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Abstract: One of the most important subjects of geomechanics research is finding mathematical
relationships which could correctly describe behavior of the soil under loading. Safety of every
engineering structure depends strongly on accuracy and correctness of this description. As laboratory
tests show, macroscopic properties of soil are complicated. Therefore, working out appropriate
load-settlement relationships is considered to be a very difficult geomechanics tasks to solve. A
majority of constitutive models proposed to date concern mineral soils and there is very little research
related to modelling organic soil behavior under loading. In case of organic soils, due to their very
complicated and composite structure, constitutive models are often formulated empirically based
on laboratory tests of particular soils. The authors of this paper propose a 1-D rheological structure
which accounts for complex behavior of soil related to the settlement process. The model simulates
immediate reversible elastic settlement and plastic soil deformation as well as primary and secondary
(creep effect) consolidation. Material parameters of the model were determined by a curve fitting
procedure applied for a natural scale settlement test of plate foundation. The test was carried out in
soil conditions connected with Eemian geological structure of Warsaw, i.e., Eemian glacial tunnel
valley in Warsaw called Żoliborz Glacial Tunnel Valley filled with organic soils being up to 20 metres
thick. This area has lately become an object of interest of investors as a site for building construction.

Keywords: soil rheology; settlement; creep; plate foundation; geotechnical engineering

1. Introduction

One of the most important topics of geomechanics research is to find equations which
will correctly describe the behavior of the loaded soil. Accuracy and correctness of de-
scription of loaded soil work, determines the safety of each structure. Due to a very
complex and non-homogeneous structure of soil, the elaboration of accurate relationships
load—settlement is considered to be one of the most difficult geomechanics task, especially
in case of organic soils.

The necessity of erecting and maintaining building structures on an organic subsoil
requires proper prediction of ground surface deformations with the use of geotechnical
parameters. In the premises of Warsaw, the geological and engineering problems of organic
soils are mostly related to organic carbonate deposits filling the glacial tunnel valley pale-
odoline the so-called Żoliborz Glacial Tunnel Valley, which extends meridionally Warsaw
from the Żoliborz to the Okęcie District. Settlement of structures located in Warsaw within
the glacial tunnel valley result primarily from settlement of gyttja, including its consolida-
tion, which occur during the construction and operation phases of buildings. Gyttja, as a
calcareous and organic mud, is formally classified as low-bearing capacity soil. This defini-
tion should rather refer to young Holocene organic lake sediments characterized by low
geotechnical parameters with the texture of ’slime’ or ’ooze’ [1] as described by Hampus
von Post in 1862. Geological history of 100 ka (kilo annum) changed geotechnical properties
by consolidation and other different post-depositional processes sensu lato compacting
scrutinized soil (i.e., moisture variation not caused by consolidation, cementation, time
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factor, etc.). A soil consolidation process is complicated and generally involves three stages:
(i) initial compression, (ii) primary consolidation (pore pressure dissipation), (iii) secondary
consolidation (creep rheological effect) [2]. All the three phases do not need to proceed one
after another. Organic soils contain all three elements of total settlement in the initial phase
of loading. A secondary consolidation phenomenon is still not fully understood.

The process of consolidation of highly compressible soils involves such phenomena
as immediate deformation of the bubbles of gaseous water in the pores and deformation
of the skeleton under the influence of effective stress [3–7]. This type of deformation is
assumed to be elastic. The second one is related to the decrease volume of soil and gradual
soil consolidation. The duration of consolidation under constant loading depends on soil
permeability. In addition, there are secondary deformations, which are the result of long-
term structural deformations of the soil (creep). The rate of these deformations depends on
the rheological properties of the soil (viscosity); the greater the structural viscosity of the
soil, the longer the skeleton creep process persists.

The results of research carried out by many researchers [3,6–9] indicate that the char-
acteristics describing the process of organic soil consolidation is non-linear, which makes it
difficult to use them in computational methods. The current state of research surrounds
the topic presented in this article for several reasons. These are matters related to the very
problem of consolidation based on non-classical rheological systems [10]. This non-linearity
results not only from the change in the state of the soil, but also from the large anisotropy of
stress in the subsoil and its variability in the deformation process [9]. In addition, the high
compressibility of organic soils makes it necessary to take into account variable ground
geometry during consolidation calculations, which leads to non-linear geometrical relation-
ships in numerical solutions. The deformations which are more complicated than mineral
soils, require the use of calculation methods based on complex soil models taking into
account the different behavior of organic soils under load. Of great interest is the use of
numerical analysis based on theoretical rheological models, the use of which provides
adaptability to other geotechnical systems. A good example is the very fresh work on
Non-Darcian flow and rheological consolidation of saturated clay [11]. Therefore, it is
necessary to correctly estimate parameters or deformation characteristics of soils describing
particular stages of the deformation process. The characteristics defining the deformation
process influence the value of the parameter which depends on the stresses and time for a
given type of soil. The values of deformation properties of the subsoil adopted for further
analyses determine the stiffness of the subsoil under the direct foundation, as well as the
stiffness of piles, displacement of columns or barettes included in the deep foundations.

Organic soils vary from the mineral soils primarily by a significant content of the
organic substance (exceeding 2%) and, in most of cases, coloideality of the liquid phase.
In this case study geological model covered gyttja with organic matter ranging mostly
from 10% to 30%, with other components like calcium carbonate CaCO3 (between 10–50%
of the content) and other mineral (non-carbonate) and non-organic parts (in the range
28–68% of the content). Due to a very complex and non-homogeneous structure, in case of
organic soils, the empirical models developed during the laboratory research of the soil
samples formulation is the most common. The authors of this thesis decided to create
a rheological model of the organic soil based on the results of a large scale test (scale
1:1), which is the sample loading of the foundation plate settled directly on the ground.
The test was performed in soil conditions connected with Eemian geological structure of
Warsaw, i.e., Eemian glacial tunnel valley in Warsaw called Żoliborz Glacial Tunnel Valley
filled with organic soils with the thickness up to over 20 m. The theory of a time rate of
one-dimensional consolidation was first proposed by Terzaghi [11]. It was based on the
assumption that a relationship between effective stress and strain is linear elastic and it
describes only the primary consolidation process. Thereafter, several investigators [12–17]
used visco-elastic models to study one-dimensional consolidation, i. e. infinite soil layer of
known thickness loaded at the top. For example Gibson & Lo [15] proposed a rheological
structure for a soil skeleton which consisted of Hookean spring connected in series with
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a Kelvin-Voigt element where effective stress was calculated using Terzaghi’s continuity
equation. [17] used a Kelvin-Voigt element in effective stress space but with a non-linear
dashpot. It is also possible to model soil settlement using more complicated rheological
structures in total stress space where a certain dashpot accounts for Terzaghi’s consolidation
theory [2].

In this paper the authors propose a one-dimensional rheological model of plate foun-
dations on gyttja clay during consolidation, defined in total stress space, taking into account
all three phases of the process. The current state of knowledge describes the curves resulting
from theoretical considerations, including using statistical analysis, for many reasons [18].
The choice of the serial connection of particular element was specified, as recalled, by
the infiltration of consolidation phases. The model was not previously used by engineers
for settlement prediction. The main feature of the model consists of an original set of
non-linear explicit ODEs defining the evolution of the rheological structure. The set of
constitutive relationships is strongly non-linear and should be integrated with the use of
classical algorithms for solution of ordinary differential equation systems with respect to
time.

2. Load Test in Natural Scale

In order to define model parameters of the investigated soil, a sample loading test
was carried out. The test was performed on a concrete raft with the dimensions 5.0 m
× 5.0 m × 0.30 m at depth of 3.0 m below the ground level, after the removal of ground
layers on the non-reinforced subsoil. The geotechnical cross-section pertaining to the issue
under consideration, along with the soil and water conditions, is shown in Figure 1. CPT
soundings were particularly useful in correlating the results. Figure 1 shows the results
of only the cone resistance for the CPT sounding and the pressure results for the DMT
sounding, i.e., the most relevant results from the point of view of the conducted research.
The authors decided to present only the most relevant data for the sake of legibility of the
presented results.
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The results of the CPT investigation are shown in Table 1. The documentation compiled
was quite extensive, but only the most relevant information from the point of view of the
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article was selected, so the first culm of Table 1 shows the results for many soundings. Su
stands for shear strength in a undrained shear test.

Table 1. CPT probe results for the issue at hand.

CPT Number Depth[m] LL Su[kPa]

CPT–S1 2.4–8.8 0.2 45

CPT–S2 3.0–13.0 0.2 50

CPT–S3 2.8–12.8 0.2 60

CPT–S4 3.0–13.0 0.25 55

CPT–S5 3.4–11.2 0.25 50

CPT–S6 3.0–9.6 0.22 50

CPT–S5b 11.2–13.8 −0.05 200

CPT–S6 3.0–9.6 0.22 50

CPT–S7 4.6–9.2 0.22 60

CPT–S8 3.2–14.2 0.15 70

CPT–S9 3.4–15.0 0.15 70

CPT–S10 3.3–9.0 0.18 60

The observations were conducted during a 1–1.5 month period. The sample loading
was placed stage by stage, with the up-to-date measurements. A 300 t ballast was placed
and, as a result, stress of 120 kPa was obtained. To control the settlement of concrete slab,
5 supervising benchmarks were stabilized in each corner (benchmark 1 to 4) and in the
middle of the raft (benchmark 5). Positioning of the benchmarks is presented in Figures 2
and 3. The analysis carried out was very complicated, and measurements from the middle
repertory (benchmark no. 5) were selected for simulation in order to keep the height of the
results transparent.
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Figure 3. Positioning of benchmark no. 5 and concrete plates view.

The measuring network consisted of 5 supervising benchmarks and 3 reference bench-
marks. The measurement was executed using the precise levelling method, with the
automatic leveler LEICA NA 3003 and the set of invar levelling rods. The initial measure-
ment of the settlement of the concrete raft was taken before the plate was loaded. The
following measurements were done successfully after loading the raft with a layer consisted
of several concrete plates (Figure 3, right corner), and then during the removal of the plates.
At the time of the measurement, the temperature was between 0 ◦C and 8 ◦C.

Calculations of the vertical settlement values were performed using a strict method
submitting both the primary (initial) and secondary (up-to-date from the following days)
measurements into equalization, conducting the analysis of the constancy of the reference
benchmarks. The average error of evaluation of the benchmarks’ settlement was given
to indicate with what precision (accuracy) the slab settlement measurements were taken
mdH ≤ 0.5 mm.

3. Rheological Model of Settlement
3.1. Constitutive Differential Equations in 1D

The rheological structure, shown in Figure 4, was used to obtain constitutive differ-
ential equations. As in a settlement analysis vertical displacement of a foundation should
be found, the authors assumed stress-displacement relation in the rheological structure in-
stead of stress-strain relation. This resulted in obtaining the constitutive equations between
vertical displacement and vertical total stress. In the model, there are four main elements
connected in series. The displacements of every section are indicated in Figure 4.

The material parameters Cα (α = 1, 2, 3) are elastic proportionality constants. Their
units are N/m3 since a stress-displacement relation was chosen. Constants Cα are in-
troduced assuming that there is no constraints concerning lateral strains, i.e., boundary
conditions are similar to Young’s modulus definition. The material constants Dβ (β = 1, 2)
are soil viscosities and their units are N·s/m3 = Pa·s/m. All the material parameters are
defined in the total stress space.

The topmost spring element (displacement se) simulates the elastic behaviour accord-
ing to the equation

se =
σ

C1
(1)
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This element accounts for immediate reversible change in displacement after applying
the load.
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The next section is an elastic-plastic element in which the displacement sep occurs
only if the stress exceeds stress limit σlim [N/m2]. This element accounts for plastic soil
deformation. The following equation governs the elastic-plastic displacement rate

.
sep:

.
sep

=

{
C1

(C1+C2)σ
p

[
σp
( .

s + C3
D1

sve − σ
Deq

)]+
i f |σp| ≥ σlim

0 i f |σp| < σlim

(2)

where
σp = σ− C2sep (3)

and [·]+ denotes a projection onto the set of non-negative numbers

[z]+ =

{
z i f z > 0
0 i f z ≤ 0

∀z ∈ R (4)

It should be emphasized that the model is strongly non-linear taking into account
both viscoelastic and plastic properties of the soil material. The paper presents an original
set of constitutive equations formulated in the explicit form via the non-linear ODE. Such
equations cannot be found in the literature. Formulation of Equation (2) needs the notion
of associated flow rule along with Kuhn-Tucker conditions [19]. In case of such approach a
crucial point is to evaluate the so called Lagrange multiplier which defines the rate of the
elastic-plastic displacement (denoted

.
sep in the paper). Having the value of the Lagrange

multiplier, the set of constitutive equations has a simple analytical form as presented in the
paper.

Moving back to the analysis of the rheological scheme shown in Figure 4 let us note
that the two bottom sections of the model contain dashpot elements which are related to
the consolidation process. The bottom dashpot is responsible for irreversible creep displace-
ment which is connected with secondary consolidation. The visco-elastic displacement rate
.
sve and viscous displacement rate

.
sv can be calculated as in the case of Newtonian fluids

.
sve

=
1

D1
(σ− C3sve) (5)

.
sv

=
σ

D2
(6)
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The four displacement components (Figure 4) are connected in series and individual
displacements should be added up to obtain the total displacement

s = se + sep + sve + sv (7)

Formula (2) for the case where |σp| = σlim was obtained taking into account that
during plastic yielding

C1se = σlim + sepC2 (8)

which implies
C1

.
se

=
.
sepC2 (9)

and by substituting Equation (7), differentiated with respect to time. Variable σp was put
into the square bracket to take into account loading and unloading cases using only one
formula. Equations (1), (2), (5)–(7) form a differential-algebraic equation system which
can be numerically solved with given material constants (Cα, Dβ, σlim), loading function
σ(t) and initial conditions to obtain settlement values in time. The material parameters
were determined in this paper based on the test loading experiment results. The initial
conditions are

s(0) = 0; se(0) = 0; sep(0) = 0; sve(0) = 0 (10)

An analytical solution of the system exists only for a simple instantaneous loading
shown in Figure 5

σ(t) =
{ Fmax

A i f t ≥ 0 and t < t0
0 otherwise

(11)

in the form [17]

s = σ0 ϕ where ϕ =

{
ϕ1 i f t < t0
ϕ2 i f t > t0

(12)

where settlement functions ϕ ϕ1 and ϕ ϕ2 depend on material parameters and are defined
as follows:

ϕ1 =
1

C1
+

A1

C2
+

t
D2

+
1

C3

[
1− exp

(
− t

λ

)]
(13)

ϕ1 =
A2

C2
+

t0

D2
+

1
C3

exp
(
− t

λ

)[
exp
(

t0

λ

)
− 1
]

(14)

where λ = D1
C3

and

A1 =

[
1−

Fgr

F

]+
(15)

A2 = min

(
Fgr

F
,

[[
1−

Fgr

F

]+])
(16)

and symbol [·]+ is defined in Equation (4).
For the loading shown in Figure 5, assuming A = 25 m2 and Fmax = 2512 kN and

material parameters determined by optimization for the test loading experiment (Table 2),
the model was solved numerically and using analytical formulae. There was no difference
between a numerical and analytical solution. The results of this simple creep test are shown
in Figure 6.
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Table 2. Material parameters of the settlement model determined based on the test loading experiment
by curve fitting.

C1

[
kPa
m

]
C2

[
kPa
m

]
C3

[
kPa
m

]
D1

[
kPa
m

]
D2

[
kPa
m

]
σlim[kPa]

5495 25,145 5765 4.12 · 106 4 · 107 40
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Material parameters of the model can be found by curve fitting to a plate foundation
test loading experiment. Such a field test is carried out for a foundation of a certain shape
and dimensions. In this paper, it has been done for a square plate with 5.0 m long sides.
Material parameters of the model were determined by curve fitting procedure applied for
settlement test results. To estimate model parameters for different foundation dimensions,
the authors propose to use an elastic solution for deflection due to a uniformly loaded
flexible area. It is a consolidation model in which there is only one spring element in
effective stress space and the relationship for settlement can be written as [20,21]

s =
qωB

(
1− v2)
E

(17)
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where B denotes foundation width or diameter,ω is a coefficient that depends on a foun-
dation shape and stiffness, E is effective soil deformation modulus related to normal
consolidation or swelling line, and ν is Poisson’s ratio. For deflection under the foundation
center, ω ranges from 1.0 for a circular foundation to 4.0 for a rectangle plate for which
L/B = 100. For a square foundation ωsq1.12. Having a set of parameters determined by

curve fitting {Cc f
α , Dc f

β , σ
c f
lim} from a test loading experiment for a foundation characterized

by ωc f and Bc f , the model parameters of any foundation shape can be calculated as follows
(see Equation (17)):

Cα = Bc f ωc f Cc f
α

ωB
, α = 1, 2, 3 (18)

Dβ = Bc f ωc f
Dc f

β

ωB
, β = 1, 2 (19)

σlim = Bc f ωc f σ
c f
lim

ωB
(20)

For the experiment used for optimization in this paper ωc f = ωsq = 1.12 and Bc f = 5.0 m.

3.2. Influence of the Width of Foundation on the Value of Settlements

In case of calculation of large plates, the definition of the depth of an active settlement
zone becomes a problem.

According to the literature [21–25], the value of the settlement increases proportionally
to the increase of the size of the foundation. While calculating the foundations of large
dimensions (big footings, large foundation plates) the active zone theoretically becomes
very large, which leads to difficult and time-consuming calculations. The solution of this
problem may be a method of division of the plate into smaller sections and considering
its settlement separately. In such case the influence on the settlement of the adjoining
foundation should be taken into account. According to [26] there is a boundary dimension
of the equivalent spread footing. When it is exceeded, the settlement of the foundation
does not increase, and the equation for the calculation of the settlement of the foundation
can be presented as:

s =
σ0

2

E0γ

√
3

2π

(
γB
σ0

)[
2− 3

√
3

2πβ
3

√
γB
σ0

]
(21)

Relationship (21) is the function of independent variable γB
σ0

, the course of which is
presented in Figure 7.

Sustainability 2023, 15, x FOR PEER REVIEW 10 of 15 
 

According to the literature [21–25], the value of the settlement increases proportion-
ally to the increase of the size of the foundation. While calculating the foundations of large 
dimensions (big footings, large foundation plates) the active zone theoretically becomes 
very large, which leads to difficult and time-consuming calculations. The solution of this 
problem may be a method of division of the plate into smaller sections and considering 
its settlement separately. In such case the influence on the settlement of the adjoining 
foundation should be taken into account. According to [26] there is a boundary dimension 
of the equivalent spread footing. When it is exceeded, the settlement of the foundation 
does not increase, and the equation for the calculation of the settlement of the foundation 
can be presented as: 

𝑠 = 𝜎𝐸 𝛾 32𝜋 𝛾𝐵𝜎 2 − 32𝜋𝛽 𝛾𝐵𝜎  (21)

Relationship (21) is the function of independent variable , the course of which is 
presented in Figure 7. 

 

Figure 7. Graph of the settlement function = 𝑠 . 

From the graph, it can be read out that the settlement of the foundation increases 
with the growth of the dimension of foundation B. It can be indicated that function (21) 
reaches its maximum in point 𝛾𝐵 /𝜎 , which shows that in order to calculate the settle-
ment of a large plate, it is enough to calculate the settlement for a given load, for a square 
slab with side dimension 𝜎 /𝛾. Therefore, the research was conducted in the natural scale 
in-situ on the square plate with the dimensions approximate to the equivalent square foot-
ing, resulting from the established range of loading 𝜎  = 120 kPa and the soil weight γ = 
21 kN/m3. The dimension of the equivalent square footing obtained in order to calculate 
accurately the settlement of the large plate is 𝐵 = 120/21 = 5.7 𝑚. 

3.3. Influence of the Width of Foundation on the Value of Settlements 
Material constants of the proposed settlement model were determined by optimiza-

tion using data of the plate foundation test loading described in previous sections. Figure 
8 shows the stress applied to the plate foundation in the course of the field test. Linear 
interpolation was assumed between test points. Having an interpolated function it was 
possible to numerically solve a differential-algebraic system of equations for the given 
values of material constants. 

Figure 7. Graph of the settlement function = s
(

γB
σ0

)
.

.



Sustainability 2023, 15, 1759 10 of 14

From the graph, it can be read out that the settlement of the foundation increases with
the growth of the dimension of foundation B. It can be indicated that function (21) reaches its
maximum in point γBmax/σ0, which shows that in order to calculate the settlement of a large
plate, it is enough to calculate the settlement for a given load, for a square slab with side
dimension σ0/γ. Therefore, the research was conducted in the natural scale in-situ on the
square plate with the dimensions approximate to the equivalent square footing, resulting
from the established range of loading σ0 = 120 kPa and the soil weight γ = 21 kN/m3. The
dimension of the equivalent square footing obtained in order to calculate accurately the
settlement of the large plate is Bmax = 120/21 = 5.7 m.

3.3. Influence of the Width of Foundation on the Value of Settlements

Material constants of the proposed settlement model were determined by optimization
using data of the plate foundation test loading described in previous sections. Figure 8
shows the stress applied to the plate foundation in the course of the field test. Linear
interpolation was assumed between test points. Having an interpolated function it was
possible to numerically solve a differential-algebraic system of equations for the given
values of material constants.
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between measurement points.

The optimal set of material parameters for the rheological model indicates such values
of parameters p̃ for which functional F(p) reaches its minimum. Thus, the minimization
problem can be stated as follows:

p̃ = argmin
p∈Ω

F(p) (22)

where Ω denotes the set of admissible parameters’ values.
The optimization problem defined by Equation (22) was solved using a least-squares

method implemented in Mathematica software [27]. In this approach, the functional F(p)
was defined as follows:

F(p) := ΣN
j=1

∣∣∣sR
j (t)− sj(t; p)

∣∣∣2 (23)

where sj(t; p) are the settlement values determined by the rheological model and sR
j are

test data and N is the number of data points. In our case N = 41 and p =
{

Cα, Dβ, σlim
}

.
Nelder-Mead nonlinear optimization technique was used [28]. However, it was not

possible to find the global optimum of the functional with this method and only a local
optimum could be found. Although in the case of this optimization there were many local
minima, Nelder-Mead algorithm was used since it was computationally efficient. Many
attempts with different initial constraints had to be made to obtain correct curve fitting
results. In such a non-linear problem, where only a numerical solution of a differential-
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algebraic system was available, it was difficult to find a true global optimum. However,
it was possible, in this case, to find a sufficient minimum (after rejecting incorrect local
minima).

A determined set of parameters is shown in Table 2. Figures 9 and 10 show the
optimization results and separate model displacement components, respectively. It can be
observed that the model can simulate the consolidation process quite well, although some
effort had to be made to find material parameters. The secondary effects are important
and they take in a case of organic soil a very long time to occur. Therefore, to predict the
long term settlement the proposed mathematical model needs to be validated for a wider
period.

Sustainability 2023, 15, x FOR PEER REVIEW 12 of 15 
 

 
Figure 9. Curve fitting results. Total settlement curve. 

 
Figure 10. Separate displacement components of the rheological model. 

4. Conclusions 
The interpretation of the obtained values of C1, C2, C3 defined as a stiffness modulus 

of the elastic subsoil by direct analogy to the Winkler—Zimmerman model (kN/m3) must 
be carried out 𝑘 = 1/ 1/𝐶 + 1/𝐶 + 1/𝐶 = 2530 kPa/m. This value is convergent to 
4000 kPa/m as a result of field observation (120 kPa/0.03 m). 

D1 and D2 constants define modified viscosity of Newton’s liquid. In comparison 
with original viscosity unit expressed in kPa·s, D1 and D2 can be called the modified vis-
cosity by analogy between a constant of Winkler-Zimmerman model (modulus of sub-
grade reaction k [kPa/m]) and the modulus of elasticity E expressed in kPa (by analogy to 
the modulus expressed in kPa/m in the discussed case the viscosity unit has been changed 
into kPa s/m). Observation of the results of fitting analysis of the D1 and D2 values is a 
prompt to think that there is a logic reference to a coefficient of soil consolidation Cv ex-
pressed in m2/s. Assuming that the typical value of Cv equals 10−7 m2/s [29] in the presented 
case the inverse value of Cv is compatible with D1 and D2 values: D1 = 4.12·106 kPa·h/m and 
D2 = 4.0·107 kPa h/m (1/D = 1/D1+1/D2 gives 3.6·106), respectively. 

In the case of σlim treated as the shear strength in the undrained conditions (su or cu 
according to the European Standard EN 1997), the values calculated in fitting analysis can 
be compared with the results of the triaxial tests Su = 1/2·(σ1 − σ3), which is the half values 
of the stress deviator q. 

Figure 11 shows the results of the consolidated undrained triaxial test performed on 
the gyttja recovered from the depth of 6 m from the site of the real scale load test. Assum-
ing that the submerged unit weight of gyttja is γ′ = 8 kN/m3 and the at-rest earth pressure 

Figure 9. Curve fitting results. Total settlement curve.

Sustainability 2023, 15, x FOR PEER REVIEW 12 of 15 
 

 
Figure 9. Curve fitting results. Total settlement curve. 

 
Figure 10. Separate displacement components of the rheological model. 

4. Conclusions 
The interpretation of the obtained values of C1, C2, C3 defined as a stiffness modulus 

of the elastic subsoil by direct analogy to the Winkler—Zimmerman model (kN/m3) must 
be carried out 𝑘 = 1/ 1/𝐶 + 1/𝐶 + 1/𝐶 = 2530 kPa/m. This value is convergent to 
4000 kPa/m as a result of field observation (120 kPa/0.03 m). 

D1 and D2 constants define modified viscosity of Newton’s liquid. In comparison 
with original viscosity unit expressed in kPa·s, D1 and D2 can be called the modified vis-
cosity by analogy between a constant of Winkler-Zimmerman model (modulus of sub-
grade reaction k [kPa/m]) and the modulus of elasticity E expressed in kPa (by analogy to 
the modulus expressed in kPa/m in the discussed case the viscosity unit has been changed 
into kPa s/m). Observation of the results of fitting analysis of the D1 and D2 values is a 
prompt to think that there is a logic reference to a coefficient of soil consolidation Cv ex-
pressed in m2/s. Assuming that the typical value of Cv equals 10−7 m2/s [29] in the presented 
case the inverse value of Cv is compatible with D1 and D2 values: D1 = 4.12·106 kPa·h/m and 
D2 = 4.0·107 kPa h/m (1/D = 1/D1+1/D2 gives 3.6·106), respectively. 

In the case of σlim treated as the shear strength in the undrained conditions (su or cu 
according to the European Standard EN 1997), the values calculated in fitting analysis can 
be compared with the results of the triaxial tests Su = 1/2·(σ1 − σ3), which is the half values 
of the stress deviator q. 

Figure 11 shows the results of the consolidated undrained triaxial test performed on 
the gyttja recovered from the depth of 6 m from the site of the real scale load test. Assum-
ing that the submerged unit weight of gyttja is γ′ = 8 kN/m3 and the at-rest earth pressure 

Figure 10. Separate displacement components of the rheological model.

4. Conclusions

The interpretation of the obtained values of C1, C2, C3 defined as a stiffness modulus
of the elastic subsoil by direct analogy to the Winkler—Zimmerman model (kN/m3) must
be carried out k = 1/(1/C1 + 1/C2 + 1/C3) = 2530 kPa/m. This value is convergent to
4000 kPa/m as a result of field observation (120 kPa/0.03 m).

D1 and D2 constants define modified viscosity of Newton’s liquid. In comparison with
original viscosity unit expressed in kPa·s, D1 and D2 can be called the modified viscosity by
analogy between a constant of Winkler-Zimmerman model (modulus of subgrade reaction
k [kPa/m]) and the modulus of elasticity E expressed in kPa (by analogy to the modulus
expressed in kPa/m in the discussed case the viscosity unit has been changed into kPa
s/m). Observation of the results of fitting analysis of the D1 and D2 values is a prompt
to think that there is a logic reference to a coefficient of soil consolidation Cv expressed in
m2/s. Assuming that the typical value of Cv equals 10−7 m2/s [29] in the presented case
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the inverse value of Cv is compatible with D1 and D2 values: D1 = 4.12 · 106 kPa·h/m and
D2 = 4.0 · 107 kPa h/m (1/D = 1/D1 + 1/D2 gives 3.6 · 106), respectively.

In the case of σlim treated as the shear strength in the undrained conditions (su or cu
according to the European Standard EN 1997), the values calculated in fitting analysis can
be compared with the results of the triaxial tests Su = 1/2·(σ1 − σ3), which is the half values
of the stress deviator q.

Figure 11 shows the results of the consolidated undrained triaxial test performed on
the gyttja recovered from the depth of 6 m from the site of the real scale load test. Assuming
that the submerged unit weight of gyttja is γ′ = 8 kN/m3 and the at-rest earth pressure
coefficient K0 of gyttja is 0.9, finally effective radial stress on the depth of 6 m is σ3

′ = 6 m ·
8 kN/m3 · 0.9 = 43.2 kPa.
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The analysis of the results of triaxial test indicates satisfactory/good convergence
of the shear strength su value from the laboratory tests with the value of limit stress σlim
estimated in the curve fitting procedure. Taking into account half of the limit value of the
deviator q for the radial stress σ3

′ = 50 kPa (nearest to 43.2 kPa) the value of shear strength
is su = q/2 = 98/2 = 49 kPa which is close to σlim = 40 kPa obtained in simulation.

It should be emphasized that the methodology of formulating constitutive relation-
ships with the use of rheological schemes applied in this paper has led to their explicit
form as a system of nonlinear differential equations. A similar approach was presented
by the authors in [30–32], concerning not only soils, but also asphalt-aggregate mixtures.
Such approach involves applying classical and non-classical rheological elements (springs,
dashpots, sliders, etc.). The same elements can be used for the description of different
phenomena occurring in soils and asphalt-aggregate mixtures. For example in soils primary
and secondary consolidation can be modelled. On the other hand, in asphalt-aggregate mix-
tures rheological structures can be applied for modelling creep and relaxation phenomena
as well as binders’ properties called zero shear viscosity [33].

Proper parametrization of the rheological ground model is necessary also in order to
analyze dynamical behavior of buildings considering soil-structure interaction. Presented
approach to determining shear strength of soil can be useful for correct assessment of the
control procedure of building—soil-foundation system with plastic behavior of soil [34–36].

The curve fitting of the model (see Table 2 and Figure 9) consists of iteratively solving
the system of non-linear differential equations. For that purpose, Mathematica software
was applied with the program’s build-in ODEs solvers. These solvers are well suited
for classical continuous problems. Therefore, special attention had to be put in order to
solve a discontinuous differential equation as Equation (2). During calculations the authors
performed a simplified sensitivity analysis which demonstrated that the small perturbations
of rheological scheme parameters do not change the character of the solution significantly.
In general, it was observed that the major changes (e.g., one order of magnitude) of plasticity
(slider) and viscosity (dashpot) elements result in erroneous prediction of permanent
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settlement after unloading. An in-depth sensitivity analysis needs a lot more calculations.
The work on this field is currently carried out by the authors.
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24. Jeske, T.; Przedecki, T.; Rosiński, B. Soil Mechanics; PWN: Warsaw, Poland, 1966; In Polish .
25. Puła, O.; Rybak, C.; Sarniak, W. Foundation Design; Dolnoslaskie Wydawnictwo Edukacyjne: Wrocław, Poland, 2009; In Polish .

http://doi.org/10.1680/geot.1972.22.1.27
http://doi.org/10.1680/geot.1996.46.1.1
http://doi.org/10.1177/1550147718806716
http://doi.org/10.3390/w11071385
http://doi.org/10.1002/sapm1940191167
http://doi.org/10.1680/geot.1965.15.4.345
http://doi.org/10.3390/ma15186188
http://www.ncbi.nlm.nih.gov/pubmed/36143514
http://doi.org/10.1201/9781420040784


Sustainability 2023, 15, 1759 14 of 14
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