBAS while that of ConvPSI does not at
the points where the non-linear displacement exists. The results with actual observation data also
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indicate that large-scale non-linear displacements, which ConvPSI wrongly estimates, can be correctly
estimated by NN-PSI.

In conclusion, the non-linear displacement with 2π displacement ambiguity can be reconstructed
by NN-PSI, without the use of any displacement models and empirical data. With NN-PSI, complete
pixel-independent analytics can be conducted with non-linear displacements, which indicates that
NN-PSI improves the spatial resolution for the measurement of non-linear displacements, because no
spatial filter or spatial unwrapping is implemented in the proposed method.

In this paper, only one type of the non-linear displacement adopted by NN-PSI was shown, but it
is expected that NN-PSI enables reconstruction of several types of the displacements such as periodical
displacement and subsidence with accelerations, according to our primary experiments. Future work
will investigate other types of non-linear displacements with NN-PSI.
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