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Abstract


Accurate water quality prediction is the basis for good water environment management and sustainable use of water resources. As an important time series forecasting model, the Autoregressive Moving Average Model (ARMA) plays a crucial role in environmental management and sustainability research. This study addresses the factors that affect the ARMA model’s forecast accuracy and goodness of fit. The research results show that the sample size used for model parameters estimation is the main influencing factor for the goodness of fit of an ARMA model, and the prediction time is the main factor affecting the prediction error of the model. Constructing a stable and reliable ARMA model requires a certain number of samples for the estimation of model parameters. However, using an excessive number of samples will not further improve the ARMA model’s goodness of fit but rather increase the workload and difficulty of data collection. The ARMA model is not suitable for long-term forecasting because the prediction error of ARMA models increases with the increase of prediction time, and when the prediction time exceeds a certain limit, the fitted values of an ARMA model will almost no longer change with the time, which means the model has lost its significance of prediction. For time series with periodic components, introducing periodic adjustment factors into the ARMA model can reduce the prediction error. These findings enable environmental managers and researchers to apply the ARMA model more rationally, hence developing more precise pollution control and sustainable development plans.
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1. Introduction


The sustainability of water systems is critically dependent on high-level environmental management [1], and the sustainable management of the water environment is a significant challenge faced by societies and governments [2]. Good environmental management enhances the ecosystem and helps maintain sustainable water resource supplies [3]. The basis for effective water environment management is to grasp the changing trends of water pollutants [4]; hence, water quality prediction technology, particularly water quality prediction models, is crucial for maintaining the sustainability of water systems [5]. The predictions for future water quality changes can provide technical support in many aspects of water environment sustainability, including potable water supply, aquaculture, tourism, ecosystem regulation, and so on [6]. Reliable water quality forecasting can not only help water pollution control [7,8] but also provide important guidance for water environment management and decision-making [9,10]. In order to explore the changing laws of the water environment and make accurate predictions on water quality changes, there has been significant effort from scientists and water managers towards researching water quality prediction models [11].



In general, water quality prediction models can be classified into two categories: physical models and data-driven models [12]. Physical models take into account various factors of the water systems, such as the life activities of aquatic organisms, solar radiation, rainfall, runoff, wind speed and direction, nutrients, and more. It makes the physical models able to fully simulate the water quality change process [13]; at the same time, high requirements for data consistency and data computing costs also limit the utilization of physical models [14]. For the data-driven models, the object’s change process can be simulated without knowing the detailed information of all relevant factors [15]. Within data-driven models, there are statistics-based models and Artificial Intelligence (AI)-based models [16]. Statistics-based models have the advantages of simple structure and convenient calculation. They ignore the complexity of raw data and focus on the statistical patterns of data [17]. Any model has its scope of application, and no model is omnipotent. It is essential to choose the right model for the right situation.



The Autoregressive Moving Average model (ARMA) is a representative statistics-based model. It has been among the most popular mathematical models for time series prediction in the past two decades [18]. ARMA model is widely used due to some significant advantages, including faster speed of model construction and lower data requirement [19]. Although the ARMA model was first utilized in economics [20], it has now been adopted in a much broader range of research fields. In the research field of sustainability, a great portion of the data are time series, including the power load, resource consumption, water quality change process, and so on. The unique advantages of the ARMA model have led to its widespread application in various fields related to sustainability, such as hydrology [21,22,23], meteorology [24,25,26], and environmental science [27,28,29]. The traditional ARMA model requires that the time series to be fitted must be stationary, which, to some extent, limits its scope of use. To extend the ARMA model to a non-stationary time series, the integrated process is added to the ARMA model, making it an Autoregressive Integrated Moving Average Model (ARIMA). However, the core of the ARIMA model is still the ARMA model; therefore, the study of the features of the ARMA model, specifically the elements that affect its goodness of fit and prediction error, is crucial for the appropriate use of the ARMA and ARIMA models.



After years of development, relatively standardized methods and processes such as parameter selection and optimization have been formed for the construction of the ARMA model. However, there is still a lack of in-depth research on some key issues of the ARMA model, including the influencing factors of prediction error and the relationship between the sample size required for model parameter estimation and the goodness of model fitting. Many researchers determine the sample size and prediction time based on experience, intuition, and the difficulty of data collection. The sample size or prediction time of different research cases varies greatly. The analysis of some documents shows that for monthly ARMA models (models built on the monthly dataset), the length of the sample time series used for estimating model parameters can range from 10 years [19,30,31], 20 years [32,33] to more than 40 years [23], or with the option of 5 years [34] or even short as 2 years [35]. The prediction time may span over a period of 5 years [23,34] to 7 years [19] or as short as 1 year [31,32,35] to 2 years [36]. In terms of daily models (models built on the daily dataset), the time series samples used to estimate model parameters can range from 1 year [37] to 4 years [30], while the prediction time may be as long as 7 months [38], or as short as several to 10 days [30]. According to the frequency of time series data, the ARMA or ARIMA model not only includes common monthly and daily data models but also includes annual data models [29,39], weekly data models [27], and hourly data models [40,41,42]. Within the same time period, the sample size of the time series varies with the data frequencies. If the sample size is used for comparison, in certain studies, the sample size reaches over 20,000 [41], whereas in others, it is limited to just a dozen [29], and the prediction steps range from a few steps [29] to several hundred steps [38], all with significant differences.



The emergence of the above issues involves the following key questions. It is crucial to ponder these questions for the rational application of the ARMA model.



Q.1. Relationship between the sample size and the ARMA model’s goodness of fit. Is it more advantageous to utilize a larger sample size when estimating model parameters?



Q.2. Relationship between the prediction steps and the forecast accuracy of the ARMA model. What principles should be followed in determining the number of prediction steps or prediction time?



Q.3. The unique characteristics of the ARMA model. What are the underlying mechanisms behind these characteristics?



Answering these questions holds significant value for the development of the ARMA model and its rational applications, but relatively little attention has been paid to them. In this regard, this paper aims to achieve the following research objectives:




	1)

	
Analyze how the ARMA model’s goodness of fit changes with the changes in the sample size.




	2)

	
Analyze the impact of the number of prediction steps or the prediction time on the forecast error of the ARMA model.




	3)

	
Investigate the primary elements influencing the prediction accuracy of the ARMA model and explore the internal mechanism behind them.




	4)

	
Summarize the issues that need to be paid attention to in the application of the ARMA model and provide references for the reasonable application of the ARMA model in water quality prediction, water pollution control, and sustainability.









This paper elaborates on some important features of the ARMA (ARIMA) model and their underlying mechanisms in detail. It is of great significance to guide the rational application of the ARMA (ARIMA) model. Water environment managers and sustainable policymakers can benefit from the outcomes of this study because predicting and understanding the trend of water quality changes accurately is a prerequisite for water environment management and sustainable policy making. Decision-makers and researchers may leverage the outcomes of this study for sustainable and eco-centric environmental management planning, develop strategies for enhancing water quality, and maintain the sustainability of aquatic ecosystems.



The rest of the paper is organized as follows. Section 2 briefly introduces the research methods and data sources, including the evaluation methods for the model’s goodness of fit and prediction error and the description of data sources. Section 3 provides the research results, including the structures of models used in the research and the factors affecting an ARMA model’s goodness of fit and prediction error. Section 4 discusses the characteristics and mathematical mechanisms of the ARMA model in detail and some key points to be noted in the application. Section 5 concludes the whole research work.




2. Methods and Data Sources


The main idea of this study is to combine empirical research with theoretical analysis. The construction of ARMA models involves utilizing daily and monthly mean time series data derived from the online monitoring data of the Bakou environment monitoring station of Changtan Reservoir in Zhejiang Province, China. Based on the constructed models, we analyzed how sample size and prediction time affect the goodness of fit and the forecast accuracy of the ARMA model, respectively. Then, we further explored the key features of the ARMA model and its underlying mechanism and explained some crucial points that need to be noted in the reasonable application of the ARMA model. The methods, concepts, and data sources related to the research work are elaborated in detail as follows:



2.1. Introduction to the ARMA Model


The ARMA model is a prediction model based on the dynamic dependence between the current value and the lag value of a time series. It is expressed as follows:


    1 −  φ 1  L −  φ 2  L − ⋯ −  φ p   L p     y t  = c +   1 +  θ 1  L +  θ 2  L + ⋯ +  θ q   L q     ε t   



(1)




where yt is the current term in the time series to be fitted, c is the constant term, φ1, φ2, …, φp are the fitting parameters of the autoregressive term, θ1, θ2, …, θq are the fitting parameters of the moving average term,    ε t    is the residual, L is the lag operator, and   L  y t  =  y  t − 1    , p or q is the number of lagging operations,    L p    indicates doing p lag operations and    L p   y t  =  y  t − p    .



The ARMA model requires that the time series to be fitted must be a stationary sequence. If we want to apply the ARMA model to a non-stationary time series, an integrated process needs to be introduced into the ARMA model, which actually uses different operations to transform the original time series into a stationary one. The ARMA model with the integrated process is the ARIMA model, and its mathematical expression is as follows.


    1 −  φ 1  L −    φ 1   2  L − ⋯ −    φ 1   p   L p       ∇ d   y t    = c +   1 +  θ 1  L +  θ 2  L + ⋯ +  θ q   L q     ε t   



(2)




where  ∇  is the difference operator and   ∇  y t  =  y  t −    y  t − 1    , d is the number of differences, and    ∇ d   y t  =  ∇  d − 1     ∇  y t    =  ∇  d − 1    y t  −  ∇  d − 1    y  t − 1    .



From Equation (2), it can be seen that the core of the ARIMA model is still the ARMA process. The prediction functions of the ARIMA model are all undertaken by the ARMA process, and the integrated process is only to convert non-stationary time series into stationary series through differential operation so that ARMA can be used to predict the change of non-stationary time series. Therefore, the ARIMA model not only extends the application of the ARMA model to non-stationary time series but also has the same characteristics as the ARMA model.



ARMA model is usually recorded as ARMA (p, q), where p is the autoregressive order and q is the moving average order. In practical applications, some ARMA models may only contain the AR or MA parts. If a part is missing, it would be represented by 0. Some time series exhibit obvious periodic patterns. When predicting the change trends of such time series, a periodic adjustment factor (also known as seasonal adjustment factor) can be introduced into the ARMA model. Such ARMA models are called seasonal ARMA models or SARMA models. SARMA models are usually recorded as SARMA (p, q)(P, Q)S, where P is the seasonal autoregressive order, Q is the seasonal moving average order, and S is the length of the cycle. The SARMA model is usually used for monthly or quarterly time series, with S = 12 for monthly time series and S = 4 for quarterly time series.



The construction, prediction, and evaluation of the ARMA model mainly include four steps. (1) Stationarity test, using Augmented Dickey Fuller Test (ADF Test) to examine the stationarity of a time series. If it is not stationary, the original sequence can be transformed into a stationary sequence by introducing an integrated process. (2) Autocorrelation analysis and preliminary order determination, using autocorrelation function (ACF) and partial autocorrelation function (PACF) graphs to analyze the autocorrelation of time series, roughly determining the approximate range of p and q, and selecting several candidate models according to the tailing or truncation characteristic of ACF or PACF graphs. (3) Determining the optimal model structure and parameters, that is, finally determining the values of p and q according to the Akaike Information Criterion (AIC). (4) Model evaluation, which is evaluating the goodness of fitting and the prediction error of the model based on relevant measurement indicators. The time series analysis and model construction in this paper were completed using Eviews v10.




2.2. Akaike Information Criterion (AIC)


The Akaike Information Criterion provides a quantitative way to evaluate how well a model fits the data it was created from. AIC is used to compare different possible models and determine which one is the best fit for the data. AIC is determined by the number of independent variables employed in building the model and the maximum likelihood estimate of the model (how well the model reproduces the data). The best-fit model, as determined by AIC, is the one that explains the greatest amount of variation using the fewest possible independent variables. The formula for AIC is as follows:


AIC = 2k − 2lnL



(3)




where k is the number of independent variables used, and L is the log-likelihood estimate (a.k.a. the likelihood that the model could have produced the observed y-values).




2.3. Evaluation of Model Goodness of Fit


The goodness of fit of the model is generally evaluated by the coefficient of determination (represented by R2). However, when using multiple regression analysis, even if the goodness of fit of the model does not improve significantly, R2 may still increase with the increase of the number of explanatory variables, which results in R2 not being able to reflect the goodness of fit of the model accurately. This problem is particularly prominent in the ARMA model, as the ARMA model is essentially a multiple linear regression model with often more than one explanatory variable. To avoid this problem, the adjusted coefficient of determination (represented by     R ¯  2   ) is generally used to evaluate the goodness of fit of the ARMA model. The formula for     R ¯  2    is as follows:


    R ¯  2  = 1 −   1 −  R 2       T − 1   T − k     



(4)




where     R ¯  2    is the adjusted coefficient of determination, R2 is the coefficient of determination, T is the number of samples used for model parameter estimation, and k is the number of explanatory variables.




2.4. Evaluation of the Model Prediction Error


This study needs to compare the prediction errors of models in different situations. To avoid the impact of different units of different monitoring indicators, the mean absolute percentage error (MAPE) is used to evaluate the prediction error of the model. The formula for MAPE is as follows:


  MAPE =   ∑   i = 1  n        y t  −    y t   ^     y t       ×    100  n    



(5)




where    y t      is the measured value,        y t   ^    is the predicted value of the model, and n is the number of predicted values of the model.




2.5. Data Sources


The research data come from the Bakou environment monitoring station of Changtan Reservoir in Taizhou, Zhejiang Province, China. Changtan Reservoir is the largest drinking water source in Taizhou City and one of the six key reservoirs in Zhejiang Province [43]. The Bakou National Environment Monitoring Station is located near the outlet of Changtan Reservoir and is the most important environment monitoring station of Changtan Reservoir. It is one of the earliest environment monitoring stations in Zhejiang Province equipped with online monitoring equipment and has relatively longer-term online monitoring data. The research data come from the online monitoring data of the station from 2012 to 2021, including six indicators: Chemical Oxygen Demand for Permanganate Method (CODMn), Dissolved Oxygen (DO), Electrical Conductivity (EC), pH, Total Nitrogen (TN) and Water Temperature (WT). DO, EC, pH, and WT were measured by an online five-parameter analyzer. TN was measured by an online automatic monitor of TN. CODMn was measured by an online automatic monitor of CODMn. The online monitoring data were sampled every 4 h. Due to instrument failure or other reasons, a small amount of data are missing or abnormal. Upon evaluation, the efficient data are not less than 96%. After pretreatment and verification, two sets of time series (time series of daily mean data and monthly mean data) are formed for the construction of the daily ARMA model and monthly ARMA model, respectively.





3. Results


3.1. The Construction of the ARMA Model


In this study, two kinds of ARMA models (daily model and monthly model) were constructed for research and analysis. Daily models were constructed based on daily average data, and monthly models were constructed based on monthly average data. The construction of the two kinds of models is described as follows.



3.1.1. The Construction of the Daily ARMA Model


The ADF test shows that the daily time series of six water quality indicators (CODMn, EC, TN, DO, pH, and WT) are all stationary. Therefore, the ARMA model can be used for modeling and prediction research. Figure 1 shows the ACF and PACF graphs of the daily time series of each indicator. From the graphs, it can be seen that the ACF of all indicators (Figure 1a–f) is tailed significantly. Most of the PACF indicators cut off after lag 3 (Figure 1g–k), while TN and WT cut off after lag 2. (Figure 1i,l). Based on the AIC criteria and the significance of each variable in the model, the optimal structures of the daily models of CODMn, EC, TN, DO, pH, and WT were determined to be ARMA (3, 0), ARMA (3, 0), ARMA (1, 0), ARMA (3, 0), ARMA (3, 0), and ARMA (2, 0) respectively.




3.1.2. The Construction of the Monthly ARMA Model


The ADF test shows that the monthly time series of six water quality indicators in Changtan Reservoir are also stationary. Figure 2 shows the ACF and PACF graph of the monthly time series of each indicator. Figure 2g–j shows that the PACF of CODMn, EC, TN, and DO cut off after lag 1, while the PACF of WT cuts off after lag 3 (Figure 2l). The PACF of pH is tailed (Figure 2k), but its ACF cuts off after lag 2 (Figure 2e). Compared to the daily time series, the autocorrelation coefficients of the monthly time series of DO, pH, and WT show significant seasonal patterns (Figure 2d–f), indicating that the seasonal adjustment factors need to be introduced into the ARMA models of the three indicators. Based on ACF and PACF graphs analysis, combined with AIC criteria, the optimal structures of monthly models of CODMn, EC, TN, DO, pH, and WT were determined to be ARMA (1, 0), ARMA (1, 0), ARMA (1, 0), SARMA (1, 0)(1, 0)12, SARMA (0, 2)(1, 0)12, SARMA (3, 0)(1, 0)12 respectively.





3.2. The Factors Affecting the ARMA Model’s Goodness of Fit and Prediction Error


3.2.1. The Impact of Past Time Series Length (Sample Size) on the ARMA Model’s Goodness of Fit


The goodness of fit reflects the degree to which the model’s fitting curve fits the variation of measured values and is an important indicator of the model’s fitting quality. Due to the fact that both the dependent and independent variables of the ARMA model come from the same time series and do not involve other exogenous variables, the number of samples used for model parameter estimation, that is, the length of the past time series is the main influencing factor affecting the model’s goodness of fit. In order to analyze the impact of sample size on the model’s goodness of fit, we calculated the     R ¯  2    of the ARMA models that were constructed based on past time series of different lengths. From Figure 3, it can be seen that whether it is the daily model or the monthly model, as the length of the past time series used for model parameter estimation increases, the overall trend of the     R ¯  2    increases. However, when the past time series reaches a certain length, the variation of     R ¯  2    tends to be relatively stable, and the     R ¯  2    generally does not continue to increase with the length of the past time series increases.



The length of the past time series used for model parameter estimation is a reflection of the number of samples. From Figure 3, we found that when the sample size used for model parameter estimation is small,     R ¯  2    is relatively small, indicating that the goodness of fit of the model is not ideal. Therefore, in order to build a stable and reliable ARMA model, a certain number of samples are needed to be used for model parameter estimation. However, increasing the sample size excessively cannot further improve the goodness of fit of the model. For the data in this study, when the length of the past time series of the daily model reaches about 8 months (the sample size is about 240), and the length of the past time series of the monthly model reaches about 5 years (the sample size is about 60),      R ¯   2    generally does not continue to increase with the increase in sample size. Compared to the monthly model, the parameter estimation of the daily model requires more samples in order to achieve a relatively high     R ¯  2   . This is because the data fluctuation of the daily average is greater than that of the monthly average usually. Therefore, a larger sample size is needed to reflect the daily data variation and to stabilize the model.



The sample size needed to estimate model parameters may vary for different indicators or time series, but there is still a similar pattern. Initially, as the number of samples increases, the overall goodness of fit of the model continues to improve. After exceeding a certain limit, further increasing the sample size no longer improves the goodness of fit of the model significantly.




3.2.2. The Impact of Prediction Time on the ARMA Model’s Prediction Error


Figure 4 shows the impact of prediction time on the MAPE of ARMA models. From the graphs, it can be seen that as the prediction time increases, the overall MAPE of each model shows an increasing trend. Relatively, in the initial stage of prediction, as the prediction time increases, the MAPE of the model increases rapidly. However, after the prediction time exceeds a certain limit, the variation curve of MAPE tends to flatten out and no longer increases rapidly with the increase of the prediction time.



For the data in this study, when the prediction time reaches 30 days for the daily model or 12 months for the monthly model, the prediction error of the model reaches its peak. After reaching the peak, the model’s prediction error will no longer increase rapidly with the increase of the prediction time, and the variation curve of the model error will tend to flatten out.




3.2.3. The Impact of Seasonal Adjustment Factors on ARMA Model’s Prediction Error


Further analysis of Figure 4 reveals that for the daily model (Figure 4a), the variation trends of the MAPE of all indicators are relatively consistent. That is, as the prediction time increases, the MAPE of all daily models increases sharply at first, while after exceeding a certain limit, the increase tends to be gradual. However, for the monthly models (Figure 4b), there are differences in the variation trends of MAPE among different indicators. The variation trends of CODMn, EC, and TN are similar to the daily model, showing rapid growth in the early stage and gradually flatten out in the later stage. Although the MAPE of DO, pH, and WT also show a gradual increasing trend, their increasing trend is gentler relatively. In addition, the MAPE of DO, pH, and WT are generally lower than those of CODMn, EC, and TN.



Due to the obvious seasonal fluctuations of DO, pH, and WT (Figure 2d–f), the seasonal adjustment factors were introduced into the ARMA models of these three indicators’ monthly time series. This is the main reason for the significant differences in the MAPE changes between DO, pH, WT and CODMn, EC, TN. This characteristic of the ARMA model indicates that for time series exhibiting significant periodic fluctuations, introducing seasonal adjustment factors can reduce the model’s prediction error and achieve better prediction results.






4. Discussion


The ARMA model has been widely used in research fields such as water quality prediction, pollution control, and environmental sustainability due to its unique advantages. However, the application effect of the ARMA model depends largely on whether the user has a deep understanding of its characteristics. Through empirical research, this study found that the ARMA model has the following characteristics.



	1)

	
Within a certain range, the goodness of fit of an ARMA model increases with the increase of the sample size used for model parameter estimation; however, once the sample size surpasses a certain threshold, the enhancement of the model’s goodness of fit does not show significant improvement with further increases in sample size;




	2)

	
With the increase in prediction time, the ARMA model’s overall prediction error also increases, particularly during the initial stages of prediction. As the prediction time increases, the prediction error experiences rapid growth at first. Nevertheless, when the prediction time exceeds a certain point, the prediction error curve flattens out gradually;




	3)

	
Introducing seasonal adjustment factors into an ARMA model with obvious periodic patterns can reduce the model’s prediction error.







The above characteristics largely determine the application scenarios of the ARMA model. In order to further explore the determining factors behind these characteristics and the key points that need to be paid attention to in the application of the ARMA model, the following sections focus on discussing and analyzing the internal mechanisms and mathematical foundations that determine these characteristics, and the research prospects in related fields.



4.1. The Mathematical Basis of the ARMA Model and Its Influence on the Model’s Goodness of Fit and Prediction Error


The ARMA model assumes that the time series to be fitted is the combination of an autoregressive process and a moving average process. In addition, The ARMA model also requires that the time series to be fitted must be a stationary series. If the original time series is non-stationary, it must be transformed into a stationary series through integrated processes before modeling. The mathematical basis of the ARMA model and its assumption of stationarity give it some unique characteristics, these characteristics further affect the model’s goodness of fit and prediction error.



The central idea behind the ARMA model is to employ extrapolation as a means of predicting fluctuations in time series. The autocorrelation between the current value and lag value of the time series is the basis for constructing an ARMA model. In the ARMA model, there are no exogenous variables, and all explanatory variables are the lag terms of the same time series. According to the basic theory of the ARMA model, the autocorrelation coefficients of the first-order autoregressive process and the moving average process can be calculated using Equations (6) and (7), respectively [44].


   ρ k  =    φ 1   k   



(6)






   ρ k  =           θ 1    1 +    θ 1   2     ,       k = 1           0 ,         k > 1        



(7)




where ρk is the autocorrelation coefficient, φ1 is the fitting parameter of the autoregressive term, θ1 is the fitting parameter of the moving average term, and k is the interval between the current term and the lag term.



The prerequisite for using the ARMA model is that the time series to be fitted must be stationary. If the time series is stationary, there must be |φ1| < 1 and |θ1| < 1, which means that as the interval between the current term and the lag term increases, the autocorrelation coefficient of the autoregressive process will decrease exponentially to 0. For the moving average process, the autocorrelation coefficient of the current term and the first lag term is θ1/(1 + θ12). The autocorrelation coefficient between the current term and other lag terms is 0. Therefore, for first-order ARMA processes, the autocorrelation coefficient decreases exponentially from ρ1 to 0. For higher-order ARMA processes, the change of autocorrelation coefficient is relatively complex, and it may decrease exponentially, sinusoidally, or a mixture of the two, but they all decrease with the increase of the interval between the current term and the lag term [45]. That is to say, the further the lag term is from the current term, the smaller the correlation coefficient between them and the smaller the impact of the lag value on the current value.



When using an ARMA model for prediction, as the prediction time continues to increase, the interval between the predicted and the lagged value (known value) continues to increase. This leads to a lower degree of correlation between the predicted value and the known value in the time series. As the prediction time increases, it ultimately results in a rise in the model’s prediction error. Similarly, in the process of model parameter estimation, the lag values that have a significant impact on the current value are all data items that are closer to the current value. When the length of the past time series used for model parameter estimation is too long, most of the data become invalid during the model parameter estimation due to having little correlation with the predicted value. This is the reason why excessive sample size cannot further improve the ARMA model’s goodness of fit. Therefore, expanding the sample size excessively for model parameter estimation does not enhance the goodness of fit significantly but adds to the burden of model development and data gathering.




4.2. Secular Variation Trend of the ARMA Model’s Fitted Values and Its Theoretical Basis


The analysis in Section 3.2.2 shows that, in general, the prediction error of the ARMA model increases with the increase of the prediction time. Especially in the early stage, the error often increases rapidly with the increase of the prediction time. To further explore the mechanism of this phenomenon, the fitted values of daily and monthly ARMA models with different prediction times for each indicator are calculated, respectively, and the secular variation trend of the fitted value is analyzed.



Figure 5 and Figure 6 both show that as the prediction time continues to increase, the fitted value variation curves of the ARMA model will become a horizontal line in the end. This means that as the prediction time increases, the fitted values of an ARMA model will gradually approach a constant value. When the prediction time exceeds a certain limit, the fitted value of the model will almost no longer change with the time, fitting and prediction will no longer hold practical value for the model.



To explore the mechanism behind the ARMA model’s secular trend of fitted values shown in Figure 5 and Figure 6, the lag operator in Equation (1) is expanded to obtain Equation (8).


yt = c + φ1yt−1 + φ2yt−2 + … + φpyt−p + θ1εt−1 + θ2εt−2 + … + θqεt−q + εt



(8)







The meaning of each symbol in Equation (8) is consistent with that in Equation (1). According to Equation (8), each yt can be calculated by a recursive algorithm, which allows the ARMA model to predict the future values of the time series. Under the prerequisite assumption of the ARMA model, the time series {…, yt−p, …, yt−2, yt−1, yt} must be a stationary sequence. Therefore, there must be |φj| < 1 (1 ≤ j ≤ p), |θk| < 1 (1 ≤ k ≤ q), and when t → ∞, (φ1yt−1 + φ2yt−2 + … + φpyt−p + θ1εt−1 + θ2εt−2 + … + θqεt−q + εt) → 0, yt → c, where c = μ(1 − φ1 − … − φp), μ is the mean of yt [46]. Because yt is stationary, the mean of yt does not depend on the time t. That means yt will not change with the change of t. With the continuous increase of the prediction time, c will approach a constant value, and the fitted values of an ARMA model will also approach a constant value. This is shown on the graph that the variation curve of the fitted value gradually transforms into a horizontal line.



Figure 5 and Figure 6 not only show the secular variation trend of the fitted value of the ARMA model but also reflect the change rule of the prediction error of the ARMA model from a different perspective. From Figure 5 and Figure 6, it can be seen that the difference between the fitted values and measured values is relatively small at first, and as the prediction time increases, the difference between the two becomes larger. That means the model’s prediction error also increases with the increase in prediction time because the difference between the fitted value and the measured value is the source of the prediction error. However, as the prediction time continues to increase, the fitted value gradually approaches a certain constant value. At the same time, since the time series fitted by the ARMA model are all stationary, that is, the mean value of the time series does not change with time. It means that the mean value of the time series will also approach a certain stable value. Because both the measured and fitted values all approach a certain stable value, the prediction error of the model also tends to be stabilized and no longer changes with the passage of time. This is the primary cause as to why the prediction error of the ARMA model rapidly increases in the early stage of prediction but gradually becomes stabilized as the prediction time continues to extend.



While the prediction error of the ARMA model typically stabilizes after a certain time, it also means that the fitted value remains constant after the prediction time exceeds a threshold, and the model loses its usefulness in making predictions. Therefore, the ARMA model is a short-term prediction model, and it should not be used to predict the long-term trend of time series. To reduce the prediction error, when using the ARMA model, it is recommended to limit the prediction time range as much as possible.




4.3. The Influence of Seasonal Adjustment Factors on ARMA and the Mechanism


Although the variation curve of the fitted value of the ARMA model will eventually transform into a horizontal straight line as the prediction time increases, there are differences among different ARMA models in the transformation process. All daily and monthly models’ fitted values of CODMn, EC, and TN gradually approach a constant value in a monotonic increasing or decreasing process (Figure 5 and Figure 6a–c), while the monthly models’ fitted values of DO, pH, and WT gradually approach a constant value in a process of oscillation (Figure 6d–f). The difference among them is that the three indicators of DO, pH, and WT are all introduced seasonal adjustment factors during the model construction. It can be seen that the introduction of seasonal adjustment factors will cause the fitted values of the ARMA model to exhibit some fluctuating characteristics.



The ARMA model introduced seasonal adjustment factors is called the seasonal ARMA model or SARMA model, and its expression is shown as follows:


    1 −  ∅ 1  L − ⋯ −  ∅ p   L p      1 −  α 1   L s  − ⋯ −  α P   L  P s      y t  = c +   1 +  θ 1  L + ⋯ +  θ q   L q      1 +  β 1   L s  + ⋯ +  β Q   L  Q s      ε t   



(9)




where    α 1  ⋯  α P    are the fitting parameters of the seasonal autoregressive term,    β 1  ⋯  β Q    are the fitting parameters of the seasonal moving average term, and S is the length of the seasonal period.     1 −  α 1   L s  − ⋯ −  α P   L  P s       and     1 +  β 1   L s  + ⋯ +  β Q   L  Q s       are called seasonal autoregressive term and seasonal moving average term (also known as seasonal adjustment factors).



It can be seen from Equation (8) that when the seasonal adjustment factor is introduced, the autoregressive term and the seasonal autoregressive term are multiplied, and the moving average term and the seasonal moving average term are also multiplied. For time series with obvious seasonal variation patterns, the fitted values of the ARMA model show a larger absolute peak at the integer multiple of the variation period (Figure 6d–f). Resulting in the correlation between the current value and the lag value located at the integer multiple of the seasonal period will be significantly enhanced. Therefore, the ARMA model with seasonal adjustment factors can better fit the time series with seasonal patterns and make the fitted values closer to the measured values. This is the reason why introducing the seasonal adjustment factors into the ARMA model can decrease the overall prediction error and make the growth trend of prediction errors smoother.



Seasonal adjustment factors can improve the prediction accuracy of the ARMA model to a certain extent for time series with obvious seasonal or periodic patterns. Therefore, discovering the periodic fluctuation pattern of time series as much as possible and introducing seasonal adjustment factors is an effective means to improve the prediction accuracy of the ARMA model. This is particularly important for environmental prediction because many environmental data have the characteristics of periodic changes. In practical applications, for time series with obvious seasonal fluctuations, seasonal adjustment factors can be used to reduce prediction errors directly. For the time series that are difficult to directly identify the fluctuation period, some researchers have also made some attempts. The method is to decompose the original time series into subsequences that reflect the secular variation trend and subsequences that reflect the periodic fluctuation through wavelet transform and other techniques. ARMA model is respectively constructed for each decomposed subsequence, and a seasonal adjustment factor is introduced into the model for each subsequence with periodic fluctuation. Finally, the fitted values of different subsequences are recombined to form the final prediction results [24,47].




4.4. The Contributions of the Study


The ARMA model plays a crucial role in the fields related to sustainability because sustainable research often involves the prediction and analysis of time series data, while the ARMA model is one of the most commonly used time series forecasting models. Accurate water quality forecasts are essential for environmental security and sustainability. By providing insights into future trends in water quality, the ARMA model enables utilities, resource providers, and policymakers to make informed decisions regarding environmental protection plans, resource management strategies, and sustainable infrastructure investments. This, consequently, aids in maximizing resource efficiency, cutting down the environmental footprint, and lessening the impact on the environment [48].



This study contributes by revealing the most fundamental factors affecting the forecast accuracy of the ARMA model. Through the analysis of on-site measured data and the exploration of the ARMA model’s internal mechanism, this study revealed that for the ARMA model, the prediction time is the main factor affecting the prediction error, and the sample size used for model parameters estimation is the main influencing factor for the goodness of fit. These characteristics are very important for the rational application of the ARMA model, yet they have been ignored in many studies. This study’s findings can help researchers and policymakers make more informed decisions when utilizing ARMA models to choose a more reasonable prediction time and sample size in the research and decision-making process.




4.5. Challenges and Future Prospects


The increasing levels of contamination are becoming a significant threat to water quality and the sustainability of the water system. Policymakers are facing great challenges in providing clean water sustainably by adequately addressing water systems to be free from pollutants [49]. Reliable prediction of water quality is the basis of effective water pollution control and good water environment management [8]. Water quality prediction is an important application field of the ARMA model, and it is also one of the important contributions of the ARMA model to sustainability.



Water quality change involves multiple factors, such as hydrology, chemistry, biology, and meteorology. There are complex interaction mechanisms among these factors, and a considerable part of them are nonlinear relationships. The ARMA model is essentially a linear statistical model; this makes it difficult to reflect the complex mechanisms of water quality changes and predict nonlinear change patterns. In addition, there is still a lack of in-depth research on the laws of internal correlation of time series. This leads to a lack of reliable standards for determining the sample size and prediction time in the application of ARMA models. In the future, research work should be strengthened in the following two aspects. (1) The combination of the ARMA model with other models, especially the physical models and artificial neural network models. This can improve the shortcomings of the ARMA model in long-term prediction and nonlinear prediction. (2) Explore and attempt to determine thresholds for sample size and prediction time of different types of time series, providing a reliable basis for determining sample size and prediction time of ARMA models.





5. Conclusions


In this study, a series of ARMA models were constructed based on the long-term online water quality monitoring data at the Bakou National Environment Monitoring Station of Changtan Reservoir in Zhejiang Province. Through these models, the main influencing factors of the ARMA model’s goodness of fit and prediction error were analyzed and studied. The research results show that the sample size used for model parameter estimation is the main influencing factor on the goodness of fit of the ARMA model. Within a certain range, the goodness of fit of the ARMA model increases with the increase in sample size. To build a reliable ARMA model, a certain number of samples are required for model parameter estimation. However, due to the fact that the autocorrelation between the front term and the back term in time series always decays with the increase of the interval between the front term and the back term continuously, in addition to increasing the workload of model construction and the difficulty of data collection, excessive sample size cannot further improve the goodness of fit of the ARMA model.



The prediction time is the main factor affecting the prediction error of the ARMA model, and the ARMA model is a short-term prediction model. As the prediction time increases, the correlation between the predicted value and the known value decreases, resulting in the prediction error of the ARMA model increasing continuously with the increase of prediction time. Especially during the early stages of prediction, the prediction error increases rapidly, and as the prediction time further increases, the change curve of the fitted value of the ARMA model will eventually transform into a horizontal straight line, losing the practical significance of prediction. Therefore, it is not suitable to use the ARMA model for long-term prediction research.



Introducing seasonal adjustment factors into the ARMA model for time series with periodic patterns makes the model better fit the periodic change of the time series, reduces the prediction error of the model, and achieves better prediction results.



This study reveals the most fundamental factors affecting the forecast accuracy of the ARMA model. These findings are very important for the rational application of ARMA modes. They assist researchers and policymakers in making better choices regarding the use of ARMA models selecting appropriate prediction timeframes and sample sizes for research and decision-making.



As a linear statistical model, the ARMA model is not omnipotent. In order to make up for the shortcomings of the ARMA model in long-term and nonlinear forecasting, it is necessary to strengthen the integration of the ARMA model with other models, such as physical models and artificial neural network models, in the future. The findings of this study enable environmental managers and researchers to apply the ARMA model more rationally and, hence, obtain more accurate prediction results in environmental management, sustainability, and other fields.







Author Contributions


Conceptualization, Z.L.; Data curation, C.D.; Formal analysis, J.L.; Funding acquisition, Y.C. and Y.G.; Investigation, X.L.; Methodology, Z.L.; Project administration, Y.C.; Resources, Y.W.; Supervision, Y.C.; Validation, C.D.; Visualization, C.D.; Writing—original draft, Z.L.; Writing—review and editing, Y.G. All authors have read and agreed to the published version of the manuscript.




Funding


This research was funded by The National Key Research and Development Program: Stream System Eco-logical Buffer Interception, Filtration and Purification Technology Research, grant number 2022YFC3204004; The Innovation Team Project of Nanjing Institute of Environmental Sciences, Ministry of Ecology and Environment: Characteristics of phosphorus pollution sources-sink and restoration of degraded water ecosystem in Poyang Lake, grant number ZX2023QT017; The National Natural Science Foundation of China, grant number 22206134.




Institutional Review Board Statement


Not applicable.




Informed Consent Statement


Not applicable.




Data Availability Statement


The data presented in this study are available on request from the corresponding author.




Acknowledgments


Thanks sincerely for the strong assistance provided by the Taizhou Environmental Monitoring Center in collecting water quality data from the Changtan Reservoir.




Conflicts of Interest


The authors declare no conflicts of interest.




Abbreviations




	ACF
	Autocorrelation Function



	ADF
	Augmented Dickey Fuller Test



	AI
	Artificial Intelligence



	AIC
	Akaike Information Criterion



	AR
	Autoregressive Model or Autoregressive part(s) of an ARMA Model



	ARMA
	Autoregressive Moving Average Model



	ARIMA
	Autoregressive Integrated Moving Average Model



	CODMn
	Chemical Oxygen Demand for Permanganate Method



	DO
	Dissolved Oxygen



	EC
	Electrical Conductivity



	MA
	Moving Average Model or Moving Average part(s) of an ARMA Model



	MAPE
	Mean Absolute Percentage Error



	PACF
	Partial Autocorrelation Function



	R2
	Coefficient of Determination



	     R ¯  2    
	Adjusted Coefficient of Determination



	SARMA
	Seasonal Autoregressive Moving Average Model



	TN
	Total Nitrogen



	WT
	Water Temperature
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Figure 1. ACF and PACF graphs of daily time series of water quality indicators in Changtan Reservoir. 
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Figure 2. ACF and PACF graphs of monthly time series of water quality indicators in Changtan Reservoir. 
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Figure 3. Effect of the length of the past time series used for model parameter estimation on the      R ¯   2    of ARMA models. 
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Figure 4. The effect of prediction time on the MAPE of ARMA models. 
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Figure 5. Secular variation trend of the fitted values of daily ARMA models. 
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Figure 6. Secular variation trend of the fitted values of monthly ARMA models. 
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