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Abstract: In this supplementary material, we provide more details on the computations involved in1

the proposed variational inference algorithm.2

1. Variational Assumation3

The full likelihood of the proposed NIID-MSL model is expressed as:

p(U, V , ξ, C, Z, β, π, α, λ, γ, Y)

= p(Y |U, V , ξ, C, Z)p(U|λ)p(V |λ)p(λ)p(ξ)p(C|β)p(β
′ |γ)p(γ)p(Z|π)p(π

′ |α)p(α)

= ∏
i,j,t,k

{
N
(

yij

∣∣∣ui·vT
j· + eij, ξ−1

k

)1[cjt=k]
}1[zij=t]

∏
i,j

Multi(zij|πj)∏
j,t

Multi(cjt|β)∏
k

Gam(ξk|a0, b0)

∏
r
N
(

u·r
∣∣∣0, λr

−1 Id

)
N
(

v·r
∣∣∣0, λr

−1 IB

)
Gam(λv

r |p0, q0)∏
j,t

Beta(πjt
′ |1, αj)∏

j
Gam(αj|e0, f0)

∏
k

Beta(β
′
k|1, γ)Gam(γ|c0, d0).

In the maintext, we have introduced the variational inference to calculate posterior of this model and
assumed the approximation of posterior have a factorized form as follows:

q(U, V , ξ, C, Z, β, π, λ, α, γ)

=
d

∏
i=1

q(ui·)
B

∏
j=1

q(vj·)
K

∏
k=1

q(ξk)q(β
′
k)

d,B

∏
i,j

q(zij)
B

∏
j=1

T

∏
t=1

q(cjt)q(π
′
jt)

l

∏
r=1

q(λr)
B

∏
j=1

q(αj)q(γ). (1)

2. Update Equations4

Next, we give detailed deduction of each factorized distribution involved in posterior of Eq. (1).5

E\xi
[ f (x)] denotes the expectation of f (x) on set of x with xi removed.6
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Infer C and Z:

ln q(zij)

= E\Z
[
p(U, V , ξ, C, Z, β, π, α, λ, γ, Y)

]
+ const

= ∑
t

ρijt

{
∑
k

ϕjtkE\Z
[
lnN

(
yij − ui·vT

j·

∣∣∣0, ξ−1
k

)]
+ E

[
ln πjt

]}
+ const

= ∑
t

ρijt

{
∑
k

ϕjtk

(
− 1

2
ln 2π +

1
2

E
[

ln ξk
]
− 1

2
E
[
ξk
]
E
[(

yij − ui·vT
j·

)2
])

+ E
[

ln πjt
]}

+ const, (2)

ln q(cjt)

= E\C
[
p(U, V , ξ, C, Z, β, π, α, λ, γ, Y)

]
+ const

= ∑
k

ϕjtk

{
∑

i
ρv

ijtE\C
[
lnN

(
yij − ui·vT

j·

∣∣∣0, ξ−1
k

)]
+ E

[
ln βk

]}
+ const

= ∑
k

ϕjtk

{
∑

i
ρijt

(
− 1

2
ln 2π +

1
2

E
[

ln ξk
]
− 1

2
E
[
ξk
]
E
[(

yij − ui·vT
j·

)2
])

+ E
[

ln βk
]}

+ const, (3)

Taking the exponential of both sides of Eq. (2), Eq. (3) and normalizing the right side, we obtain

q(zij) = Multi(ρij), q(cjt) = Multi(ϕjt),

where

ϕjtk ∝ exp

{
d

∑
i=1

ρijt

(
1
2

E[ln ξk]−
1
2

ln 2π − 1
2

E[ξk]E[(yij − ui·vT
j· )

2]

)
+ E[ln βk]

}
,

ρijt ∝ exp

{
K

∑
k=1

ϕitk

(
1
2

E[ln ξk]−
1
2

ln 2π − 1
2

E[ξk]E[(yij − ui·vT
j· )

2]

)
+ E[ln πjt]

}
,

E[ln βk] = E[ln β
′
k] +

k−1

∑
l=1

E[ln(1− β
′
l)], E[ln πjt] = E[ln π

′
jt] +

t−1

∑
s=1

E[ln(1− π
′
js)].

Infer ξ:

ln q(ξk)

= E\ξ
[
p(U, V , ξ, C, Z, β, π, α, λ, γ, Y)

]
+ const

= ∑
i,j,t

ρijt ϕjtkE\ξk

[
lnN

(
xij − ui·vT

j·

∣∣∣0, ξ−1
k

)]
+ (a0 − 1) ln ξk − b0ξk

=

(
1
2 ∑

i,j,t
ρijt ϕjtk + a0 − 1

)
ln ξk −

{
1
2 ∑

i,j,t
ρijt ϕjtkE

[(
xij − ui·vT

j·

)2
]
+ b0

}
ξk + const, (4)

Aftering taking exponential of both side of Eq. (4), we have:

q(ξk) = Gam(ξk|ak, bk),
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where

ak =
1
2 ∑

i,j,t
ρijt ϕjtk + a0,

bk =
1
2 ∑

i,j,t
ρijt ϕjtkE

[(
yij − ui·vT

j·

)2
]
+ b0.

Infer π
′

and β
′
:

ln q(πjt
′
)

= E\π
[
p(U, V , ξ, C, Z, β, π, α, λ, γ, Y)

]
+ const

= ∑
i

ρijt ln π
′
jt + (αj − 1) ln(1− π

′
jt) + const

=

(
∑

i,s=t+1
ρijs + αj − 1

)
ln(1− π

′
jt) +

(
∑

i
ρijt

)
ln π

′
jt + const, (5)

then we take exponential of both side of Eq. (5) and can get:

q(π
′
jt) = Beta(π

′
jt|r1

jt, r2
jt),

where
r1

jt = ∑
i

ρijt + 1, r2
jt = ∑

i,s=t+1
ρijs + αj.

Similarly, we have:
q(β

′
k) = Beta(β

′
k|s

1
k , s2

k),

where
s1

k = ∑
j,t

ϕjtk + 1, s2
k = ∑

j,t,l=k+1
ϕjtl + γ.

Infer α and γ:

ln q(αj)

= E\α
[
p(U, V , ξ, C, Z, β, π, α, λ, γ, Y)

]
+ const

= ∑
t

(
(αj − 1)E[ln(1− π

′
jt)] + ln αj

)
+ (e0 − 1) ln αj − f0αj + const

= (T + e0 − 1) ln αj −
(

f0 −∑
t

E
[
ln(1− π

′
jt)
])

+ const, (6)

From Eq. (6), We can easily get the following equations of α:

q(αj) = Gam(αj|ej, f j),

where
ej = T + e0, f j = f0 −∑

t
E
[

ln(1− π
′
jt)
]
.

Similarly, we can update variable γ as follows:

q(γ) = Gam(γ|c, d),
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where
c = K + c0, d = d0 −∑

k
E
[
ln(1− β

′
k)
]

.

Infer U and V :

ln q(ui·)

= E\U
[
p(L, V , ξ, C, Z, β, π, α, λ, γ, Y)

]
+ const

= ∑
j,t,k

ρijt ϕjtk

[
−1

2
E[ξk]E

[(
yij − ui·vT

j·

)2
]]
− 1

2
ui·ΛuT

i· + const, (7)

where Λ = diag(E[λ]). Taking exponential of both sides of Eq. (7), and normalizing the result, we
obtain the posterior distribution of ui·:

q(ui·) = N (ui·|µu
i·, Σu

i ),

where

Σu
i =

(
∑
j,t,k

ρijt ϕjtkE[ξk]E[vT
j·vj·] + Λ

)−1

, µu
i· = ∑

j,t,k
ρijt ϕjtkE[ξk]yijvj·Σ

u
i .

Similarly, each column of V is also a Gaussian distribution, i.e.,

q(vj·) = N (vj·|µv
j·, Σv

j ),

where

Σv
j =

(
∑
i,t,k

ρijt ϕjtkE[ξk]E[uT
i·ui·] + Λ

)−1

, µv
j· = ∑

i,t,k
ρijt ϕjtkE[ξk]yijui·Σ

v
j .

Infer λ:

ln q(λr)

= E\λ
[
p(U, V , ξ, C, Z, β, π, α, λ, γ, Y)

]
+ const

=

(
d
2
+

B
2
+ p0 − 1

)
ln λr −

(
1
2

E
[
u·rTu·r

]
+

1
2

E
[
v·rTv·r

]
+ q0

)
λr + const, (8)

Thus, we can get the following Updated equations:

q(λr) = Gam(λr|pr, qr),

where
pr =

d
2
+

B
2
+ p0, qr =

1
2

E[u·rTu·r] +
1
2

E[v·rTv·r] + q0.

3. Calculation of Expectations7
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The expectation in the variational update equations can be calculated with respect to the current
variational distributions, as listed in the followings:

E[ξk] =
ak
bk

,

E [ln ξk] = ψ(ak)− ln bk,

E
[
ln π

′
jt

]
= ψ

(
r1

jt

)
− ψ

(
r1

jt + r2
jt

)
,

E
[
ln(1− π

′
jt)
]
= ψ

(
rjt
)
− ψ

(
r1

jt + r2
jt

)
,

E
[
ln πjt

]
= E

[
ln π

′
jt

]
+

t−1

∑
s=1

E
[
ln(1− π

′
js)
]

,

E
[
ln β

′
k

]
= ψ

(
s1

k

)
− ψ

(
s1

k + s2
k

)
,

E
[
ln
(

1− β
′
k

)]
= ψ

(
s2

k

)
− ψ

(
s1

k + s2
k

)
,

E [ln βk] = E
[
ln β

′
k

]
+

k−1

∑
l=1

E
[
ln(1− β

′
l)
]

,

E
[
uT

i·ui·
]
= µu

i·
Tµu

i· + Σu
i ,

E
[
vT

j·vj·
]
= µv

j·
Tµv

j· + Σv
j ,

E
[
uT
·ru·r

]
= µu

·r
Tµu
·r + ∑

i
(Σu

i )rr ,

E
[
vT
·rv·r

]
= µv

·r
Tµv
·r + ∑

j

(
Σv

j

)
rr

,

E
[(

yij − ui·
Tv·j

)2
]
= x2

ij − 2xijµ
u
i·

Tµv
j· + tr

(
E
[
uT

i·ui·
]

E
[
vT
·j v·j

])
.

where ψ(·) is the digamma function defined by ψ(x) = d
dx ln Γ(x)8
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