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Abstract

Improving transportation resource efficiency while meeting delivery service requirements
is a key challenge in sustainable logistics. Shipment consolidation can increase capacity
utilization; however, waiting for shipments to accumulate may lead to delivery delays
and additional compensation costs. To address this trade-off, this paper develops a multi-
category, multi-stage stochastic programming model for delayed shipment consolidation.
The model captures the relationships among stochastic demand, dispatch decisions, and
subsequent distribution states through the recursive evolution of interstage backlogs. Be-
cause the number of state—strategy combinations grows rapidly with the number of product
categories and decision stages, a generalized expected value model and a corresponding
recursive solution method are further developed. Numerical results show that higher
transportation costs make delayed consolidation more economically attractive, whereas
higher delay compensation rates favor earlier dispatch. Compared with dispatching at
every stage, delaying consolidation across all stages reduces the expected number of con-
tainers by about 21-25%. The risk-preference parameter changes the optimal strategy
mainly near the cost-indifference boundaries, and the direction of this change depends on
how stage demand matches container capacity. This study supports decisions that balance
transportation resource utilization, operating costs, and delivery delays under uncertain
demand, thereby helping logistics firms improve transportation resource efficiency.

Keywords: stochastic programming; compensation mechanism; shipment consolidation;
delivery delays; generalized expectation model

1. Introduction

Sustainable logistics requires efficient use of transportation resources while maintain-
ing economically viable operations and meeting customer delivery needs. In China, total
logistics costs totaled CNY 19.5 trillion in 2025, equivalent to 13.9% of GDP [1]. At this
scale, even small gains in transport resource efficiency can yield substantial economic and
resource savings, which is central to sustainable logistics. Underutilized transport capacity
can increase both operating costs and resource consumption per unit of freight. Improv-
ing capacity utilization is therefore an important consideration in sustainable logistics
management [2,3]. However, achieving higher utilization by consolidating shipments may
prolong customer waiting times and create additional service costs. Logistics firms thus
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need to balance resource efficiency with delivery requirements, particularly when different
types of goods vary in their sensitivity to delays.

As logistics services move toward a wider range of products, smaller shipment sizes,
and higher delivery frequencies, shipment consolidation has become an important way to
reduce transportation costs and improve vehicle utilization. This problem is commonly
referred to as the shipment consolidation and dispatching problem (SCDP) [4,5]. In practice,
the arrival times and demand quantities for different types of goods are often uncertain [6].
When the goods waiting at a delivery point are insufficient to form a full load, logistics
firms must choose between immediate dispatch and delayed dispatch to consolidate with
later arrivals. Immediate dispatch can reduce customer waiting time, but it may increase
the transportation cost per unit. Delayed dispatch can improve vehicle utilization, but
it increases the waiting time for goods and may incur additional delay compensation
costs [7-9]. Therefore, balancing transportation costs and delay compensation costs is an
important issue when making shipment consolidation decisions under stochastic demand.

Compared with single-category delivery, delay decisions in multi-category shipment
consolidation are more complex [10,11]. First, different types of goods may belong to
different shippers. Their delivery-time requirements and tolerance for delays may therefore
vary. As a result, the compensation costs caused by delays can differ greatly across product
types. Second, the dispatch decision at the current stage affects not only the transportation
cost of that stage but also the available loading capacity and transportation cost in later
stages. This creates a continuous link between decisions across stages. When the delivery
horizon is divided into multiple decision stages, stochastic demand, backlog status, and
dispatch decisions interact. The problem therefore exhibits clear characteristics of a multi-
stage stochastic decision problem [12].

Existing studies have examined logistics delivery under uncertainty from the per-
spectives of vehicle routing, distribution network design, and stochastic programming.
They have also developed solution frameworks based on expected value models, risk mea-
sures, and multi-stage stochastic programming [13-17]. Existing multi-class consolidation
studies [10,11] mainly focus on dispatch capacity rationing or delivery time windows,
whereas category-specific delay compensation in multi-stage consolidation has received
less attention. These differences affect the service costs incurred when shipments are de-
layed to improve capacity utilization. Neglecting them therefore limits the assessment of
the trade-off between transport resource efficiency and delivery service requirements in
sustainable logistics operations. In addition, as the number of product types and decision
stages increases, the combinations of backlog states and dispatch decisions grow rapidly,
making direct stochastic optimization computationally demanding. Moreover, decisions
based solely on the expected total cost do not reflect cost variability or differences in
decision-makers’ risk preferences. This limits the joint evaluation of cost efficiency and cost
stability, both of which are relevant to the economic sustainability of logistics operations. It
is therefore necessary to develop a delivery model that retains both demand uncertainty
and differences across product types and accounts for cost variability. The model should
also capture multi-stage delay decisions while remaining computationally tractable.

Motivated by the compensation-based delayed delivery model [9], this study in-
vestigates a multi-category, multi-stage delayed shipment consolidation problem with
differentiated compensation. We consider stochastic arrivals of different product types
and varying delay compensation rates. When the available goods are insufficient to form
a full load, the logistics firm may delay dispatch. The loading priority of each product
type is set according to its compensation rate. Based on this setting, we first develop a
stochastic decision model for multi-category, multi-stage delayed delivery. The model
captures the recursive relationships among backlog states, stochastic demand, and dispatch
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decisions across stages. Second, to address the rapid growth of state combinations in direct
stochastic optimization, we introduce a generalized expected value model that accounts for
both expected cost and cost variability. This approach transforms the stochastic delivery
problem into a deterministic decision problem, allowing for direct comparison of alterna-
tives. We then develop a recursive solution procedure and analyze the relationships among
transportation costs, differentiated delay compensation parameters, and optimal delivery
strategies. Finally, numerical experiments are conducted for two-stage, three-stage, and
multi-category multi-stage cases. The delivery strategies and their responses to different
parameter settings are examined to demonstrate the applicability and interpretability of
the proposed model. The main contributions of this study are summarized as follows:

e  We extend compensation-based shipment consolidation modeling to a multi-category,
multi-stage setting with shared transportation capacity. The recursive stochastic formu-
lation incorporates category-specific delay costs and interstage decision dependence,
providing a framework for examining how product heterogeneity affects the trade-off
between transportation resource utilization and delivery service costs.

e  We extend the GEM formulation to the multi-category setting, accounting for both
expected cost and cost variability. By combining this deterministic evaluation criterion
with recursion, the proposed method reduces the computational complexity of multi-
category, multi-stage planning compared with direct enumeration of stochastic states.

e  We characterize the conditions under which immediate dispatch or delayed consolida-
tion is preferred through analytical and numerical comparisons. By identifying how
transportation costs, differentiated compensation rates, and risk preferences influence
these conditions, the study provides a basis for assessing its suitability for sustainable
logistics operations.

The remainder of this paper is organized as follows: Section 2 reviews the related
studies. Section 3 describes the problem, formulates the multi-category, multi-stage delayed-
shipment consolidation model, and presents the solution method. Section 4 describes the
numerical experiments. Section 5 presents the conclusions.

2. Literature Review
2.1. Shipment Consolidation and Delivery Delays

The shipment consolidation and dispatching problem (SCDP) aims to combine less-
than-truckload shipments into full-truckload shipments. This improves vehicle or container
utilization and achieves economies of scale in transportation. Its main objective is to mini-
mize total logistics costs by balancing transportation capacity and delivery efficiency. The
problem has attracted significant attention in freight forwarding, air cargo management,
and supply chain coordination [3-7,18]. Existing studies have identified three main ship-
ment consolidation policies. Time-based policies consolidate and dispatch shipments at
predetermined time intervals. They maintain a stable dispatch schedule and facilitate
transportation planning [5,6] and are widely used in less-than-truckload networks where
linehauls between depots are scheduled in advance [19]. However, dispatch decisions
under these policies are independent of the actual shipment volume. As a result, vehi-
cle utilization may be low when demand is insufficient to form a full load. In contrast,
quantity-based policies trigger dispatch only when the accumulated shipment volume
reaches a preset threshold [5,20,21]. This allows transportation capacity to be used more
efficiently. Although such policies can better exploit economies of scale, their dispatch
timing is highly sensitive to demand arrivals. When demand is sparse, delivery may be
excessively delayed. To overcome the limitations of these two policies, hybrid policies
have been proposed. These policies consider both time and quantity conditions and seek
to balance capacity utilization and delivery timeliness [3,5,22]. The choice among these
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policies reflects a fundamental trade-off between transportation cost efficiency and service
reliability. This trade-off has been widely studied under different demand patterns and
cost structures [23]. In these studies, consolidation policies are typically compared by their
expected or long-run average cost [5,20], which does not reflect the variability of costs
under uncertain demand.

Although the three consolidation policies use different dispatch triggers, they all
involve a trade-off between transportation and waiting costs. When consolidation is
delayed to accumulate more shipments, customers incur waiting costs. These costs may
take the form of contractual penalties, loss of goodwill, or deterioration of time-sensitive
goods [24,25]. This trade-off gives rise to the delayed delivery problem. The decision maker
must decide whether to dispatch the available goods immediately or delay the shipment in
anticipation of future demand. Delayed delivery is not limited to shipment consolidation.
It also appears in production scheduling, inventory replenishment, and service operations.
This broad application underscores its general relevance as a decision-making problem.
A key structural feature of delayed delivery is the trade-off between the fixed dispatch
cost incurred for each shipment and the penalty cost accumulated over each period of
delay. Such problems also naturally involve decision dependence across multiple stages. In
most of these models, the waiting cost is charged at a uniform rate for all shipments, so
the dispatch decision depends only on the total accumulated volume rather than on the
composition of the waiting goods.

In the literature on delayed delivery, early studies developed basic cost structures
under deterministic demand. They identified the conditions under which immediate
dispatch is preferred to delayed dispatch and vice versa. Later studies introduced demand
uncertainty, recognizing that in many practical settings, the number of future orders is
unknown when a dispatch decision is made. Under stochastic demand, the optimal
dispatch policy depends not only on the current inventory level but also on the probability
distribution of future arrivals. Stochastic programming and dynamic decision-making
methods are therefore needed [26,27]. However, when shipments of multiple types must
be tracked separately, the state space of such dynamic models grows rapidly, limiting their
application to multi-category consolidation. Another stream of research has examined
compensation mechanisms in delayed delivery. Under such mechanisms, carriers or
logistics service providers incur penalties or compensation costs when the agreed delivery
time is not met [9,28]. These costs can significantly affect shipment consolidation and
dispatch policies. Compensation-based modeling is particularly relevant in third-party
logistics, where service-level agreements clearly specify the economic cost of delivery
delays. However, existing compensation-based models mainly involve a single shipper or
a uniform compensation rate [9,29]. Multi-class consolidation models distinguish priorities
among demand classes [10], but they do not relate these priorities to delay compensation
in multi-stage dispatch decisions.

The review reveals three research gaps. First, waiting costs are typically charged at a
uniform rate, and compensation-based studies mainly involve a single shipper. How shared
container capacity should be allocated among goods with different compensation rates
across multiple dispatch stages therefore remains unclear. This study formulates a multi-
category, multi-stage delayed shipment consolidation model in which loading priority is
determined by category-specific compensation rates. Second, stochastic dispatch models
become difficult to solve when the backlog of each product type is tracked separately.
This study evaluates dispatch plans using the expectation and variance of the delivery
cost, reducing the problem to a comparison among a limited number of plans. Third,
consolidation policies are mostly compared by expected cost, which does not distinguish
plans with similar average costs but different cost variability. This study incorporates cost
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variability and the decision-maker’s risk preference through the generalized expected value
model introduced in Section 2.2.

Table 1 compares the main research streams relevant to this study. Studies on con-
solidation policies and time-constrained consolidation rarely consider category-specific
delay costs, while compensation-based studies are limited to a single compensation rate.
This study combines category-specific compensation with multi-stage stochastic dispatch
decisions and incorporates cost variability into the evaluation of dispatch plans.

Table 1. Comparison of related research streams.

Research Multi-Category Multi-Stage Uncertainty Delay-Related Cost ~ Evaluation Criterion

Stochastic consolidation Stochastic demand Uniform waiting or ~ Expected or long-run
- Partly Vv . .
policies [5,6,10] or arrivals holding cost average cost

Time windows, lead

Time-constrained o . .
consolidation [11,19,22,23] — Vv Mostly deterministic tlmjeshovreigﬁgzied Total cost

Compensation-based . Uniform Expected value

delayed delivery [9,28] o v Stochastic demand compensation rate and variance

Sustainability-oriented Stochastic demand or

consolidation [21,29] Partly % disruption scenarios - Expected cost
: . Category-specific Expected value
This study Vv Vv Stochastic demand compensation and variability

2.2. Stochastic Programming and the Generalized Expected Value Model

Stochastic programming provides a general framework for sequential decision-making
under uncertainty, in which uncertain parameters are represented by probability distribu-
tions and decisions are adapted to the information available at each stage [30]. A simple way
to obtain a deterministic decision criterion is to evaluate random costs using their expecta-
tions. Although computationally convenient, expectation-based evaluation captures only
the average level of uncertain outcomes and does not explicitly distinguish alternatives with
different degrees of variability. This limitation has motivated risk-sensitive formulations
that supplement expected performance with additional measures of uncertainty.

Chance-constrained programming manages uncertainty by requiring selected con-
straints to hold with a prescribed probability [31], whereas robust optimization protects
decisions against realizations within a specified uncertainty set [32]. Mean-risk formu-
lations offer another alternative by combining expected performance with measures of
dispersion or downside risk [33]. These approaches offer different interpretations of de-
cision risk, but incorporating them into multistage problems can substantially increase
computational requirements because decisions and uncertainty evolve sequentially and are
commonly represented by expanding scenario structures [34,35].

This issue is particularly relevant to multistage shipment decisions. At each dispatch
epoch, the decision depends on accumulated cargo and newly realized demand, while
the current dispatch action determines the backlog entering subsequent stages. Hence,
the evaluation criterion should preserve information about demand uncertainty while
remaining sufficiently tractable for recursive computation. The Generalized Expected Value
(GEM) model offers such a formulation by replacing the pure expectation objective with
a composite criterion of the form E(¢) + C+/D(¢), where E(&) denotes the expected cost,
D(¢) denotes its variance, and C > 0 is a non-negative parameter reflecting the decision-
maker’s degree of risk aversion. When C = 0, GEM reduces to the standard expected value
model; as C increases, greater weight is placed on the variability of outcomes, penalizing
solutions that are optimal on average but highly volatile in practice. This formulation
has a natural statistical interpretation: under normality, E(&) + C+/D(&) corresponds to
a quantile of the cost distribution, so that C can be calibrated to a target service level.
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Compared with chance-constrained and robust approaches, GEM retains the analytical
tractability of the expected value model while incorporating a meaningful measure of
uncertainty, making it well suited to multi-stage shipment consolidation problems where
closed-form or recursive solution structures are available. In this paper, GEM is applied to
the multi-category delayed shipment consolidation problem, in which the dispatch decision
at each stage depends on the accumulated cargo of multiple freight categories under
stochastic demand, and the optimal policy is characterized through analytical boundary
conditions in the parameter space of transportation cost and delay penalties.

3. Problem Description and Model
3.1. Problem Description and Assumptions

Given the characteristics of shipment consolidation, demand for each product type
arrives randomly. Therefore, the delivery problem is formulated as a stochastic programming
problem. During the delivery process, the freight forwarder needs to load different types
of goods into the same container. When the total volume of all product types meets the
full-container requirement, the shipment must be dispatched. When the total volume is
insufficient to fill a container, the freight forwarder may delay the shipment and wait for
future arrivals. This can help form a full container and reduce the transportation cost per unit.

Delayed delivery introduces an additional constraint to the delivery process. The decision
becomes more complex when multiple product types share the same container. Unlike
single-category delivery, different product types may belong to different shippers and have
varying tolerance for delay. This increases the complexity of delay decisions and has received
considerable attention in related studies. In this section, we consider a multi-category full-
container delivery problem under stochastic demand and discuss how the delivery mechanism
is determined. The relevant agreements and requirements are as follows:

1. Each shipper pays the freight forwarder according to the agreed terms and the
actual quantity shipped. If the freight forwarder fails to deliver the goods on time, it must
pay delay compensation to the corresponding shipper.

2. All orders of all product types must be delivered within the same delivery cycle.

3. Each delivery cycle is divided into n time periods. In each period, if the total
shipment volume meets the full-load requirement, the goods must be dispatched. If the
total volume is insufficient for a full load, the shipment may be delayed. However, each
delay incurs a penalty.

4. When several product types need to be delayed in the same period, the freight
forwarder determines their loading priority based on their delay compensation rates.
Product types with higher compensation rates receive higher loading priority.

The main symbols used in this paper are summarized in Table 2.

For simplicity, we make the following assumptions:

(1) The container has a fixed capacity Q. If the shipment volume reaches the full-load
requirement, the goods must be dispatched.

(2) There are m product types. At the end of the first stage, the backlog of product type
i that cannot form a full container is denoted by k', satisfying Y/, k' < Q.

(3) If the total volume of all product types is insufficient for a full-container shipment,
delivery may be delayed. Otherwise, delivery cannot be delayed.

(4) The transportation cost for each dispatched container is c.

(5) In each stage, the delay compensation cost per unit of product type ! is p;. The
compensation rates differ across product types. Without loss of generality, assume that
p1>p2>...> Pm-

(6) The loading priority is determined by the delay compensation rates. Product
types with higher compensation rates are loaded first. Specifically, the product types are
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loaded sequentially in the order py, p2, ..., pu, and the remaining capacity is allocated to
the subsequent product types in turn.

(7) The demands for different product types are mutually independent, and the
demands across stages are also mutually independent. The demand distribution for each
product type at each stage is known, for example, from historical order records, and may
differ across stages.

(8) Only the transportation cost for each dispatched container and the delay compen-
sation cost are considered.

Table 2. Notation and Description.

Notation Description
m Number of product types; I denotes a product type, [ =1,2,...,m
n Number of stages in a delivery cycle; i denotes a stage, i = 1,2,...,n
Q Container capacity
c Transportation cost per dispatched container
P Delay compensation cost per unit of product type [ per stage, p1 > p2 > ... > pu
k! Backlog of product type I at the end of the first stage that cannot form a full container
k Total first-stage backlog, Y1, k' < Q
C Non-negative risk preference parameter in the generalized expected value model
Cf Demand of product type [ arriving in stage i
Ci Total demand of all product types in stage i, §; = }; @'f
Fap, Fp Demand distributions of product types A and B in the three-stage model
X; Dispatch decision in stage i; x; = 1 if the waiting goods are dispatched, and x; = 0 if dispatch is delayed
175 Quantity of product type | waiting for shipment in stage i; 17; = }; 1711.
df Quantity of product type I dispatched in stage i under the loading priority rule
Al Remainipg backlog of product type [ afte%‘ full containers are dispatched in stage 2, when the first-stage
172 backlog is delayed or dispatched, respectively
Z; Total delivery cost accumulated up to stage i
2 Delivery cost in the three-stage model, where i = 1 (2) indicates that dispatch is delayed (not delayed) in

the first stage, and j is defined likewise for the second stage

3.2. Three-Stage Decision Mechanism for Multi-Category Delayed Delivery

This section takes the case of m = 2 and n = 3, that is, two product types A and B
and three stages, as an example to analyze the multi-category delayed delivery decision
mechanism. Let k*,k® denote the backlog of each product type that is insufficient to
form a full container at each stage. The total backlog is k = k% + kB, satisfying k < Q.
Suppose that the demands arriving in the second and third stages are (&5, &%) and (¢4, &%),
respectively. The distribution of (&35!, &%') is Fa, and that of (¢7, &%) is . The demands
satisfy Assumption 7. Let ¢, = Cﬁ“ + §§ and {3 = Cé“ + é‘g denote the total demand of all
product types in the second and third stages, respectively. Let Z11(k?, kB, &, &) denote
the delivery cost when delayed delivery is adopted in both the first and second stages. Let
Z12(kA, kB, &, &) denote the delivery cost when delivery is delayed in the first stage but
not in the second stage. Let Zy; (kA, kB, &, ¢3) denote the delivery cost when delivery is
delayed in the second stage but not in the first stage. Let Zzz(kA, kB, &, ¢3) denote the
delivery cost when no delayed delivery occurs in either the first or the second stage. Under
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these four cases, Zij(kA, kB, &,83), i=1, 2, j=1, 2is arandom variable, abbreviated as
Z;j. Its specific form is given as follows:

kA pa+kPpg+ (k+258)pa+ (k+25)ps

o +int<k+€é+§s)c+5<k+€2+§3)c k+2 <Q,
le(k 7 k 162/53) = A B . k+§2 ’
k%pa+k pB+1nt( )c—i—rsz—i—rzpB
+int(r25§3)c+(5(r2+63> k+82>0Q
k k
le(kA, kB/éZ/éB) :kAPA+kBPB+mt< g§2>c+5< Béz)c‘i‘ nt<%)c+5(%> ’
c+fpa+hpp+int( 258 ) o250 ), &2<Q
ZZl(kA/ kB/CZIC3) = c+int<%)c+55‘pA+S§P3+int<%>c ’
ro(medQe ), &>0

Zn (K", kP am)—c+mt<%)c+5<%)c““t(@”‘s@)

0, t is an integer .
where 4(t) = 1 otherwiseg , = max(kA+§2A—1nt(k+€2> Q, 0) B =

mod(&, Q) — 4, s = max(@f1 - int(%) -Q, 0) and s} = mod(& — Q) —s4'. Here,
int(x) denotes the integer part of x, and mod(a, b) denotes the remainder of a divided by b.
Based on the above analysis when only the expected cost E(-) is considered, we obtain

the following results, where a/}, a?, b,

i @ijs z],z =1, 2, j =1, 2 are constants:

E (le , kB, 20,83)) = afipa +afipp + buic,

E(Zua(k, kF,&,E3)) = athpa +alaps + biac,
) = agipa+ a3 pp + boc,

(
E<Z21 (k*, k8,8, 83)
(

E(Zan (K%, k8, &, Cs)) = ashpa +adpp + bac.

The expressions of the corresponding coefficients are given in Table 3.

Table 3. Coefficient Expressions for the Three-Stage Delayed Delivery Model.

af.;- ug b;;
Zn KA+ E[r]  kP+E[5] E{im("%)] +E int(rzgé:“)} +E[(5(’25§3)}
P () () el )] ()]
B eelm()] ()] )
Zn 0 0 1+E[int(%)] +E 5(%)] +E[mt(%ﬂ +E[5(%)]

When E(Zy1) = min{E(Z13),E(Z31), E(Z)} holds, delaying delivery in both the
first and second stages is the optimal delivery strategy. In this case, the following linear
inequalities must hold:
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E(le (kA/ kB/ ‘:2/ 63)) S E(ZlZ(kA/ kB/ ‘:2/ 63))1
E (le (kA/ kB/ ‘:2/ 63)) <E (ZZl (kA/ kB/ ‘:2/ 63))1
E (le (kA/ kB/ 62/ 63)) <E (ZZZ (kA/ kB/ 62/ 63)) .

Thus:
(a{‘l - ’lfz)PA + (”fl - a?z)PB (b12 — b11)c,
(a{‘l - a?l)PA + (’1{;1 - a§1)PB (ba1 — b11)c,

(a — ash)pa + (aby —aB)pp < (b — by)c.

<
<

hS

In practice, p4 > 0, pp > 0, ¢ > 0. The three linear inequalities above define three
half-spaces in the three-dimensional parameter space (p4, pp, ¢). Their intersection forms
a convex cone. Therefore, we obtain the following theorem.

Theorem 1. In the multi-category three-stage delayed shipment consolidation model, when the
expected value is used as the evaluation criterion, the transportation costc per dispatched container,
the delay compensation rate p 4 for product type A, and the delay compensation rate pp for product
type B jointly define a three-dimensional convex parameter region.

Remark 1. In the two-stage delayed shipment consolidation model, there is a linear
relationship among p4, pa, ¢, as discussed in detail in Section 4.1. When the model is
extended to 7 stages (n > 3), the relationship among p4, pp, c remains linear. Therefore,
Theorem 1 also holds for the n-stage delayed shipment consolidation model (n > 1).

The above analysis shows that the same conclusion holds regardless of whether
delayed delivery occurs at each stage. Based on this result, the three-stage delayed delivery
model, denoted Model (1), can be formulated as follows:

. + (1= x1)(KApy + kBpp) + int (G030 ¢ 5(GtQoxk) o) 4 (1 — ) [ne (00
s ( fcgggmg_“)k);l(rfpji rgp:ﬁ + [lir;t<<(33+(?_xz)%zc+(l—sl)k))Q_,'_5(23i)(1—x2)((§22f(21—[;3k§>}C © )C ) )
st.  x=0,1i=1, 2

where Q denotes the container capacity, and ¢ denotes the transportation cost for each
dispatched container. Within each delivery cycle, if no delayed delivery occurs in the first
stage, then x; = 1; otherwise, x; = 0. Similarly, if no delayed delivery occurs in the second
stage, then xp = 1; otherwise, x; = 0. kA kB denotes the amount of demand remaining
after the first-stage demand fails to form a full load, and the total backlog is k = k** + k2. &
and ¢3 denote the demand in the second and third stages, respectively. p4 and pp denote
the delay compensation rates for product types A and B, respectively. r5' and r5 denote the
remaining backlog of each product type after a full-container shipment is dispatched in the
second stage and the available capacity is allocated according to the loading priority rule.
All orders of all product types must be fulfilled within each delivery cycle, which consists
of three stages.

Example 1. When Q = 12,k?* = 2,k% = 1 holds, suppose that the remaining quantity
that cannot form a full load at the end of the first stage is 3. Under the three-stage delayed
delivery mechanism, there are 13 possible cases in which the demand in the second stage is
insufficient to form a full load, namely, ¢, € {0, 1, ..., 12}. For each case, the distribution
center must decide whether to carry the backlog from the first stage, k4, kB, over to the
second stage. For instance, suppose that the total quantity remaining in the second stage
is 5. If the first-stage backlog has not been dispatched (x; = 1), the total quantity waiting
for shipment in the second stage becomes 3 + 5 = 8. Since this quantity is still insufficient
to form a full load, the distribution center must further decide whether to dispatch it in
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the second stage. It must also determine how the remaining container capacity is allocated
between product types A and B according to the loading priority rule. In contrast, if
the first-stage backlog has already been dispatched (x; = 0), the distribution center only
needs to decide whether to dispatch the five newly arrived units in the second stage. In
summary, for the two-category three-stage delayed shipment consolidation model, there
are 156 possible combinations of states and decisions in the first and second stages. For each
combination, there are another 78 possible states in the third stage. Thus, the total number
of possible cases is 1562. By extension, for a two-category n-stage model, the number of
possible cases is 156". When the model is further extended to m product types, the number

-1
of states in each stage is Q-+m , and the total number of possible cases becomes
m
Q+m—1 : . . .
. Therefore, the computational complexity grows exponentially with
m

both the number of product types m and the number of stages n. A direct analytical solution
is no longer practical. To address this problem, we treat the demand for each product type
as a random variable characterized by its mean and variance. We then use the generalized
expected value model (GEM) to transform the stochastic programming problem into a
deterministic programming problem for solution.

3.3. Generalized Expected Value Model for Delayed Delivery Under Stochastic Demand

We develop a model that considers the costs of m product types at each stage over
n stages, with the objective of minimizing the total cost. In this study, we consider only
two major cost components: the transportation cost for each dispatched container and the
delay compensation cost. Based on the above analysis, the multi-category-n-stage delayed
delivery model, denoted Model (2), is formulated as follows:

=0 e ) o]« () (8
s.t.

771:kr 17i+1:€i+1+( 7xi)77i/i:1/ 2,3 ..., n—1,
n =k, nl, = gl+1+( x)b—d, 1=1,2,...,mi=1,223 .., n-1

Y dh = th Qdl>01=1,2, . @)

. , ir
4 mln(ﬂl+§l+l max(mt<%W>czz<M)a

zp =x1c+ (1 —x1) ¥ kK'p; +int
=1 Q

x;=0,1i=123, ..., n—1

where Q denotes the container capacity, and ¢ denotes the transportation cost for each
dispatched container. p; denotes the delay compensation cost per unit of product type
1, satisfying p; > p2 > ... > pm > 0. k! denotes the backlog of product type I in the
first stage, and k = Y./ | k' < Q denotes the total backlog. z; denotes the cost of delayed
delivery in stage i. §; = })" @l denotes the demand for product type [ in stage 7, and ¢;
denotes the total demand in that stage. 77} denotes the quantity of product type [ waiting
for shipment in stage i, while di denotes the actual quantity of product type I dispatched
according to the loading priority rule. If dispatch occurs in stage i, then x; = 1; otherwise,
x; = 0. All orders must be fulfilled by the end of each delivery cycle.

Model (2) provides a formal description of the m-category, n-stage delayed delivery
problem. It can be solved using the recursive method introduced in Section 3.4. This
recursive method is also used for following models.
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Since random variables cannot be directly compared in the same way as real numbers,
a key issue in solving above model is how to compare different random outcomes. A
common approach is to transform the stochastic programming problem into a deterministic
programming problem. If the expected value is used to characterize the random variables,
the corresponding expected value model, denoted Model (3), can be formulated as:

min  E(zp) = E(zp_1)%n_1 + (1 — xn_1)E({int(ﬂgl>c+(5(ngl>l§‘i nfllp,} + {int(’é’) +5(’$)}e>

s.t.

m=k nip=C¢n+1—-x)y, =123 ..., n-1,
=k, =8 +Q—x)yl—d, 1=1,2,...,mi=1,23, .., n-1

Y dl :int<g) Qd>01=12 ...,m

E(z) = xic + (1 — xl)lg;1 Kp + E(int<MQ_x1>k>c + 5(52+(1Q_x1)k)c>,

x;=01i=1,23,..., n—1.

Model (3) is solved recursively. To obtain the solution to a three-stage delayed delivery
model, we first need to solve the corresponding two-stage model. Similarly, solving a
four-stage model requires the solution to the three-stage model. This procedure can be
continued for models with more stages. Model (3) has 2" ! possible solutions. As shown in
Example 1, the number of state and decision combinations in Model (2) grows exponentially
with both the number of product types and the number of stages, whereas the number
of possible solutions in Model (3) depends only on the number of stages. Therefore, the
computational complexity of Model (3) is much lower than that of Model (2).

However, the expected value captures only one characteristic of a random variable. A
random variable is fundamentally different from its expected value. Therefore, the expected
value model may not fully represent stochastic decisions in the original problem. The main
limitation is that the reliability of the resulting decision cannot be guaranteed. If the minimum
reliability of ¢ is B, then Pr(¢ < a) > B and Pr(¢ < a) >  must be satisfied. Following Zhou
(2022) [9], in the multi-category shipment consolidation problem, § corresponds to the total
demand across all product types, denoted by & = YI"; ¢l Since the demands of different
product types are mutually independent, the variance D(-) satisfies

p(Te) = 1 o(e)

If the demands of different product types are correlated, for example, through shared

m
customers or common market conditions, the variance becomes D (Z?I gfl’) =3 D (Cf) +
=1

2y -1, Coo (&, &), In this case, the joint distribution of (I},17,...,1!") replaces the product
of the marginal distributions in the recursive procedure, and the remaining steps are
unchanged. Positive correlation increases the variance of total demand and may change
the relative variability of alternative dispatch plans, thereby affecting the dispatch decision
under a given risk preference parameter C.

This property makes the generalized expected value model applicable to the multi-
category setting. The value of C can be determined by jointly considering the distributional
characteristics of demand for different product types. Based on the above analysis, the
generalized expected value provides a composite measure that captures both the magnitude
and uncertainty of a random variable. Therefore, Model (2) can be transformed into Model (4).
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min z = E(z,)+ C+/D(zy),
m
st zp=2zy 1% 1+ (1 —x,_1) {int(W”Ql>c + 5(%)1);1 rylepl} + {int(’S) + 5(’8)}0,
m =k, Mi+1 :Ci+1+(17xi)77ir i=1,23 ..., n—-1,
M=k, =8 +Q—x)yl—d,1=1,2...,mi=123 .., n-1 @)

Zlm_ldf:int<g Qd>01=12 ...,m

M_xl)k)wré(w_xl)k)c,

m
zp =x1c+ (1 —x K —|—int<
2 = x1¢+ ( 1)l§1 pi 0 0

x=0,1i=123,..., n—1.

The above discussion leads to the following observations: (1) When C = 0, Model

(4) is equivalent to Model (3). Therefore, the two models have the same computational

complexity. (2) Model (4) has a clear structural form. Different values of C can be used to

represent different levels of uncertainty in the decision-making process. (3) Model (4) has a

statistical interpretation. For example, (z, — E(z,))/+/D(zx) represents a reliability quan-

tile. In practical applications, the value of C can be selected according to the distributional
m

characteristics of (z, — E(z1))/+/D(zu). (4) When m = 1 holds, }_ k'p; = kp, and Model
I=1

(4) reduces to the GEM for a single product type.

Based on the above analysis, Model (4) incorporates the traditional stochastic treatment

as a special case. Different forms of the combined effect function may lead to different

decision rules. This also increases the computational complexity of the model.

3.4. Model Solution

According to Model (2), the solution of z3 can be obtained from the solution of zp,

and the solution of z4 can then be obtained from z3. This procedure continues recursively

for later stages. Since the solution at each stage depends only on the solution from the

previous stage, the sequence of delivery costs has the Markov property. Therefore, the

following algorithm can be used to solve the m-category, n-stage delayed delivery problem,

as illustrated in Figure 1.
The detailed steps are as follows:
Step 1. Input the initial delayed delivery model (2).

1. Given the parameters c, p1,p2, ..., pm, Q, and kL, k2,... k™ obtain k = sz:1 kl,

where 171 = kand 7} =K'

2. Compute the probability distribution of the total demand & = Y1, & from the

marginal demand distributions F1, F2,..., F™ of all product types.

3. During the recursive process, the distribution function of #; 1 is jointly determined

by 7, ¢i+1 and the dispatch decision x;. The backlog 175 41 of each product type is determined

according to the loading priority rule.

4. Calculate the expected cost E(z;) and variance D(z;) at each stage using E(57!) and

D).

Step 2. Select an appropriate generalized expected value function and determine the value

of parameter C.

Step 3. Transform the stochastic programming model into the generalized expected

value model.

Step 4. Evaluate all 2" ! possible combinations of x;(i = 1,2,...,n — 1) and select the optimal
value of E(z,) + Cy/D(z,) to obtain the solution of the generalized expected value model.
Step 5. Obtain the optimal delayed delivery strategy. This includes the dispatch decision

(x7,x3,...,x5_,) at each stage and the corresponding loading plan for each product type.
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ST

v

Input Q, ¢, p1,pa, ..., pm and k', K2, .k

Step 11 etk=2 &l =kand | =&’
v
Compute the distribution of total demand &; = X} 15.’
Step 1.2 . O . 1 2 m !
from the marginal distributions F*, F~, ..., F
v
Step 2 Select the generalized expected value function

and the risk preference parameter C

v

Take a dispatch strategy (x1,x2, ..., X, —1), X; € {0, 1}
from the 2"~ ! candidates

v

Fori=1,...,n— 1: update the backlog 17,.’+1 of each
Step 1.3  product type from ;1,.’, .fl.’ +1 and x; under the
loading priority rule

) v |3
; S
Step 1.4 Compute the expected cost E(z,) and variance D(z,) £
of the strategy <
7 | F

Step 3 Evaluate the strategy by the generalized expected value

E(zy) + CV/ D(z)

- W J
v

All 2"~ ! strategies
evaluated?

[ Step 4 Select the strategy with the minimum ]
generalized expected value E(z,) + C\/m
v
[ Step 5 Output the optimal strategy G oot ) ]
and the loading plan of each product type

Figure 1. Process of the recursive solution procedure.

Remark 2. If the GEM is convex, it can be solved using convex optimization methods.
When the objective function is linear, and the selected combined effect function defines
a convex constraint, the resulting GEM is convex. Under Assumption 7, the demands of

m
different product types are mutually independent. Therefore, D (2?1:1 zln> =)D <zf1) is
I=1

additive, which simplifies the calculation of the variance. In general, however,_the GEM is
not necessarily convex. In such cases, conventional convex optimization methods cannot
be directly applied.

4. Case Studies

This section presents three numerical examples of increasing complexity: two product
types over two and three stages, and three product types over four stages. The first two cases
allow the strategy boundaries to be derived and visualized, whereas the third examines the
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method when the parameter space can no longer be visualized. Section 4.4 evaluates the
computational performance of the proposed method, and Section 4.5 discusses the results
in terms of capacity utilization, risk preference, and previous studies.

4.1. Case 1: Two-Category, Two-Stage Delayed Delivery Problem

A freight forwarder consolidates shipments of two product types, A and B, into a
single container with a capacity of Q = 12. There are two fixed dispatch dates each month:
the 15th and the 30th. For orders received before the 15th of the current month, the backlogs
for product types A and B are k4 = 4 and kB = 2, respectively. Their delay compensation
rates are p4 > pp > 0, and the transportation cost per dispatched container is c. All orders
received in the current month must be delivered by the 30th. The objective is to determine
a reasonable delivery plan that minimizes the total cost.

There are two possible delivery decisions: Z; (delay) and Z, (dispatch). If delivery is
postponed to the next dispatch date, one of the following two situations may occur: (1) The
freight forwarder pays compensation for the delay, but total demand remains insufficient to
form a full load. In this case, no transportation cost is saved, and the total cost increases. (2)
The freight forwarder pays compensation for the delay, and total demand reaches the full-load
requirement. In this case, transportation costs can be reduced through shipment consolidation.

Suppose that the freight forwarder has estimated the demand distributions for the
two product types in the second stage using historical order records, as shown in Table 4.

Table 4. Predicted Demand Probabilities for Each Product Type in Stage 2.

5‘ 3 6 7 8 9 11 12 13 14 16
Pr(@f‘ =1) 0.03 0.04 0.12 0.18 0.26 0.12 0.06 0.1 0.05 0.04
g 2 4 5 6 7 8 9 10 11 12
Pr((';g =1) 0.04 0.08 0.13 0.20 0.22 0.15 0.10 0.05 0.02 0.01
By Assumption 7, the demands for the two product types are mutually independent,
and the total demand is & = &' + ¢5. From Table 4, we obtain E(&) = 16.36. Based on
the demand distribution, the costs associated with a backlog of 6 units at this stage can be
calculated, as shown in Table 5.
Table 5. Total Cost over Two Stages (k = 6).
) 5 7 8 9 10 11
Pr(¢, =1) 0.0012 0.0024 0.0055 0.0108 0.0170 0.0297
Z1(k, &) c+ (4pa +2ps) 2c+ (4pa +2pp)  2c+ (4pa +2pB)  2c+ (4pa+2ps)  2c+ (4pa+2ps)  2c+ (4pa +2pB)
Zy(k, G2) 2c 2c 2c 2c 2c 2c
G 12 13 14 15 16 17
Pr(g, =) 0.0410 0.0833 0.1052 0.1275 0.1206 0.1036
Z1(k, &2) 2c+ (4pa+2pp)  2c+ (4pa+2pg) 20+ (4pa +2pg) 20+ (4pa+2pp)  2c+ (4pa+2ps)  2c+ (4pa +2pB)
Zy(k, G2) 2c 3¢ 3c 3¢ 3¢ 3¢
& 18 19 20 21 22 23
Pr(¢, =) 0.0948 0.0755 0.0632 0.0458 0.0309 0.0212
Z1(k, &2) 2c+ (4pa +2pp) 3¢+ (4pa +2pp) 3¢+ (4pa+2pp) 3¢+ (4pa+2pp) 3¢+ (4pa +2pp) 3¢+ (4pa +2pp)
Zy(k, C2) 3c 3¢ 3c 3¢ 3c 3¢
[ 24 25 26 27 28
Pr(¢, =) 0.0111 0.0060 0.0025 0.0008 0.0004
Z1(k, &2) 3c+ (4pa+2pg)  3c+ (4pa+2ps)  3c+ (4pa+2p)  3Bc+ (4pa+2pp)  3c+ (4pa +2ps)
Zy(k, &2) 3¢ 4c 4c 4c 4c
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From Table 5, we obtain E(Z;) = 4p4 + 2pp +2.2562c and E(Z;) = 2.9021c. For given
pa, PB, ¢ the boundary condition is

4pa +2pp = 0.6549¢

If 4p 4 4+ 2pp < 0.6549c holds, delayed delivery is preferred; if 4p 4 + 2pp > 0.6549¢
holds, immediate dispatch is preferred.

Using the same analysis, we further examine the effects of different values of c and 6,
as shown in Table 6.

Table 6. Expected Costs under Different Values of c, p4 and pp.

c Pa Vs E(Z,) E(Z,) Optimal Strategy
500 100 50 1628.10 1451.05 Zy
500 150 100 1928.10 1451.05 Zy
750 100 50 2192.15 2176.58 Zy
750 150 100 2492.15 2176.58 V)
1000 100 50 2756.20 2902.10 Zq
1000 150 100 3056.20 2902.10 Zy
1250 100 50 3320.25 3627.63 Zq
1250 150 100 3620.25 3627.63 VA
1500 100 50 3884.30 4353.15 Zy
1500 150 100 4184.30 4353.15 VA
1750 100 50 4448.35 5078.68 Zq
1750 150 100 4748.35 5078.68 VA

2000 100 50 5012.40 5804.20 Zq
2000 150 100 5312.40 5804.20 VA

Using the above algorithm, we obtain the solutions of the GEM, as shown in Table 7.
The expected cost E(Z;(k, {2)) and the generalized expected cost can also be calculated.

Table 7. Solutions of the Generalized Expected Value Model for m =2 and n = 2.

c PaPB C=0 C=05 C=1 C=2
500 100, 50 Zy Zy Zo Zy
150, 100 Z Zy Z Z
750 100, 50 Zy Zy Zo Zy
150, 100 Z Zy Z Z
1000 100, 50 Z1 Z1 Zq Zy
150, 100 Zy Z Z Z
1250 100, 50 Z1 Z1 Zq Zq
150, 100 Zq Zy Z Z
1500 100, 50 Z1 Z1 Zq Zq
150, 100 Zq Zq Zq Z
1750 100, 50 Z1 Z1 Zq Zq
150, 100 Zq Zq Zq Z
2000 100, 50 Z1 Z1 Zq Zq
150, 100 Zq Zq Zq Zq

Using the proposed algorithm, the GEM solutions under different parameter settings
are obtained, as shown in Table 7. When C = 0, the GEM reduces to the expected value
model, and the results are consistent with the boundary condition above. In the two-stage
case, the compensation cost of delayed delivery is deterministic, and the variability of the
delivery cost arises only from the number of dispatched containers. The standard deviation
of the delivery cost is therefore proportional to ¢, and the boundary condition of the GEM
becomes kp 4 + kBpg = [(bo — by) — C(01 — 02)]c, where 07 and 05 denote the standard
deviations of the number of containers under delayed and immediate dispatch, respectively.
In this case, delayed dispatch leads to greater variability in the number of containers. As C
increases, the slope of the boundary decreases, and a higher transportation cost is required
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for delayed delivery to be preferred. Table 8 reflects this effect. For parameter settings close
to the expected value boundary, the optimal strategy changes from delayed delivery to
immediate dispatch as C increases, whereas for settings far from the boundary, the optimal
strategy remains unchanged for all values of C considered. Risk aversion therefore mainly
affects dispatch decisions near the boundary between delayed and immediate dispatch,
and a risk-averse freight forwarder requires a higher transportation cost before choosing to
wait for consolidation.

Table 8. Predicted Demand Distributions in Stages 2 and 3.

4 2 4 5 6 7 8 9 10 11 12

Pr(¢f =i 004 008 01 02 021 015 009 005 006 002
g 3 5 6 7 8 9 10 11 12 14

Pr(¢f =i 0038 007 012 018 024 016 010 005 003 002

B 1 3 4 5 6 7 8 9 10 11
Pr(ct = i 005 008 012 015 015 017 011 006 004  0.07

5 2 3 4 5 6 7 8 9 10 12
Pr(ch = i 005 009 013 018 020 015 010 005 003  0.02

Delayed delivery also reduces the expected number of dispatched containers and
thus improves container utilization. When the transportation cost is high enough to justify
waiting, consolidation lowers both the operating cost and the transport capacity required
to deliver the same volume of goods.

4.2. Case 2: Two-Category, Three-Stage Delayed Delivery Problem

This case is similar to Case 1, except that each month has three fixed dispatch dates: the
10th, 20th, and 30th. Suppose that the demand distributions for each product type in the second
and third stages have been estimated from historical order records, as shown in Table 8.

From Table 8, the expected total demands & = &f* + ¢P in the three stages are
E(¢,) = 13.18 and E(¢3) = 13.80, respectively. In the three-stage delivery model, the
distribution center has two decision variables, denoted by x1, x, € {0,1}. These variables
correspond to four delivery strategies: Z;; (delay in both stages), Z1, (delay in the first
stage and dispatch in the second stage), Z»1 (dispatch in the first stage and delay in the
second stage), and Zj; (dispatch in both stages). When only the expected cost is considered,
the expected cost of each strategy can be expressed as a linear function of p4, ps, c:

E(Zl‘]‘) = al’?pA + lll«E];«pB + bi]'C, i,j S {1,2}

The expected cost coefficients of the four strategies obtained from the numerical
calculations are shown in Table 9.

Table 9. Expected Cost Coefficients of the Four Strategies.

Strategy u;.‘]‘. uf} bi;
Z11 4.3409 7.7555 3.1865
Z1» 4.0000 2.0000 3.7004
Zn 1.6456 3.2208 3.7269
7o 0 0 42404
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Plane 1: Z;; vs Z>
Plane 2: Z;, vs Z2,
Plane 3: Zy, vs Z»,

When E(Z11) = min{E(Z11), E(Z12), E(Z21), E(Z22) } holds, the strategy of delaying
delivery in both the first and second stages is optimal. The corresponding boundary
conditions are given:

0.3409p 4 + 5.7555pp < 0.5139¢
2.6953p 4 +4.5347pp < 0.5404c
4.3409p 4 + 7.7555pp < 1.0539c¢

Based on the analysis in Section 3.2 and Theorem 1, the functional relationships
between ¢ and (p 4, pp) are illustrated in Figure 2.

Optimal Strategy Regions in (pa, ps) Plane
(k*=4, k¥=2, 0=12)

=500 ©=1000

140

(a) (b)

Figure 2. The functional relationships of case 2: (a) Strategy boundary surface under transportation
cost and compensation rates; (b) optimal strategy regions under different transportation costs and
compensation rates. Different background colors are used to distinguish the optimal strategy regions
in each subfigure, with each region labeled by its corresponding strategy.

When only the expected value is considered, a small transportation cost c (e.g., ¢ = 500)
makes immediate dispatch relatively inexpensive. In this case, Zy, (dispatch in both stages)
occupies most of the parameter region, while the region for delayed delivery is very limited.
As c increases, the feasible region for delayed delivery gradually expands, and the region
corresponding to Z1; (delay in both stages) becomes larger. The effects of p4 and pp on
the decision boundary are asymmetric. For Boundary 1 (Z11 vs. Zi3), the coefficient of pp
(aif; = 5.7555) is much larger than that of p 4 (al’? = 0.3409). This result directly reflects the
loading priority rule. Since product type A is loaded first, a larger share of the remaining
backlog consists of product type B. As a result, the accumulated penalty for product B is
more sensitive to changes in its compensation rate. Using the proposed algorithm, the
GEM solutions are obtained, as shown in Table 10.

As shown in Table 10, when C = 0, the GEM reduces to the expected value model,
and the results are consistent with the boundary conditions. When the transportation cost
is small, dispatching in both stages is preferred. As the transportation cost increases, the
optimal strategy shifts to dispatching the initial backlog and delaying in the second stage,
and then to delaying in both stages. As C increases, the freight forwarder places greater
emphasis on cost variability, and the optimal strategy changes for parameter settings near
the boundary between strategies. For example, when ¢ = 1000, p4 = 150 and pg = 100,
the optimal strategy changes from Zj, to Z»; as C increases. In this setting, Z5, has the
lowest expected cost but the largest cost variability because the expected demand in each
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stage only slightly exceeds one container load, so that the number of containers required in
each stage frequently changes when goods are dispatched separately. Z,; dispatches the
initial backlog and consolidates the second-stage goods with later arrivals, which yields
a slightly higher expected cost but markedly lower variability. Figure 3 further shows
how the optimal strategy regions in the parameter space of the compensation rates change
with C when the transportation cost is fixed. Compared with the expected value model,
an increase in C enlarges the region of Z5; in both directions. Its upper boundary moves
upward into the region of Z,, and its lower boundary moves downward into the region of
Z11. The parameter setting with higher compensation rates in Table 11 lies in the region of
Zy, when C =0, lies on the boundary between Zj; and Z,; when C = 0.5, and falls inside the
region of Zy; as C increases further. The region of Z1, changes only slightly. These results
indicate that the effect of risk preference is not limited to individual parameter settings
but shifts the strategy boundaries over a wide range of compensation rates. In Case 2,
risk aversion therefore favors partial consolidation over dispatching in every stage. The
relative values of p4 and pp also affect the optimal strategy. For the same value of ¢, the
higher compensation rates are more likely to result in a dispatch strategy than the lower
ones, indicating that a higher delay compensation rate encourages the freight forwarder to
reduce delivery delays.

Table 10. Solutions of the GEM for m = 2 and n = 3.

c PaPB C=0 C=05 C=1 C=2
500 100, 50 Zo Z» Zy Zy
150, 100 Zon Zo Zon Zon
750 100, 50 Zn Zn Zn 7o
150, 100 Zon Zon Zo Zon
1000 100, 50 71 Z11 Zq3 Zy
150, 100 Zon Zm Zm Zn
1250 100, 50 71 Z1 Z13 Zy
150, 100 7o Zm Zm Zn
1500 100, 50 71 Z1 Z13 Zy
150, 100 7o Zm Zm Zn
1750 100, 50 71 Z1 Zq3 Zy
150, 100 711 Z11 Z11 Z11
2000 100, 50 71 Z1 Zq3 Zy
150, 100 711 711 711 Z11

Table 11. Effect of demand correlation between the two product types. (standard deviations for ¢ =
1000, p4 = 150 and pp = 100; changed solutions counted over the 56 settings in Table 10).

Correlation Coefficient Variance of Total Demand Standard Deviation Standard Deviation Number of
in Stage 2 of Z» of Z», Changed Solutions
0 10.84 564.66 684.06 —
0.3 14.00 612.65 695.52 2
0.6 17.16 654.97 706.53 8

To assess the robustness of the results to the independence assumption, positively
correlated demands for the two product types are constructed by mixing the independent
and comonotonic joint distributions, which leaves the marginal distributions in Table 9
unchanged. As shown in Table 11, positive correlation increases the variance of total
demand and the cost variability of all strategies, but the main findings of Case 2 are
preserved. Under a correlation of 0.3, the optimal strategy changes in only two of the fifty-
six parameter settings, both on the boundary between Z; and Z,;. Under a correlation
of 0.6, the region of Z,; shrinks because its cost variability increases the most, whereas
the solutions for the lower compensation rates remain unchanged. The independence
assumption therefore has little effect on decisions away from the strategy boundaries, and
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strongly correlated demand can be handled by using the joint distribution directly, as
discussed in Section 3.3.

C=0
140 - \
120 4 Zp Zn
100 A U
Y

80 1

PB

60
40
20 4

140
120 4
100 -
80

PB

60
40

201

Zn Ziz I In

Boundary under given C  --- Boundary under C=0

Figure 3. Optimal strategy regions of the GEM in the (p4, pg) plane under different risk preferences
in Case 2 (c = 1000). Solid lines are the boundaries under the given C; dashed lines are the boundaries
under C = 0. Dots mark the parameter settings in Table 10.

4.3. Case 3: Three-Category, Four-Stage Delayed Delivery Problem

This case is similar to Case 2, but the number of product types is increased from two
to three and the number of delivery stages is increased from three to four. The purpose
is to examine the applicability of the proposed model in a more complex setting. The
freight forwarder handles consolidated shipments for three product types: A, B, and C.
The three product types share the same container. Their delay compensation rates satisfy
pa > pp > pc > 0. The loading priority is determined by the compensation rates in
descending order, namely A, B, and C. There are four fixed dispatch dates each month: the
8th, 16th, 24th, and 30th. All orders received in the current month must be delivered by
the 30th. For orders received before the 8th, the backlogs of the three product types are
kA =3k =2k =1, respectively. Suppose that the demand distributions of the three
product types in the second, third and fourth stages have been estimated from historical
order records, as shown in Table 12.

In the four-stage delivery model, the distribution center has three decision variables,
denoted by x1,x2,x3 € {0,1}. These variables correspond to 23 = 8 possible delivery
strategies, denoted by Z;j. Similar to Case 2, the expected cost of each strategy can be
expressed as a linear function of p4, pp, pc and c:

E(Zijk) = af?kPA + ﬂngB + ﬂiCjkPB + bijc, i,j,k € {1,2}

As the number of strategies increases from 4 to 8, the number of boundary conditions
increases from 3 to at most 28. The parameter space also expands from three to four
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dimensions, making direct visualization infeasible. Therefore, in this case, we use the GEM

to numerically determine the optimal strategy for different parameter combinations. The

results are shown in Table 13.

Table 12. Predicted Demand Distributions in Stages 2, 3, and 4.

? 2 4 5 6 7 8 9 10 11 12
Pr(éél =1) 0.04 0.08 0.1 0.2 0.21 0.15 0.09 0.05 0.06 0.02
é‘l 3 5 6 7 8 9 10 11 12 14
Pr(@? = 1) 0.03 0.07 0.12 0.18 0.24 0.16 0.10 0.05 0.03 0.02
f 2 4 6 7 8 9 10 11 12 14
Pr({ff = z) 0.03 0.06 0.12 0.19 0.23 0.16 0.10 0.06 0.03 0.02
53 3 5 6 7 8 9 10 11 12 14
Pr(é‘g = z) 0.03 0.07 0.12 0.18 0.24 0.16 0.10 0.05 0.03 0.02
53],3 2 3 4 5 6 7 8 9 10 12
Pr((fg =1) 0.05 0.09 0.13 0.18 0.20 0.15 0.10 0.05 0.03 0.02
f 1 2 3 4 5 6 7 8 9 10
Pr({f}f = z) 0.04 0.08 0.13 0.18 0.21 0.16 0.10 0.05 0.03 0.02
2C 1 2 3 4 5 6 7 8 9 10
Pr(gg = 1) 0.06 0.10 0.15 0.18 0.20 0.14 0.09 0.05 0.02 0.01
g 1 2 3 4 5 6 7 8 9 10
Pr(cf,g =1) 0.05 0.10 0.16 0.20 0.18 0.13 0.09 0.05 0.03 0.01
ff 1 2 3 4 5 6 7 8 9 10
Pr( ff = 1) 0.06 0.11 0.15 0.19 0.17 0.13 0.09 0.05 0.03 0.02
Table 13. Solutions of the GEM for m = 3 and n = 4.
c PaPB C=0 C=05 C=1 C=2
500 100, 50 2227 V4%)) 2227 2227
150, 100 2 222 V45%) 222
750 100, 50 Zo11 V4%)) 2227 2227
150, 100 2 V45)) V45%) V45%)
1000 100, 50 Zo11 Zo11 Zo11 Zo11
150, 100 2 V45)) V45%) V45%)
1250 100, 50 Zo11 Zn11 Zn11 Z111
150, 100 2 22> 222> V45%)
1500 100, 50 Z111 Z111 7111 Z111
150, 100 Zo1y Zo1y Zon V457)
1750 100, 50 Z111 Z111 7111 Z111
150, 100 Zo11 Zon Zo11 Zin
2000 100, 50 Z111 Z111 Z111 Z111
150, 100 VATH VATH Z11 Z11

Table 13 presents the GEM solutions for Case 3. When C = 0, a small transportation
cost leads to dispatching in every stage; an intermediate cost leads to dispatching the initial
backlog and delaying in subsequent stages; and a high cost leads to delaying in all stages.
Higher compensation rates shift these transitions toward higher transportation costs. The
effect of risk preference again appears near the boundaries between strategies, but its
direction differs from that in Case 2. In Case 3, the expected total demand in each stage lies
between one and two container loads, so the number of containers required in each stage is
relatively stable, and dispatching in every stage yields the lowest cost variability. Near the
boundary with dispatching in every stage, risk aversion shifts the optimal strategy from
Z511 to Zpgy. Near the boundary with delaying in all stages, Z111 has lower cost variability
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than Zj1, and risk aversion shifts the optimal strategy to Z;1;. These results indicate that
risk aversion favors the strategy with lower cost variability, and which strategy this is
depends on how the demand in each stage matches the container capacity.

4.4. Computational Complexity Analysis

To evaluate the computational performance of the proposed method, problems with
two to four product types and two to six stages are solved, and the results are reported in
Table 14. The number of state and decision combinations in direct stochastic optimization
grows exponentially with both the number of product types and the number of stages,
quickly exceeding any size that can be enumerated. Scenario enumeration, which evaluates
each dispatch plan along every demand path, can be completed only for the smallest
problems, and even in these cases it is about two orders of magnitude slower than the
proposed method. In contrast, the GEM recursion merges paths with identical backlog
states at each stage, so its computational effort depends on the number of backlog states
rather than on the number of demand paths. All problems are solved by the GEM recursion,
and the largest problem with four product types and six stages is solved in about two
minutes. Computation time increases more rapidly with the number of product types than
with the number of stages because the number of joint demand realizations in each stage
grows with the number of product types. For problems with many product types, efficient
approximation of the joint demand distribution is therefore a direction for future research.

Table 14. Computation complexity performance.

m,n States per Stage Combinations in Direct Optimization Plans Scenario Enumeration (s) GEM Recursion (s)
2,2 78 243 x 10* 2 <0.001 <0.001
2,3 78 3.80 x 100 4 0.014 0.004
2,4 78 592 x 108 8 2.436 0.017
2,5 78 9.24 x 1010 16 — 0.050
2,6 78 1.44 x 103 32 — 0.132
3,2 364 5.30 x 10° 2 0.001 0.001
3,3 364 3.86 x 108 4 1.664 0.131
3,4 364 2.81 x 101 8 — 0.625
3,5 364 2.05 x 101 16 — 2.041
3,6 364 1.49 x 10Y7 32 — 5.858
4,2 1365 7.45 x 108 2 0.014 0.016
4,3 1365 2.04 x 1010 4 — 2.356
4,4 1365 5.56 x 1013 8 — 9.990
4,5 1365 1.52 x 107 16 — 37.999
4,6 1365 4.14 x 102 32 — 115.869

/

‘—” indicates that scenario enumeration is not performed because the number of scenario paths
exceeds 2 x 10°. Computations were performed using Python 3.10 on a computer equipped with a
12th Gen Intel(R) Core(TM) i5-12450H CPU (2.00 GHz; Intel Corporation, Santa Clara, CA, USA).

4.5. Discussion

Figure 4 compares the average load factor and the expected number of containers across
all dispatch strategies in the three cases. These two indicators measure how efficiently
transport capacity is used. The average load factor is the share of container capacity actually
occupied by goods, and the expected number of containers is the number of container trips
required to deliver the same volume of goods. A lower load factor means that more container
trips are needed for the same freight volume, which increases resource consumption per unit
of freight, as discussed in Section 1. When goods are dispatched at every stage, the average
load factor is 64.2%, 64.8%, and 71.9% in Cases 1, 2, and 3, respectively, leaving more than
one-third of container capacity unused in Cases 1 and 2 and more than one-quarter in Case 3.
Delaying dispatch at all stages raises the load factor to 82.6%, 86.2%, and 91.6% and reduces
the expected number of containers by 22.3%, 24.9%, and 21.5%, respectively. Consolidation
therefore delivers the same volume of goods with about one-fifth fewer container trips.
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Average load factor (%)
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The load factor is also higher in Case 3 than in Cases 1 and 2 under comparable strategies
because the larger volume of goods in each stage reduces the share of capacity lost in the last,
partially filled container of each dispatch. This indicates that consolidating more product
types in shared containers improves capacity utilization. Combined with the results in
Table 8, Table 12, and Table 14, consolidation is selected when transportation costs are high
relative to the compensation rates, and in this range the cost-minimizing strategy coincides
with the resource-efficient strategy. Differentiated compensation, in turn, limits waiting for
goods with high delay costs, so that capacity utilization is improved without sacrificing the
delivery requirements of time-sensitive goods. Since transportation emissions and storage-
related resource consumption are not modeled explicitly, the environmental benefits of fewer
container trips require further quantification.

Case 2 Case 3
5.42
3.19 593 592 586
6.40 6.37
373 370 —
4.24
V43 V43 Zi2 Z11 L D o Zin  Zon Ziz  Zin Zin

Number of delayed stages
0O N 1 N2 3

Figure 4. Average load factor of different dispatch strategies in the three cases. The numbers above
the bars indicate the expected number of containers.

The three cases also clarify the role of risk preference. For parameter settings far from
the strategy boundaries, the GEM yields the same decisions as the expected value model,
and risk preference changes the optimal strategy only near these boundaries. The direction
of the change is determined by the cost variability of the competing strategies rather than
by the extent of delay. In Case 1, delayed dispatch has higher variability, and risk aversion
raises the transportation cost required for consolidation. In Case 2, the expected demand in
each stage only slightly exceeds one container load, so dispatching in every stage has the
highest variability, and risk aversion favors partial consolidation, as illustrated in Figure 3.
In Case 3, the expected demand in each stage lies between one and two container loads,
so dispatching in every stage has the lowest variability, and risk aversion shifts decisions
toward either dispatching in every stage or delaying in all stages, depending on which
boundary the parameter setting is close to.

Compared with previous studies, the results extend our understanding of delayed
delivery in three respects. First, when there is only one product type, the proposed
model reduces to the compensation-based n-stage model of Zhou et al. [9], in which
the strategy boundary depends on the transportation cost and a single compensation rate.
With multiple product types, the loading priority rule makes the effects of the compensation
rates asymmetric, as reflected in the different coefficients of p4 and pp on the strategy
boundaries in Case 2. Second, Satir et al. [10] distinguished two demand classes and
showed that threshold policies can be optimal for rationing dispatch capacity. In this study,
the difference between product types is expressed through their compensation rates, and
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the loading priority rule links this difference directly to the allocation of shared container
capacity across stages. Third, threshold-based consolidation policies [5] dispatch shipments
when the accumulated quantity or waiting time reaches a preset level. In contrast, the
dispatch boundaries obtained in this study shift with the compensation rates and the risk
preference, so the same accumulated quantity may lead to different dispatch decisions for
different shippers and decision-makers.

5. Conclusions

This study investigates the multi-category, multi-stage delayed shipment consolidation
problem under stochastic demand and differentiated compensation. We develop a multi-
stage delayed delivery model that captures interactions among backlog states, stochastic
demand, and stage-wise dispatch decisions, and transform it into a generalized expected
value model solved by a recursive procedure. The case studies show that transportation
cost, delay compensation rates, and risk preference jointly determine the optimal dispatch
strategy. As transportation cost increases, delaying dispatch becomes more attractive
because it improves container utilization, whereas a higher compensation rate reduces
the benefit of waiting. Under the loading priority rule, compensation rates for different
product types affect the strategy boundaries asymmetrically. Risk preference changes the
optimal strategy mainly near these boundaries, and its direction depends on how demand
in each stage matches container capacity. Because the backlog carried between stages is
always less than one container load, the number of states remains bounded, and problems
with four product types and six stages are solved within a few minutes.

Delaying dispatch delivers the same volume of goods with about one-fifth to one-quarter
fewer container trips. When transportation costs are high relative to compensation rates, the
cost-minimizing strategy aligns with this resource-efficient approach. For practitioners, the
strategy boundaries can guide freight forwarders in adjusting the consolidation window as
transportation costs change, and compensation terms in service agreements should be set
alongside loading priority. Risk-averse forwarders should compare the cost variability of
alternative plans rather than follow a fixed rule of always waiting or always dispatching.

Future research may consider temporally dependent demand, demand distributions
estimated from real-world order data, dynamic compensation mechanisms, and adaptive
policies that revise dispatch decisions based on realized demand. This study evaluates
consolidation decisions mainly from an economic perspective, based on transportation costs,
compensation costs, and capacity utilization. Environmental aspects, such as transportation
emissions and storage energy use, and social aspects, such as the effects of delivery delays
on customers, are not explicitly modeled. Incorporating them would help provide a more
comprehensive evaluation of the sustainability of delayed consolidation.
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