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Abstract

Driven by the dual imperatives of global energy transition and sustainable development goals,
lithium-ion batteries, as critical energy storage carriers, have seen the assessment of their
lifecycle reliability and durability become a core issue underpinning the sustainable operation
of clean energy systems. Grounded in a multidimensional perspective of sustainable develop-
ment, this study aims to establish a quantifiable and monitorable battery reliability evaluation
framework to address the challenges to lifespan and performance sustainability faced by
batteries under complex multi-stress coupled operating conditions. Lithium-ion batteries are
widely used across various fields, making an accurate assessment of their reliability crucial. In
this study, to evaluate the lifespan and reliability of lithium-ion batteries when operating in
various coupling stress environments, a multi-stress collaborative accelerated model(MCAM)
considering interaction is established. The model takes into account the principal stress effects
and the interaction effects. The former is developed based on traditional acceleration models
(such as the Arrhenius model), while the latter is constructed through the combination of
exponential, power, and logarithmic functions. This study firstly considers the scale parameter
of the Weibull distribution as an acceleration effect, and the relationship between characteristic
life and stresses is explored through the synergistic action of primary and interaction effects.
Subsequently, a multi-stress maximum likelihood estimation method that considers interac-
tion effects is formulated, and the model parameters are estimated using the gradient descent
algorithm. Finally, the validity of the proposed model is demonstrated through simulation,
and numerical examples on lithium-ion batteries demonstrate that accurate lifetime prediction
is enabled by the MCAM, with test duration, cost, and resource consumption significantly
reduced. This study not only provides a scientific quantitative tool for advancing the sus-
tainability assessment of battery systems, but also offers methodological support for relevant
policy formulation, industry standard optimization, and full lifecycle management, thereby
contributing to the synergistic development of energy storage technology across the economic,
environmental, and social dimensions of sustainability.

Keywords: lithium-ion battery; sustainable energy systems; multi-stress collaborative
accelerated model(MCAM); sustainability assessment; full lifecycle management

1. Introduction
In modern industrial applications, the reliability assessment of products is a key

foundation for formulating efficient maintenance strategies. The core challenge currently
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faced in engineering practice lies in the fact that modern high-reliability and long-life
products [1] (such as lithium-ion batteries, etc.) have inherent durability, which makes
it difficult to obtain reliability information within a given time under normal conditions,
thus seriously restricting reliability modeling and evaluation based on actual life data.
Due to the characteristics of lithium-ion batteries such as large size, high capacity and
low cost [2], they are widely used in key fields such as new energy electric vehicles,
large-scale energy storage and aerospace. Therefore, making high-precision predictions
of the reliability indicators of these products (such as reliability, failure rate, and average
lifespan etc.) has become a core prerequisite for ensuring the safe operation of batteries and
extending their cycle life [3]. However, the aging of lithium-ion batteries is controlled by
multiple coupled electrochemical mechanisms, such as the growth of the solid electrolyte
interface (SEI), the cracking of active material particles, and the decomposition of the
electrolyte [4], which exhibit obvious nonlinear, individual differences, and time-varying
characteristics. Meanwhile, these stress factors do not act independently; instead, they
exhibit strong synergistic or antagonistic interactions, further accelerating the capacity
decline of the battery. Therefore, within the framework of accelerated testing, there is an
urgent need to construct a reliability prediction model with strong generalization ability
and physical interpretability to achieve accurate estimation of state of health (SOH) and
reliability indicators [5]. This not only helps to overcome the time and cost bottlenecks of
traditional life tests but also has significant theoretical value and engineering significance
for enhancing the intelligence level of battery management systems, extending their service
life, and ensuring safety throughout the entire life cycle.

The existing acceleration models are mainly classified into the following three. The first
one is the physical acceleration model, which is often used to characterize the situation of a
specific failure mechanism, but it lacks universality in different scenarios. The second type
is the quasi-physical model, which is based on the general laws of product failure, such
as the common Arrhenius model and the inverse power law model, etc. There is also an
accelerated model based on empirical learning. When the failure mechanism of the product
has not been identified, only the statistical regression analysis method can be used to fit the
experimental data to obtain the model, such as the generalized log-linear model and the
polynomial model, etc. [6].

Nowadays, many products are only tested under a single stress condition. But when
products are in use, they often fail or malfunction due to the combined effect of multiple
environmental factors. For instance, lithium iron phosphate batteries may malfunction
during use due to factors like environmental temperature, charging and discharging rates,
and charging and discharging voltages, resulting in changes in battery capacity [7].

Many scholars have committed to proposing corresponding models under multi-stress
environments. For example, Wang et al. [8] optimized the predictability and convergence
of the BP neural network based on the genetic algorithm and established a multi-stress ac-
celerated lifetime model of the genetic neural network. Through this method, the blindness
of the initial weight and threshold selection was overcome. Zhang et al. [9] proposed a
statistical reasoning method for multi-stress accelerated life tests based on random variable
transformation. The paper first constructs the χ2 statistics using the random variable
transformation method and uses them to obtain the accurate point estimation of the model
parameters. Meanwhile, the generalized confidence intervals of the acceleration model
parameters were calculated by constructing new multivariate generalized pivot quanti-
ties. He et al. [10] suggested a gear life reliability analysis method based on accelerated
life tests, and ultimately determined the life distribution and failure mechanism of gear
bending fatigue.
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Although all the models above take into account that the product will be affected by
multiple stresses, these models often lack consideration for the interaction among these
environmental stresses. While this interaction usually brings some difficult-to-explain
results to the acceleration model, it is necessary to consider this interaction in the multi-
stress acceleration model. For instance, Limon et al. [11] put forward an optimization
design method for a constant-stress ADT scheme through a stochastic gamma process. This
scheme models the degradation behavior as a monotonic stochastic gamma process and
regards both parameters of the gamma process as stress-dependent variables to capture
the influence of stress levels. In order to analyze and optimize the multi-stress accelerated
degradation experiments, Tian et al. [12] recommend a multi-stress generalized coupled
accelerated degradation model based on the Tweedie exponential dispersion process and
used the sine and cosine algorithm for parameter estimation. Li et al. [13] introduced a
new multi-stress coupling accelerated degradation model based on the Wiener process and
adopted the MLE-SA optimization algorithm to obtain the unknown parameter values of
the model. Liu et al. [14] advanced a multi-stress coupling model with relevant competitive
failure processes, and then based on this model, proposed a statistical inference method to
evaluate the reliability of products under various stress conditions. Ye et al. [15] designed
a new class of multi-stress acceleration models with interaction effects and combined
the generalized Wiener process with nonlinear time-scale functions and random effects,
extending the multi-stress acceleration model to an accelerated degradation model.

Over the past few decades, multi-stress accelerated models that took into account
the interaction effects between stresses often excessively introduced unknown parameters
in pursuit of fitting accuracy. Some models even incorporated as many as 2n unknown
parameters, making the process of solving the parameters extremely difficult. Therefore,
most models only take into account the scenarios under less than three stresses due to
computational challenges.

To address the problem of considering too many parameters in the multi-stress model,
a multi-stress accelerated model with interaction and capable of considering a greater
number of stresses is proposed, and it is divided into the principal stress effect part and
the interaction effect part. Then, the MLE method for multi-stress accelerated life tests
under random truncated samples was proposed, and gradient descent was used to solve
the parameters of the proposed model. Finally, through numerical examples, it is proved
that the model proposed has the characteristics of an easier solution process and a greater
number of stresses that can be considered compared with the traditional multi-stress model.

The remaining part of this article is organized as follows. Section 2 provides explana-
tions of the symbols used in this paper and some basic knowledge of the proposed model.
Section 3 proposes the entire process of a multi-stress acceleration model considering
interactions. Section 4 presents how to use the gradient descent method to estimate the
unknown parameters of the proposed model. Section 5 utilizes simulation to verify the
accuracy and validity of the proposed model. Finally, the proposed model was studied
through a numerical example of a lithium-ion battery.

2. Symbolic Explanation and Fundamentals of Modeling
Accelerated Life Test (ALT) is a method that enables products to quickly expose

faults by increasing working stress or environmental stress, and then uses the accelerated
information to extrapolate the reliability indicators of the product under normal stress
levels. Accelerated life tests can be classified into three types based on the way stress is
applied [16]: constant stress accelerated life test (CST), stepwise stress accelerated life test
(SST), and sequential stress accelerated life test (PST). This article mainly discusses the most
common accelerated life test under constant conditions.

https://doi.org/10.3390/su18010377

https://doi.org/10.3390/su18010377


Sustainability 2026, 18, 377 4 of 18

(1) Suppose a certain product is under constant accelerated life test conditions, and the
failure of the product is affected by N kinds of stress (S1, S2, · · · , SN) (N is the number of
stress variables, such as temperature, voltage, humidity, etc.). Let the normal stress vector
be X0 = (S10, S20, · · · , SN0).

(2) Consider a q-level constant stress accelerated life test. Each combination of stress
levels is X1, X2, · · · , Xq, respectively. ALT shortens the test cycle by increasing the test
stress while maintaining the failure mechanism unchanged. That is to say, the failure
mechanism of the product under multi-stress ALT is consistent with that under normal
environmental conditions.

(3) Assume n specimens were randomly selected from a batch of products for CST.
These n specimens were divided into q groups of samples, and the sample size of each
group was n1, n2, · · · , nq, respectively, satisfying ∑

q
i=1 ni = n. The samples in group

i were placed under accelerated stress Si for random truncation life tests. Assuming
that among ni samples, ri failed and ci = ni − ri truncated, the failure times were
ti1 < ti2 < · · · < tiri (i = 1, 2, · · · , q) in sequence and the truncation times were
τi1 < τi2 < · · · < τici (i = 1, 2, · · · , q) in sequence. Therefore, the main assumptions are
as follows:

➀ The Weibull distribution plays a significant role in reliability. Meanwhile, the ex-
ponential distribution, normal distribution, and others are all special cases of the Weibull
distribution. Suppose the product life T is independent of each other and follows the
Weibull distribution, that is, T ∼ W(m, η). Its distribution function and density func-
tion [17] are respectively

F(t) = 1 − e−
(

t
η

)m

t, m, η > 0, (1)

f (t) =
m
η

(
t
η

)m−1
e−
(

t
η

)m

, (2)

where m is the shape parameter, which describes the failure characteristics, that is,
the change of the failure rate over time (this study assumes that the failure mechanism
remains unchanged and is independent of stress), and η is the scale parameter.

It is assumed that η is related to stress S, which can reflect the acceleration effect.
The acceleration effect refers to the fact that when stress S (such as temperature, voltage,
vibration, etc.) increases, the physical and chemical processes (such as chemical reactions,
electromigration, fatigue crack propagation) inside the product intensify, resulting in an
accelerated aging rate (such as faster capacitance attenuation and more rapid resistance
value drift). Thus, the time to reach the failure threshold is also shortened (i.e., the life T
decreases). The scale parameter η in the Weibull distribution, as the characteristic life of the
life distribution, can directly reflect this accelerating effect. Thus, the distribution function
and density function of the scale parameters of the Weibull distribution after considering
the acceleration effect are as follows:

F(t) = 1 − e−
(

t
η(S)

)m

. (3)

f (t) =
m

η(S)

(
t

η(S)

)m−1
e−
(

t
η(S)

)m

. (4)

➁ m does not change with the variation of stress, that is, at each stress level Si,
the failure mechanism of the product does not change.

➂ In multi-stress ALT, there exists a certain functional relationship between the reliabil-
ity characteristic quantities of the product (such as characteristic life, average life, reliability,
etc.) and the accelerating stress. The characteristic life η of the Weibull distribution has the
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following relationship with the stress level S(the situation where there are only two stresses
is considered here) [18]:

ln η = a + b f1(S1) + c f2(S2) + d f3(S1, S2). (5)

Regarding the relationship between stress and lifetime, the study will integrate the
principal stress term and the interaction effect term for the characteristic lifetime. The former
is the direct influence term of a single stress factor on the aging of the product. The latter is
the modulation effect of other stresses on the main stress effect, including the synergistic
promotion or inhibition effect among stresses.

In this study, the principal stress term is mainly established based on the aging law of
physical mechanisms, while the interaction effect is established according to the exponential,
power, and logarithmic functions [19].

The main effect term is mainly based on the physical stress of the aging mechanism.
In essence, it is the influence of a single stress on product aging, and most single stress
acceleration models are obtained based on physical laws or empirical knowledge, such as
the Arrhenius model [20]:

η(T) = A exp
(
−Ea

k · T

)
, (6)

where η(T) represents a certain life characteristic, A is a normal number related to product
features, etc., Ea is the activation energy related to the material, with the unit of eV, k is the
Boltzmann constant, and k = 1.38 × 10−23 J/K, and T is the absolute temperature.

The inverse power-law model [21] is as follows:

η(v) = Av−γ, (7)

where v represents the electrical stress and is often taken as the voltage. Many studies
have proposed various reaction rate models under stress based on the multiplication
relationship [22], such as the common lifetime-temperature and voltage model, lifetime-
temperature and humidity model, etc.

3. Reduced-Form Multi-Stress Collaborative Accelerated Model
with Interaction

If the failure of a certain product is influenced by N different types of stresses, the prin-
cipal stress term is determined by the criteria of the above-mentioned aging mechanism.
According to the forms of the Arrhenius model, the inverse power law model, etc., the aging
rate under the action of the kth principal stress can be obtained as:

ηk(Sk) = ak · fk(Sk, bk), (8)

where ak is a normal number related to the characteristics and geometric shape of the
product, bk is a constant related to the activation energy or failure mechanism, and fk(Sk, bk)

is the principal stress term. Since the influence of each stress factor on the aging rate is in a
multiplicative relationship, the aging rate under multiple stresses can be obtained as:

η(S) =
N

∏
k=1

ηk(Sk) =
N

∏
k=1

ak · fk(Sk, bk). (9)

In Equation (9), when the failure mechanism remains unchanged, bk is always a
constant. Below, based on the acceleration coefficient and the invariance of the failure
mechanism, taking the above Arrhenius model as an example, it is illustrated that this
parameter is a constant.
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The acceleration coefficient, also known as the acceleration factor, is expressed by
the ratio of the life characteristics under normal stress to those under accelerated stress.
If tR,i represents the reliable life with a reliability of R, the acceleration coefficient is usually
defined as follows:

KSi−S0 =
tR,0

tR,i
. (10)

This formula is called the acceleration coefficient of the accelerated stress Si on the reli-
able life under the normal stress S0. For the Arrhenius model, the acceleration coefficients
of temperature T′ under accelerated conditions to normal temperature T0 are as follows:

KT−T0 = exp
[

Ea

k

(
1
T′ −

1
T

)]
= exp

[
b
(

1
T′ −

1
T

)]
, (11)

where b = Ea
k , if the failure mechanism remains unchanged, the activation energy Ea

is constant, the form and parameters of the acceleration coefficient remain unchanged.
According to Equation (11), it can be known that the parameter b will also remain constant.

Since there is a coupling relationship among multiple stresses, that is to say, there
is an interaction between two stresses, and this interaction can promote the progress of
the reaction, some parameters in the above formula can be expressed as the influence of
stresses other than the principal stress on the principal stress. Meanwhile, if the failure
mechanism remains unchanged, it can be known from the above proof that bk is always a
constant. ak is related to the characteristics of the product. That is to say, when the product
is under different stresses, some characteristics of the product will change with different
stresses. Therefore, the interaction effect can be reflected through the influence of ak. That
is, ak is regarded as the interaction effect term function and expressed as:

ak = wk · hk(S \ Sk, ck), (12)

where ak is the interaction effect term, S \ Sk represents all stress variables except the kth
principal stress, hk(S \ Sk, ck) represents the expression form of the explicit function of the
interaction effect. Both wk and ck are unknown parameters, among which the former is
the coefficient of the interaction effect term and the latter is the coefficient of the explicit
function term representing the interaction effect.

Although it is difficult to find a function that is completely suitable for all conditions
in real life to represent the existing interactions, the models in exponential form, power
function form, and logarithmic function form are flexible, and the power function can rep-
resent many commonly used functions to a certain extent (through methods such as Taylor
expansion). Therefore, functions in exponential form, power-law form, and logarithmic
function form will be adopted to represent the interaction terms in the research, which can
be specifically expressed as [15]:

hk(S \ Sk, ck) =

 N

∏
p=1
p ̸=k

Sp


ck ·α

· e

(
ck ∏N

p=1,|p ̸=k Sp

)
·β
·

ck ln

 N

∏
p=1
p ̸=k

Sp




1−α−β

, (13)

where α = {0, 1}, β = {0, 1}, ck for k = 1, 2, · · · , N are the explicit function term coefficients
representing the interaction effect.

The selection of exponential functions, power functions and logarithmic functions
can be based on the choice of physical mechanisms. For example, in chemical reactions,
the synergistic effect of multiple stresses will cause the reaction rate to increase exponen-
tially. In mechanical fatigue, the interaction between the load and the number of cycles
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conforms to the power function. It can also be selected based on the consistency of prior
knowledge and the model. If the exponential model, power-law model or logarithmic
model has already been used in the principal stress effect, then the interaction term can also
be selected corresponding to the principal stress effect. Thus, the specific manifestation of
stress and lifespan can be expressed as:

η(S) =
N

∏
k=1

ak · fk(Sk, bk) = w
N

∏
k=1

fk(Sk, bk) · hk(S \ Sk, ck)

= w
N

∏
k=1

fk(Sk, bk) ·

 N

∏
p=1
p ̸=k

Sp


ck ·α

· e

(
ck ∏N

p=1,|p ̸=k Sp

)
·β
·

ck ln

 N

∏
p=1
p ̸=k

Sp




1−α−β

. (14)

where fk(Sk, bk) represents the kth principal stress effect term, and w represents the un-
known parameter integrating all the interaction effects, which is a global normal number.
In the formula, w, b2, · · · , bN , c1, c2, · · · , cN are unknown parameters.

If the logarithms of both sides are taken simultaneously, the core model MCAM of this
paper can be obtained as follows:

ln η(S) = ln w +
N

∑
k=1

ln[hk(S \ Sk, ck)] +
N

∑
k=1

ln[ fk(Sk, bk)]. (15)

In particular, it is considered that lithium-ion batteries are simultaneously subjected
to three accelerating stresses (N = 3) (temperature (T), voltage (V), and current (I)) in the
accelerated test. According to Equation (14), the principal stress effect term is modeled re-
spectively based on the failure physical mechanisms associated with each individual stress:

(1) The temperature main effect employs the Arrhenius model, as it effectively captures
the influence of thermally activated processes, such as solid electrolyte interphase
(SEI) growth on battery lifetime.

(2) The voltage principal effect adopts a power-law model, reflecting the nonlinear de-
pendence of reaction rates on electric field strength under high-voltage operation.

(3) The current main effect can represent the accelerating effect of the transmission limitation
caused by high current on the cycle life, so the inverse power-law model is adopted.

For the interaction effect term, the selection of its functional form not only considers
the structural consistency with the principal stress model, but more importantly, it matches
the physical characteristics of the coupling failure mechanism:

(1) For the interaction term of voltage and current, the exponential form exp exp(c1 ·V · I)
is adopted. The physical mechanism lies in that when high voltage and large current
coexist, it will significantly enhance the local Joule heat on the electrode surface,
causing the internal temperature of the battery to rise non-uniformly. This thermal
accumulation effect can further accelerate side reactions such as SEI growth, which
have thermal activation characteristics, and their rates increase exponentially with
temperature. Therefore, the interaction effect term using an exponential form can
effectively capture this interaction.

(2) For the interaction term of temperature and current, the power-law form (T · I)c2 is
adopted. This is because the combined effect of temperature and current can easily
lead to an increase in both the probability and degree of SEI film damage. This failure
mode belongs to transaction-limiting damage, and its accumulation degree is usually
in a power-law relationship with the product of stress intensity. Furthermore, since
the main effect of the current itself uses an inverse power-law model, maintaining the
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interaction term in a power-law form also helps to enhance the overall consistency of
the model and the stability of parameter identification.

(3) Similarly, the interaction term between temperature and voltage adopts the power-
law form (T · V)c3 . The mechanism stems from the fact that high temperature can
reduce the stability of the SEI layer, while high voltage increases the negative electrode
potential. The two work together to accelerate the growth of the SEI. The degradation
rate of this process is nonlinearly correlated with the combined strength of T and V,
and is closer to a power-law trend rather than a pure exponential growth. Therefore,
the selection of the power-law form can reflect the characteristics of nonlinear coupling.

Thus, the corresponding models of stress and life in this situation are as follows:

η(S) = w · exp
(
− b1

T

)
· (V)b2 · (I)−b3 · exp(c1 · V · I) · (T · I)c2 · (T · V)c3 . (16)

The following equation can be easily obtained from Equation (16):

ln η(S) = ln w − b1

T
+ b2 · ln V − b3 · ln I + c1 · V · I + c2 · (ln T + ln I) + c3 · (ln T + ln V)

= ln w − b1

T
+ c1 · V · I + (b2 + c3) ln V + (c2 − b3) ln I + (c2 + c3) ln T.

(17)

4. Parameter Estimation for MCAM
In the random truncation test, if there are n samples and they are divided into q

groups, among ni samples, ri fail, and ci = ni − ri are truncated. Then the failure times
are ti1 < ti2 < · · · < tiri (i = 1, 2, · · · , q) in sequence and the truncation times are
τi1 < τi2 < · · · < τici (i = 1, 2, · · · , q) in sequence. Thus, the log-likelihood function [23]
under all stress combinations can be expressed as:

ln L =
q

∑
i=1

ln Li

=
q

∑
i=1

ln

[
ri

∏
l=1

m · η−m
i · tm−1

il · exp(−tm
il · η−m

i )

]
+

q

∑
i=1

ln

[
ci

∏
v=1

exp(−τm
iv · η−m

i )

]

=
q

∑
i=1

[
ri ln m − rim ln ηi + (m − 1)

ri

∑
l=1

ln til − η−m
i

(
ri

∑
l=1

tm
il +

ci

∑
v=1

τm
iv

)]

=
q

∑
i=1

[
ri ln m − rim

(
ln w +

N

∑
k=1

ln(hk(S \ Sk, ck)) +
N

∑
k=1

ln( fk(Sk, bk))

)

+ (m − 1)
ri

∑
l=1

ln til −
(

w
N

∏
k=1

hk(S \ Sk, ck) · fk(Sk, bk)

)−m( ri

∑
l=1

tm
il +

ci

∑
v=1

τm
iv

)]
.

(18)

It can be seen from the above formula that there are too many parameters in the
formula. If the traditional MLE estimation method is adopted, each parameter needs
to be estimated, which is too complicated to calculate. Therefore, the gradient descent
method will be used to solve for the parameters in the above formula. This method not only
effectively reduces the computational complexity but also, compared with the traditional
MLE, has better convergence stability in multi-stress scenarios.

Gradient descent is a function optimization algorithm in machine learning. It is an
iterative optimization algorithm based on the first-order derivative, mainly used to find the
minimum value of unconstrained problems. Its core idea is to continuously update parameters
in the negative gradient direction of the objective function (the direction where the function
value decreases the fastest) through iteration, gradually approaching the optimal solution [24].
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The definition of gradient descent method is as follows: if there is an objective function
f (θ), where θ = [θ1, θ2, · · · , θd]

T is a d-dimensional parameter vector, the iterative update
formula of the gradient descent method is as follows:

θt+1 = θt − αt · ∇ f (θt), (19)

where θt is the parameter value before the update, θt+1 is the parameter value after the

update, ∇ f (θt) =
[

∂ f
∂θ1

, ∂ f
∂θ2

, · · · , ∂ f
∂θn

]T
is the gradient of the objective function f (θ) at point

θt, αt > 0 is the learning rate (the step size of the iteration), which controls the amplitude of
each update, and t is the number of iterations.

Gradient descent methods are mainly classified into three types based on the different
sample sizes used [25]: batch gradient descent (using all sample data each time); Stochastic
gradient descent (using only a single sample for calculation each time); Small-batch gradient
descent (using a small batch of randomly selected sample data).

Since the gradient descent method is mainly used to find the minimum value of a
certain function, and in this article, the gradient descent method is utilized to solve the
maximum value of a log-likelihood function, therefore, when using this method, it is
equivalent to solving the minimum value of a negative log-likelihood function.

Additionally, the distance taken in each step (the learning rate) is very important. If the
steps taken are too large, it is easy to oscillate near the extreme point and fail to converge.
If the steps taken are too small, it is easy to take too long to solve. Therefore, when using
this method, αt needs to be set as a variable greater than 0 that continuously decreases with
the number of iterations [26] (common initial values are 0.1, 0.3, 0.03, 0.01, etc.). Therefore,
the entire flowchart of this article is shown in the Figure 1:

Input objective function L, set the initial value α of the learning rate,
the initial parameter θ and the convergence threshold ε

Calculate the gradient ∇ f (θt),
and update the parameters θt+1 = θt − α · ∇ f (θt)

Calculate the gradient ∇ f (θt+1)at θt+1

Is ∥∇ f (θt+1)∥ ≤ ε?

END

Reduce α

YES

NO

Figure 1. Flowchart of the gradient descent method.
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5. Simulation Study
This study verifies the performance of the proposed model and the accuracy of pa-

rameter estimation through simulation. For the simulation examples, three accelerating
variables were assumed, namely temperature (T), voltage (V), and electric current (I).
The stress setting method for temperature is the same as that in the reference, and the
setting methods for voltage and electric current correspond to the temperature values in
the actual examples, taking 3.9 V, 4.2 V, and 1 A, 1.5 A, and 2 A, respectively. A total of
q = 6 groups of stress combinations are set. Under normal circumstances, the three stresses
are (5 °C, 3.6 V, 0.8 A).

At each stress level, the number of test samples was set to ni = 25, and the test was
stopped only when all the samples failed. Thus, according to Equations (15) and (16),
the model expression considering the interaction under the simulation situation can be
obtained as:

ln L = ln m
q

∑
i=1

ni + (m − 1)
q

∑
i=1

ni

∑
l=1

ln til

− m
q

∑
i=1

ni

(
ln w − b1

T
+ b2 · ln V − b3 · ln I + c1 · V · I + c2 · ln(T · I) + c3 · ln(T · V)

)

−
q

∑
i=1

(
ln w − b1

T
+ b2 · ln V − b3 · ln I + c1 · V · I + c2 · ln(T · I) + c3 · ln(T · V)

)−m

[
ni

∑
l=1

tm
il

]
.

(20)

The accelerated model that only considers the main effect without considering the
interaction is as follows:

ln L = ln m
q

∑
i=1

ni + (m − 1)
q

∑
i=1

ni

∑
l=1

ln til − m
q

∑
i=1

ni

(
ln w − b1

T
+ b2 · ln V − b3 · ln I

)

−
q

∑
i=1

(
ln w − b1

T
+ b2 · ln V − b3 · ln I

)−m
[

ni

∑
l=1

tm
il

]
.

(21)

Meanwhile, the level table of the applied stress for this accelerated life test is shown in
the following Table 1:

Table 1. The stress combination for the three-stress ALT.

Test Stress
Combination

Stress Types and Their Combinations
The Number of

Test SamplesTemperature
(Celsius) Voltage (Volt)

Electric
Current

(Ampere)

1 50.0 3.9 1.0 25
2 50.0 3.9 2.0 25
3 25.0 3.9 1.5 25
4 25.0 4.2 1.0 25
5 37.5 4.2 1.5 25
6 37.5 4.2 2.0 25
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Conduct tail-cutting tests on the above-mentioned simulated products until all the
products fail. The specific parameters set by the proposed nodel are as follows:

{w, b1, b2, b3, c1, c2, c3, m} = {5000, 0.2, 0.3, 0.4, 0.1, 0.2, 0.3, 1.5}

Therefore, the parameter estimates obtained by the reduced-form MCAM with inter-
action and the model without considering coupling are shown in Table 2, respectively:

Table 2. Comparison of the estimated values between models considering interaction and those not
considering interaction.

Parameters True Value
The Reduced-Form MCAM

with Interaction
The Model That Does

Not Consider Interaction

Estimated Value Error Estimated Value Error

w 5000 5000.16306917 0.003261% 4999.99904 0.10%
b1 0.2 0.19987489 0.062556% 0.204446 2.22%
b2 0.3 0.30009240 0.030801% 0.300477 0.16%
b3 0.4 0.39998151 0.004623% 0.406103 1.53%
c1 0.1 0.09994773 0.052272% - -
c2 0.2 0.20010490 0.052450% - -
c3 0.3 0.29992957 0.023478% - -
m 1.5 1.49985915 0.009390% 1.504325 0.29%

It can be easily seen from the above table that the estimation errors of all parameters
of the model considering the interaction are less than 0.1% (the maximum error is 0.0626%),
and the difference between the estimated values and the true values is also very small.
However, the errors of ignoring the interaction model are generally within the range of
0.1–2.5% (up to 2.22% at most), and the errors of the obtained estimated values are relatively
larger compared to those of the model considering interaction.

6. Numerical Examples
In this section, the validity of the model proposed will be verified based on an example.

The data used is from the NASA lithium-ion battery dataset. Nowadays, the state assess-
ment and stable operation of energy storage batteries have gradually become hot issues.
Sadiqa Jafari et al. proposed an innovative method and combined it with machine learning
technology to create a hybrid model, thereby improving the accuracy and reliability of
battery analysis, and ultimately estimating the remaining capacity and remaining service
life of lithium-ion batteries [27].

In the case study, temperature (T), voltage (V), and electric current (I) were also
selected as accelerating stresses, and the stress combinations are shown in Table 1. For these
six groups of data, it is necessary to study the distribution of this group of life data first.
Scatter plots, A-D statistics, and K-S statistics are mainly used in this study to verify whether
the Weibull distribution is followed by these six groups of life data.

First, for each group of data, establish a scatter plot with ln t as the horizontal axis and
ln[− ln(1 − F(t))] as the vertical axis. The images obtained from the six groups of data are
shown in the following Figure 2:
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Figure 2. The goodness of fit of the Weibull distribution. (The blue dots represent the observed data,
and the red line represents the degree of Weibull linear fitting).

It can be seen from the above image that the data points of each group roughly fall
on a straight line, which indicates that the data has a good fit with the assumed Weibull
distribution. Therefore, it can be considered from the image that all six groups of data come
from the Weibull distribution.

Additionally, A-D tests and K-S tests were conducted on these six sets of data sepa-
rately, with the test results shown in Table 3 below:

Table 3. The results of the test statistics.

Test Stress Combination The p-Value of the AD Test
Statistic

The p-Value of the KS Test
Statistic

1 0.871 0.965
2 0.897 0.974
3 0.876 0.966
4 0.888 0.976
5 0.883 0.969
6 0.892 0.972

According to the above table, the p-values of both the A-D tests and K-S tests are
greater than 0.05. Therefore, these six groups of data can be considered as coming from a
Weibull distribution and can be used for reliability assessment using the proposed model.

The capacity degradation of lithium-ion batteries is primarily attributed to two mech-
anisms: (i) the continuous growth of the solid electrolyte interphase (SEI) layer, and
(ii) lithium plating. Among them, the SEI continuously grows along with the normal
operation of the battery, meaning that SEI growth occurs gradually throughout the battery’s
lifespan, which is also the main reason for the degradation of battery capacity. However,
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lithium electroplating usually only occurs in extreme environments, such as high current
(>1.5C(C-rate)), low temperature (<0 °C), and high charging voltage (>4.3 V), and the
appearance of lithium electroplating is often accompanied by the decomposition of the
electrolyte and the formation of dendrites [28,29].

On the one hand, the stress applied in this study (temperature (25–50 ◦C), charging
voltage (3.9–4.2 V), and current (1–2 A, corresponding to approximately 0.6C–1.2C for an
1.7 Ah cell)) is significantly higher than that in the normal usage environment. On the
other hand, the test is still within the range where side reactions are effectively suppressed
and has not entered the extreme area characterized by the coexistence of multiple failure
mechanisms. Within this stress range, usually only the growth of the SEI film is the main
mechanism leading to capacity attenuation, while side reactions such as lithium plating,
electrolyte decomposition and dendrite formation are effectively suppressed. Therefore,
the failure mode of the battery presents a consistent wear failure feature, and it is reasonable
to regard the Weibull shape parameter m as a constant.

Substituting these six sets of data into the model, the estimated value results of each
unknown parameter can be obtained as shown in the following Table 4:

Table 4. Parameter estimation result.

Parameters w b1 b2 b3 c1 c2 c3 m

Estimated
value 6356.1017 −2.0602 1.4588 −1.4105 −0.1348 0.0460 −0.8558 17.2414

Thus, the MCAM of the lithium-ion battery can be expressed as:

ln η(S) = ln 6356.1017 +
2.0602

T
− 0.1348V · I + 0.6030 ln V + 1.4565 ln I − 0.8098 ln T.

Thus, the life characteristics under normal stress (5 °C, 3.6V, 0.8A) can be obtained
as follows:

ln η(S0) = 8.7572.

The reliability of the Weibull distribution is given by:

R(t) = exp
[
−
(

t
η

)m]
.

So the reliability under normal stress is as follows:

R(t) = exp

[
−
(

t
6356.1017

)17.2414
]

.

Thus, the reliability of a lithium-ion battery at a certain time point can be inferred
through its reliability function under normal stress conditions. Similarly, the remaining
reliability indicators can also be obtained through reliability. For instance, when t equals
6356.1017, the reliability R(t) is approximately 0.3679, and the average absolute relative
error of this model is only 4.44%.

To test the fitting accuracy of the model, the mean absolute relative error (MARE),
normalized root mean square error (NRMSE), R2, confidence interval and residual anal-
ysis were mainly adopted for the research. Among them, MARE and NRMSE are both
dimensionless metrics that can measure the deviation between the predicted value and the
true value. They are often used to evaluate the prediction accuracy of the model on data of
different scales, and R2 can be used to reflect the fitting effect of the model. The prediction
results are shown in the Table 5:
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Table 5. Performance indicators of the MCAM.

Performance Indicators The Values of Performance Indicators

Mean Absolute Relative Error (MARE) 4.4%

Normalized Root Mean Square Error (NRMSE) 6.10%

Coefficient of Determination (R2) 0.9735

It can be seen that MARE = 4.4% means that the average absolute relative deviation
between the predicted value of the model and the actual lifespan value is only 4.4%,
and NRMSE = 6.10% indicates that the error of the model’s prediction accounts for 6.1% of
the average real lifespan. Moreover, the R2 of the model is 0.9735, which is close to 1, both
indicating that the fitting accuracy of this model is relatively high.

The confidence interval graph obtained is shown in the Figure 3, it illustrates the com-
parison results between the predicted lifespan and the actual lifespan of the model under
each stress combination, and marks the 95% prediction confidence interval. The predicted
values are basically distributed around the ideal line y = x, indicating that the model has
good fitting ability. Furthermore, the width of the confidence interval slightly expands with
the increase of lifespan, reflecting the inherent uncertainty in lifespan prediction. Overall,
the established accelerated life model has a relatively high prediction accuracy.

Figure 3. The confidence interval for the predicted lifespan of lithium-ion batteries.

Finally, the normality test and homogeneity of variance test of the residuals were
conducted on the model proposed in this paper, and the results are shown in Table 6.

Table 6. Normality and homogeneity of variance tests for residuals.

Shapiro–Wilk Test for Normality Levene’s Test for Homoscedasticity

p value = 0.9203 p value = 0.9686

According to Table 6 , it can be seen that the p-values of both the S-W test and the
Levene test are much greater than 0.05, indicating the assumption that the residuals follow
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a normal distribution and are homogeneous of variance. This also verifies that the MCAM
has a good predictive effect.

7. Conclusions
This study proposes a reduced-form MCAM considering interaction to address the

reliability assessment of high-reliability and long-life products like lithium-ion batteries in
complex stress environments. The main conclusions obtained are as follows:

1. The scale parameter (characteristic lifetime) of the Weibull distribution is regarded as
a comprehensive representation of stress acceleration effects, establishing a functional
relationship between this parameter and stress levels to formulate the modeling
framework, and finally, the MCAM is established.

2. The constructed model reduces the complexity of the model compared with the tradi-
tional model. This model compresses the “exponential complexity (2n parameters)”
into the “linear complexity (N parameters)”, so it does not experience an exponential
increase in model complexity due to the increase in stress variables, making it more
suitable for multi-stress scenarios where the number of stresses N > 3. Lithium-ion
batteries are typically subjected to prolonged exposure to multiple concurrent stres-
sors (such as electrical, thermal, and mechanical loads), which significantly influence
their degradation behavior. Considering this sensitivity to the coupled stress environ-
ment, the proposed reliability modeling framework is particularly well-suited for the
accurate reliability assessment and prediction of lithium-ion batteries.

3. The MLE method for multi-stress accelerated life tests under random truncation was
proposed. The parameters of the model were solved by using the gradient descent
algorithm. Finally, the validity of the proposed model is rigorously verified through a
simulation study, and the model is further leveraged to evaluate the reliability metrics
of lithium-ion batteries under normal operational stress conditions.

In addition to the above content, this work carries significant implications for sus-
tainability. Accurate and efficient reliability prediction of lithium-ion batteries enables
optimized battery design, extended service life, and informed end-of-life management. This
is a key factor in reducing premature battery disposal and mitigating the environmental
impacts associated with battery production and waste. By minimizing the need for exten-
sive physical testing, the MCAM also contributes to substantial savings in material, energy,
and time resources during product development. Against the backdrop of the global clean
energy transition, reliable and durable energy storage systems are essential for the effective
integration of renewable energy sources and advancing the development of sustainable
energy infrastructure. Thus, the proposed model not only advances reliability engineering
methodology but also supports the development of more sustainable, resource-efficient,
and environmentally responsible battery technologies.

It should be noted that the model established in this study only focuses on the constant
stress accelerated life test (CSALT) of the Weibull distribution. However, in some complex
systems, the samples may not necessarily follow this distribution. Therefore, different
distribution characteristics should be adopted under specific failure modes. Furthermore,
this paper assumes that the stress parameters such as temperature, voltage and current
in each group of experiments remain constant. However, in real life, these stresses are
often dynamic and time-varying. To address this limitation, the model can be extended to
dynamic stress scenarios to describe the cumulative effect of historical stress on lifespan.
Finally, although the proposed model takes into account the form of empirical models
such as Arrhenius during the construction process, the parameters are still fitted through a
data-driven approach. Therefore, it can be considered to introduce physical information to
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construct a multi-stress accelerated model that is both highly accurate and interpretable in
the future.
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Abbreviations

Acronym/Notation Description
ALT Accelerated life test
ADT Accelerated degradation test
CST Constant-stress testing
SST Step-up-stress testing
PST Progressive stress testing
MLE Maximum likelihood estimation
SEI Solid electrolyte interphase
N Number of stress variables
S The combination of N stress types, S = (S1, S2, · · · , SN)

Sj The jth stress type, j = 1, 2, . . . N
q Number of accelerated stress levels
Xi The ith combination of accelerated stress levels, i = 1, 2, . . . q
n Total sample size
ni The sample size at the ith accelerated stress level
ri Number of sample failures at the ith accelerated stress level
ci Number of sample truncations at the ith accelerated stress level
til The lth failure time at the ith accelerated stress level, l = 1, 2, . . . , ri

τiv The vth truncation time at the ith accelerated stress level, v = 1, 2, . . . , ci

η(S) Scale parameter
ak Interaction effect term
S \ Sk All stress variables except the kth principal stress
hk(S \ Sk, ck) The explicit function form of the interaction effect

bk
Unknown parameters, which are related to the activation energy or failure
mechanism, k = 1, 2, . . . N

ck
Unknown parameters, the coefficient of the explicit function term representing
the interaction effect, k = 1, 2, . . . N

m
An unknown parameter, which is the shape parameter of the
Weibull distribution

fk(Sk, bk) The kth principal stress effect term
w Integrate all the unknown parameters of the interaction effects
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