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Abstract: In recent years, customized buses (CBs), a new form of public travel mode between bus
and car, has sprung up in China. Its characteristics include flexible routes, each person having a
seat and point-to-point travel have attracted travelers who seek high-quality travel, especially car
travelers, alleviating traffic congestion at peak periods and leading to a change in urban travel modes.
In addition to providing new travel modes, an exclusive bus lane (EBL) is also an effective means to
alleviate traffic congestion. Therefore, this paper establishes link impedance functions under mixed
travel modes considering the EBL, including customized buses on different kinds of links, and then
presents a day-to-day dynamic traffic flow assignment model based on stochastic user equilibrium
(SUE). Some conclusions were summarized by numerical case studies. First, the parameter of travelers’
sensitivity to route travel time affects the speed of traffic flow evolution. When it increases to positive
infinity, the final state of the traffic network moves from SUE to deterministic user equilibrium (DUE).
Second, the parameter on the degree of dependence of travelers on previous experience can not only
influence the value size of actual travel time, but also influence the direction of actual travel time
evolution. Third, conventional buses and customized buses have higher transportation efficiency
than cars, but if the proportion of conventional bus travelers is too large, the total travel time of all
travelers in the traffic network may increase. Fourth, when travel demands increase, the proportion
of travelers who choose public transit is required to increase to achieve minimum total travel time.
Lastly, from the perspective of the whole traffic network in any case, the EBL is not always beneficial.
It is recommended to set EBLs when conventional buses and customized bus flows are heavy, which
can be judged based on the model established in this paper.

Keywords: day-to-day; dynamic traffic flow assignment; link impedance function; customized bus;
exclusive bus lane

1. Introduction

With the acceleration of China’s urbanization process, the continuous expansion of
urban scale and the substantial growth of the urban population has led to a sharp rise in
traffic demands. The unbalanced growth of car ownership and road area have led to an
increasingly serious problem of urban traffic congestion [1]. As public transit (PT) has
the characteristics of high passenger capacity, if urban residents choose PT to commute,
it can effectively alleviate traffic congestion and save link resources. However, the most
conventional PT—conventional buses—has certain limitations. First, conventional buses
need to spend time stopping at each bus stop enroute, causing a time delay to passengers
who do not get on and off at these stops. Secondly, conventional buses can be extremely
crowded in the morning and evening traffic peak time, which makes passengers feel
uncomfortable. Therefore, a conventional bus has little attraction to the groups who are
able to afford to cars to commute. Thus, even were the government to subsidize bus
companies and bus fares were to be substantially reduced, there are still a considerable
number of urban residents who would bear higher commuting expenses rather than choose
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a conventional bus. Based on this background, a new travel mode between conventional
bus and car, named a customized bus (CB), is providing travelers with a new choice.

Benefiting from the rapid development of the Internet, the customized bus has grad-
ually sprung up in China in recent years. It is a new mode of demand-responsive transit
(DRT) service created to meet commuting demands and alleviate traffic congestion at peak
periods [2]. Its characteristics such as flexible routes, each person having a seat and point-
to-point travel have attracted many urban residents who have commuting demands and
pursue travel quality. Customized buses are a supplement and improvement to the urban
public transportation system and this has gradually led to a change in urban travel modes.
Therefore, it is necessary for traffic managers to predict the results of traffic flow assignment
in the traffic network under mixed travel modes before implementing traffic planning.

The commuting behaviors of urban residents are dynamic and occur day to day. Due
to the interference of external factors and the change in the network itself, traffic flows
will continue to change. The static traffic assignment model is not enough to describe the
evolution process of traffic flows, and it is impossible to explore what form of user equi-
librium will be achieved (deterministic or stochastic). Therefore, to describe the evolution
process of traffic flows and the characteristics of the traffic network equilibrium state more
scientifically, this paper will establish a day-to-day dynamic traffic flow assignment model.

In addition to providing new travel modes, reasonable traffic management measures
can also effectively alleviate traffic congestion [3]. In the past few decades, the exclusive bus
lane (EBL) has been widely applied in practice [4]. As a major PT priority measure, the EBL
has been recognized as a key measure to relieve traffic congestion. It has a significant effect
on improving PT operation efficiency and service quality, strengthening the attractiveness
of the PT system, and increasing the share of people using PT. However, EBLs can reduce
PT travelers’ travel time and increase non-PT travelers’ travel time. Therefore, to improve
the overall transport efficiency, traffic managers need to be cautious about whether to set
EBLs on links. In fact, many car travelers complain that EBLs occupy link resources when
the ordinary lane is congested and the EBL is almost empty. Considering that CB is a
special form of PT, it has the right to travel on the EBL. If the CB service is provided and
some car travelers change their travel mode to CB, the link resources of EBLs will be more
fully utilized. In addition, due to the existence of EBLs, the day-to-day route-selection
behaviors of car travelers and CB travelers will be affected. Thus, we also take the EBL into
consideration to explore the influence of the EBL on the day-to-day dynamic traffic flow
assignment model.

In sum, to analyze the day-to-day route-selection behaviors of travelers and their
impact on the traffic network, this research establishes link impedance functions considering
the EBL under mixed travel modes, including customized buses, on different kinds of links
and then presents a day-to-day dynamic traffic flow assignment model based on stochastic
user equilibrium (SUE). Finally, a traffic network is used to perform some numerical case
studies to test the model.

The rest of the paper is organized as follows. Section 2 illustrates our research scope
and provides an overview of existing studies. Section 3 introduces the characteristics of
travel modes in the traffic network to pave the way for establishing the model in the next
section. In Section 4 the day-to-day dynamic traffic flow assignment model under mixed
travel modes considering customized buses is established. Section 5 provides numerical
case studies. Section 6 draws conclusions for the paper and provides some suggestions for
future research and practical applications.

2. Research Scope and Overview of Existing Studies
2.1. Smart Mobility

Smart mobility is a new concept that has the purpose of providing productivity, inno-
vation, livability, well-being, sustainability, accessibility, good governance and planning for
smart cities [5]. In the context of smart cities, the transportation system could be considered
an asset of the city [6].
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Some studies focus on providing smart vehicles. In the 1976, Flusberg [7] first pro-
posed a flexible public transport mode and carried out the actual operation. This mode,
which could meet people’s customized travel demands, was called “demand responsive
transportation” [8–13]. Most studies tended to study its route optimization separately,
ignoring its impact on other travel modes. To reduce people’s dependence on non-clean
energy, researchers paid much attention to electric vehicle (EV) technology [14–22]. EVs
have been gaining popularity due to their lower fuel emissions, and the number of EVs is
anticipated to increase quickly. In recent years, autonomous vehicle (AV) technology, which
can free the driver’s hands and attention from tiring driving, has become well-known
among researchers [23–26]. AV technology provides people with a living space rather than
vehicles for travelling.

In addition to smart vehicles, intelligent traffic management (ITM) is also of great
importance to smart mobility. In cities, especially megacities, roads play a leading role
in transportation [27]. Therefore, researchers and city officials have been very interested
in studying road maintenance as a significant aspect of urban infrastructure. To meet
the optimal structural rehabilitation design and future budget needs, a technical evalua-
tion of the traffic network’s quality based on a pavement management system (PMS) is
required [28–31]. Traffic networks include not only road sections but also intersections.
Solving the conflict problem at intersections is of the key points of traffic management.
Therefore, some studies proposed methods for autonomous traffic signal control [32–38].
These methods are critical to maximize intersection capacity and reduce vehicle delay.
Moreover, as people attach great importance to quality and sustainability, some researchers
diverted their attention from the road to the street [39]. They built a smart street manage-
ment and control platform (SSMCP) to implement a “smart cities” project at the street level.

To sum up, smart mobility is of growing interest in academic literature, as researchers
look for ways to use the latest innovations in transportation to improve the sustainability
of smart cities.

2.2. Day-to-Day Traffic Flow Assignment Model

In the past few decades, to deeply understand the evolution process of network
traffic flow and the accessibility of the user equilibrium state, scholars have undertaken
much research on day-to-day traffic flow assignment models. Among them, there is some
research which includes different travelers. Bagroee et al. (2017) established a mixed
user equilibrium system optimal (UE-SO) traffic flow model of non-connected vehicles
and connected vehicles [40]. Lou et al. (2017) divided travelers into conservative users,
adventurous users without ATIS (advanced traveler information systems) and adventurous
users with ATIS according to different route selection behaviors and traffic information
sources [41]. Zhou et al. (2017) assumed that travelers with ATIS follow the deterministic
user equilibrium (DUE) route selection behavior, while travelers without ATIS will follow
the stochastic user equilibrium (SUE) route selection behavior, and then proved that the
interaction between these two types of travelers leads to the final evolution of the network
system to the mixed equilibrium state [42]. Yang et al. (2020) established a double dynamic
day-to-day assignment model with the same route and departure time (SRDT) selection
by combining incomplete information, traveler bounded rationality and an information
sharing mechanism [43]. Zhang et al. (2018) established a day-to-day route selection
learning model containing friends’ travel information based on the cumulative prospect
theory (CPT) to study the impact of interactive information from friends on travelers’
day-to-day route selection decisions [44]. Considering the incomplete information of ATIS,
Huang et al. (2008) divided travelers into three categories: travelers who are equipped with
ATIS, travelers who are equipped with ATIS and follow recommendations and travelers
equipped will AITS but do not follow recommendations. They discussed the stability
of the evolution model based on Logit theory [45]. Li et al. (2022) divided drivers into
skilled drivers and novice drivers, studied how individuals make route choices according
to evolutionary dynamics, and integrated evolutionary game theory into the day-to-day
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traffic flow assignment model [46]. Sun et al. [47] considered the impact of smart highway
and the ATIS system on route selection behaviors. They assumed that a smart road could
provide traffic information about the road for all travelers on the road, and ATIS can
provide traffic information for the entire traffic network for travelers whose vehicles are
equipped with ATIS. They established the daily traffic flow evolution model, and analyzed
the equivalence, existence and stability of the fixed-point state. However, most scholars
of existing day-to-day dynamic traffic flow assignment focus on travelers’ route selection
mechanisms. In fact, travelers do not choose only one travel mode. Under the same travel
demands, different travel modes in the traffic network may have different impacts on
network traffic flow.

Some scholars considered the day-to-day traffic flow assignment under different travel
modes. Fu et al. (2014) proposed a reliability-based user equilibrium (RUE) model in
multi-modal networks considering the effects of uncertain demands [48]. Guo and Huang
(2022) presented a dynamical system model which includes private car, public transit and
two platforms to provide ride-sourcing services to capture the period-to-period dynamics
of platform pricings [49]. Wu et al. (2020) established a day-to-day evolution model of
dual-mode network traffic flow based on a stochastic user equilibrium model. In numerical
examples, they adjust the fuel tax rate and bus departure quantity to guide travel mode
choice, and draw the conclusion that a guidance optimization scheme based on the fuel tax
rate and bus departure quantity can not only help regulate the proportion of car travel but
also improve bus service quality [50].

To sum up, these scholars still do not take customized bus and EBLs into consideration.
Customized buses have the right to use EBLs and their travel routes are flexible. Therefore,
the customized bus may have a different influence on traffic flow assignment, which is
worth studying.

2.3. Link Impedance Function

The link impedance function is a kind of function established to describe the relation-
ship between the link travel time and link traffic flow, which is an extremely important
factor that must be considered by travelers when they choose their travel routes. The
difference in travelers’ route selection will lead to a difference in traffic flow assignment.
Thus, the calculation of a travel time budget becomes the key process in solving the traffic
flow assignment problem [51]. In 1964, the Federal Highway Administration of the United
States summarized the relationship between link travel time and link flow based on investi-
gation of traffic at a large number of links, that is, the BPR (Bureau of Public Roads) link
impedance function model [52]. In that basic model, only a single type of traffic flow is
considered. In reality, the traffic flows on links in the traffic networks are often diverse.

Some scholars have undertaken research on links with mixed travel modes. Müller
and Schiller (2015) considered the impact of trucks on the travel time of other vehicles on
the road and found that a significant increase in the number of trucks would have a great
impact on the travel time of passenger vehicles, greatly increasing the link impedance [53].
Lu et al. (2016) considered the influence of the quantity and proportion of link traffic flows
of various vehicles (trucks, cars, etc.) on the link impedance, proposed an improved model,
estimated the parameters through VISSIM micro simulation, and concluded that the traffic
composition has a significant impact on the traffic flow and travel time [54].

In addition, some scholars have also considered the difference between lanes. Thomas
et al. (2012) believed that link impedance functions are based on volume delay functions
(VDF), so they established a micro-simulation model (HETEROSIM) to determine speeds
for each vehicle type, to develop user-class VDFs [55]. Zhang and Waller (2018) took the
high occupancy vehicle (HOV) lane on the expressway as a research object. They put
forward three kinds of link impedance functions of HOV lanes considering the influence
of ordinary lanes and gave the parameter estimation method of linear regression [56].
However, customized buses were not taken into consideration. Due to the difficulty of the
implementation of HOV lanes, the popularity of HOV lanes in China is not high, but there
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are many applications of the EBL. Kim and Schonfeld (2008) presented a strategy to make
toll lanes accepted in a congested corridor through a lane allocation approach, which inte-
grates toll lanes and EBLs along the corridor [57]. Tranhuu et al. (2007) addressed this issue
for some Asian cities whose traffic is dominated by motorcycles. They compared different
exclusive bus-lane/bus-way designs to assess their effects on travel time [58]. However,
with the development of China’s economy, Chinese citizens seldom use motorcycles, and
motorcycles are prohibited from driving on most urban roads for security. Mesbah et al.
(2010) introduced a framework for the optimization of bus priority at the network level
which can balance the impact on all stakeholders [59].

To sum up, existing studies of the link impedance function did not take customized
buses into account. Besides this, they did not consider the potential situation when the
traffic flows on the EBL are heavier than those on the ordinary lanes. Thus, they did
not establish a model that conforms to the potential situation. Therefore, it is necessary
to establish new link impedance functions under mixed travel modes and lanes before
establishing the new traffic flow assignment model.

3. Characteristics of Different Travel Modes

Travelers have a variety of travel modes to choose from. Different travel modes have
different impacts on the traffic network. This paper studies the traffic flows in the motor
vehicle lane. The main travel modes include car, conventional bus and customized bus. For
the convenience of the research, the travel modes in this paper are written as i: i = 1 means
car, i = 2 means conventional bus and i = 3 means customized bus.

3.1. Characteristics in Right-of-Way

The right-of-way involved in this paper is the EBL, which was invented to achieve
PT priority. In reality, travel expenses and time are the two core factors that determine the
transfer of car travelers to public transit. With the background that there is no room for bus
fares to be reduced and congestion charge collection is difficult to implement, it is difficult
for public transit to attract car travelers. However, the EBL provides a strong guarantee for
the travel time of conventional buses, and is bound to become the most direct and effective
tool to promote the transfer of car travelers.

In this paper, customized buses are considered to have the right to use EBLs as well as
conventional buses. Besides this, cars can only travel on ordinary lanes.

3.2. Characteristics in Route Choice

Car travelers can adjust their travel routes according to their perceived route travel
time on each route.

Conventional buses provide stable transport services for urban residents. They have
dense stops and fixed routes. Therefore, travelers who take conventional buses cannot
adjust their travel routes.

Customized buses provide passengers with point-to-point travel, thus they only need
to send passengers from the origin point to the destination point without sticking to a
certain route. Thus, customized bus travelers can adjust their travel routes according to
their perceived route travel time on each route.

3.3. Characteristics in Conversion of Travel Demand

The travel demands (per/h) on O-D pairs produce traffic flows (pcu/h) in the traffic
network. They are not equal in quantity. First, the number of passengers per vehicle of each
travel mode is different. Secondly, the vehicle conversion factor of each travel mode is also
different. Therefore, the traffic flows of each travel mode on O-D pair w can be written as:

q(i)w = Q(i)
w ·

k(i)

N(i)
, i = 1, 2, 3 (1)
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where Q(i)
w stands for the number of mode i travelers on the O-D pair w; N(i) stands for the

average number of passengers per vehicle of mode i; k(i) stands for the vehicle conversion
factor of mode i. Generally speaking, in the actual bus operation, the bus company may
directly use conventional buses as customized buses, in which case it must be the case that
k(2) = k(3).

4. Day-to-Day Dynamic Traffic Flow Assignment Model under Mixed Travel Modes
Considering Customized Bus

Consider a traffic network G(N, A), where N stands for the set of nodes and A stands
for the set of links. Link a ∈ A stands for one of the links in A. Let W be the set of O-D
pairs and Lw be the set of routes on the O-D pair w ∈W.

The main hypotheses are as follows:

(1) Traffic flows considered in this paper include cars, conventional buses and customized
buses.

(2) Travelers have inertia in the travel mode selection, so the traffic flows of each travel
mode remain stable in the evolution process.

(3) Travelers consider travel time as travel costs in route selections, ignoring fuel and
ticket costs.

(4) Bus companies have enough conventional buses and customized buses to meet travel-
ers’ travel demand.

4.1. Link Impedance Functions under Mixed Travel Modes

To scientifically study the influence of different travel modes on traffic flow assign-
ments, the first task is to establish the link impedance functions of different travel modes.

In the conventional BPR function, the link travel time of link a is written as:

ta = t f ree
a

[
1 + α

(
xa

Ca

)β
]

(2)

where t f ree
a stands for the free-flow travel time of link a; xa stands for the traffic flow on

link a; Ca stands for the capacity of link a; α and β are correction factors, respectively; α is
usually taken as 0.15 and β is usually taken as 4.

In this paper, the new link impedance functions will be based on BPR function.

4.1.1. Classification of Links

In most studies, scholars often only care about the topological properties of the traffic
network. In fact, the different types of links in the traffic network have different properties
which will affect the link travel time of different travel modes, affect the route selection of
travelers, and affect the final result of traffic flow assignment.

In this paper, the PT priority method EBL is considered. Thus, links are divided into
four categories according to whether there are EBLs and bus stops in them, as shown in
Table 1 and Figure 1.

Table 1. Classification of links.

Type EBL Bus Stop

I × ×
II ×

√

III
√

×
IV

√ √
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Figure 1. Different types of links. (a) Type I link; (b) Type II link; (c) Type III link; (d) Type IV link.

Figure 1 shows the assignment of vehicles on different types of links. On type III and
type IV links, cars can only travel on ordinary lanes without “EBL“ markings, as shown in
Figure 1c,d. On type II and type IV links, conventional buses need to enter the bus stops
(taking harbor-shaped bus stops as examples in the figures) to get passengers on and off, as
shown in Figure 1b,d.

As a matter of fact, the link set A can be divided into four subsets: A1, A2, A3, A4.
These subsets stand for the set of type I, II, III and IV links, respectively. Thus, they must
meet the following requirements:

A1 ∩ A2 = A2 ∩ A3 = A3 ∩ A4 = ∅
A1 ∪ A2 ∪ A3 ∪ A4 = A
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4.1.2. Link Impedance Functions of the Car

On type I and II links, there is no right-of-way gap between the three travel modes,
and the link impedance function of cars can be written as:

t(1)a = t f ree
a

1 + α

(
k(1)x(1)a + k(2)x(2)a + k(3)x(3)a

Ca

)β
, a ∈ A1 ∪ A2, ∀w ∈W (3)

where t(1)a stands for travel time of cars on link a; t f ree
a stands for travel time; x(1)a , x(2)a

and x(3)a stand for the number of cars, conventional bus and customized bus on link a,
respectively; k(1), k(2) and k(3) stand for the vehicle conversion factor of car, conventional
bus and customized bus, respectively; Ca stands for the capacity of link a.

On type III and IV links, due to the existence of the EBLs, cars can only travel on
ordinary lanes. On ordinary lanes, the traffic flows of conventional buses and customized
buses do not need to be considered, but the EBLs occupy the partial capacity of links which
used to belong to ordinary lanes. Therefore, the link impedance function of cars can be
written as:

t(1)a = t f ree
a

1 + α

(
k(1)x(1)a

Ca − CBus
a

)β
, a ∈ A3 ∪ A4, ∀w ∈W (4)

where CBus
a stands for the capacity of the EBL on link a.

4.1.3. Link Impedance Functions of the Conventional Bus

On type I links, there is no right-of-way gap between the three travel modes, and the
link impedance function of conventional bus can be written as:

t(2)a = t f ree
a

1 + α

(
k(1)x(1)a + k(2)x(2)a + k(3)x(3)a

Ca

)β
, a ∈ A1, ∀w ∈W (5)

where t(2)a stands for the travel time of conventional bus on link a.
On type II links, there is no right-of-way gap between the three travel modes. Con-

ventional buses need to stop when they arrive at the bus stop, making them experience
the three steps: decelerate to enter the bus stop, be stationary to allow passengers to get on
and off, and accelerate to leave the bus stop, which will inevitably cause time delays for
conventional bus travelers. In reality, this time delay is related to too many factors such
as the type of the conventional bus, the driving habits of the conventional bus driver and
the number of the passengers who get on and off at the bus stop. When the type of the
conventional bus is fixed, the driving habits of the conventional bus driver are fixed and
the number of the passengers who get on and off at the bus stop does not fluctuate much,
this time delay can be simplified as a constant, Ta. Therefore, the link impedance function
of the conventional bus can be written as:

t(2)a =
(

t f ree
a + Ta

)1 + α

(
k(1)x(1)a + k(2)x(2)a + k(3)x(3)a

Ca

)β
, a ∈ A2, ∀w ∈W (6)

On type III links, conventional buses travel on the EBL which only used for conven-
tional buses and customized bus. Therefore, the link impedance function of conventional
buses can be written as:

t(2)a = t f ree
a

1 + α

(
k(2)x(2)a + k(3)x(3)a

CBus
a

)β
, a ∈ A3, ∀w ∈W (7)
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On type IV links, conventional buses travel on the EBL and need to stop when they
arrive at the bus stop. Therefore, the link impedance function of conventional bus can be
written as:

t(2)a =
(

t f ree
a + Ta

)1 + α

(
k(2)x(2)a + k(3)x(3)a

CBus
a

)β
, a ∈ A4, ∀w ∈W (8)

4.1.4. Link Impedance Functions of the Customized Bus

On type I and II links, there is no right-of-way gap between the three travel modes,
and the link impedance function of customized bus can be written as:

t(3)a = t f ree
a

1 + α

(
k(1)x(1)a + k(2)x(2)a + k(3)x(3)a

Ca

)β
, a ∈ A1 ∪ A2, ∀w ∈W (9)

On type III and IV links, customized buses travel on the EBL. Therefore, the link
impedance function of conventional bus can be written as:

t(3)a = t f ree
a

1 + α

(
k(2)x(2)a + k(3)x(3)a

CBus
a

)β
, a ∈ A3 ∪ A4, ∀w ∈W (10)

4.1.5. Correction of Actual Link Travel Time

The purpose of setting EBLs is to achieve PT priority. In the above model (3) ∼ (10),
if there is a EBL on the link, the default conventional buses and customized buses travel
on the EBL, and cars travel on the ordinary lane. When the traffic flows of conventional
buses and customized buses on the EBL are too heavy, it may occur that the travel time
of conventional bus and customized bus on the EBL is longer than on the ordinary lane,
which is contrary to PT priority.

In fact, conventional buses and customized buses have the right to use the EBL instead
of being forced to use it. Once the EBL tends to be more congested than the ordinary lane,
the drivers of conventional buses and customized buses will actively drive to the ordinary
lane until their travel time on different lanes is equal and reaches a balanced state, such that
travelers cannot save their travel time by changing their travel lanes. Therefore, to achieve
the actual link travel time when the travel time of conventional buses and customized
buses on the EBL is longer than on the ordinary lane, a correction must be performed.

The method for this is that the actual travel time on type III links is calculated by
the link impedance function of type I links, and the actual travel time on type IV links is
calculated by the link impedance function of type II links. According to Model (5) and
Model (7), the judgment condition can be written as:

k(1)x(1)a + k(2)x(2)a + k(3)x(3)a
Ca

≤ k(2)x(2)a + k(3)x(3)a

CBus
a

(11)

4.2. Day-to-Day Traffic Flow Assignment Model Based on Routes
4.2.1. Statistics of Traffic Flows

Travelers have three travel modes to choose from, and travel demands of different
travel modes should be transformed into traffic flows in the traffic network. The traffic
flows of each travel mode can be written as:

Where Qw stands for the number of travelers on the O-D pair w; λw stands for the
proportion of all travelers who choose conventional bus on the O-D pair w; µw stands for
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the proportion of travelers who choose a customized bus among the travelers who do not
choose conventional bus on the O-D pair w.

q(1)w = Q(1)
w

k(1)

N(1) = Qw(1− λw)(1− µw)
k(1)

N(1) , ∀w ∈W

q(2)w = Q(2)
w

k(2)

N(2) = Qwλw
k(2)

N(2) , ∀w ∈W

q(3)w = Q(3)
w

k(3)

N(3) = Qw(1− λw)µw
k(3)

N(3) , ∀w ∈W

(12)

where Qw stands for the number of travelers on the O-D pair w; λ stands for the proportion
of all travelers who choose conventional bus; µ stands for the proportion of travelers who
choose a customized bus among the travelers who do not choose conventional bus.

4.2.2. Route Selection Model

In reality, there are some uncertain factors that are difficult to quantify in travel (such
as weather and conditions of links). In addition, travelers’ information about the entire
traffic network is incomplete, and there will be some errors in their perception of the
link travel time [60]. Therefore, travelers often cannot accurately predict the actual route
travel time and can only choose their travel routes according to their perceived route travel
time [61]. However, there is a certain deviation between the actual route travel time and
perceived route travel time. Therefore, the perceived travel time of mode i travelers on
route l on day t can be written as:

C̃(i),t
l,w = C(i),t

l,w + ε, i = 1, 2, 3, ∀l ∈ Lw, ∀w ∈W (13)

where C(i),t
l,w is the observable term of perceived travel time of mode i travelers on route l on

day t; ε is the random error parameter of perceived travel time.
When the ε of different mode travelers is mutually independent and obeys Gumbel

distribution with a mean value of 0, mode i travelers have n routes on O-D pair w; based
on the principle of choosing the route which has the minimum route travel time [62], the
probability of mode i travelers to choose route l on day t can be written as:

p(i)l,w =
exp
(
−θC(i),t

l,w

)
∑n

k=1 exp
(
−θC(i)

k,w

) , i = 1, 2, 3, ∀l ∈ Lw, ∀w ∈W (14)

where θ stands for a parameter used to measure the sensitivity of travelers to route travel
time. The larger θ is, the more accurately the travelers perceive the route travel time, and
the less random the route selection is. On the contrary, the smaller θ is, the less accurately
travelers perceive the route travel time, and the more random the route selection is.

4.2.3. Day-to-Day Updating Model of Travelers’ Perceived Travel Time

Travelers’ perceived travel time on day t can be updated by their perceived travel time
and actual travel time yesterday, and the former can be written as the weighted sum of the
latter two:

C(i),t
w = ϕC(i),t−1

w + (1− ϕ)C(i),t−1
w , i = 1, 2, 3, ∀w ∈W (15)

C(i),t−1
w = δT

wc(i),t−1
w , i = 1, 2, 3, ∀w ∈W (16)

where C(i),t
w stands for the set of observable terms of the perceived route travel time of mode

travelers on day t; C(i),t−1
w stands for the set of actual route travel times of mode travelers

on day t− 1; ϕ is the degree to which travelers rely on their own past experience, and
correspondingly (1− ϕ) is the degree how travelers trust their actual travel time yesterday.
The larger 0 ≤ ϕ < 1 is, the more travelers rely on their own previous experience. On
the contrary, the smaller 0 ≤ ϕ < 1 is, the more travelers trust yesterday’s actual route

travel time. C(i),t−1
w is the set of actual route travel times of mode i travelers yesterday; δT

w
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is the correlation coefficient matrix between routes and links. The correlation coefficient
between the route and links it passes is 1, and the correlation coefficient between the route
and the links it does not pass is 0; c(i),t−1

w is the set of actual link travel times of mode i
travelers yesterday.

4.3. Algorithm for Solving the Model

The perceived route travel time is the key for car and customized bus travelers to
make route choices, so this paper designs an iterative weighting algorithm for multi travel
modes based on travel routes. The solution steps are as follows:

Step 1: Initialization. Set t = 0, perform a traffic flow assignment according to models
(3) ∼ (4) and (9) ∼ (14) when the perceived travel times are free-flow travel times, so as
to obtain the sets of initial route flows of cars and customized buses: f (1),0w and f (3),0w , and
give the set of conventional buses traffic flow f (2),0w which does not change with days.

Step 2: Update perceived travel time. Set t = t + 1, calculate the set of actual travel

time of all travel modes yesterday C(i),t−1
w by models (3) ∼ (4), (9) ∼ (11) and (16),

update the set of perceived travel time of all travel modes today C(i),t
w by model (15).

Step 3: Determine search directions. Calculate the auxiliary route flows of cars and

customized buses f
(1),t
w and f

(3),t
w by model (14), and determine the search directions

f
(1),t
w − f (1),t−1

w and f
(3)t
w − f (3),t−1

w .
Step 4: Update traffic flows. Calculate the new actual traffic flows today

f (1),tw = f (1),t−1
w + (1/t)

(
f
(1),t
w − f (1),t−1

w

)
and f (3),tw = f (3),t−1

w + (1/t)
(

f
(3)t
w − f (3),t−1

w

)
.

Step 5: Convergence test. If ‖ f (1),tw − f (1),t−1
w ‖/‖ f (1),t−1

w ‖ ≤ σ and ‖ f (3),tw − f (3),t−1
w ‖/

‖ f (3),t−1
w ‖ ≤ σ, then end the iteration. Otherwise, return to Step 2.

5. Numerical Case Studies
5.1. Network Introduction

In this section, a traffic network in a city in Jiangsu Province of China is used to test
the model described in this paper. As shown in Figure 2, this network includes 14 nodes,
20 links and O-D pair (1,14). The O-D pair (1,14) has 20 routes and Table 2 lists the links of
each route. Route 7, marked with blue arrows, is the travel route of the conventional bus.
There are bus stops on the link 2, 8 and 12, and EBLs on link 6, 8, 10 and 12. Moreover, data
on the attributes of each link are shown on Table 3.
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Table 2. Association of routes and links.

Route No. Relevant Links

1 1→3→5→10→12
2 1→3→5→11→17→20
3 1→4→8→10→12
4 1→4→8→11→17→20
5 1→4→9→15→17→20
6 1→4→9→16→19→20
7 2→6→8→10→12
8 2→6→8→11→17→20
9 2→6→9→15→17→20

10 2→6→9→16→19→20
11 2→7→13→15→17→20
12 2→7→13→16→19→20
13 2→7→14→18→19→20

Table 3. Data of attributes of links.

Links No. Type
Free-Flow Travel

Time
(min)

Capacity
(pcu/min)

Capacity of the
EBL

(pcu/min)

1 I 0.9 5 0
2 II 0.9 15 0
3 I 0.8 5 0
4 I 0.8 5 0
5 I 0.6 5 0
6 III 0.9 15 5
7 I 0.9 10 0
8 IV 0.9 20 10
9 I 0.9 5 0
10 III 1.7 30 15
11 I 0.9 5 0
12 IV 1.8 15 5
13 I 0.9 5 0
14 1 0.8 10 0
15 I 0.9 5 0
16 I 0.9 5 0
17 I 0.9 5 0
18 I 0.9 15 0
19 I 0.6 15 0
20 I 1.9 10 0

5.2. Result Analysis

In the following studies, MATLAB2018b will be used for simulation experiments.
During simulation experiments, set α = 0.15 and β = 4. According to China’s Code for design
of urban road engineering [63] and the situation of the city, set

(
k(1), k(2), k(3)

)
= (1, 1.5, 1.5)

and
(

N(1), N(2), N(3)
)
= (1.5, 30, 20).

5.2.1. Study on the Influence of θ on Traffic Flow Evolution

The parameter θ measures the sensitivity of travelers to route travel time, thus affecting
their route choice behaviors. Therefore, θ is an important parameter that should be tested
first. In this section, set Q(1,14) = 2000 per/h , λ(1,14) = 0.2, µ(1,14) = 0.4, ϕ = 0.6 and
T = 20 s.

Figures 3a and 3b, respectively, show the evolution process of car flows and customized
bus flows on Route 7 under different values of θ. In each Figure, the abscissa represents the
value of time, the ordinate represents the value of traffic flows, and the three curves with
different colors represent cases when the values of θ are 0.3, 0.9 and 1.5, respectively.
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Table 4 shows the mean and standard deviation of car flows and customized bus flows
on Route 7 within 200 days under different values of θ.

Table 4. The mean and standard deviation of car flows and customized bus flows on Route 7.

θ
Car Flows on Route 7 within 200 Days Customized Bus Flows on Route 7 within 200 Days

Mean (pcu/h) Standard Deviation (pcu/h) Mean (pcu/h) Standard Deviation (pcu/h)

0.3 52.48 0.26 3.95 0.02
0.9 56.71 0.56 4.29 0.05
1.5 59.06 0.70 4.49 0.06

As shown in Figure 3a,b, different values of θ affect the speed of traffic flow evolu-
tion and the position of the equilibrium point, but the traffic flows can always reach the
user equilibrium state in the end. With the increases in θ, the numbers of car flows and
customized bus flows change more rapidly (especially in the initial stage) because travelers
become more sensitive to the travel time. The more sensitive the travelers are to the travel
time, the faster they adjust their travel routes, which renders it beneficial for travelers to
adjust to the route with shorter travel time quickly. When θ continues to increase to positive
infinity, the state of the traffic network will change from SUE to DUE. In combination with
Table 4, it can be found that when θ increases, the traffic flows’ standard deviation of the
two travel modes on Route 7 also increases, which means that the traffic flow’s evolution on
Route 7 becomes more intense and its stability becomes worse. Based on the above results,
select θ = 0.9 and allow other parameters to remain unchanged for the following studies.

5.2.2. Study on the Influence of ϕ on Actual Travel Time

Following this, based on the models in this paper, the impact of ϕ on the actual travel
time of different modes will be analyzed. The larger ϕ is, the more travelers rely on their
own previous experience, which means that travelers update their perceived travel time
more slowly.

Figure 4a, 4b and 4c, respectively, show the evolution process of the actual travel time
of cars, conventional buses and customized buses on Route 7 under different values of ϕ.
In each figure, the abscissa represents the value of time, the ordinate represents the value
of travel time, and the four curves with different colors represent cases when the values of
ϕ are 0.2, 0.4, 0.6 and 0.8, respectively.
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(b) Conventional bus. (c) Customized bus.

It can be seen from Figure 4 that with the increase in the value of ϕ, the actual travel
time of each travel mode on Route 7 decreases. This is because when ϕ = 0.2, the update
of perceived travel time is slow, and car travelers and customized bus travelers are more
willing to stay on this route and then divert to other routes day by day, and the actual travel
time of travelers on Route 7 decreases day by day. When ϕ = 0.4, ϕ = 0.6 and ϕ = 0.8, car
travelers and customized bus travelers are more willing to choose the other routes which
have a shorter actual travel time at the beginning, then return to Route 7. The actual travel
time of each travel mode on Route 7 increases day by day.

The comparison of Figure 4a,c reveals that customized buses, benefitting from the
existence of EBLs, can have a shorter actual travel time than cars even though they travel
on the same route. From Figure 4b,c, it can be found that conventional buses have a longer
actual travel than customized buses due to their time delay at the bus stops.

Figure 5a,b show the evolution process of the actual travel time of different travel
modes on Route 7 without EBLs under different values of ϕ. In each figure, the abscissa
represents the value of time, the ordinate represents the value of travel time, and the four
curves with different colors represent cases when the values of ϕ are 0.2, 0.4, 0.6 and 0.8,
respectively. In these cases, there is no right-of-way gap between the three travel modes.
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Cars have a shorter route travel time than before, while conventional buses and customized
buses have a longer travel time than before (when EBLs are provided).
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It can be concluded that the evolution trends of the actual travel time of each travel
mode are closely related to ϕ regardless of whether EBLs are set up. The value of ϕ can
not only influence the value of actual travel time, but also change the evolution direction
of actual travel time. This result is consistent with the existing studies on the day-to-day
traffic flow assignment model. Therefore, a moderate value of ϕ = 0.6 is selected for the
following studies.

5.2.3. Study on the Influence of λ, µ and EBLs on the Total Travel Time of All Travelers

The setting of EBLs can achieve PT priority by sacrificing the car travelers’ travel
time, but the main goal is to improve the transportation efficiency of the traffic network.
Therefore, it is not comprehensive to focus on one route or one mode taken by travelers.
Here we will thus try to explore the influence of λ, µ and EBLs on the total travel time of
all travelers in the traffic network on day 200.

Figure 6 shows the total travel time of all travelers in the traffic network on day 200
under different values of λ(1,14) and µ(1,14) when Q(1,14) = 2000 per/h. The two coordinates
on the bottom represent the values of λ(1,14) and Q(1,14), respectively, while the coordinate
of the vertical axis represents the value of the total travel time.

When λ(1,14) = 0, µ(1,14) = 0, it means all travelers choose to travel by cars. When
µ(1,14) = 1, it means all travelers choose to travel by conventional buses. When λ(1,14) =
0, µ(1,14) = 1, it means all travelers choose to travel by customized buses.

When the value of µ(1,14) is small, with the increase in λ(1,14) from 0 to 1, the total
travel time of all travelers in the traffic network gradually decreases at first, and then
increases after reaching the lowest point. This indicates that conventional buses have
higher transportation efficiency than cars, but if too many people choose conventional
buses, the route conventional buses run on will become crowded, and the link resources in
other links cannot be well utilized, which will make the total travel time increase in some
circumstances.

However, no matter what the value of λ(1,14) is, the total travel time always decreases
with the increase in µ(1,14). This indicates that customized buses not only have higher
transportation efficiency than cars, but also can freely choose travel routes. The larger
proportion of car travelers attracted by customized buses is always beneficial for reducing
the total travel time.
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Figure 6. Total travel time of all travelers on day 200 under different values of λ(1,14) and µ(1,14) when
Q(1,14) = 2000 per/h.

Figures 7a and 7b, respectively, show the total travel time of all travelers in the traffic
network on day 200 under different values of λ(1,14) and µ(1,14) when Q(1,14) = 1500 per/h
and Q(1,14) = 2500 per/h. In each Figure, the two coordinates on the bottom represent the
values of λ(1,14) and Q(1,14), respectively, while the coordinate of the vertical axis represents
the value of the total travel time.

By comparing Figures 7a and 7b, it can be found that when travel demands increase,
the surface has a significantly cooler color when λ(1,14) and µ(1,14) are large. Besides this,
the value of λ(1,14) of the lowest point increases under the same value of µ(1,14). It means
that the value of λ(1,14) is required to increase to achieve the minimum total travel time
if µ(1,14) is fixed. Therefore, it can be inferred that when the travel demand increases, the
proportion of travelers who choose PT is required to increase to achieve the minimum total
travel time.

Figure 8 shows the total travel time of all travelers in the traffic network on day 200
under different values of λ(1,14) and µ(1,14) without EBLs when Q(1,14) = 2000 per/h. The
two coordinates on the bottom represent the values of λ(1,14) and Q(1,14), respectively, while
the coordinate of the vertical axis represents the value of the total travel time.

By comparing Figures 6 and 8, it can be found that when λ(1,14) = 1 or λ(1,14) = 0 and
µ(1,14) = 1, the total travel time does not change. This is because when there are no cars
in the traffic network, the absence of EBLs does not affect the total travel time. These are
extreme cases in which there is only PT in the traffic network.

Besides this, when the EBLs are removed, the point on the surface with λ(1,14) = 0 and
µ(1,14) = 0, which means all travelers choose cars, is no longer the highest point, because
the link resources of EBLs are released.

However, the two figures show the fact that EBLs are not always beneficial for reducing
the total travel time. The different values of λ(1,14) and µ(1,14) have an impact on whether
the total travel time can be reduced after the EBLs are set. For the sake of clarity, Table 5
specifically shows the selections of whether to set EBLs under different values of λ(1,14)
and µ(1,14). The values in Table 5 are only 1 and 0. Under these parameters, 1 means setting
EBLs will make the total travel time decrease or leave it unchanged, and it is suitable for
setting. On the contrary, 0 means setting EBLs will increase the total travel time and it is
not suitable for setting. In a word, it is recommended to set EBLs when conventional buses
and customized bus flows are heavy enough. In other studies, CB is not considered, which
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corresponds to the cases when µ(1,14) = 0. If CB service is provided, the judgment criteria
can be quantitatively calculated based on the models proposed in this study.
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Table 5. The selections of whether to set EBLs under different values of λ(1,14) and µ(1,14).

µ(1,14)

λ(1,14) 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0 0 0 0 0 0 1 1 1 1 1 1
0.1 0 0 0 0 1 1 1 1 1 1 1
0.2 0 0 0 0 1 1 1 1 1 1 1
0.3 0 0 0 1 1 1 1 1 1 1 1
0.4 0 0 0 1 1 1 1 1 1 1 1
0.5 0 0 1 1 1 1 1 1 1 1 1
0.6 0 1 1 1 1 1 1 1 1 1 1
0.7 1 1 1 1 1 1 1 1 1 1 1
0.8 1 1 1 1 1 1 1 1 1 1 1
0.9 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1

6. Conclusions and Suggestions

CB is a special form of PT which provides people with a point-to-point mobility
service. It enriches the intelligent transit system and attracts more travelers who seek high-
quality mobility to choose PT rather than an individual motorized travel mode. This will
help improve the sustainability of cities. In addition, EBLs are provided in many cities to
achieve PT priority, which affects travelers’ mobility (especially day-to-day route selection
behavior), and further affects the result of traffic flow assignment in an equilibrium state.
On the contrary, when CB service is provided, the choice of whether to set EBLs will also
be affected.

In this paper, three travel modes are considered: car, conventional bus and customized
bus, and road sections are divided into four types according to whether there are EBLs
and bus stops on them. Following this, the link impedance functions under mixed traffic
flows and lanes are established, and based on this, the traffic network theory is used to
establish the day-to-day dynamic traffic flow assignment model. In numerical case studies,
the day-to-day route selection behaviors of travelers and their impact on the traffic network
are analyzed. The main conclusions are as follows:

(1) Whether the traffic network can finally reach an equilibrium state under mixed travel
modes, and what kind of user equilibrium state it can reach, mainly depend on θ.
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When θ increases, the evolution speeds of network traffic flows increase, and the final
state of the traffic network moves from SUE to DUE.

(2) Trends of the actual travel time evolution of different travel modes are closely related
to ϕ. The value of ϕ can not only influence the value of actual travel time, but also
influence the evolution in direction of the actual travel time.

(3) Conventional buses have higher transportation efficiency than cars, but if too many
people choose conventional buses, the route conventional buses run on will become
crowded, and the link resources in other links cannot be well utilized, which will
make the total travel time increase in some circumstances. Customized buses not
only have higher transportation efficiency than cars, but also can freely choose travel
routes. The larger proportion of car travelers attracted by customized bus is always
beneficial to reduce the total travel time.

(4) When travel demands increase, the proportion of travelers who choose PT is required
to increase to achieve the minimum total travel time.

(5) Although the setting of EBLs can realize PT priority, the EBLs are not always beneficial,
from the perspective of the whole traffic network in any case. When the traffic flows
of conventional buses and customized buses are too light, EBLs have a negative effect
on reducing the total travel time of all travelers in the traffic network. In fact, it is
recommended to set EBLs when conventional buses and customized bus flows are
heavy, which can be judged based on the model established in this paper.

The suggested model can be explored and extended in future studies in the following ways:

(1) The models in this paper assume that travelers have inertia in travel mode selection.
The traffic flows of each travel mode remain stable in the evolution process. We only
consider the traffic flow evolution caused by the route selection. In real life, some
travelers may adjust their travel modes due to changes in the route travel time of
different travel modes, which can be further considered.

(2) As well as most studies, this paper considers travel time as well as travel cost. In
fact, the travel cost in the broad sense may include many factors such as ticket price,
oil price, comfort degree, and so on. These factors are considered by travelers when
choosing travel modes and travel routes. Thus, various forms of travel cost should be
considered in practical application.
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