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Abstract: This study explores the influence of an inclined magnetic field and variable viscosity on
the entropy generation in steady flow of a couple stress fluid in an inclined channel. The walls of
the channel are stationary and non-isothermal. The fluid flow is driven due to pressure gradient
and gravitational force. Reynold’s model for temperature-dependent viscosity was used. The
dimensionless, non-linear coupled equations of momentum and energy was solved, and we obtained
an analytical solution for the velocity and temperature fields. The entropy generation and Bejan
number were evaluated. The variation of pertinent parameters on flow quantities was discussed
graphically. The rate of volume flow, skin friction coefficient, and Nusselt number at the surfaces of
the channel were calculated and their variations were discussed through surface graphs. From the
results, it is noticed that the entropy generation rate can be minimized by increasing the magnetic
field and the temperature difference parameters. The findings of the current study in some special
cases are in precise agreement with the previous investigation.

Keywords: heat transfer efficiency; sustainability; magnetic field; variable viscosity; couple stress
fluid; entropy generation; viscous dissipation

1. Introduction

In the last few years, heat transfer in magnetohydrodynamic (MHD) flows is becoming
an interesting topic of fluid dynamics due to its important applications. For example, such
flows are characteristic of the engineering and industrial fields, such as metallurgical man-
ufacturing, several materials processing methods [1,2], MHD energy production, chemical
manufacturing, and synthesis of magnetic liquids [3–5]. Newtonian or non-Newtonian
fluids can be used. One of the non-Newtonian fluids is the couple stress fluid, which
was introduced by Stokes in 1966 [6]. Numerous studies have been conducted with a
couple stress fluid using various geometries. Furthermore, entropy analysis may be used to
assess the thermodynamic irreversibility of any fluid flow. A measurement of the intensity
of irreversibility connected to actual processes is provided by entropy production. The
minimization of the entropy production rate is needed to optimize the performance of
thermal appliances such as heat exchangers, heat pump system, and refrigerators [7]. To
evaluate the origins of irreversibility in components and systems, several studies have been
published.

Ahmed et al. [8] carried out a theoretical study of electrically conducting couple stress
fluid by an oscillatory viscous flow with heat transfer being affected by convection and
MHD, which has significant applications in manufacturing electro-conductive polymers
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and liquids. Srinivas et al. [9] used an asymmetrically parallel plate to examine the entropy
production rate on a couple stress fluid flow by the simultaneous result of the varying
thermal conductivity and viscosity. Ajaz [10] discussed the influence of peristaltic flow
with heat and mass transfer in a couple stress fluid when an inclined magnetic field is
applied. Pei-Ying et al. [11] examined the velocity and temperature distributions by taking
the collective results of variable thermal conductivity and viscosity in the appearance of
hafnium nanoparticles with thermal radiation effect and a magnetic field. Ajala et al. [12]
studied the effect of variable viscosity and thermal radiation on the 2-D flow of boundary
layer with heat transfer in the existing magnetic field. Falade et al. [13] analyzed the mini-
mizing of the entropy production rate under the result of temperature-dependent viscosity
and couple stress fluid due to the heated channel. Ramesh [14] and Swarnalathamma
et al. [15] scrutinized the consequence of heat transfer on the peristaltic flow of a couple
stress fluid with MHD and a porous medium and studied the impacts of the emerging
parameters on the peristaltic pumping rate, frictional forces, velocity, temperature, pressure
gradient, and concentration fields. Divya et al. [16] presented the combined impact of
temperature-dependent viscosity and thermal conductivity on the MHD peristaltic flow
of the Bingham fluid in a porous medium with heat transfer and studied the effects on
temperature, heat transfer coefficient, and pumping rate. Hayat et al. [17] examined the
significant impacts of heat transfer on the fields of temperature, velocity, and concentration
by the peristaltic flow of the Williamson fluid under the case of convection and magnetic
field. Abbasi et al. [18,19] explored the heat transfer effect on non-Newtonian fluids using
peristaltic flow with the conditions of Joule heating and viscous dissipation in an inclined
magnetic field. The former has variable viscosity and a porous medium and latter took two
types of non-Newtonian fluid. Both studied the impacts of embedded variables on pressure
gradient, velocity, temperature, and size of a trapped bolus. Sathish et al. [20] explored the
consequence of heat transfer on the squeezing flow of the Casson fluid accompanied by an
aligned magnetic field and studied the results of several emerging parameters on velocity
and temperature fields. Samuel et al. [21,22] presented the entropy production in a couple
stress fluid flow with heat transfer to an inclined plate. The former is affected by porosity,
whereas the latter is affected by a magnetic field; the variations in thermophysical parame-
ters for velocity, temperature, entropy production, and Bejan number were examined. Ganji
et al. [23] examined the entropy production on the Hagen–Poiseuille flow of viscous fluid
within a circular pipe due to the variable viscosity and heat transfer. Numerous studies
have been conducted on non-Newtonian fluids with heat and mass transfer under different
effects and flows, in a porous medium and a magnetic field [24–27]. These studies have
examined the impacts of pertinent parameters on concentration, velocity, volumetric flux
and temperature fields. Manjunatha et al. [28] explored the heat transfer enhancement
of the hybrid nanofluid due to natural convection and variable viscosity accompanied
by a magnetic field. They examined the impacts on boundary layer thickness, velocity,
and temperature fields in both hybrid and regular nanofluids and found that in the heat
transfer process, the hybrid nanofluid flow is more effective than the regular nanofluid flow.
Roja et al. [29] conducted a theoretical analysis of the nature of velocity and temperature
profiles under the Hall and Ion impacts on a couple stress nanofluid flow subjected to
heat generation, thermal radiations, and hydraulic slip. Hayat et al. [30] presented the
third-grade fluid flow subjected to heat source, heat sink, and variable thermal conductivity,
influenced by heat transfer and magnetic field, Sajjad et al. [31] discussed the significance of
heat transfer on viscous fluid flow with MHD in a non-Darcy porous medium and analyzed
velocity and temperature distributions graphically considered heat generation/absorption,
variable porosity, permeability, and thermal conductivity. Makinde [32] analytically studied
volumetric entropy generation and the Bejan number with variable viscosity. Makinde
et al. [33] conducted a numerical investigation on heat and mass transfer in nanofluids
in the Poiseuille–Couette flow with Hall effects and variable viscosity due to MHD. Disu
et al. [34] studied the heat transfer impact of the free convection flow on radiative MHD
viscous fluid with effects of heat source and variable viscosity via a porous medium using
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the differential transform method (DTM). Makinde et al. [35] used a numerical method
to examine the impacts of MHD and heat transport on the chemically reacting convective
flow of a conducting fluid with variable viscosity and porous medium and studied the
significant results on the concentration, velocity, and temperature distributions. Finally,
it is worth mentioning here that many other researchers have investigated the role of
the nanofluids and the hybrid nanofluids on the heat transfer enhancement in different
geometries along with the impact of different physical parameters [36–48].

The current work focuses on the minimization of entropy generation in a couple stress
fluid accompanied by temperature-dependent viscosity and an aligned magnetic field in an
inclined channel. In view of the above literature, no attempt has been made to investigate
the heat transfer for the aforementioned characteristics. To attain the aim of this study, the
regular perturbation technique was used to solve the governing equations for the velocity
and temperature distributions. The problem discussed, graphically exhibits the variation
of emerging parameters.

2. Outline of the Problem

Take into consideration a couple stress fluid flowing steadily along an infinitely long
inclined channel that is inclined at an angle α from the surface where irreversible heat
transfer occurs. The channel has a height of 2L with stable walls on either side. A uniformly
inclined B0 intensity magnetic field is provided at an angle β to the direction of the fluid
flow. The fluid runs through the force of gravity and pressure gradient. At the lower and
upper walls, the temperatures were obtained as T0 and T1 respectively, where T0< T1.
According to Figure 1, the Cartesian coordinate system has been set up so that the x-axis
runs parallel to the direction of the fluid flow and the y-axis runs perpendicular to it.
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Figure 1. Flow model of the problem.

The fields of velocity and temperature are provided as [9,13]:

→
q = (u(y), 0, 0), and T = T(y). (1)

Using the above scheme, we observed that the equation of continuity has been satisfied
and the equation of momentum and energy becomes

0 = −∂p
∂x

+
d

dy

(
µ

du
dy

)
− η

d4u
dy4 + ρg sin(α)− σB0

2 sin2(β)u, (2)
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0 =
d2T
dy2 +

µ

κ

(
du
dy

)2
+

η

κ

(
d2u
dy2

)2

, (3)

The boundary conditions are

At y = −L, u = 0, u′′ = 0, T = T0,
At y = L, u = 0, u′′ = 0, T = T1.

(4)

where u′′ = d2u
dy2 .

The temperature-dependent viscosity by Reynold’s model [32,34,49–51] is given by

µ(T) = µ0e−β(T−T0), (5)

The following introduces the non-dimensional parameters:

y∗ = y
L , x∗ = x

L , u∗ = u
U0

, T∗ = T−T0
T1−T0

, µ∗ = µ
µ0

, p∗ = pL
µ0U0

, Br =
µ0U0

2

κ(T1−T0)
, m = β(T1 − T0),

λ2 = µ0L2

η , G = G1 + G2 sin(α), M2 = σB0
2L2

µ0
, Ω = T1−T0

T0
, Ns =

T0
2L2EG

κ(T1−T0)
2 .

(6)

where G1 is the pressure gradient parameter, i.e., G1 = − ∂p
∂x , and G2 is the gravitational

parameter, i.e., G2 = L2

U0µ0
ρg. The non-dimensional form of Equations (2) and (3) become

(eliminate asterisks)

d4u
dy4 − λ2µ

d2u
dy2 − λ2 dµ

dy
du
dy
− λ2G + λ2M2 sin2(β)u = 0, (7)

d2T
dy2 + Brµ

(
du
dy

)2
+

Br

λ2

(
d2u
dy2

)2

= 0, (8)

and the boundary condition (4) becomes

At y = −1, u = 0, u′′ = 0, T = 0,
At y = 1, u = 0, u′′ = 0, T = 1.

(9)

3. Method of Solution
3.1. Derived Equations

The full extended derived long equations are listed in the Appendix A. First we derive
the velocity and temperature and then we use the results to obtain the entropy generation
rate. The non-dimensional form of Equation (5) is

µ(T) = e−mT , (10)

Using Taylor’s series expansion [37], Equation (10) can be linearized as

µ(T) = 1−mT ,
dµ

dy
= −m

dT
dy

, (11)

Substitute Equation (11) in Equations (7) and (8) are transformed in the following form

d4u
dy4 − λ2(1−mT)

d2u
dy2 + λ2m

dT
dy

du
dy
− λ2G + λ2M1

2u = 0, (12)

d2T
dy2 + Br(1−mT)

(
du
dy

)2
+

Br

λ2

(
d2u
dy2

)2

= 0, (13)
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where M1 = M sin(β). To solve the above non-linear coupled equations, the perturbation
method was used. Assuming that viscosity parameter m is a perturbation parameter where
0 < m << 1, then the velocity and temperature distributions are of the following form

u = u0 + m u1, T = T0 + m T1. (14)

Substituting Equation (14) in Equations (9), (12), and (13) and splitting each approxi-
mate order gives:

3.1.1. Zeroth Order Equations

d4u0

dy4 − λ2 d2u0

dy2 − λ2G + λ2M1
2u0 = 0, (15)

d2T0

dy2 + Br

(
du0

dy

)2
+

Br

λ2

(
d2u0

dy2

)2

= 0, (16)

At y = −1, u0 = 0, u0 ′′ = 0, T0 = 0,
At y = 1, u0 = 0, u0 ′′ = 0, T0 = 1.

(17)

3.1.2. First Order Equations

d4u1

dy4 − λ2 d2u1

dy2 + λ2T0
d2u0

dy2 + λ2
(

dT0

dy

)(
du0

dy

)
+ λ2M1

2u1 = 0, (18)

d2T1

dy2 + 2Br

(
du0

dy

)(
du1

dy

)
− BrT0

(
du0

dy

)2
+

2Br

λ2

(
d2u0

dy2

)(
d2u1

dy2

)
= 0, (19)

At y = −1, u1 = 0, u1
′′ = 0, T1 = 0,

At y = 1, u1 = 0, u1
′′ = 0, T1 = 0.

(20)

Solving the equations for the zeroth order and first order with their corresponding
boundary conditions, where u(y) and T(y), has been given in the Appendix A.

Volume flux, Skin friction and Nusselt number on the walls:
The volume flux is

Q =

1∫
−1

u(y)dy, (21)

The non-dimensional form of skin friction C f and the Nusselt number Nu at both the
plates are given by

C f = µ
du
dy

∣∣∣∣
y=−1

, C f = −µ
du
dy

∣∣∣∣
y=1

, Nu =
dT
dy

∣∣∣∣
y=−1

, Nu = −dT
dy

∣∣∣∣
y=1

. (22)

3.1.3. Rate of Entropy Generation Analysis

Heat transfer to fluid flow with variable viscosity is irreversible. As a result of the
exchange of energy and momentum among the fluid particles in the channel, entropy
generation becomes continuous. The total entropy generation within the fluid can be
expressed as [13]

EG =
k

T02

(
∂T
∂y

)2
+

µ(T)
T0

(
∂u
∂y

)2
+

η

T0

(
∂2u
∂y2

)2

. (23)
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The non-dimensional form of equation (23) is

Ns =

(
dT
dy

)2
+

Br

Ω

{
µ

(
du
dy

)2
+

1
λ2

(
d2u
dy2

)2}
, (24)

The entropy generation has been divided in two parts

N1 =

(
∂T
∂y

)2
, N2 =

Br

Ω

{
µ

(
∂u
∂y

)2
+

1
λ2

(
∂2u
∂y2

)2}
. (25)

where N1 signifies the heat transfer irreversibility and N2 signifies the irreversibility due
to fluid friction or viscous dissipation. The Bejan number is defined as the irreversibility
distribution ratio and is mathematically expressed as

Be =
N1

N1 + N2
. (26)

Clearly, heat transfer irreversibility dominates when N1 > N2, and viscous dissipation
irreversibility dominates when N1 < N2.

3.2. Deductions
3.2.1. In the Absence of Couple Stress Fluid (η = 0)

The non-dimensional forms of Equations (7), (8), and (24) become

µ
d2u
dy2 +

(
dµ

dy

)(
du
dy

)
+ G−M1

2 sin2(β)u = 0, (27)

d2T
dy2 + µBr

(
du
dy

)2
= 0, (28)

Ns =

(
dT
dy

)2
+

Br

Ω

{
µ

(
du
dy

)2
}

, (29)

and the boundary condition in Equation (9) becomes

At y = −1, u = 0, T = 0,
At y = 1, u = 0, T = 1.

(30)

The following are the obtained expressions of velocity and temperature distributions

u(y) = Ψ0 −Ψ1 cosh[M1y] + m{Ψ2 cosh[M1y] + Ψ3sinh[M1y] + Ψ4 cosh[3M1y]
+y(Ψ5sinh[M1y] + Ψ6 cosh[M1y]) + y2(Ψ7sinh[M1y] + Ψ8 cosh[M1y])
+y3 (Ψ9sinh[M1y])},

(31)

T(y) = ψ0 − ψ1 cosh[2M1y] + ψ2y + ψ3y2 + m{ψ4 + ψ5sinh[2M1y] + ψ6 cosh[2M1y]
+ψ7 cosh[4M1y] + y(ψ8 + ψ9sinh[2M1y] + ψ10 cosh[2M1y]) + y2(ψ11
+ψ12sinh[2M1y] + ψ13 cosh[2M1y]) + y3(ψ14 + ψ15sinh[2M1y]) + ψ16y4}.

(32)

3.2.2. In the absence of Magnetic field (M = 0)

The non-dimensional forms of Equations (7), (8), and (24) become

d4u
dy4 − λ2µ

d2u
dy2 − λ2

(
dµ

dy

)(
du
dy

)
− λ2G = 0, (33)

d2T
dy2 + µBr

(
du
dy

)2
+

Br

λ2

(
d2u
dy2

)2

= 0, (34)
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Ns =

(
dT
dy

)2
+

Br

Ω

{
µ

(
du
dy

)2
+

1
λ2

(
d2u
dy2

)2}
, (35)

and the boundary condition in Equation (9) becomes

At y = −1, u = 0, u′′ = 0, T = 0,
At y = 1, u = 0, u′′ = 0, T = 1.

(36)

The velocity and temperature solutions are acquired as

u(y) = Ω0 −Ω1y2 + Ω2 cosh[λy] + m{Ω3 + Ω4sinh[λy] + Ω5 cosh[λy] + Ω6 cosh[2λy]
+Ω7sinh[2λy] + Ω8 cosh[3λy] + y(Ω9 + Ω10sinh[λy] + Ω11 cosh[λy] + Ω12sinh[2λy])
+y2(Ω13 + Ω14sinh[λy] + Ω15 cosh[λy]) + y3(Ω16 + Ω17sinh[λy])
+y4(Ω18 + Ω19 cosh[λy]) + y5(Ω20sinh[λy]) + Ω21y6 },

(37)

T(y) = ω0 + ω1y2 + ω2y4 + ω3 cosh[λy] + ω4 cosh[2λy] + ω5ysinh[λy] + 1
2 y

+m{ω6 −ω7sinh[λy]−ω8 cosh[λy]−ω9 cosh[2λy]−ω10sinh[2λy]
−ω11sinh[3λy]−ω12 cosh[3λy]−ω13 cosh[4λy] + y(ω14 −ω15sinh[λy]
−ω16 cosh[λy]−ω17 cosh[2λy]−ω18sinh[2λy]− ω19sinh[3λy])
−y2(ω20 + ω21sinh[λy] + ω22 cosh[λy] + ω23sinh[2λy] + ω24 cosh[2λy])
−y3(ω25 + ω26sinh[λy] + ω27 cosh[λy] + ω28sinh[2λy])− y4(ω29
+ω30 cosh[λy] + ω31 cosh[2λy])− y5(ω32 + ω33sinh[λy] + ω34sinh[2λy])
−ω35y6 − ω36y8}.

(38)

3.2.3. In the Absence of Couple Stress Fluid (η = 0) and Magnetic Field (M = 0)

The non-dimensional forms of Equations (7), (8), and (24) become

µ
d2u
dy2 +

(
dµ

dy

)(
du
dy

)
− ∂p

∂x
= 0, (39)

d2T
dy2 + µBr

(
du
dy

)2
= 0, (40)

Ns =

(
dT
dy

)2
+

Br

Ω

{
µ

(
du
dy

)2
}

, (41)

and the boundary condition in Equation (9) becomes

At y = −1, u = 0, T = 0,
At y = 1, u = 0, T = 1.

(42)

The velocity and temperature solutions are acquired as

u(y) = Γ0

(
1− y2

)
+ m{Γ1 − Γ2y2 + Γ3y6

}
, (43)

T(y) = γ0 + γ1y− γ2y4 + m{γ3 − γ4y− γ5y4 + γ6y5 + γ7y8
}

. (44)

3.3. Validation

The present study with M = λ = α = 0 and by using the transformation y′ = y+L
2 ,

exactly validates the results of O D Makinde [32]. The non-dimensional forms of Equations
(39)–(41) coincide with Equations (8), (10), and (23), and also using the transformation
coincides with the boundary conditions of O D Makinde [32].
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4. Results and Discussion

This study represents the MHD analysis of heat transfer in couple stress fluid flow
with temperature-dependent viscosity in an inclined channel, and discusses the effects
of pressure gradient force, the Hartmann number, the viscosity parameter, the Brinkman
number, the couple stress parameter, and the angle of inclinations on velocity, temperature,
rate of entropy generation, and the Bejan number distributions graphically. Figure 2a–d
represent the variation of the Brinkman number Br. Figure 2a,b clearly depicts that velocity
and temperature fields increase as Br increases because Br is the ratio of heat generation by
viscous dissipation to the heat transported by molecular conduction. The higher the value
of Br, the larger the heat generation caused by viscous dissipation, and hence, the velocity
and temperature rise. Figure 2c shows that the rate of entropy increases as Br increases
because Br is a source of heat production within the moving fluid particles. Figure 2d
represents the Bejan number decreasing as Br increases. Figure 3a–d shows the variation of
the Hartmann number M.
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Figure 3a,b represents that velocity and temperature distributions decrease as M
increases. This is because the Hartmann number is the ratio between the Lorentz force and
the viscous force. The higher the value of M, the larger the Lorentz force, and the Lorentz
force is the retardation force, which works against the fluid flow, and hence, shrink the
velocity and temperature distributions. Figure 3c shows the influence of M on the rate of
entropy generation. Ns decreases as M increases because the fluid’s particles collectively
slow the flow efficiency and reduce entropy. Figure 3d shows that Be increases as M
increases. This is because as M increases, viscous force decreases, which will decrease the
irreversibility due to fluid friction, and hence, Be increases.

Figure 4a–d represents the variation of the couple stress parameter λ. Figure 4a depicts
that increasing λ reduces the rotating motion of fluid particles, giving sufficient strength to
overcome the frictional resistance inside the fluid, and hence, velocity increases. Figure 4b
portrays that as λ increases, the temperature is enhanced because of the viscous heating of
the fluid particles within the flow channel. Figure 4c illustrates the rate of entropy. Figure 4d
illustrates that when λ increases, the temperature increases; the heat irreversibility due to
fluid friction, and hence Be, decrease.
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stress parameter.

Figure 5a–d represents the variation of the viscosity parameter m. Figure 5a shows
that with an increase in m, a velocity profile reaches its maximum at the centerline of the
channel and decreases at the vicinity of both plates. Figure 5b portrays that the higher
the value of m, the larger the viscous dissipation, and hence, the temperature increases.
Figure 5c shows that entropy enhances as m increases around the centerline. It can be
seen that fluid friction predominates close to the upper surface of the channel, whereas
irreversible heat transfer prevails around the centerline. The influence on Be is displayed in
Figure 5d.
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viscosity parameter.

Figure 6a–d exhibits the variation in flow quantities by varying the angle of inclined
channel α. In Figure 6a-6b, it is evident that velocity and temperature profiles are enhanced
with the increment of α because the channel will be vertical with the increase in α, due
to which fluid-driven force rises. Additionally, this increases the entropy, displayed in
Figure 6c. If the channel is vertical, the velocity and temperature reach a maximum at the
centerline of the channel. Figure 6d shows that Be decreases because the higher the value
of α the greater the fluid-driven force, which will increase the irreversibility due to fluid
friction, and hence, Be decreases.
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Figure 7a–d represents the variation of pressure gradient parameter G1. Clearly, the
velocity and temperature distributions increase as G1 increases. Figure 7c exhibits that
as G1 increases, entropy increases because the fluid friction irreversibility dominates and
then declines gently around the upper surface of the channel. In Figure 6d, Be declines
because the higher the value of G1 the stronger the fluid driving force, which increases the
irreversibility due to fluid friction, and therefore, Be drops.
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Figure 8a–d depicts the impact of the angle of inclined magnetic field β. Velocity and
temperature decrease because increasing an angle of the applied magnetic field, enhances
the intensity of the Lorentz force such that it slows down the fluid flow. Figure 8c shows
that Ns decreases as β increases because the fluid’s particles collectively slow the flow
efficiency and reduce entropy. The influence on Be is displayed in Figure 8d.
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Figure 9a–b exhibits the variation of the temperature difference parameter. Figure 9a
depicts that entropy decreases as Ω increases because fluid friction irreversibility dominates,
which reduces the flow rate, and hence, entropy decelerates. Figure 9b shows that the Bejan
number increases due to a reduction in the effect of fluid friction irreversibility.
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Table 1 summarizes that the results of the present study for M = λ = 0 can be compared
with the existing results of O D Makinde. The present results of velocity and temperature
are found to be consistent with the previous study regarding all considered values of the
Brinkman number. The table shows the comparison values for u (y) and T (y) at y = 0.5,
and both distributions increase by varying the values of Br because the greater the value
of Br the higher the heat production produced by viscous dissipation, and therefore, the
increase in velocity and temperature.

Table 1. Comparison of u (y) and T (y) by considering G1 = 1, m = 0.1 and α = 0.

Br O D Makinde [32] Present Study

u (y) T (y) u (y) T (y)
10 0.1317 0.5549 0.1317 0.5549
50 0.1334 0.7788 0.1334 0.7788

100 0.1356 1.0682 0.1356 1.0682

Our present results were plotted along with the data obtained from the O D Makinde
study [32] in Figures 10 and 11. Figures 10 and 11 represent the comparison between
the present study and the deduction part, where the channel is horizontal and both the
magnetic field and couple stress are absent, i.e., M = λ = α = 0 using the transformation
y′ = y+L

2 . The results of the velocity and temperature profiles for varying Brinkman
number Br and pressure gradient parameter G1 coincide exactly with the already published
investigation by O D Makinde [32].
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Figure 12 shows that the rate of the volume flow increases as Br and m increase
because heat generation by viscous dissipation increases, which yields an enhancement
of the volume flow. In Figure 13a–b we observe that when both Br and m simultaneously
increase and when one of the parameters varies while the other remains constant, then the
velocity is enhanced, which increases the friction between the surface and the fluid flow, and
hence, skin friction C f at both the surfaces of the channel increases. Figure 14a–b depicts
that when both Br and m simultaneously increase, and when one of the parameters varies
while the other is constant, then the Nusselt number Nu at both the surfaces of the channel
increases because the temperature gradient rises, and thus, heat transfer irreversibility due
to convection is more dominant.
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5. Conclusions

In this study, the heat transfer impacts have been analyzed in the steady flow of a
couple stress fluid with MHD actions, and the temperature-dependent viscosity has also
been analyzed through an inclined channel, and the applied magnetic field was taken as
inclined. Graphical explanations were provided for the effects of the parameters on the
MHD heat transfer. The following are the primary conclusions of this analysis:

• Velocity and temperature distributions increase as the viscosity variation parameter,
couple stress parameter, pressure gradient parameter, Brinkman number, and angle of
inclined channel expand.

• By enhancing the Hartmann number and angle of the inclined magnetic field parame-
ter, velocity, and temperature distributions decline.

• The entropy production increases as the viscosity variation parameter, couple stress pa-
rameter, pressure gradient parameter, Brinkman number, and the angle of an inclined
channel are enhanced.

• The entropy production decreases as the Hartmann number, temperature difference
parameter, and angle of inclined magnetic field parameter increase.

• The Bejan number decreases as the viscosity variation parameter, couple stress pa-
rameter, pressure gradient parameter, Brinkman number, and angle of the inclined
channel increase.

• The Hartmann number, angle of inclined magnetic field parameter, and temperature
difference parameter increase the Bejan number.
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Nomenclature

2L width of the channel
Br Brinkman number
u dimensional fluid velocity
g gravitational force
u∗ non-dimensional fluid velocity
U0 Reference velocity
p dynamic pressure
Ns non-dimensional entropy
T dimensional temperature
M Hartmann number
EG Dimensional Entropy generation
T∗ non-dimensional temperature
m non-dimensional viscosity parameter
Be Bejan number
Greek letters
η dimensional couple stress parameter
κ Thermal conductivity
σ electrical conductivity
µ dimensional viscosity
ρ constant density
λ non-dimensional couple stress parameter
µ0 Reference viscosity
Ω Temperature difference parameter
α angle of inclination of channel
β angle of inclined magnetic field

Appendix A

E =

√
λ2 +

√
λ4 − 4λ2M1

2

2
, F =

√
λ2 −

√
λ4 − 4λ2M1

2

2
,

Φ0 =
G

M1
2 , Φ1 =

F2Gsech[E]
M1

2(E2 − F2)
, Φ2 =

E2Gsech[F]
M1

2(E2 − F2)
,
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Φ3 = λ2

E2−F2 sech[E]
{(

1
(2E2−λ2)

(
E2Φ1φ0 − E2Φ1φ3

2 − EFΦ2φ6
2 + EFΦ2φ5

2 − 2EΦ1φ2
(
6E2 − λ2))

+ E2Φ1φ2
(2E2−λ2)

+
(2+E2−F2)
2E(2E2−λ2)

(
EΦ1φ2 −

E2Φ1φ2(6E2−λ2)
2E(2E2−λ2)

))
cosh[E]

+
(

E2−F2

2E(2E2−λ2)

(
E2Φ1φ0 − E2Φ1φ3

2 − EFΦ2φ6
2 + EFΦ2φ5

2 − 2EΦ1φ2
(
6E2 − λ2))

+ 2
(2E2−λ2)

(
EΦ1φ2 −

E2Φ1φ2(6E2−λ2)
2E(2E2−λ2)

)
+

(6+E2−F2)EΦ1φ2

6(2E2−λ2)

)
sinh[E]

+
(

1
(2F2−λ2)

(
−F2Φ2φ0 + F2Φ2φ4

2 − EFΦ1φ5
2 + EFΦ1φ6

2 + 2FΦ2φ2
(
6F2 − λ2))

+ 1
F(2F2−λ2)

(
−FΦ2φ2 +

FΦ2φ2(6F2−λ2)
2(2F2−λ2)

)
− F2Φ2φ2

(2F2−λ2)

)
cosh[F]

+

(
2

(2F2−λ2)

(
−FΦ2φ2 +

FΦ2φ2(6F2−λ2)
2(2F2−λ2)

)
− FΦ2φ2

(2F2−λ2)

)
sinh[F]

+

(
3(9E2−F2)E2Φ1φ3

2(81E4−9λ2E2+λ2 M1
2)

)
cosh[3E]−

(
12F4Φ2φ4

(81F4−9λ2F2+λ2 M1
2)

)
cosh[3F]

+

(
((E+2F)2−F2)(E+2F)

2
(
(E+2F)4−λ2(E+2F)2+λ2 M1

2
) (EΦ1φ4 − FΦ2φ5)

)
cosh[E + 2F]

+

(
((E−2F)2−F2)(F−2F)

2
(
(E−2F)4−λ2(E−2F)2+λ2 M1

2
) (EΦ1φ4 + FΦ2φ6)

)
cosh[E− 2F]

+

(
2E(E+F)(2E+F)(

(2E+F)4−λ2(2E+F)2+λ2 M1
2
) (EΦ1φ5 − FΦ2φ3)

)
cosh[2E + F]

+

(
2E(E−F)(2E−F)(

(2E−F)4−λ2(2E−F)2+λ2 M1
2
) (EΦ1φ6 + FΦ2φ3)

)
cosh[2E− F]},

Φ4 = λ2

E2−F2 cos ech[E]
{(
− (E2−F2)

2E(2E2−λ2)

(
Φ1φ2(20E4+λ4−4E2λ2)

2(2E2−λ2)
2 − EΦ1φ1 +

EΦ1φ1(6E2−λ2)
2(2E2−λ2)

)
+ E2Φ1φ1

(2E2−λ2)

)
cosh[E] +

(
− 1

(2E2−λ2)

(
Φ1φ2(20E4+λ4−4E2λ2)

2(2E2−λ2)
2 − EΦ1φ1 +

EΦ1φ1(6E2−λ2)
2(2E2−λ2)

)
+

(2+E2−F2)EΦ1φ1

4(2E2−λ2)

)
sinh[E]− F2Φ2φ1

(2F2−λ2)
cosh[F] +

(
1

(2F2−λ2)

(
Φ2φ2(20F4+λ4−4F2λ2)

2(2F2−λ2)
2

−FΦ2φ1 +
FΦ2φ1(6F2−λ2)

2(2F2−λ2)

)
− FΦ2φ1

2(2F2−λ2)

)
sinh[F]},
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Φ5 = − λ2

E2−F2 sech[F]
{(

1
(2E2−λ2)

(
E2Φ1φ0 − E2Φ1φ3

2 − EFΦ2φ6
2 + EFΦ2φ5

2

−2EΦ1φ2
(
6E2 − λ2))+ E2Φ1φ2

(2E2−λ2)
+ 1

E(2E2−λ2)

(
EΦ1φ2 −

EΦ1φ2(6E2−λ2)
2(2E2−λ2)

))
cosh[E]

+

(
2

(2E2−λ2)

(
EΦ1φ2 −

EΦ1φ2(6E2−λ2)
2(2E2−λ2)

)
+ EΦ1φ2

(2E2−λ2)

)
sinh[E]

+
(

1
(2F2−λ2)

(
−F2Φ2φ0 + F2Φ2φ4

2 − EFΦ1φ5
2 + EFΦ1φ6

2 + 2FΦ2φ2
(
6F2 − λ2))

+
(2−E2+F2)
2F(2F2−λ2)

(
−FΦ2φ2 +

FΦ2φ2(6F2−λ2)
2(2F2−λ2)

)
− F2Φ2φ2

(2F2−λ2)

)
cosh[F]

+
(

2
(2F2−λ2)

(
−FΦ2φ2 +

FΦ2φ2(6F2−λ2)
2(2F2−λ2)

)
− (6−E2+F2)FΦ2φ2

6(2F2−λ2)

− (E2−F2)
2F(2F2−λ2)

(
−F2Φ2φ 0 +

F2Φ2φ4
2 − EFΦ1φ5

2 + EFΦ1φ6
2 + 2FΦ2φ2

(
6F2 − λ2)))

sinh[F] +
(

12E4Φ1φ3

(81E4−9λ2E2+λ2 M1
2)

)
cosh[3E]−

(
3(9F2−E2)F2Φ2φ4

2(81F4−9λ2F2+λ2 M1
2)

)
cosh[3F]

+

(
((E+2F)2−E2)(E+2F)

2
(
(E+2F)4−λ2(E+2F)2+λ2 M1

2
) (EΦ1φ4 − FΦ2φ5)

)
cosh[E + 2F]

+

(
((E−2F)2−E2)(E−2F)

2
(
(E−2F)4−λ2(E−2F)2+λ2 M1

2
) (EΦ1φ4 + FΦ2φ6)

)
cosh[E− 2F]

+

(
((2E+F)2−E2)(2E+F)

2
(
(2E+F)4−λ2(2E+F)2+λ2 M1

2
) (EΦ1φ5 − FΦ2φ3)

)
cosh[2E + F]

+

(
((2E−F)2−E2)(2E−F)

2
(
(2E−F)4−λ2(2E−F)2+λ2 M1

2
) (EΦ1φ6 + FΦ2φ3)

)
cosh[2E− F]},

Φ6 = − λ2

E2−F2 cos ech[F]
{

E2Φ1φ1
(2E2−λ2)

cosh[E] +
(
− 1

(2E2−λ2)

(
Φ1φ2(20E4+λ4−4E2λ2)

2(2E2−λ2)
2

−EΦ1φ1 +
EΦ1φ1(6E2−λ2)

2(2E2−λ2)

)
+ EΦ1φ1

2(2E2−λ2)

)
sinh[E]−

(
− F2Φ2φ1

(2F2−λ2)
− E2−F2

2F(2F2−λ2)(
Φ2φ2(20F4+λ4−4F2λ2)

2(2F2−λ2)
2 − FΦ2φ1 +

FΦ2φ1(6F2−λ2)
2(2F2−λ2)

))
cosh[F] +

(
1

(2F2−λ2)(
Φ2φ2(20F4+λ4−4F2λ2)

2(2F2−λ2)
2 − FΦ2φ1 +

FΦ2φ1(6F2−λ2)
2(2F2−λ2)

)
− (2−E2+F2)FΦ2φ1

2(2F2−λ2)

)
sinh[F]},

Φ7 = − 3λ2E2Φ1φ3
2(81E4−9λ2E2+λ2 M1

2)
, Φ8 = 3λ2F2Φ2φ4

2(81F4−9λ2F2+λ2 M1
2)

,

Φ9 = − λ2(E+2F)

2
(
(E+2F)4−λ2(E+2F)2+λ2 M1

2
) (EΦ1φ4 − FΦ2φ5),

Φ10 = − λ2(E−2F)

2
(
(E−2F)4−λ2(E−2F)2+λ2 M1

2
) (EΦ1φ4 + FΦ2φ6),

Φ11 = − λ2(2E+F)

2
(
(2E+F)4−λ2(2E+F)2+λ2 M1

2
) (EΦ1φ5 − FΦ2φ3),

Φ12 = − λ2(2E−F)

2
(
(2E−F)4−λ2(2E−F)2+λ2 M1

2
) (EΦ1φ6 + FΦ2φ3),

Φ13 = − λ2

2E(2E2 − λ2)

(
E2Φ1φ0 −

E2Φ1φ3

2
− EFΦ2φ6

2
+

EFΦ2φ5

2
− 2EΦ1φ2

(
6E2 − λ2

))
,

Φ14 =
λ2

2E(2E2 − λ2)

(
Φ1φ2

(
20E4 + λ4 − 4E2λ2)
2(2E2 − λ2)

2 − EΦ1φ1 +
EΦ1φ1

(
6E2 − λ2)

2(2E2 − λ2)

)
,

Φ15 = − λ2

2F(2F2 − λ2)

(
−F2Φ2φ0 +

F2Φ2φ4

2
− EFΦ1φ5

2
+

EFΦ1φ6

2
+ 2FΦ2φ2

(
6F2 − λ2

))
,

Φ16 = − λ2

2F(2F2 − λ2)

(
Φ2φ2

(
20F4 + λ4 − 4F2λ2)
2(2F2 − λ2)

2 − FΦ2φ1 +
FΦ2φ1

(
6F2 − λ2)

2(2F2 − λ2)

)
,
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Φ17 = − λ2EΦ1φ1
4(2E2−λ2)

, Φ18 = − λ2

2E(2E2−λ2)

(
EΦ1φ2 −

EΦ1φ2(6E2−λ2)
2(2E2−λ2)

)
,

Φ19 = λ2FΦ2φ1
4(2F2−λ2)

, Φ20 = λ2

2F(2F2−λ2)

(
FΦ2φ2 −

FΦ2φ2(6F2−λ2)
2(2F2−λ2)

)
,

Φ21 = − λ2EΦ1φ2
6(2E2−λ2)

, Φ22 = λ2FΦ2φ2
6(2F2−λ2)

,

Y1 = EΦ4 + Φ10, Y2 = EΦ3 + Φ9, Y3 = FΦ5 + Φ11, Y4 = FΦ6 + Φ12, Y5 = 3EΦ3, Y6 = 3FΦ4,

Y7 = (E + 2F)Φ5, Y8 = (E− 2F)Φ6, Y9 = (2E + F)Φ7, Y10 = (2E− F)Φ8, Y11 = EΦ9 + 2Φ14,

Y12 = EΦ10 + 2Φ13, Y13 = FΦ11 + 2Φ16, Y14 = FΦ12 + 2Φ15, Y15 = EΦ13, Y16 = EΦ14 + 3Φ17,

Y17 = FΦ15, Y18 = FΦ16 + 3Φ18, Y19 = EΦ17, Y20 = FΦ18,

Z1 = E2Φ3 + 2EΦ9 + 2Φ14, Z2 = E2Φ4 + 2EΦ10 + 2Φ13, Z3 = F2Φ5 + 2FΦ11 + 2Φ16,

Z4 = F2Φ6 + 2FΦ12 + 2Φ15, Z5 = 9E2Φ3, Z6 = 9F2Φ4, Z7 = (E + 2F)2Φ5, Z8 = (E− 2F)2Φ6,

Z9 = (2E + F)2Φ7, Z10 = (2E− F)2Φ8, Z11 = E2Φ10 + 4EΦ13, Z12 = E2Φ9 + 4EΦ14 + 6Φ17,

Z13 = F2Φ12 + 4FΦ15, Z14 = F2Φ11 + 4FΦ16 + 6Φ18, Z15 = E2Φ14 + 6EΦ17, Z16 = E2Φ13,

Z17 = F2Φ15, Z18 = F2Φ16 + 6FΦ18, Z19 = E2Φ17, Z20 = F2Φ18,

P1 = FΦ2Y3 − EΦ1Y2, P2 = EΦ1Y1, P3 = EΦ1Y2 − EΦ1Y5, P4 = EΦ1Y3 − FΦ2Y2,

P5 = EΦ1Y4 − FΦ2Y1, P6 = EΦ1Y4 + FΦ2Y1, P7 = EΦ1Y5, P8 = EΦ1Y6, P9 = EΦ1Y7,

P10 = EΦ1Y8, P11 = EΦ1Y9, P12 = EΦ1Y10, P13 = FΦ2Y6 − FΦ2Y3, P14 = −FΦ2Y4,

P15 = −FΦ2Y6, P16 = −FΦ2Y5, P17 = −FΦ2Y7, P18 = −FΦ2Y8, P19 = −FΦ2Y9, P20 = −FΦ2Y10,

P21 = FΦ2Y14 − EΦ1Y12, P22 = EΦ1Y11, P23 = EΦ1Y12, P24 = EΦ1Y14 − FΦ2Y12,

P25 = EΦ1Y13 − FΦ2Y11, P26 = EΦ1Y13 + FΦ2Y11, P27 = −FΦ2Y14, P28 = −FΦ2Y13,

P29 = FΦ2Y18 − EΦ1Y16, P30 = EΦ1Y15, P31 = EΦ1Y16, P32 = EΦ1Y18 − FΦ2Y16,

P33 = EΦ1Y17 − FΦ2Y15, P34 = EΦ1Y17 + FΦ2Y15, P35 = −FΦ2Y18, P36 = −FΦ2Y17,

P37 = EΦ1Y19, P38 = EΦ1Y20 − FΦ2Y19, P39 = EΦ1Y20 + FΦ2Y19, P40 = −FΦ2Y20,

Q1 = −φ0

2

(
E2Φ1

2 + F2Φ2
2
)
+

E2Φ1
2φ3

4
+

F2Φ2
2φ4

4
− EFΦ1Φ2φ5

2
+

EFΦ1Φ2φ6

2
,
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Q2 = −φ3

2

(
E2Φ1

2 + F2Φ2
2
)
+

E2Φ1
2φ0

2
− EFΦ1Φ2φ6

2
+

EFΦ1Φ2φ5

2
,

Q3 = −φ4

2

(
E2Φ1

2 + F2Φ2
2
)
+

F2Φ2
2φ0

4
+

EFΦ1Φ2φ5

2
− EFΦ1Φ2φ6

2
,

Q4 = −φ5

2

(
E2Φ1

2 + F2Φ2
2
)
+

E2Φ1
2φ6

4
+

F2Φ2
2φ6

4
+

EFΦ1Φ2φ4

2
+

EFΦ1Φ2φ3

2
− EFΦ1Φ2φ0,

Q5 = −φ6

2

(
E2Φ1

2 + F2Φ2
2
)
+

E2Φ1
2φ5

4
+

F2Φ2
2φ5

4
− EFΦ1Φ2φ4

2
− EFΦ1Φ2φ3

2
+ EFΦ1Φ2φ0,

Q6 =
E2Φ1

2φ3

4
, Q7 =

F2Φ2
2φ4

4
, Q8 =

E2Φ1
2φ4

4
+

F2Φ2
2φ3

4
− EFΦ1Φ2φ5

2
,

Q9 =
E2Φ1

2φ4

4
+

F2Φ2
2φ3

4
+

EFΦ1Φ2φ6

2
, Q10 =

E2Φ1
2φ5

4
− EFΦ1Φ2φ3

2
,

Q11 =
E2Φ1

2φ6

4
+

EFΦ1Φ2φ3

2
, Q12 =

F2Φ2
2φ5

4
− EFΦ1Φ2φ4

2
, Q13 =

F2Φ2
2φ6

4
+

EFΦ1Φ2φ4

2
,

Q14 = −φ1

2

(
E2Φ1

2 + F2Φ2
2
)

, Q15 =
E2Φ1

2φ1

2
, Q16 =

F2Φ2
2φ1

2
, Q17 = −EFΦ1Φ2φ1,

Q18 = −φ2

2

(
E2Φ1

2 + F2Φ2
2
)

, Q19 =
E2Φ1

2φ2

2
, Q20 =

F2Φ2
2φ2

2
, Q21 = −EFΦ1Φ2φ2,

H1 = Z1E2Φ1 − Z3F2Φ2, H2 = Z1E2Φ1 + Z5E2Φ1 − Z9F2Φ2 − Z10F2Φ2, H3 = Z2E2Φ1,

H4 = Z5E2Φ1, H5 = E2Φ1(Z7 + Z8)− F2Φ2(Z3 + Z6), H6 = −Z4F2Φ2, H7 = −Z6F2Φ2,

H8 = E2Φ1(Z3 + Z9)− F2Φ2(Z1 + Z7), H9 = E2Φ1(Z3 + Z10)− F2Φ2(Z1 + Z8),

H10 = Z4E2Φ1 − Z2F2Φ2, H11 = −Z4E2Φ1 − Z2F2Φ2, H12 = Z6E2Φ1 − Z7F2Φ2,

H13 = Z6E2Φ1 − Z8F2Φ2, H14 = Z7E2Φ1 − Z9F2Φ2, H15 = Z8E2Φ1 − Z10F2Φ2,

H16 = Z9E2Φ1 − Z5F2Φ2, H17 = Z10E2Φ1 − Z5F2Φ2, H18 = Z11E2Φ1 − Z13F2Φ2, H19 = Z11E2Φ1,

H20 = Z12E2Φ1, H21 = −Z13F2Φ2, H22 = −Z14F2Φ2, H23 = Z13E2Φ1 − Z11F2Φ2,

H24 = Z14E2Φ1 − Z12F2Φ2, H25 = −Z14E2Φ1 − Z12F2Φ2, H26 = Z15E2Φ1 − Z18F2Φ2,

H27 = Z15E2Φ1, H28 = Z16E2Φ1, H29 = −Z17F2Φ2, H30 = −Z18F2Φ2,

H31 = Z18E2Φ1 − Z15F2Φ2, H32 = Z17E2Φ1 − Z16F2Φ2, H33 = −Z17E2Φ1 − Z16F2Φ2,

H34 = Z19E2Φ1, H35 = −Z20F2Φ2, H36 = Z20E2Φ1 − Z19F2Φ2, H37 = −Z20E2Φ1 − Z19F2Φ2,
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X1 = P1 −Q1 +
H1

λ2 , X2 = P2 +
H3

λ2 , X3 = P3 − P19 + P20 −Q2 +
H2

λ2 , X4 = P7 −Q6 +
H4

λ2 ,

X5 = P14 +
H6
λ2 , X6 = P13 − P9 − P10 −Q3 +

H5
λ2 , X7 = P15 −Q7 +

H7
λ2 ,

X8 = P4 − P11 − P17 −Q4 +
H8
λ2 , X9 = −P4 − P12 + P18 −Q5 +

H9
λ2 , X10 = P5 +

H10
λ2 ,

X11 = P6 +
H11
λ2 , X12 = P8 + P17 −Q12 +

H12
λ2 , X13 = −P8 − P18 −Q13 +

H13
λ2 ,

X14 = P9 + P19 −Q8 +
H14
λ2 , X15 = P10 − P20 −Q9 +

H15
λ2 , X16 = P11 + P16 −Q10 +

H16
λ2 ,

X17 = P12 − P16 −Q11 +
H17

λ2 , X18 = P21 −Q14 +
H18

λ2 , X19 = P22 +
H20

λ2 , X20 = P23 −Q15 +
H19

λ2 ,

X21 = P24 −Q17 +
H23

λ2 , X22 = −P24 + Q17 +
H23

λ2 , X23 = P25 +
H24

λ2 , X24 = P26 +
H25

λ2 ,

X25 = P27 −Q16 +
H21

λ2 , X26 = P28 +
H22

λ2 , X27 = P29 −Q18 +
H26

λ2 , X28 = P30 +
H28

λ2 ,

X29 = P31 −Q19 +
H27

λ2 , X30 = P32 −Q21 +
H31

λ2 , X31 = −P32 + Q21 +
H31

λ2 , X32 = P33 +
H32

λ2 ,

X33 = P34 +
H33
λ2 , X34 = P35 −Q20 +

H30
λ2 , X35 = P36 +

H29
λ2 , X36 = P37 +

H34
λ2 , X37 = P40 +

H35
λ2 ,

X38 = P38 +
H36
λ2 , X39 = P39 +

H37
λ2 ,

φ0 = 1
2 −

(
EFBrΦ1Φ2(λ2+EF)

λ2(E+F)2

)
cosh[E + F] +

(
EFBrΦ1Φ2(λ2−EF)

λ2(E−F)2

)
cosh[E− F]

+

(
BrΦ2

1(E2+λ2)
8λ2

)
cosh[2E] +

(
BrΦ2

2(F2+λ2)
8λ2

)
cosh[2F] + Br

4λ2

((
E2 − λ2)E2Φ2

1

+
(

F2 − λ2)F2Φ2
2
)
,

φ1 =
1
2

, φ2 = − Br

4λ2

[(
E2 − λ2

)
E2Φ2

1 +
(

F2 − λ2
)

F2Φ2
2

]
, φ3 = −BrΦ2

1
8λ2

(
E2 + λ2

)
,

φ4 = −BrΦ2
2

8λ2

(
F2 + λ2

)
, φ5 =

(
λ2 + EF

)
BrEFΦ1Φ2

λ2(E + F)2 , φ6 = −
(
λ2 − EF

)
BrEFΦ1Φ2

λ2(E− F)2 ,

φ7 = Br

{(
X19
4E2 − X29

2E3 +
(9+2E2)

8E4 X36

)
sinh[2E] +

(
X3
4E2 − X19

4E3 +
(3+2E2)

8E4 X29 −
3(1+E2)

4E5 X36

)
cosh[2E]

+ X4
16E2 cosh[4E] +

(
X26
4F2 − X34

2F3 +
(9+2F2)

8F4 X37

)
sinh[2F] +

(
X6
4F2 − X26

4F3 +
(3+2F2)

8F4 X34 −
3(1+F2)

4F5 X37

)
cosh[2F]

+ X7
16F2 cosh[4F] +

(
X8

(E+F)2 − 2X23
(E+F)3 +

(6+(E+F)2)
(E+F)4 X30−

6(4−(E+F)2)
(E+F)5 X38

)
cosh[E + F]

+

(
X9

(E−F)2 − 2X24
(E−F)3 +

(6+(E−F)2)
(E−F)4 X31−

6(4−(E−F)2)
(E−F)5 X39

)
cosh[E− F] +

(
X23

(E+F)2 − 4X30
(E+F)3

+
(18+(E+F)2)

(E+F)4 X38

)
sinh[E + F] +

(
X24

(E−F)2 − 4X31
(E−F)3 +

(18+(E−F)2)
(E−F)4 X39

)
sinh[E− F] + X12

(E+3F)2 cosh[E + 3F]

+ X13
(E−3F)2 cosh[E− 3F] + X14

4(E+F)2 cosh[2(E + F)] + X15
4(E−F)2 cosh[2(E− F)] + X16

(3E+F)2 cosh[3E + F]

+ X17
(3E−F)2 cosh[3E− F] + 6X1+X27

12

}
,

φ8 = −Br

(
X2

4E2 −
X20

4E3 +
3X28

8E4

)
, φ9 = −Br

(
X3

4E2 −
X19

4E3 +
3X29

8E4 −
3X36

4E5

)
,

φ10 = −Br
X4

16E2 , φ11 = −Br

(
X5

4F2 −
X25

4F3 +
3X35

8F4

)
, φ12 = −Br

(
X6

4F2 −
X26

4F3 +
3X34

8F4 −
3X37

4F5

)
,
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φ13 = −Br
X7

16F2 , φ14 = −Br

(
X8

(E + F)2 −
2X23

(E + F)3 +
6X30

(E + F)4 −
24X38

(E + F)5

)
,

φ15 = −Br

(
X9

(E−F)2 − 2X24
(E−F)3 +

6X31
(E−F)4 − 24X39

(E−F)5

)
,

φ16 = −Br

(
X10

(E+F)2 − 2X21
(E+F)3 +

6X32
(E+F)4

)
,

φ17 = −Br

(
X11

(E− F)2 −
2X22

(E− F)3 +
6X33

(E− F)4

)
, φ18 = −Br

X12

(E + 3F)2 , φ19 = −Br
X13

(E− 3F)2 ,

φ20 = −Br
X14

4(E + F)2 , φ21 = −Br
X15

4(E− F)2 , φ19 = −Br
X13

(E− 3F)2 , φ20 = −Br
X14

4(E + F)2 ,

φ21 = −Br
X15

4(E− F)2 , φ22 = −Br
X16

(3E + F)2 , φ23 = −Br
X17

(3E− F)2 ,

φ24 = Br

{(
X2
4E2 − X20

4E3 +
(3+2E2)

8E4 X28

)
sinh[2E] +

(
X20
4E2 − X28

2E3

)
cosh[2E] +

(
X5
4F2 − X25

4F3 +
(3+2F2)

8F4 X35

)
sinh[2F]

+
(

X25
4F2 − X35

2F3

)
cosh[2F] +

(
X21

(E+F)2 − 4X32
(E+F)3

)
cosh[E + F] +

(
X22

(E−F)2 − 4X33
(E−F)3

)
cosh[E− F]

+

(
X10

(E+F)2 − 2X21
(E+F)3 +

(6+(E+F)2)
(E+F)4 X32

)
sinh[E + F] +

(
X11

(E−F)2 − 2X22
(E−F)3 +

(6+(E−F)2)
(E−F)4 X33

)
sinh[E− F]

+ X18
6

}
,

φ25 = −Br

(
X19

4E2 −
X29

2E3 +
9X36

8E4

)
, φ26 = −Br

(
X20

4E2 −
X28

2E3

)
, φ27 = −Br

(
X21

(E + F)2 −
4X32

(E + F)3

)
,

φ28 = −Br

(
X22

(E− F)2 −
4X33

(E− F)3

)
, φ29 = −Br

(
X23

(E + F)2 −
4X30

(E + F)3 +
18X38

(E + F)4

)
,

φ30 = −Br

(
X24

(E−F)2 − 4X31
(E−F)3 +

18X39
(E−F)4

)
, φ31 = −Br

(
X25
4F2 − X35

2F3

)
,

φ32 = −Br

(
X26
4F2 − X34

2F3 +
9X37
8F4

)
, φ33 = −Br

(
X1
2

)
, φ34 = −Br

(
X28
4E2

)
,

φ35 = −Br

(
X29
4E2 − 3X36

4E3

)
, φ36 = −Br

(
X30

(E+F)2 − 6X38
(E+F)3

)
, φ37 = −Br

(
X31

(E−F)2 − 6X39
(E−F)3

)
,

φ38 = −Br

(
X32

(E+F)2

)
, φ39 = −Br

(
X33

(E−F)2

)
, φ40 = −Br

(
X35
4F2

)
, φ41 = −Br

(
X34
4F2 − 3X37

4F3

)
,

φ42 = −Br

(
X18

6

)
, φ43 = −Br

(
X36
4E2

)
, φ44 = −Br

(
X37
4E2

)
, φ45 = −Br

(
X38

(E+F)2

)
,

φ46 = −Br

(
X39

(E−F)2

)
, φ47 = −Br

(
X27
12

)
,

u(y) = Φ0 + Φ1 cosh[Ey]−Φ2 cosh[Fy] + m{Φ3 cosh[Ey] + Φ4sinh[Ey] + Φ5 cosh[Fy] + Φ6sinh[Fy]
+Φ7 cosh[3Ey] + Φ8 cosh[3Fy] + Φ9 cosh[(E + 2F)y] + Φ10 cosh[(E− 2F)y] + Φ11 cosh[(2E + F)y]
+Φ12 cosh[(2E− F)y] + y(Φ13sinh[Ey] + Φ14 cosh[Ey] + Φ15sinh[Fy] + Φ16 cosh[Fy])
+y2(Φ17sinh[Ey] + Φ18 cosh[Ey] + Φ19sinh[Fy] + Φ20 cosh[Fy]) + y3(Φ21sinh[Ey] + Φ22sinh[Fy])},



Sustainability 2023, 15, 2493 23 of 25

T(y) = φ0 + φ1y + φ2y2 + φ3 cosh[2Ey] + φ4 cosh[2Fy] + φ5 cosh[(E + F)y] + φ6 cosh[(E− F)y] + m{φ7 + φ8sinh[2Ey]
+φ9 cosh[2Ey] + φ10 cosh[4Ey] + φ11sinh[2Fy] + φ12 cosh[2Fy] + φ13 cosh[4Fy] + φ14 cosh[(E + F)y]
+φ15 cosh[(E− F)y] + φ16sinh[(E + F)y] + φ17sinh[(E− F)y] + φ18 cosh[(E + 3F)y] + φ19 cosh[(E− 3F)y]
+φ20 cosh[2(E + F)y] + φ21 cosh[2(E− F)y] + φ22 cosh[(3E + F)y] + φ23 cosh[(3E− F)y]
+y(φ24 + φ25sinh[2Ey] + φ26 cosh[2Ey] + φ27 cosh[(E + F)y] + φ28 cosh[(E− F)y] + φ29sinh[(E + F)y]
+φ30sinh[(E− F)y] + φ31 cosh[2Fy] + φ32sinh[2Fy]) + y2(φ33 + φ34sinh[2Ey] + φ35 cosh[2Ey]
+φ36 cosh[(E + F)y] + φ37 cosh[(E− F)y] + φ38sinh[(E + F)y] + φ39sinh[(E− F)y] + φ40sinh[2Fy]
+φ41 cosh[2Fy]) + y3(φ42 + φ43sinh[2Ey] + φ44sinh[2Fy] + φ45sinh[(E + F)y] + φ46sinh[(E− F)y]) + φ47y4},

Q = 2{Φ0 + 1
E4

(
E3Φ1 + m

(
E3Φ3 − E2Φ13 + E

(
2 + E2)Φ18 −

(
6 + 3E2)Φ17

))
sinh[E] + 1

F4

(
−F3Φ2 + m

(
F3Φ5 − F2Φ15

+F
(
2 + F2)Φ20 −

(
6 + 3F2)Φ22

))
sinh[F] + m

E3

(
E2Φ13 − 2EΦ18 +

(
6 + E2)Φ21

)
cosh[E]

+ m
F3

(
F2Φ15 − 2FΦ20 +

(
6 + F2)Φ22

)
cosh[F] + mΦ7

3E sinh[3E] + mΦ8
3F sinh[3F] + mΦ9

(E+2F) sinh[E + 2F]

+ mΦ10
(E−2F) sinh[E− 2F] + mΦ11

(2E+F) sinh[2E + F] + mΦ12
(2E−F) sinh[2E− F]

}
.
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