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Abstract: Hydraulic fracturing technology can be used to jointly exploit unconventional natural gas
such as coalbed methane and tight sandstone gas in coal-measure superimposed reservoirs for the
enhancement of natural gas production. Hydraulic fracturing usually induces mixed fractures of I
and II modes, but existing studies have not considered the influence of reservoir lithology on the
stress intensity factor of I/II mixed fractures in coal-measure superimposed reservoirs. This paper
develops an analytical stress model and a seepage-mechanical-damage numerical model for the
vertical propagation of I/II mixed fractures in coal-measure superimposed reservoirs. The variation
of stress intensity factor of I/II mixed fractures is analyzed when the fractures are close to the
interface of different lithologic reservoirs and the effects of elastic modulus difference, stress state,
fracturing fluid viscosity, shear and tensile failure modes on the vertical propagation of hydraulic
fractures are investigated. Finally, the ratio of elastic modulus of adjacent reservoirs is proposed as
an evaluation index for the fracture propagation through reservoir interface. These investigations
revealed that hydraulic fracture propagation through the reservoir interface is a process of multi-
physical interactions and is mainly controlled by the injection pressure and the elastic modulus
ratio of adjacent reservoirs. A critical line is formed in the coordinates of elastic modulus ratio and
injection pressure. A fracture can propagate through the reservoir interface when the combination
of injection pressure and the elastic modulus ratio is in the breakthrough zone. These results can
provide theoretical support for the site selection of horizontal wells in coal-measure gas exploitation.

Keywords: stress intensity factor; coal-measure superimposed reservoir; hydraulic fracturing; vertical
fracture propagation; rock damage

1. Introduction

Coal-measure superimposed reservoirs are important natural gas resources. As clean
energy, natural gas produces less carbon dioxide than other fossil fuels when burning. It can
also reduce the emissions of sulfur dioxide, dust and nitrogen oxides, reduce the formation
of acid rain, slow down the greenhouse effect on the earth and fundamentally improve
our environment quality. Hence, the effective exploitation of unconventional natural gas is
conducive to environmental protection and ecological sustainable development. A coal-
measure stratum refers to a vertically stacked sedimentation of coal seams, tight sandstone
layers and shale layers, and is a typical marine–continent transitional facies stratum. Coal-
measure strata are widely distributed in many countries, such as the United States, Canada,
Australia, Russia and other countries (see Figure 1a). The coal-measure strata in China
are mainly distributed in Ordos Basin and Qinshui Basin (see Figure 1b). Coal-measure
superimposed gas reservoirs are usually buried deep underground, so the mining process
of coal-measure gas is a multi-physical coupling process [1] and should be simulated
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under deep underground conditions [2]. Coal-measure strata contain abundant natural gas
resources, such as coalbed methane, tight sandstone gas and shale gas. Due to the frequent
change of sedimentary environments of coal-measures in marine–continent transitional
facies, the thickness of each lithology in the reservoir varies greatly, but the cumulative
thickness is thick. Such a superimposed stratum hinders the independent exploitation of
coalbed methane, shale gas and sandstone gas [3]. A joint exploitation of coal-measure gas
is the best option [4–6]. The vertical propagation of fractures through the reservoir interface
is the key issue to the success of coal-measure gas co-production.
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Hydraulic fracturing is a main stimulation technology for coal-measure gas produc-
tion [7,8]. The vertical propagation of hydraulic fractures can connect adjacent reservoirs
and thus enhance coal-measure gas co-production. When the fracture tip is close to the
reservoir interface, the fracture type and its change of stress intensity factor will directly
affect the vertical propagation of the fracture at the reservoir interface [9,10]. Fractures
have three types: Type I fractures are subjected to tensile stresses perpendicular to the
fracture surface, so it is called open fractures or tensile fractures. Type II and III fractures
are subjected to shear stresses, with the fracture surfaces sliding against each other, which
are called shear fractures. Type II fractures are in-plane shear fractures and type III fractures
are out-of-plane shear fractures. A lot of studies have been conducted on the effect of stress
intensity factors on fracture propagation. Zhou et al. [11] developed a stress intensity factor
at the crack tip based on material inhomogeneity theory. They studied the effect of material
properties on fracture propagation. Li and Wang [12] developed a stress intensity factor
of the inclined crack embedded in the central layer of angle ply laminate through Fourier
transform. They studied the crack propagation based on the generalized maximum tangen-
tial stress criterion and showed that the fracture propagation direction is closely related to
the material inclination and the properties of mixed materials. Zhong et al. [13,14] studied
the relationship between the stress intensity factor and fractures which propagate when the
type I and type II fractures vertically propagated to the bi-material interface, respectively.
Their results showed that both the material properties and the interface strength would
affect the stress intensity factor, thereby affecting the fracture propagation. Hydraulic
fractures are usually I/II mixed fractures (see Figure 2) [15–17], but the research so far only
considers the change of stress intensity factor when the tip of I or II cracks is close to the
material interface. When the tip of I/II mixed fracture is close to the material interface, the
change of stress intensity factor in the hydraulic fracturing process has not been studied
so far.
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The effects of reservoir physical properties, in situ stress differences and interface me-
chanical properties on fracture propagation have been studied by different methods [18,19],
but the existing research has not quantitatively analyzed the influence of reservoir elastic
modulus differences on vertical fracture propagation. Ren et al. [20] established a 3D nu-
merical model with a continuous–discontinuous algorithm and simulated the propagation
of hydraulic fractures in the deep coalbed methane reservoirs of Qinshui Basin. Their
results showed that reservoir heterogeneity, burial depth (in situ stress) and fracturing
fluid viscosity are the main factors to affect the fracture length and maximum fracture
width. Tian et al. [21] established a three-dimensional lattice numerical model to explore
the synchronous propagation mechanism on the multiple hydraulic fracture clusters in
the interbedded tight sandstone reservoirs. They simulated the synchronous propagation
mechanism of multiple fractures under different geological conditions and engineering
parameters. Their results showed that the differential in situ stress and the strength of reser-
voir interface will affect the vertical propagation of fractures. Dou et al. [22,23] established
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a coupling hydraulic fracturing model through discrete element method and simulated the
propagation behavior of hydraulic fractures in layered shale. Their investigations showed
that the interface mechanical properties and reservoir heterogeneity have significant effects
on fracture propagation. Luis et al. [24] proposed a coupling method of finite element
(FEM) model and lattice Boltzmann (LB) model. The propagation of I/II mixed fracture
in the material containing rigid inclusion is simulated. Their results showed that the frac-
ture propagates around the inclusion due to the high fracture strength of the inclusion.
Zhao et al. [25] investigated the fracture propagation in soft–hard interbeds and pointed out
that the minimum horizontal stress difference is an important geological factor to affect the
vertical propagation of fractures. Through physical experiments, Afşar and Luijendijk [26]
found that the thickness of adjacent reservoirs affects the vertical propagation of fractures.
Zhao et al. [27] comprehensively studied the influence of cluster spacing and stage spacing
on stress distribution, formation pressure and fracture geometry. Their simulation results
showed that the fracture spacing of 80 m and the fracture length of 160 m are conducive to
the propagation of the secondary fracture system, and the two clusters are more conducive
to the formation of uniform fracture geometry under low injection pressure, thus affecting
gas production. Wang et al. [28] used the finite element method in the ANSYS software to
conduct a numerical simulation of the fracturing process, and quantitatively studied the
fracture geometry of the coalbed joint fracturing. Their research observed that the difference
of mechanical properties between adjacent layers is one of key factors that affect the vertical
propagation of fractures, and the influence of Poisson’s ratio on fractures propagation
can be ignored. Through physical experiments and numerical simulations, Hadei and
Veiskarami [29] investigated the effects of interface properties, dip angle, reservoir thick-
ness and reservoir mechanical properties on the propagation path of hydraulic fractures
and obtained the relationship between the vertical crack propagation and these influence
factors. Differences in the elastic modulus of different lithologic reservoirs may affect the
vertical propagation of fractures, thereby reducing the production of coal-measure gas.
Zhang et al. [30,31] established a fluid-solid-moving boundary coupling model for bedding
shale and analyzed the effects of fracturing fluid on the fracture pressure and permeation
of the reservoir. The above literature review shows that a lot of investigations have been
conducted so far, but the change of stress intensity factor of I/II mixed fracture near the
reservoir interface caused by the difference of elastic modulus of the reservoir has not been
well studied, and the effect of this change on fracture propagation is still unclear.

This paper will study the effects of reservoir elastic modulus difference on the vertical
propagation of hydraulic fractures. Firstly, an analytical stress model is established to
analyze the effect of elastic modulus difference on the stress intensity factor at the tip of
I/II mixed fractures. Then, a seepage-mechanical-damage numerical model is proposed to
study the vertical propagation of fractures during hydraulic fracturing of sandstone–coal
superimposed reservoirs. Finally, the effects of elastic modulus differences on fracture
propagation are investigated by the numerical model. This paper is organized as follows:
In Section 2, the theoretical model and numerical model are established, respectively. The
variation of the stress intensity factor is developed when a I/II mixed fracture propagates
vertically to the coal-measure reservoir interface and a seepage-mechanical-damage hy-
draulic fracturing model is established for the sandstone–coal superimposed reservoir
and the mathematical formulations of each physical process and damage evolution are
presented. These models are verified in Section 3. In Section 4, the simulation results on the
fracture propagation are presented for the case that the borehole is in different lithologic
reservoirs. In Section 5, the influences of elastic modulus, stress state and fracturing fluid
viscosity on vertical fracture propagation are analyzed in detail. Finally, main conclusions
are drawn in Section 6.
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2. Development of New Stress Intensity Factor at the Tip of a I/II Mixed Crack and
Stress-Seepage-Damage Numerical Model
2.1. A New Stress Intensity Factor at the Tip of a I/II Mixed Crack

Stress intensity factor (K) and fracture toughness (KIc) are used to characterize the
initiation and propagation of fractures in a material. The fracture toughness of a material
characterizes the ability of that material to prevent crack propagation and is usually constant
at a constant load and temperature. It is independent of the size, shape and applied stress
of the crack; thus, it is an inherent property of that material and expressed by the critical
value of stress intensity factor. The stress intensity factor is a physical quantity to reflect
the strength of the elastic stress field at the crack tip and is related to the fracture size, the
geometric characteristics of the material, and the load. In general, a macroscopic fracture is
only initiated when the stress intensity factor at that point is equal to or greater than the
fracture toughness at the same point.

2.1.1. A stress Analytical Model at the Tipoff I/II Mixed Crack

The stress intensity factor is affected by the interface characteristics when the crack
propagates to the interface. Interfaces are usually defective, and many theoretical models
have been established for imperfect interfaces [32–35], among which a spring model of
interfaces has been widely used [15,34]. The spring model assumes that the force is
continuous, but the displacement is discontinuous at the interface. That is, interface force
and displacement follow a linear relationship [14]:

TI
n = TII

n = βn

(
uI

n − uII
n

)
(1)

TI
t = TII

t = βt

(
uI

t − uII
t

)
(2)

TI
s = TII

s = βs

(
uI

s − uII
s

)
(3)

where T and u represent the interface force and displacement, respectively. The superscripts
I and II represent the material I and II, respectively. n denotes the physical quantity
perpendicular to the interface. t and s represent the physical quantities tangent to the
interface. βn, βt and βs are the interface parameters which are independent of each other.

Figure 3 shows that material I and material II are two different materials. The two
materials are isotropic and elastic. The material interface is well articulated. The crack is in
material I and perpendicular to the interface. Crack coordinates are a < x < c (c > a > 0) and
y > 0; thus, the crack length is 2l = c − a. Both tensile and shear loads are simultaneously
applied on the crack surface:

σI(x, 0) = σI
yy(x, 0) + σI

xy(x, 0) = −σ0 − τ0 a < x < c . (4)

For a plane strain problem, the constitutive equation is

σJ
xx(x, y) =

EJ

2(1 + µJ)(κ J − 1)

[(
κ J + 1

)∂uJ

∂x
−
(

κ J − 3
)∂vJ

∂y

]
(5)

σJ
yy(x, y) =

EJ

2(1 + µJ)(κ J − 1)

[(
κ J + 1

)∂vJ

∂x
−
(

κ J − 3
)∂uJ

∂y

]
(6)

σJ
xy(x, y) =

EJ

2(1 + µJ)

(
∂vJ

∂x
+

∂uJ

∂y

)
(7)

where EJ is the elastic modulus of material J and µJ is the Poisson’s ratio. uJ and vJ are the
displacements in the x-direction and y-direction, respectively. For a plane strain problem,
κ J = 3− 4µJ . For a plane stress problem, κ J =

(
3− µJ)/(1 + µJ).
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The equilibrium equation without body force is

∂2uJ

∂x2 +
κ J − 1
κ J + 1

∂2uJ

∂y2 +
2

κ J + 1
∂2vJ

∂x∂y
= 0 (8)

∂2vJ

∂y2 +
κ J − 1
κ J + 1

∂2vJ

∂x2 +
2

κ J + 1
∂2uJ

∂x∂y
= 0 . (9)

At the material interface, the linear spring relations become:

σI
xx(0, y) = σII

xx(0, y) = βn

[
uI(0, y)− uII(0, y)

]
(10)

σI
xy(0, y) = σII

xy(0, y) = βt

[
vI(0, y)− vII(0, y)

]
(11)

where βn and βt are non-negative constants with the unit of N/m3. When βn → ∞ and
βt → ∞ , the interface is perfect [14]. For this case, the two materials are well articulated,
and the upper half-plane elastic field is only considered due to symmetry. The boundary
conditions on the crack are

σI
xy(x, 0) = 0 0 < x < ∞ (12)

vI(x, 0) = 0 0 < x < a ; c < x < ∞ (13)

σII
xy(x, 0) = 0, vII(x, 0) = 0 −∞ < x < 0 (14)

σI
yy(x, 0) = 0 0 < x < ∞ (15)

uI(x, 0) = 0 0 < x < a ; c < x < ∞ (16)

σII
yy(x, 0) = 0, uII(x, 0) = 0 −∞ < x < 0 . (17)
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2.1.2. Analytical Solutions of Stress Intensity Factor

In order to analyze the effect of material properties on crack propagation when the
crack propagates to the interface, the Fourier integral transformation is used to express the
displacement in the following integral form:

uJ(x, y) = uJ
I (x, y) + uJ

II(x, y)
=
∫ ∞

0

[
AJ

I (ξ) + BJ
I (ξ)ξy

]
e−yξ sin(ξx)dξ

+
∫ ∞

0

[
C J

I (ξ) + D J
I (ξ)ξx

]
e−δJ xξ cos(ξy)dξ

+
∫ ∞

0

[
AJ

II(ξ) + BJ
II(ξ)ξy

]
e−yξ cos(ξx)dξ

−
∫ ∞

0

[
C J

II(ξ) + D J
II(ξ)ξx

]
e−δJ xξ sin(ξy)dξ

(18)

vJ(x, y) = vJ
I (x, y) + vJ

II(x, y)
=
∫ ∞

0

[
AJ

I (ξ) + κ J BJ
I (ξ) + BJ

I (ξ)ξy
]
e−yξ cos(ξx)dξ

+
∫ ∞

0

[
δJC J

I (ξ)− κ J D J
I (ξ) + δJ D J

I (ξ)ξx
]
e−δJ xξ sin(ξy)dξ

−
∫ ∞

0

[
AJ

II(ξ) + κ J BJ
II(ξ) + BJ

II(ξ)ξy
]
e−yξ sin(ξx)dξ

+
∫ ∞

0

[
δJC J

II(ξ)− κ J D J
II(ξ) + δJ D J

II(ξ)ξx
]
e−δJ xξ cos(ξy)dξ

(19)

where δI = 1 and δII = −1, AJ
I , AJ

II, BJ
I , BJ

II, C J
I ,C J

II, D J
I and D J

II are the coefficients to
be determined by boundary conditions. The subscripts in AJ

I and AJ
II represent I and II

cracks, respectively.
Through the constitutive equations of Equations (5)–(7), the following stress compo-

nents are obtained as

σJ
xx(x, y) = σJ

Ixx(x, y) + σJ
IIxx(x, y)

= EJ

2(1+µJ)

∫ ∞
0

[
2AJ

I (ξ) +
(
κ J − 3

)
BJ

I (ξ) + 2BJ
I (ξ)ξy

]
ξe−yξ cos(ξx)dξ

− EJ

2(1+µJ)

∫ ∞
0

[
2δJC J

I (ξ)−
(
κ J − 1

)
D J

I (ξ) + 2δJ D J
I (ξ)ξx

]
ξe−δJ xξ cos(ξy)dξ

− EJ

2(1+µJ)

∫ ∞
0

[
2AJ

II(ξ) +
(
κ J − 3

)
BJ

II(ξ) + 2BJ
II(ξ)ξy

]
ξe−yξ sin(ξx)dξ

+ EJ

2(1+µJ)

∫ ∞
0

[
2δJC J

II(ξ)−
(
κ J − 1

)
D J

II(ξ) + 2δJ D J
IIξx

]
ξe−δJ xξ sin(ξy)dξ

(20)

σJ
yy(x, y) = σJ

Iyy(x, y) + σJ
IIyy(x, y)

= − EJ

2(1+µJ)

∫ ∞
0

[
2AJ

I (ξ) +
(
κ J + 1

)
BJ

I (ξ) + 2BJ
I (ξ)ξy

]
ξe−yξ cos(ξx)dξ

+ EJ

2(1+µJ)

∫ ∞
0

[
2δJC J

I (ξ)−
(
κ J + 3

)
D J

I (ξ) + 2δJ D J
I (ξ)ξx

]
ξe−δJ xξ cos(ξy)dξ

+ EJ

2(1+µJ)

∫ ∞
0

[
2AJ

II(ξ) +
(
κ J + 1

)
BJ

II(ξ) + 2BJ
II(ξ)ξy

]
ξe−yξ sin(ξx)dξ

− EJ

2(1+µJ)

∫ ∞
0

[
2δJC J

II(ξ)−
(
κ J + 3

)
D J

II(ξ) + 2δJ D J
IIξx

]
ξe−δJ xξ sin(ξy)dξ

(21)

σJ
xy(x, y) = σJ

Ixy(x, y) + σJ
IIxy(x, y)

= − EJ

2(1+µJ)


∫ ∞

0

[
2AJ

I (ξ) +
(
κ J − 1

)
BJ

I (ξ) + 2BJ
I (ξ)ξy

]
ξe−yξ sin(ξx)dξ

+
∫ ∞

0

[
2C J

I (ξ)−
(
κ J + 1

)
δJ D J

I (ξ) + 2D J
I (ξ)ξx

]
ξe−δJ xξ sin(ξy)dξ


− EJ

2(1+µJ)


∫ ∞

0

[
2AJ

II(ξ) +
(
κ J − 1

)
BJ

II(ξ) + 2BJ
II(ξ)ξy

]
ξe−yξ cos(ξx)dξ

+
∫ ∞

0

[
2C J

II(ξ)−
(
κ J + 1

)
δJ D J

II(ξ) + 2D J
IIξx

]
ξe−δJ xξ cos(ξy)dξ

 .

(22)

These coefficients are determined by the boundary conditions of Equations (12), (14),
(15) and (17):

AII
I (ξ) = BII

I (ξ) = 0, 2AI
I(ξ) =

(
1− κI

)
BI

I(ξ) (23)
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AII
II(ξ) = BII

II(ξ) = 0, 2AI
II(ξ) =

(
1− κI

)
BI

II(ξ) . (24)

Applying interface conditions of Equations (10) and (11) has

EI

(1 + µI)
CI

I(ξ)−
EII

(1 + µII)
CII

I (ξ)−
EI

2(1 + µI)

(
κI + 1

)
DI

I(ξ)−
EII

2(1 + µII)

(
κII + 1

)
DII

I (ξ) = 0 (25)

∫ ∞

0

[
κI + 1

2
+ ξy

]
BI

I(ξ)e
−yξ dξ = −

∫ ∞

0


(

1 + EIξ

(1+µI)βt

)
CI

I(ξ) + CII
I (ξ)−(

κI +
EIξ(κI+1)
2(1+µI)βt

)
DI

I(ξ) + κIIDII
I (ξ)

 sin(ξy)dξ (26)

EII

(1 + µII)
ξCII

I (ξ) +
EII

(1 + µII)

(
κII − 1

)
ξDII

I (ξ) = βn

[
CI

I(ξ)− CII
I (ξ)

]
(27)

∫ ∞

0
(−1 + ξy)BI

I(ξ)ξe−yξdξ =
∫ ∞

0


(

ξ +
(1+µI)βn

EI

)
CI(ξ)−

(1+µI)βn

EI CII
I (ξ)−

(κI−1)ξ

2 DI
I(ξ)

 cos(ξy)dξ (28)

EI

(1 + µI)
CI

II(ξ) +
EII

(1 + µII)
CII

II(ξ)−
EI

2(1 + µI)

(
κI − 1

)
DI

II(ξ) +
EII

2(1 + µII)

(
κII + 1

)
DII

II(ξ) = 0 (29)

∫ ∞

0

[
ξy− κI + 1

2

]
BI

II(ξ)e
−yξ dξ =

∫ ∞

0


(

1 + EIξ

(1+µI)βn

)
CI

II(ξ)−

CII
II(ξ)−

EIξ(κI−1)
2(1+µI)βn

DI
II(ξ)

 sin(ξy)dξ (30)

βtCI
II(ξ) +

(
βt +

EIIξ

(1 + µII)

)
CII

II(ξ)− κIβtDI
II(ξ) +

[
κIIβt +

EII(κII + 1
)
ξ

(1 + µII)

]
DII

II(ξ) = 0 (31)

∫ ∞

0
(−1 + ξy)BI

II(ξ)ξe−yξ dξ =
∫ ∞

0

 EII(1+µI)
EI(1+µII)

CII
II(ξ)− CI

II(ξ) +
κI+1

2 DI
II(ξ)+

EII(1+µI)(κII+1)
2EI(1+µII)

DII
II(ξ)

ξ cos(ξy)dξ . (32)

Performing Fourier inversion transformation on Equations (26), (28), (30) and (32),
according to the conclusion of Appendix A, Appendix B ((A13) and (A14)), obtains C J

I (ξ),
C J

II(ξ), D J
I (ξ) and D J

II(ξ) in terms of G1, G2, G3 and G4:


CI

I(ξ)
CII

I (ξ)
DI

I(ξ)
DII

I (ξ)

 =



EI

1+µI − EII

1+µII − EI

2(1+µI)

(
κI + 1

)
− EII

2(1+µII)

(
κII + 1

)
−βn −βn +

EII

1+µII ξ 0 EII

2(1+µII)

(
κII − 1

)
ξ

1 + EIξ

(1+µI)βt
1 −

(
κI +

EIξ(κI+1)
2(1+µI)βt

)
κII

ξ +
(1+µI)βn

EI − (1+µI)βn

EI − (κI−1)ξ

2 0



−1

×


0
0

G1
G2



=


MI

I(ξ)
MII

I (ξ)
NI

I (ξ)
NII

I (ξ)

G1 +


XI

I(ξ)
XII

I (ξ)
YI

I (ξ)
YII

I (ξ)

G2

(33)
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
CI

II(ξ)
CII

II(ξ)
DI

II(ξ)
DII

II(ξ)

 =



EI

1+µI
EII

1+µII − EI

2(1+µI)

(
κI − 1

) EII

2(1+µII)

(
κII − 1

)
−βt βt +

EII

1+µII ξ −κIβt κIIβt +
EII

2(1+µII)

(
κII + 1

)
ξ

1 + EIξ

(1+µI)βn
−1 − EIξ(κI−1)

2(1+µI)βn
0

−1
EII(1+µI)
EI(1+µII)

κI+1
2

EII(1+µI)(κII+1)
2EI(1+µII)



−1

×


0
0

G3
G4



=


MI

II(ξ)
MII

II(ξ)
NI

II(ξ)
NII

II (ξ)

G3 +


XI

II(ξ)
XII

II(ξ)
YI

II(ξ)
YII

II (ξ)

G4 .

(34)

Substituting Equations (33) and (34) into Equations (20)–(22), and using boundary
conditions of Equations (4), (13) and (16), we obtain{∫ ∞

0 BI
I(ξ) cos(ξx)dξ = 0∫ ∞

0 BI
II(ξ) cos(ξx)dξ = 0

0 < x < a, c < x < ∞ (35)



∫ ∞
0 BI

I(ξ)ξ cos(ξx)dξ −
∫ ∞

0


[

MI
I(ξ) +

(
− κI+3

2 + xξ
)

NI
I (ξ)

]
G1+[

XI
I(ξ) +

(
− κI+3

2 + xξ
)

YI
I (ξ)

]
G2

ξe−xξ dξ =
(1+µI)σ0

EI

∫ ∞
0 BI

II(ξ)ξ cos(ξx)dξ −
∫ ∞

0


[

MI
II(ξ) +

(
− κI+1

2 + xξ
)

NI
II(ξ)

]
G3+[

XI
II(ξ) +

(
− κI+1

2 + xξ
)

YI
II(ξ)

]
G4

ξe−xξdξ =
(1+µI)τ0

EI

a < x < c . (36)

It is difficult to obtain the analytical solutions of Equations (35) and (36), so their
expressions are converted to singular integral equations with a Cauchy kernel for numerical
solutions. An auxiliary function is introduced as in Appendix C (A18) (and. according to
the single value condition of displacement vI(a, 0) = vI(c, 0) = 0, uI(a, 0) = uI(c, 0) = 0,
one has

c∫
a

g(x)dx = 0 . (37)

Using Fourier inversion transform obtains
BI

I(ξ) = −
2

πξ

c∫
a

g(s) sin(ξs)ds

BI
II(ξ) =

2
πξ

c∫
a

g(s) sin(ξs)ds
. (38)

Substituting Equation (38) into (36), and using appendices (A3)–(A5), we obtain: 1
π

∫ c
a

g(s)
s−x ds + 1

π

∫ c
a g(s)kI(s, x)ds = − (1+µI)σ0

EI

1
π

∫ c
a

g(s)
s−x ds + 1

π

∫ c
a g(s)kII(s, x)ds = − (1+µI)τ0

EI

a < x < c (39)

with
kI(s, x) = 1

s+x +
∫ ∞

0


[

MI
I(ξ) +

(
− κI+3

2 + xξ
)

NI
I (ξ)

](
2sξ − 1− κI)+

2sξ2
[

XI
I(ξ) +

(
− κI+3

2 + xξ
)

YI
I (ξ)

] e−(s+x)ξ dξ

kII(s, x) = 1
s+x +

∫ ∞
0


[

MI
II(ξ) +

(
− κI+1

2 + xξ
)

NI
II(ξ)

](
−2sξ − 1− κI)+

2sξ
[

XI
II(ξ) +

(
− κI+1

2 + xξ
)

YI
II(ξ)

] e−(s+x)ξdξ

(40)
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Due to the complexity of the kernel k(s, x), after the introduction of Equation (A19) in
Appendix C, Equation (39) is rewritten as{

1
π

∫ 1
−1

gI(s)
s−x ds + 1

π

∫ 1
−1 gI(s)k(s, x)ds = −1

1
π

∫ 1
−1

gII(s)
s−x ds + 1

π

∫ 1
−1 gII(s)k(s, x)ds = −1

−1 < x < 1 (41)

where
k(s, x) =

c− a
2

k(s, x) (42)

After considering the stress singularity at the crack tip, g(s) can be written as

g(s) =
f (s)√
1− s2

(43)

where f (s) is a continuous bounded function on the interval (–1,1). Equation (41) can be
discretized into the following system of equations with the Lobatto–Chebyshev formula:

1
n

n

∑
i=0

λi
f (si)

si − xm
+

1
n

n

∑
i=0

λik(si, xm) f (si) = −1, m = 1, 2, . . . , n (44)

where xm = cos[(2m− 1)π/(2n)], m = 1, 2, . . . , n; si = cos(iπ/n), i = 0, 1, 2, . . . , n;
λ0 = λn = 1/2; λ1 = λn−1 = 1.

Equation (37) can be rewritten as

n

∑
i=0

λi f (si) = 0 . (45)

Solving Equations (44) and (45) obtains the stress at the crack tip. In this study, stress
intensity factor at the crack tip is obtained as

K = lim
x→a−

√
2π(a− x)

[
σI

yy(x, 0) + σI
xy(x, 0)

]
. (46)

Using Equation (43) can obtain the stress intensity factor at the lower end of the crack as

K =
√

πl(σ0 + τ0) f (−1) . (47)

This is our new stress intensity factor at the tip of crack. This stress intensity factor
considers both the tensile force and the shear force. Further, this expression, for the first
time, considers the change of the stress intensity factor at the tip of the I/II mixed fracture
when the crack is close to the interface of different lithologic reservoirs. It can judge whether
the I/II mixed crack passes through the material layer interface when a crack is close to the
material layer interface.

2.1.3. Analysis of Stress Intensity Factor of I/II Mixed Cracks at the Interface

For a well-articulated material interface [14], the kernel k(s, x) can be simplified into

k(s, x) = kI(s, x) + kII(s, x)

= 2
s+x +

∫ ∞
0


EI[(−2sξ−1−κI)(κI−1)−(2sξ−1−κI)(κI+1)]

2(1+µI)

+2sξ

[
EI(κII−1)−EII(κII+1)

2(1+µI)
+
(
− κI+3

2 + xξ
)

κII
]
e−(s+x)ξ dξ .

(48)

Substituting Equation (48) into Equation (39) can obtain the variation of stress intensity
factor when the I/II mixed fracture tip is close to the layer interface. This solution introduces
the elastic modulus of reservoirs with different lithologies into the mechanical model for
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stress intensity factor. The effect of the elastic modulus difference of different lithologic
reservoirs on the stress intensity factor at the fracture tip can be directly reflected.

A sandstone–coal superimposed reservoir is selected for calculation. The Poisson’s
ratio is taken as 0.2 and 0.4, respectively. Figure 3 plots the variation of stress intensity
factor with γ = (c− a)/(c + a) for these two cases when the borehole is located in the coal
seam. The red dotted line indicates that the borehole is in the sandstone, and the black solid
line indicates that the borehole is in the coal seam. Figure 4 shows that the stress intensity
factor of the crack tip gradually decreases with the increase in γ, the distance between the
fracture tip and the reservoir layer interface. Since the fracture toughness of coal does not
change, the closer to the interface the crack is, the more resistant the stress intensity factor
is to reach the fracture toughness of coal, so the coal is less likely to fracture; that is, the
crack of this coal is difficult to continuously propagate vertically. When the borehole is
located in the sandstone, the stress intensity factor increases gradually with the increase in
γ. The closer to the interface the crack is, the more easily it propagates.
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2.2. Deevelopment of Seepage-Mechanical-Damage Numerical Model for Hydraulic Fracturing in a
Coal–sandstone Superimposed Reservoir

Hydraulic fracturing technology can be applied to coalbed methane extraction, shale
gas extraction and so on. For a coal-measure superimposed reservoir, boreholes can be
arranged in either coal seam or shale or tight sandstone reservoirs. Aiming at the sandstone–
coal superimposed reservoir, the reasonable fracturing parameters were obtained by com-
paring the effects of different borehole locations on the effect of crack propagation and the
connectivity of superimposed reservoir hydraulic fractures.

2.2.1. Geological Setting of Research Area

Recent exploration indicated significant coal-measure gas (coalbed methane, shale gas,
tight sandstone gas) potential in the Linxing area in the eastern Ordos Basin of China [36].
The coal-measure gas reservoir in the Linxing area is at a depth of about 1650–1800 m,
which is a tight sandstone–coal–shale interbedded gas reservoir [37,38]. This paper takes
the tight sandstone–coal superimposed reservoir as its research object. The model is shown
in Figure 5. The influence factors on crack propagation through the reservoir interface will
be explored.
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Figure 5. A typical coal-measure superimposed reservoir in the Linxing area [39].

The porosity, Poisson’s ratio and elastic modulus are characterized by experiments
based on the rock sample. The sandstone porosity lies in a range of 4.34–10.70%, the Pois-
son’s ratio ranges from 0.12 to 0.49 [40]. For in situ stress, the maximum horizontal stress
is 32.8 MPa, and the minimum horizontal stress is 10.0 MPa. The uniaxial compressive
strength of sandstone in the target area ranges from 11.8 to 110.0 MPa, the elastic modulus
ranges from 9.51 to 49.89 GPa and tensile strength ranges from 3.06 to 14.5 MPa [39,41].
The thickness of the coal seam area is 0.1–6.1 m, and its average thickness is 2.7 m. The
reservoir pressure is 14.5–19.8 MPa and its average is 17.1 MPa. The average reservoir
pressure gradient is 0.95 MPa/100 m. Mechanical tests show that the elastic modulus is
3.7–6.4 GPa, Poisson’s ratio is 0.26–0.39 and the uniaxial compressive strength is
2–21 MPa [42]. In this paper, a seepage-mechanical-damage numerical model is established
to simulate the vertical propagation of hydraulic fracture in a coal–sandstone superimposed
reservoir with these real geologic parameters.

2.2.2. Numerical Model Establishment and Basic Assumptions

A superimposed reservoir of tight sandstone and coal seams is established: the upper
and lower reservoirs are coal seams, and the middle reservoir is tight sandstone. The model
is 1 m in square. The thickness of the upper and lower reservoirs is 0.3 m, and the thickness
of the middle reservoir is 0.4 m. In combination with horizontal well perforation, the model
borehole is shown in Figure 6d, and the vertical fracture caused by perforation is in the red
dotted box in Figure 6b.

The model mainly describes the situation when the fracture propagates vertically to
the reservoir interface, so the drilling is set as an ellipse with a long axis of 0.05 m and a
short axis of 0.01 m, the horizontal in situ stress is σx = 6 MPa, and the vertical in situ stress
σy = 10 MPa. The fracturing pressure of 2 MPa is applied on the inner wall of the drilling,
and the single-step increment is 0.1 MPa. The numerical model is shown in Figure 7.

During hydraulic fracturing, fracturing fluid penetrates the reservoir under injec-
tion pressure. The fractures propagation involves physical coupling problems related
to mechanical deformation, fluid flow and damage evolution. Combined with previous
studies [43–45], this model is based on the following assumptions: (1) the sandstone, coal
and shale are continuous and heterogeneous porous media and their strain is infinitesi-
mal; (2) both tight sandstone, coal and shale are considered as elastic and isotropic rocks;
(3) the water flow in sandstone, coal and shale follows Darcy’s law; (4) during hydraulic
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fracturing, the water adsorption is not considered; (5) during hydraulic fracturing, the
chemical reaction between water and reservoir rock is ignored; (6) the effect of temperature
on the whole fracturing process is not considered; (7) different lithologic reservoirs have
good cementation at their interface.
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Figure 6. Schematic diagram for horizontal well perforation (a) Schematic diagram of staged frac-
turing, (b) Planar graph of horizontal well perforation, (c) Schematic diagram of horizontal well
perforation, (d) Planar graph of perforation.
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Figure 7. A computational model for a sandstone–coal superimposed reservoir. (a) Geometry,
(b) FEM mesh.

2.2.3. Governing Equations of Each Physical Process

If the change of effective stress induced by water pressure is included, the static
equilibrium equations for each lithologic reservoir are as follows:{

GMui,kk +
GM

1−2vM
uk,ki = −αM p,i − fi

GUDui,kk +
GUD

1−2vUD
uk,ki = −αUD p,i − fi

(49)

where GM is the shear modulus of middle reservoir and vM is the Poisson’s ratio of the
middle reservoir, GUD is the shear modulus of upper and lower reservoirs and vUD is the
Poisson’s ratio of upper and lower reservoirs. α (≤1) is the Biot’s coefficient, αM = 1− KM

KsM

and αUD = 1− KUD
KsUD

, where KsM is the skeletal bulk modulus of middle reservoir and
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KM = 2GM(1+vM)
3(1−2vM)

is the bulk modulus of middle reservoir, KsUD is the skeletal bulk modulus

of upper and lower reservoirs and KUD = 2GUD(1+vUD)
3(1−2vUD)

is the bulk modulus of upper and
lower reservoirs, ui and f i are the components of displacement and body force in the ith
direction, respectively.

If the effect of seepage on the propagation of hydraulic fractures in coal-measure
superimposed reservoirs is considered, the seepage equations of fluids in different lithologic
reservoirs are described as follows: φM

∂ρM
∂t + ρM

∂φM
∂t −∇·

(
ρMkiM

µ ∇i pM

)
= 0

φUD
∂ρUD

∂t + ρUD
∂φM

∂t −∇·
(

ρMkiUD
µ ∇i pUD

)
= 0

(50)

where φM is the porosity of middle reservoir, φUD is the porosity of upper and lower
reservoirs, ρM is the rock density of middle reservoir, ρUD is the rock density of upper
and lower reservoirs, kiM is the permeability of middle reservoir, kiUD is the permeability
of upper and lower reservoirs, µ is the dynamic viscosity, ∇i pM is the pore pressure
gradient of middle reservoir and ∇i pUD is the pore pressure gradient of the upper and
lower reservoirs.

2.2.4. Damage Constitutive Model

Figure 8 is an elastic damage constitutive curve of rocks. The propagation of fractures
is described by the evolution of damage variable [46–48]. The maximum tensile stress
criterion is used for tensile failure:

F1 = σe
1 − σt = 0 (51)

where σe
1 is the first principal effective stress and σt is the tensile strength.
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The tensile damage variable is expressed as

Dt =

{
0 F1 < 0 or ∆F1 ≤ 0(

εt0
ε1

)n
− 1 F1 = 0 and ∆F1 = 0

(52)

where ε1 is the first principal strain and εt0 is the tensile peak strain, under which the tensile
failure occurs.

The Drucker–Prager criterion is used for shear failure:

F2 = αdp J1 +
√

J2 − K3 = 0 (53)
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where J1 is the first invariant of effective stress tensor and J1 = σe
1 + σe

2 + σe
3, J2 is the

second invariant of effective stress and J2 = 1
6

[(
σe

1 − σe
2
)2

+
(
σe

2 − σe
3
)2

+
(
σe

1 − σe
3
)2
]
, σe

2
and σe

3 are the second and third principal effective stress, respectively; αdp and K3 are the
parameters related to stress state, internal friction angle and cohesion, respectively:

αdp =
sin ϕ

3
(

cos θL − 1√
3

sin θL sin ϕ
) , K3 =

c cos ϕ

cos θL − 1√
3

sin θL sin ϕ
(54)

where ϕ is the internal friction angle, c is the cohesion, θL is the Lode angle and
θL = atan 2σe

2−σe
1−σe

3√
3(σe

1−σe
3)

.

Further, the shear damage variable is expressed as

Ds =

{
0 F2 < 0 or ∆F2 ≤ 0

1−
(

εc0
ε3

)n
F2 = 0 and ∆F2 = 0

(55)

where ε3 is the third principal strain and εc0 is the compressive peak strain where the
compressive failure occurs.

From Equations (52) and (55), the tensile damage variable is negative, and the shear
damage variable is positive. Here, the sign is only related to the damage type, not the
damage extent. As shown in Figure 7, the stress is positive in tension. Before the stress
reaches the peak value, the stress–strain curve is a straight line, the rock does not damage,
the damage variable is 0 and the mechanical parameters remain unchanged. After the
stress reaches the peak value, the stress–strain curve can be expressed in a power function.
At this time, the rock is damaged, the damage increases with loading and the mechanical
parameters change accordingly.

2.2.5. Effect of Rock Damage on Elastic Modulus and Permeability

The damage variable can reflect the failure mode of each node. The elastic modulus of
rock changes with damage variable as{

EM = EM0(1− D)
EUD = EUD0(1− D)

(56)

where EM and EM0 are the elastic modulus of the damaged and undamaged middle
reservoirs, respectively, EUD is the elastic modulus of the damaged upper and lower
reservoirs and EUD0 is the elastic modulus of the undamaged upper and lower reservoirs.

The permeability of different lithology reservoirs changes with the damage as
kM
kM0

=
(

φM
φM0

)3
exp(αDD)

kUD
kUD0

=
(

φUD
φUD0

)3
exp(αDD) ,

(57)

where kM0 is the initial permeability of the undamaged middle reservoirs, φM0 is the
initial porosity of the undamaged middle reservoirs, kUD0 is the initial permeability of the
undamaged upper and lower reservoirs, φUD0 is the initial porosity of the undamaged
upper and lower reservoirs and αD is an amplification factor to indicate the effect of damage
on the permeability.

A reservoir is divided into multiple mesoscopic units to characterize its heterogeneity.
The mechanical parameters on each unit obey Weibull distribution as

w(α) =
m
α0

(
α

α0

)m−1
exp

(
− α

α0

)m
, (58)
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where α is the elastic modulus, α0 is the scale parameter, which is the average value of
elastic modulus, and m is the shape parameter to characterize the heterogeneity of reservoir.

2.2.6. Implementation of Seepage-Mechanical-Damage Numerical Model and Parameters

The governing equations for water flow, mechanical deformation and the damage
evolution formulate a seepage-mechanical-damage numerical model. The damage units
form a fracture network. This numerical model was used to investigate the fracture
propagation during hydraulic fracturing and simulate the fracture propagation process
through COMSOL with MATLAB platform. The seepage equation is realized by “PDE”
module, and the deformation equation is implemented in the “solid mechanics” module.
The identification of damage and the update of the damage variable are conducted with
MATLAB. The numerical simulation results are used to judge the occurrence of damage at
each position. The computational scheme is shown in Figure 9 and summarized as follows:
(1) each node is assigned the parameter value according to the Weibull distribution to
characterize heterogeneity; (2) the coupling of rock deformation and fracturing fluid flow is
calculated for given boundary conditions and parameters; (3) the occurrence of damage is
judged with the results from step (2); (4) for the occurrence of damage, the parameters are
updated and the calculation returns to step (2); (5) if no damage occurs, the load is increased
and the boundary conditions are updated. Based on previous experimental study [49,50],
the mechanical parameters used in simulations are listed in Table 1.
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Table 1. Main parameters of in coal tight sandstone superimposed reservoir used in hydraulic
fracturing simulations.

Lithology Coal Tight Sandstone

Elastic modulus (GPa) 7.2 14
Poisson’s ratio 0.4 0.2

Compressive strength (MPa) 10.53 63.89
Tensile strength (MPa) 1.053 6.389

Initial permeability (m2) 7.9 × 10−17 7.9 × 10−16

Density (kg/m3) 1250 2000
Internal friction angle (◦) 25 30

3. Verification of Numerical Simulation Model

This seepage-mechanical-damage numerical model is verified by three hydraulic
fracture experiments on the reservoirs with different lithologies (shale, tight sandstone and
coal). The fracture path is compared between the simulation and the experiment to verify
the correctness of this numerical model.

3.1. Hydraulic Fracturing of Coal-Measure Shale in the Linxing Area

Tan et al. [51] took the coal-measure shale in the Linxing area in the northeastern Ordos
Basin as the research object. They processed the shale into 300 mm × 300 mm × 300 mm
cubic samples and used a sand-carrying fluid as fracturing fluid in their self-designed
hydraulic fracturing experiment device. The hydraulic fracture morphology was studied.
The experiment parameters are shown in Table 2.

Table 2. The parameters of coal-measure shale used in experiments [51].

Rock Young’s
Modulus (GPa) Poisson’s Ratio In situ Stress

σv/σh (MPa)
Fluid Viscosity

(MPa·s)

Shale 40.6 0.12 18/12 3

In this section, this seepage-mechanical-damage numerical model is verified by these
physical experimental results of shale hydraulic fracturing (see Figure 10). Figure 10a–c
are the numerical simulation results of shale hydraulic sand fracturing. With the injec-
tion of hydraulic fracturing fluids, tensile cracks are initiated at the wellbore and further
propagated under the hydraulic pressure to form two main fractures, leading, in the final
instance, to specimen failure. Figure 10d shows the corresponding experimental results.
The numerical simulation results are in good agreement with the experimental results.
The numerical simulation can well reproduce the whole process of crack initiation and
propagation. This verifies that this hydraulic fracturing model can well simulate the shale
hydraulic fracturing.
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3.2. Hydraulic Fracturing of Sandstone in Southern Sichuan Basin

The hydraulic fracturing experiment on sandstone cores in the southern Sichuan Basin
was conducted by He et al. [49]. The experiment was carried out using the GCTS RTX-3000
triaxial rock testing system at Tongji University, China, with a confining pressure of 20 MPa.
The sample diameter was 50 mm, the height was 90 mm and the drilling hole diameter was
8 mm. The experiment parameters are listed in Table 3. They scanned the fractured samples
with X-ray computed tomography (CT) equipment to obtain fracture propagation paths.
The experimental result is presented in Figure 11, where the red dotted line represents
the hydraulic fracturing fracture. With the injection of fracturing fluid, the fractures start
from the wellbore and propagate in a roughly symmetrical path. The numerical simulation
result is similar to that in the experiment. This proved that the seepage/mechanical-
damage numerical model is suitable for the simulation of hydraulic fracturing in the
sandstone reservoir.

Table 3. The parameters of sandstone used in experiment [49].

Rock
Uniaxial

Compressive
Strength (GPa)

Density (g/cm3)
Tensile

Strength (MPa)
Fluid Viscosity

(MPa·s)

Sandstone 65 2.45 6.4 1
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3.3. Simulation of Coal Pulse Hydraulic Fracturing

The coal pulse hydraulic fracturing by Gai et al. [51] is used to further verify the
seepage/mechanical-damage numerical model in this paper. Based on damage mechanics,
Gai et al. [50] established a numerical model for pulse hydraulic fracturing and studied the
crack propagation under the pulse fracturing. The model size is 600 mm × 600 mm and
the injection hole is 16 mm in diameter. The mechanical parameters used in the numerical
simulation are listed in Table 4. Figure 12a–c shows the numerical simulation results. Four
main fractures appeared under the pulse fracturing. This is due to the cyclic loading of
pulse pressure, which redistributes the internal stress of the rock many times, resulting in
the generation of secondary fractures. The development of fractures in this pulse fracturing
is more complicated. Figure 12d shows the simulation results obtained by Gai et al. [50].
These two simulation results are in good agreement. The crack initiation and propagation
can be reproduced by our numerical model. Figure 13 shows the change of the damage
area of the two models under different load times. The damage area (the area formed by
damaged node connection) gradually increases with the increase in time, and the damage
areas obtained by the two models are similar. This can quantitatively prove the correctness
of our numerical model. These indicate that the fracturing model and its numerical solution
in this paper are applicable to hydraulic fracturing simulations.
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Table 4. The parameters for coal hydraulic fracturing test.

Rock Elastic Modulus
(GPa) Poisson’s Ratio Tensile

Strength (MPa)
Density

(kg·m−3)

Coal 1 0.15 1.3 1800
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4. Numerical Simulation Results

Three numerical simulation models were established to investigate the influence
of the elastic modulus difference between adjacent lithologic reservoirs on the vertical
propagation of fractures. These three models were designed according to the combination
of lithological characteristics in coal-measure superimposed reservoirs. In Model 1, the
middle layer is a tight sandstone, the upper and lower layers are coal and the borehole is
located in the tight sandstone layer. In Model 2, the middle layer is coal, the upper and
lower layers are tight sandstone and the borehole is in the coal layer. In Model 3, the middle
layer is tight sandstone, the upper layer is a high elastic modulus layer, the lower layer is
coal and the borehole is located in the tight sandstone layer.

4.1. Fracture Propagation in a Coal-Sandstone–Coal Reservoir

The distribution of elastic modulus in Model 1 is shown in Figure 14. The individual
reservoirs are well articulated. Figure 15 shows the fracture propagation during fracturing.
Fractures start in the wellbore and gradually propagate vertically. Due to the large elastic
modulus of the tight sandstone layer, the crack width is narrow during the fracturing
process. When the crack reaches the reservoir interface, it can smoothly enter the coal
seam through the reservoir interface. When the fracture passes through the interface and
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propagates into the coal seam, the fracture width increases significantly. This is because the
coal seam has small elastic modulus and low hardness; thus, its resistance to fracturing is
small and the fracture width is large.
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4.2. Fracture Propagation in a Sandstone–Coal–Sandstone Reservoir

The distribution of elastic modulus in Model 2 is shown in Figure 16. The individual
reservoirs are well articulated, and the legend indicates the value range of elastic modulus.
Figure 17 shows the fracture propagation when the borehole is in the coal seam, where the
rightmost column represents the range of damage variable, −1 represents tensile damage
and 1 represents shear damage. Likewise, fractures start at the wellbore and grow vertically
with the increase in injection pressure. As the pressure gradually increases, the vertical
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propagation distance of the crack increases slowly, but the crack width increases gradually,
and fracture stops propagating vertically when it reaches the reservoir interface. The
fracture bifurcation occurs in this coal seam. This is because the elastic modulus of the coal
seam is small. When the cracks propagate in the coal seam, the propagation resistance is
small. When the cracks reach the reservoir interface, the resistance of crack propagation
suddenly increases; thus, the cracks are difficult to pass through the interface. With the
increase in injection pressure, the crack width gradually increases, or bifurcation occurs in
the coal seam.
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4.3. Fracture Propagation in High Elastic Modulus Rock-Sandstone–coal Reservoirs

The distribution of elastic modulus in Model 3 is shown in Figure 18. These individual
reservoirs are well articulated together. This model is designed to directly explore the
influence of elastic modulus on the vertical propagation of fractures under the same
injection pressure at the same borehole.

Figure 19 shows the vertical propagation of fractures in the three reservoirs with
different elastic modulus. As shown in Figure 19a–c, the fractures start at the borehole and
gradually propagate vertically with the increase in injection pressure. Since these fractures
are far away from the reservoir interface, the upper and lower fractures propagate similarly.
With the increase in injection pressure, the downward fractures gradually reach and cross
the interface and enter the coal seam, while the propagation speed of upward fractures
gradually slows down, see Figure 19d–f. The downward fractures continuously propagate
after passing through the interface into the coal seam, while the upwardly propagating
fractures stop propagation when they reach the reservoir boundary, see Figure 19g–i. It
is difficult for the fracture to cross the reservoir interface when the fracture propagates
from the low elastic modulus reservoir to the high elastic modulus reservoir. The fracture
can easily propagate into the reservoir with low elastic modulus from the reservoir with
high elastic modulus. The fracture width will also increase significantly when the fracture
propagates in low elastic modulus reservoirs.

4.4. Fracture Propagation in Different Stress States

This section takes Model 3 as an example and sets up five groups of numerical simula-
tions to analyze the influence of stress state on fracture propagation. In the simulations, the
stress state is 10 MPa and is 5 MPa, 6 MPa, 7 MPa, 8 MPa and 9 MPa, respectively. Their
stress ratios are 0.5, 0.6, 0.7, 0.8 and 0.9, respectively.
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Figure 17. The evolution of hydraulic fracture network in Model 2 (Step95 denotes the num-
ber of tension iteration steps; (1) denotes the number of shear iteration steps; 11.5 MPa is
the injection pressure.). (a) Step95(1)-11.5 MPa, (b) Step105(1)-12.5 MPa, (c) Step110(1)-13 MPa,
(d) Step115(1)-13.5 MPa, (e) Step120(1)-14 MPa, (f) Step122(1)-14.2 MPa, (g) Step125(1)-14.5 MPa,
(h) Step126(13)-14.6 MPa, (i) Step132(11)-15.2 MPa.
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Figure 19. The evolution of fracture network in Model 3 (Step90 denotes the number of ten-
sion iteration steps; (1) denotes the number of shear iteration steps; 11 MPa is the injection pres-
sure.). (a) Step90(1)-11 MPa, (b) Step100(1)-12 MPa, (c) Step106(1)-12.6 MPa, (d) Step110(1)-13 MPa,
(e) Step110(70)-13 MPa, (f) Step110(100)-13 MPa, (g) Step111(1)-13.1 MPa, (h) Step112(1)-13.2 MPa,
(i) Step115(1)-13.5 MPa.

Figure 20 shows the evolution of reservoir damage under different stress states during
hydraulic fracturing. Tensile damage is dominant and shear damage is rare. When the
stress ratio is less than 1—that is, the horizontal principal stress is less than the vertical
principal stress—the crack shape is less affected by stress state. However, with the increase
in stress ratio, the injection pressure required for fracture propagation gradually increases.
When the stress ratio is 0.6, the fracture completely penetrates the reservoir when the
injection pressure is 13.5 MPa. When the stress ratio is 0.9 and the injection pressure is
18 MPa, the reservoir has not been completely penetrated.
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Figure 20. Evolution of rock damage under different stress ratios. (Step100 denotes the number
of tension iteration steps; (50) denotes the number of shear iteration steps; 12 MPa is the injection
pressure; and 0.5 denotes the stress ratio.).

4.5. Fracture Propagation in Different Fracturing Fluid Viscosity

The fracturing fluid viscosity is an important parameter in hydraulic fracturing design.
This section studies the influence of three different fracturing fluid viscosities on fracture
propagation. This section takes Model 3 as an example to establish three groups of numer-
ical simulations, the viscosity of fracturing fluids is taken as 0.75, 1 and 1.5, respectively.
As shown in Figure 21 that the fracture needs less pressure to reach the reservoir interface
when the fracturing fluid is 0.75. However, under different fracturing fluid viscosity, the
effect of fracture propagation through layers is similar.
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5. Discussion
5.1. Influence of Elastic Modulus Difference between Adjacent Reservoirs on Fracture Propagation

The simulation results of Model 1 demonstrate a small fracture width. This is because
a tight sandstone reservoir has large elastic modulus and thus has a large resistance to
the fracture; this results in a small fracture width. When the fracture propagates to the
reservoir interface, it can propagate through the reservoir interface. When the fracture
propagates to coal seam, the fracture width increases. This is because the coal seam
has small elastic modulus and low hardness, so its anti-fracture ability is small, and the
resistance of fracture is reduced. For this case, from high elastic modulus reservoir to low
elastic modulus reservoir, the fracture can easily propagate through the reservoir interface
and has a larger fracture width. The simulation results of Model 2 show that a fracture
is difficult to propagate through the interface from sandstone layer to coal seam. This is
because the tight sandstone reservoir has large elastic modulus, large hardness and high
resistance to fracture. With the increase in pressure, the fracture can only propagate in
the coal seam and show a bifurcation phenomenon. As a comparison result, Model 3 can
more intuitively see the influence of elastic modulus difference on fracture propagation.
Under the same injection fracturing, if the elastic modulus of the reservoir on the other side
of the interface is small and the reservoir hardness is low, the resistance received by the
fracture is small, so the fracture can easily propagate through the reservoir interface. As
a summary, the above three models show that the difference of elastic modulus is a key
parameter which can control the fracture propagation through the reservoir interface.

5.2. Influence of Elastic Modulus Difference of Adjacent Reservoirs on Stress Intensity Factor

The change of stress intensity factor with distance from crack tip to interface is calcu-
lated by using the stress intensity factor model established in Section 2 and the boundary
conditions of Model 3. The results are shown in Figure 22. The boreholes are arranged
in tight sandstone layers. The black line represents the fracture’s propagation from the
tight sandstone layer to high elastic modulus shale reservoirs, and the red line represents
the fracture propagation in coal seams. When the fracture propagates from the tight sand-
stone reservoir (low elastic modulus rock) to shale (high elastic modulus rock), the stress
intensity factor at the crack tip gradually decreases and it is difficult to overcome the
fracture toughness, so the fracture is initiated and propagated with difficulty. When the
fracture propagates from tight sandstone reservoir (rock with high elastic modulus) to coal
seam (rock with low elastic modulus), the stress intensity factor at the crack tip gradu-
ally increases and easily reaches the fracture toughness, so the fracture is easily initiated
and propagated. The change of stress intensity factor can reflect the capacity of fracture
propagation through the reservoir interface. The trend of the calculated results using the
stress intensity factor model established in Section 2 is the same as that of the simulation
results obtained in Model 3, which also proves the rationality and accuracy of the model
established in Section 2.

5.3. Influence of Elastic Modulus Difference of Adjacent Reservoirs on Damage

Figure 23 shows the change in the number of damages with injection pressure when
the borehole is in coal seams and tight sandstone layers, respectively. The “CSC” means that
the middle layer is the sandstone and the upper and lower reservoirs are coal seams. When
the borehole is in the tight sandstone layer, the number of damages gradually increases
with the increase in injection pressure. When the injection pressure is smaller than 11.5 MPa,
the number of damages increases slowly. When the injection pressure is close to 12 MPa,
the number of damages increases instantaneously. This is because the cracks propagate
from the tight sandstone reservoir to the coal seam and enter the coal seam. The length
and width of the cracks increase instantaneously; thus, the number of damages increases.
The “SCS” means that the middle layer is a coal seam and the upper and lower reservoirs
are tight sandstone. When the borehole is in the coal seam, the number of damages
increases gradually with the increase in injection pressure, but the growth rate is slow. The
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damage number is still smaller than that of the “CSC”. When the injection pressure exceeds
12 MPa, the growth rate of the damage number becomes larger. This is due to the increase
in crack width and the appearance of bifurcation, similar to the crack propagation situation
in Figure 17.
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Figure 24 compares the change of damage number during crack propagation in
Model 3. In the initial stage, the upper and lower crack propagation speeds are the same,
and there is almost no difference in damage number. As the injection pressure increases,
the cracks propagate slowly upward, and the damage number increases slowly. When
the cracks approach to the reservoir interface, it is difficult for them to pass through the
reservoir interface and enter the upper reservoir due to the large elastic modulus of the
upper reservoir. With the increase in injection pressure, the increment of damage quantity is
small, and this increment is mainly caused by the increase in crack width. On the contrary,
as the injection pressure gradually increases, the fractures propagate rapidly downwards,
and the number of damages increases significantly when the fractures reach the reservoir
interface and pass through the interface. This is because the fractures enter the low elastic
modulus reservoir from the high elastic modulus reservoir, the resistance is significantly
reduced and the length and width of the fracture greatly increase in a short period of time,
thus having a significant increase in damage number.
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5.4. Effect of Elastic Modulus Difference of Adjacent Reservoirs on Fracture Length

As shown in Figure 25, the elastic moduli of the two lithologic reservoirs are E1 and E2,
respectively. The fracture length is 0.2 m and 0.5 m, which represent the distance from the
borehole to the different lithologic reservoir interface and the distance from the borehole to
the reservoir boundary, respectively. When E1/E2 is bigger than 1, the elastic modulus of
the middle reservoir is higher than those of the upper and lower reservoirs, the fracture
length gradually increases with the injection of fracturing fluid. The sample is destroyed
after the fracture length reaches 0.5 m. If E1/E2 is smaller than 1, the fractures gradually
increase with the increase in injection pressure but stops propagation when the fractures
propagate to the interface of different lithologic reservoirs. The longest fracture is 0.2 m.

At a constant injection pressure, the elastic modulus ratio of the different lithologic
reservoirs is an index to determine whether the fracture can pass through the reservoir
interface or not. The injection pressures of 12 MPa and 12.9 MPa are taken as examples
as shown in Figure 26, the abscissa of intersection of the curve and y = 0.2 m is the
critical elastic modulus ratio at which the fracture can propagate through the different
lithologic reservoirs interface under this pressure. Among them, the critical point is
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point 1 for the injection pressure of 12.9 MPa and point 2 for the injection pressure of
12 MPa. The modulus ratio is 1.201 at point 1 and 1.62 at point 2; that is to say, when the
injection pressure is 12 MPa, the fracture can pass through the reservoir interface only
when the elastic modulus ratio is greater than 1.62; when the injection pressure is 12.9 MPa,
the fracture can pass through the reservoir interface only when the elastic modulus ratio is
greater than 1.201.
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5.5. Conceptual Zoning for Hydraulic Fracture Propagation through Reservoir Interface

The effect of hydraulic fracture propagation through the reservoir interface can be
described by the conceptual zoning in Figure 27. The horizontal axis is the elastic modulus
ratio of adjacent reservoirs with different lithology, and the vertical axis is the injection
pressure. This diagram is drawn based on injection pressure, reservoir properties and
potential interactions. The whole zone is divided into the undamaged zone, no through-
layer propagation zone, unstable zone and breakthrough zone. When the injection pressure
is within the non-cracking pressure range, the reservoir has no damage. At this time, the
fracture is not initialized, and this zone is called the rock undamaged zone. When the
injection pressure is over the non-cracking range, the rock will be damaged, and the fracture
will propagate in the reservoir. When the elastic modulus ratio between adjacent reservoirs
is within the range of the modulus ratio of no through-layer propagation, the fracture can
only propagate in this reservoir and will not pass through the reservoir interface. This zone
is called the no through-layer propagation zone. When the injection pressure exceeds the
non-cracking pressure range and the elastic modulus ratio between adjacent reservoirs
exceeds the modulus ratio range of no through-layer propagation, the fracture propagates
with pressure injection. When the injection pressure or elastic modulus ratio reaches a
critical value, the fracture passes through the reservoir interface and propagates in the
adjacent reservoir.
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Figure 27. Conceptual zoning of hydraulic fracture propagation through reservoir interface.

The unstable zone and breakthrough zone form a multi-physical interaction zone. This
zone is bounded by both the non-cracking pressure and the modulus ratio of no through-
layer propagation. The multi-physical interaction may occur in this zone and affect the
path of crack propagation. The black points are the numerical simulations under different
injection pressures and elastic modulus ratios. The red line is the critical through-layer line
which is obtained by fitting the simulation results. The critical through-layer line divides
the zone into unstable zone and breakthrough zone. In an unstable zone, fractures cannot
pass through the reservoir interface for the current conditions. In the penetration zone,
fractures will directly pass through the reservoir interface. Thus, this critical through-layer
line can be crossed either by increasing injection pressure or changing the ratio of reservoir
elastic modulus. For example, if a process is in an unstable zone at the beginning, the
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breakthrough zone may be activated with the increase in injection pressure which will
make the fracture pass through the reservoir interface.

5.6. Influence of Stress State and Fracturing Fluid Viscosity on Fracture Propagation
through Layers

Figure 20 shows that the stress state has no effect on the fracture propagation through
the layer interface. With the increase in pressure ratio, the pressure required for fracture
propagation gradually increases. However, under different stress states, fractures are easy
to expand from a harder reservoir to a softer reservoir, but it is difficult to propagate from a
softer reservoir to a harder reservoir. In hydraulic fracturing, the viscosity of fracturing
fluid has a significant influence on the fracture’s propagation. The Model 3 is taken as
an example in Section 4.5 to establish three groups of numerical simulations. Figure 21
shows that the pressure required for fracture propagation gradually increases with the
increase in fracturing fluid viscosity. When the fracturing fluid is 0.75, the fracture needs
less pressure for further propagation. The viscosity of fracturing fluid has no effect on the
fracture propagation through the reservoir interface. The difference of elastic modulus has
a greater influence on the fracture propagating through the reservoir interface than the
viscosity of the fracturing fluid.

6. Conclusions

In this study, a mechanical model for the stress intensity factor of I/II mixed fractures
was proposed and a seepage/mechanical-damage model for the hydraulic fracturing of
coal-measure superimposed reservoirs was established. These two models fully considered
the mechanical deformation of the sandstone–coal reservoir, water flow and damage criteria.
These models were verified by hydraulic fracturing experiments on shale, sandstone and
coal. Based on these studies, the following conclusions can be drawn.

First, the change of stress intensity factor can reflect the capacity of fracture propaga-
tion through the reservoir interface. When the reservoir on the other side of the interface has
a lower elastic modulus, the stress intensity factor gradually increases, and the hydraulic
fracture propagates through the interface.

Second, the elastic modulus difference of reservoirs has a significant effect on the
propagation of fractures through the reservoir interface and the fracture width. When
the reservoir on the other side of the interface has a lower elastic modulus, the fracture
can easily propagate through the reservoir interface, and the fracture width increases.
Conversely, it is difficult for the fractures to propagate through the reservoir interface and
the fracture appears to bifurcate.

Thirdly, the elastic modulus ratio of adjacent reservoirs is as an evaluation index of
the fracture’s propagation through the reservoir interface. When the injection pressure
is constant, only when the critical value of the elastic modulus ratio is exceeded can the
fracture propagate through the reservoir interface.

Last, when the buried depth is constant—that is, when the vertical stress is
constant—the stress ratio (which is always less than 1) and the fracturing fluid viscos-
ity have little influence on the fracture’s propagation through the reservoir interface.
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Appendix A

The Fourier inversion used in this paper is [13,14]∫ ∞
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The Fourier inverse transform is applied to Equations (A1)–(A4), and we obtain(
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Appendix B

The integral formula used in this paper is [52]∫ ∞

0
e−yη sin(ξy)dy =

ξ
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∫ ∞

0
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∫ ∞
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Appendix C

Auxiliary function used in this paper is [13,14]

g(x) = −
∫ ∞

0 BI(ξ)ξ sin(ξx)dξ a < x < c (A18)
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