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Abstract

:

Considering the fuzziness of cooperation and the sustainability of the redevelopment of cross-regional supply chain enterprises, the fuzzy participation degree and the generalized redistribution coefficient are introduced to describe the problem of cooperation and benefit distribution of cross-regional supply chain enterprises. A fuzzy average monotone game is constructed to study the strategies of cross-regional supply chain enterprises to increase the average benefit with the expansion of the alliance scale; a generalized fuzzy reduced game is discussed to ensure the partner selection decision of supply chain enterprises; the concepts of generalized fuzzy core, generalized fuzzy bargaining set, and generalized fuzzy proportional distribution are proposed; the equivalence between the generalized fuzzy core and the generalized fuzzy bargaining set of the fuzzy average monotone game of the cross-regional supply chain enterprises is proved; the nonempty generalized fuzzy core solution of the fuzzy average monotone game is characterized; and the example analysis shows the stability of the cross-regional supply chain enterprise alliance and the existence of the optimal generalized redistribution scheme. The research results not only satisfy the willingness of cross-regional supply chain enterprises to participate in cooperation with some resources from the “environmental” pillar of supply chain enterprise management sustainability but also achieve the strategy of retaining partial benefits for the redevelopment of supply chain alliances from the “economic” pillar of supply chain enterprise management sustainability, which provides a theoretical basis for the cooperation and benefit redistribution of cross-regional supply chain enterprises under uncertain environments.
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1. Introduction


With the rapid development of the global economy, market competition is no longer the competition of a single enterprise but the competition between alliances, that is, the competition between supply chains. There is a symbiotic relationship between supply chain enterprises facing fierce market competition. On the one hand, supply chain enterprises distributed in different regions require cross-regional centralized development to reduce long-distance transaction costs. On the other hand, when supply chain enterprises experience agglomeration and lack of economy, these interest communities need to cooperate with a certain region for cross-regional cooperation. Changes in the external environment drive member enterprises in trans-regional supply chains to change their cooperation strategies [1,2,3,4,5]; the traditional cooperation strategy of either fully participating in a regional alliance or not participating in a regional alliance can no longer meet the “environmental” pillar of sustained cross-regional cooperation. Cross-regional supply chains have received extensive attention from governments and society; the scale of the industry continues to rise; the degree of refinement continues to increase; the competition of enterprises has evolved into the competition of the supply chain alliance; and enterprises distributed in various countries (regions) of the world as members of the supply chain constitute cross-regional supply chain systems, which participate to various degrees in the internal and external economic cycles of each country (region). The opening up of global resources makes supply chain enterprises form alliances to seek optimal resources on a global scale, making them no longer limited to specific regions. As an important carrier to cope with internal and external environments, cross-regional supply chain alliances have been attracting increasing attention in theory and practice. The supply chain alliance is formed based on win‒win cooperation. Whether the alliance has yet to be formed or is in the process of operation, the distribution of its benefit is always a conflict point, especially in cross-regional supply chain enterprises that form an alliance, and such cooperation continues to increase. The formation of the structure of the alliance is also becoming increasingly diversified, and the fuzzy characteristics of the member enterprises in the cooperation and the game process are more complex. It is necessary to build a stable cross-regional cooperation pattern and an optimal distribution strategy to ensure the development of high-quality resources. It is necessary to build stable cross-regional cooperation patterns and optimal distribution strategies to meet the demand for high-quality development.



However, in reality, competition continues to intensify, product life cycles are shrinking, and there are many uncertainties in supply chains, such as uncertainty in market demand and uncertainty in production costs, and cross-regional supply chain enterprises need to cooperate with multiple alliances to varying degrees, so, “cross regional” itself reflects the “environmental” pillar of the sustainability of supply chain enterprise alliance cooperation.



In view of the above, we ask the following questions: (1) In competitive supply chains, do multiple fuzzy cooperation game patterns develop in the formation of cross-regional supply chain enterprise alliances? Will their contribution behaviors affect attempts to improve the average return of the alliance? (2) How do cross-regional supply chain enterprises choose the best partners? (3) Under which cross-regional supply chain enterprises’ alliance cooperation game patterns can the optimal redistribution scheme be found? (4) Are different redistribution schemes of cross-regional supply chain enterprises’ alliances equivalent?



Our study considers the literature on fuzzy cooperative game strategies and benefit-sharing problems, and some scholars have investigated this fuzzy phenomenon [6,7,8,9,10]. Zhou Xiaoyang et al. addressed the equilibrium strategies of cross-regional supply chain networks under the influence of multitrade policies [11]. Chan proposed a dynamic equilibrium model of oligopolistic closed-loop supply chain networks with uncertain and time-varying demand [12]. Zhou considered retailers’ dynamic and static loss aversion behaviors in the equilibrium model of a supply chain network that includes each policymaker’s equilibrium model considering the dynamic and static loss aversion behavior of retailers [13], but their work does not address the impact of the contribution behaviors of cross-regional supply chain enterprises on increasing the average return of the alliance or what kind of fuzzy cooperative game patterns and related fuzzy characteristics are formed in the cooperation. There are also researchers who have studied and analyzed cross-regional supply chains with the objectives of minimizing total cost, minimizing total carbon dioxide emissions from transportation, total capacity utilization, inventory constraints, product quality, etc. [14,15,16,17,18,19], and the main novel contribution of the current study lies in the strategic choice of the optimal partner for supply chain enterprises in terms of maximizing the difference in alliance returns. Subsequently, a variety of fuzzy game models and related solution sets emerged, such as fuzzy Shapley value, fuzzy core, fuzzy stable set, fuzzy Weber set, etc. [20,21,22,23,24,25,26,27], and their research problem is to account for the fuzzy characteristics of cooperation, while our research problem is to not only account for the fuzzy characteristics of cooperation but also realize the partial preservation of the value of the alliance’s total return, which meets the requirements for the sustainable cooperation and redevelopment of the cross-region supply chain under an uncertainty environment, enterprises’ sustainable cooperation and redevelopment needs. At the same time, the current complex and changing competitive environment puts forward more new requirements for the existing basic theories, and the cooperation of cross-regional supply chain enterprises in uncertain environments presents more new development trends, which requires more systematic research from more perspectives.



To answer the above research questions, fill these research gaps, and consider both the “environmental” and “economic” pillars of the sustainability of supply chain enterprise alliances, we apply the characteristics of fuzzy uncertainty to cross-regional supply chains and regarding the formation process of a fuzzy cooperation game of cross-regional supply chain enterprises’ alliances as the process of mutual bargaining among supply chain enterprises, and the enterprises of each regional supply chain form a cooperative alliance via bargaining. The bargaining set is regarded as the set of game solutions formed by cooperative enterprises in a cross-regional supply chain in response to bargaining issues, and the bargaining set is used to compensate for the limitation that the core solution may be the null set and the optimal distribution scheme cannot be obtained.



In summary, the main contributions of this paper are as follows:




	(1)

	
The bargaining set is expanded by considering both fuzzy participation and generalized redistribution system and constructing a fuzzy average monotonic cooperation game model for cross-regional supply chain enterprise alliances with the help of the concepts of generalized fuzzy bargaining set, and generalized fuzzy proportional distribution, which has seldom been researched.




	(2)

	
A generalized fuzzy reduced game is used to ensure that each cross-regional supply chain enterprise finds the best partner, which is also different from most of the literature.




	(3)

	
The equivalence of the generalized fuzzy bargaining set and the generalized fuzzy core solution to portray the equilibrium conditions of the fuzzy average monotonous cooperation game of cross-regional supply chain enterprises not only ensures the existence of the optimal redistribution scheme of the cross-regional supply chain enterprise alliance but also meets the needs of its sustainable development.




	(4)

	
The arithmetic example is applied to analyze the nonemptiness of cross-regional supply chain enterprise alliance formation and its generalized fuzzy core solution of the fuzzy mean monotonic cooperation game, which provides choice strategies for solving the sustainable cooperation problem of cross-regional supply chain enterprises under an uncertain environment and draws more conclusions and management insights.









The rest of the paper is organized as follows. Section 2 presents the literature review. Section 3 constructs a fuzzy average monotonic cooperation game model for the contribution behavior of cross-regional supply chain enterprises. Section 4 investigates the partner selection strategy of cross-regional supply chain enterprises based on the generalized fuzzy reduced game. Section 5 analyzes the generalized fuzzy bargaining set benefit redistribution scheme for cross-regional supply chain enterprise alliances. Section 6 demonstrates the equivalence of the generalized fuzzy bargaining set and the generalized fuzzy core redistribution scheme for cross-regional supply chain enterprise alliances. Section 7 numerically simulates the conclusions. Finally, Section 8 summarizes the findings and suggests future research directions.




2. Literature Review


This paper is closely related to three major streams of literature on the drivers of enterprise alliance formation, alliance member partnerships, and alliance benefit distribution. This section reviews the literature related to each stream and highlights the differences between existing research and our work.



2.1. Motivations for the Formation of Cross-Regional Supply Chain Enterprise Alliances


In the market environment, it is very common for supply chain enterprises to form cooperative alliances. Based on resource theory, the founders of the resource school of thought, Wernerfelt, Grant, and Barney, claim that enterprises are collections of resources, and enterprises’ competitive advantages depend on the heterogeneity of the resources they possess [28]. Hamel points out that if each alliance member can satisfy the resource needs of the other members to complement each other’s resources, they can realize their common interests [29]. Teece points out that for enterprises in high-growth industries to ensure the promotion of their timely products, alliances need to be formed to realize complementary capabilities and the distribution of overall capabilities [30]. Shi and Wang, and Yi formulate the market of resources in JointCloud as a supply chain network competition model with multiple competing manufacturers and retailers offering resources; a market game is established to model the competition among clouds [31]. According to the viewpoint of the enterprise core competence school, the effective scope of the strategic activities of enterprises depends on its core competence, and the composition of enterprise advantage depends on whether enterprises can be placed in a state where their core competencies play a valuable role and are durable; that is, the core competence is the foundation of the competitive advantage of the enterprise. The principle of market path dependence represented by the American economist B. Arthur holds that because the consumption in high-tech markets embodies the characteristics of path dependence, in the context of the customer-oriented era, the market lead cannot be separated from the production lead, the technology lead or the standard lead; the phenomenon of incremental returns to scale exists in the high-tech market; and the lead depends on the speed of the market lead to realize the return on investment. Increasing returns to investment can be realized only by market leadership, which can guide the consumption path [32]. Zhang Xizheng tried to make a breakthrough in the path dependence problem of researching enterprise upgrading and transformation between enterprises and between consumers and enterprises and explores and verifies the path dependence characteristics of the subject’s decision-making behavior in the process of enterprise upgrading and transformation with the help of evolutionary game theory [33].



The above studies examined the resource-based, capability-based, and path-dependent drivers of alliance formation. Via the analysis of resource-based alliance motivations, this paper provides a research approach for cross-regional supply chain enterprises to participate in alliance cooperation with partial resources, i.e., fuzzy cooperation. This paper provides a research method for cross-regional supply chain enterprises to form alliances via bargaining capabilities and the analysis of capability-based alliance motivations. By analyzing the path-dependent alliance motivations, this paper provides a research perspective on how cross-regional supply chain enterprise alliances can form different structures depending on different cooperative game patterns. That is to say, the above research results provide an important reference value for the study of the impact and selection of fuzzy cooperative game strategies in the formation of cross-regional supply chain enterprise alliances in this paper.




2.2. Collaborative Relationships among Members of Cross-Regional Supply Chain Enterprise Alliances


Supply chain enterprises need to look for partners to form supply chain alliances to ensure benefit maximization. Therefore, enterprises should pay attention to the selection of the best partners to realize sustainable cooperation of alliance members. In the cooperation of alliance members of supply chain enterprises, the desire of enterprises to establish alliances is affected by the expectation of alliance benefit distribution [34]. There is competition among alliance enterprises for alliance benefits, and alliance establishment is a game process [35]. Representatives of the school of competition and cooperation theory, such as Byry Nerenev, Benjamin Gumos Cassels, and Adam Brandenburg, have pointed out that cooperation does not weaken competition; at the same time, competition is not exclusive of cooperation, and cooperation promotes the efficiency of competition [36]. Benjamin Gumos Cassels studied the case of enterprise alliances in the high-tech field and obtained important conclusions. According to Moore, as times change, competitors form new rules of competition and cooperation [37], change from fighting with competitors to complementing each other’s strengths according to their respective contributions [38], cocreate technological standards, and form a coordinated dynamic system [39]. Andrew Inkpen’s view on alliance relationships shows that the competitive relationships between alliance partners are complex and that alliances are a way for organizations to exhibit both cooperation and competition [40]. Birnberg argued that the key way to maintain alliance relationships is to build trust [41]. Ring and Vandeven argued that inter-organizational trust is, in turn, based on trust between individuals, i.e., the key to successful alliances lies in the relationships between member enterprises, which need to be governed by alliance rules and regulations [42]. Xing and Yang introduced consumer green preferences and established a cooperation channel strategy selection model between manufacturers and retailers [43].



The above studies examined the cooperation strategies of cross-regional supply chain enterprise alliance members via the theory of alliance competition and cooperation, providing direction for this paper to study the cooperation strategies of cross-regional supply chain enterprises in uncertain environments via fuzzy cooperative games and further study the impact and strategies of fuzzy reduced game maximum difference in selecting the best partner for cross-regional supply chain enterprises.




2.3. Distribution of Benefits from Enterprise Alliances


As an effective organizational form of supply chain innovation, supply chain enterprise alliances are beneficial; whether the final benefit distribution is reasonable depends on the choice of the benefit distribution scheme. The optimal redistribution scheme is more conducive to the sustainable development of supply chain enterprise alliances. Alexander and Ruderman pointed out [44] that the fairness of benefit distribution may have a greater impact on members’ decisions to stay in their alliances or leave. Shapley L.S. studied the mathematical methods used to solve the multiplayer cooperative game and proposed Shapley’s value method [45], whose distribution strategy is based on the proportion of contribution and excess value generated by each partner. Meade pointed out that the key to the smooth formation and successful operation of dynamic alliances depends on the rational benefit distribution mechanism [46], which is also the key to maximizing the performance of each member. Lemaire constructed a cooperative game model to solve the problem of distributing the common benefits of alliance enterprises to ensure the normal operation of alliances and to reduce the cost of their dissolution [47]. Flam and Jourani studied behavior in a game with pass-through costs and provided a form of benefit distribution in the case that alliance enterprises can share the tasks and technologies of the alliance with minimum cost [48]. Meng proposed a fuzzy coalition structure cooperation game and its solution method, which accounts for the innovation of the fuzzy coalition cooperation game and traditional coalition structure cooperation game [49]. Gallego developed a fuzzy coalition structure cooperation game based on the fuzzy game of Choquet integral form by using the partition function and studied the fuzzy alliance case with the fuzzy coalition of Choquet integral form and the fuzzy coalition of Choquet integral form using a fuzzy coalitional structure cooperative game and Owen value [50]. Sun et al. developed a cooperative game with a fuzzy coalition structure based on Owen’s multilinear extension game and axiomatized the Owen value under the game form [51]. Subsequently, other scholars successively explored fuzzy cooperative games with exchange restrictions similar to the restrictions of coalition structure using undirected graphs to portray the cooperation restrictions among the players on the board. Murofushi and Soneda investigated coalition member interaction indexes from a fuzzy measurement point of view [52]. Shan, Liu, and Lyu used solidarity value as a distribution rule that combines fairness and solidarity in cooperative games to solve the problem of income distribution [53].



Although the above studies analyzed the coalition benefit distribution problem via game solutions such as the Shapley value and Owen value, their research questions are different. Unlike our paper, these studies did not consider retaining a portion of the total coalition proceeds for sustainable development, nor did they study the equivalence of various proceeds distribution schemes via specific fuzzy cooperative game solutions. However, the above research results provide inspiration for this paper to study the sustained cooperation of cross-regional supply chain enterprises from the perspective of the sustainable “environment” pillar.





3. A Fuzzy Average Monotonic Cooperative Game Model of the Contribution Behavior of Cross-Regional Supply Chain Enterprises


With the rise in industrial scale, the supply chain dimension is expanding, the number of cooperative enterprises is increasing, and cooperative relationships are becoming increasingly complex. The traditional cooperation model can no longer meet the needs of uncertain environments because under the traditional cooperative game model, each enterprise either fully participates in a supply chain alliance or does not participate in a supply chain alliance at all. However, from the perspective of many factors, such as the supply chain enterprise’s own capabilities, resources, and the attraction of other business interests, it may not fully cooperate with a specific supply chain alliance with all resources. Instead, it participates in multiple alliances with a portion of their resources, so there is an urgent need to transform into a fuzzy cooperation model. The correspondence between the traditional cooperation mode and fuzzy cooperation mode is characterized by transforming the cooperative alliance   S ∈   2   N     under traditional cooperation mode into the alliance     e   S     under fuzzy cooperation mode:


      ( e   S   )   i   =       1 ,   when   i ∈ S               0 ,   when   i ∈ N \ S        











Among them, in the traditional cooperation mode, the participation degree of enterprises in the cooperative alliance S is recorded as 1 when they fully cooperate and 0 when they do not cooperate at all. Using     s   i   ∈ [ 0 , 1 ]   in Fuzzy cooperation mode describes the degree of participation. Therefore, in the fuzzy cooperative game of cross-regional supply chain enterprises, an n-dimensional unit hyperspace   [  0 ,  1   ]   N     was formed, represented by     F   N    , so, in the fuzzy cooperative game of cross-regional supply chain enterprises, the formation of the   n   dimensional unit super three-dimensional space   [  0 ,  1   ]   N     is denoted by       F   N    . Then, the cross-regional supply chain enterprise alliance under an uncertain environment is denoted by vector   s ∈   F   N    , i.e.,   s   represents the cross-regional supply chain enterprise set   N   in a coalition. The first dimension of the   i   element on the dimension     s   i     satisfies   [ 0 , 1 ]   and is used to indicate that cross-regional supply chain enterprises   i   will cooperate to the degree of     s   i     with alliance     s  ; that is, in the cross-regional supply chain enterprise alliance     s  ,     s   i     indicates the alliance partner’s     i   participation degree, i.e., the degree of affiliation in the cross-regional supply chain enterprise alliance     s   in the cross-regional supply chain enterprise alliance. The carrier of the alliance is     c a r   s   = { i ∈ N |   s   i   > 0 }   If     c a r   s   ≠ N   the cross-regional supply chain enterprise alliance is a specific alliance; in the case of a cross-regional supply chain enterprise aggregation     s   is a specific alliance, and the set of specific alliances on the set of cross-regional supply chain enterprises is   N .   The set of specific alliances on the set of cross-regional supply chain enterprises is denoted by     P F   N     and the set of nonempty specific coalitions on the set of cross-regional supply chain enterprises   N .   The set of nonempty specific coalitions on the set of cross-regional supply chain enterprises is denoted by     P F   N    . The set of nonempty specific alliances on the set of cross-regional supply chain enterprises is denoted by     P F   0   N    .



The fuzzy cooperation game formed in the cooperation of cross-regional supply chain enterprises is considered a mapping     v :   F   N   → R   that is satisfied as follows:


  v     e   ∅     =  0 ( Emptiness )   



(1a)






  v   s ∨ t   ≥ v   s   + v ( t ) ( s u p e r a d d i t i v i t y )  



(1b)







The mapping, also known as the characteristic function     v  , describes the possible actions in the cooperation of cross-regional supply chain enterprises and assigns a real value to each alliance to portray the value of benefits that cross-regional supply chain enterprises can obtain in the cooperation. The mapping gives the constraints of the cooperation structure of cross-regional supply chain enterprises’ alliances under the fuzzy game only at the top design level; however, many cooperation game models may be formed in the actual cross-regional supply chain enterprises’ alliance formation, and the superadditivity expresses the main idea that the various alliances of cross-regional supply chain enterprises gain more benefits via cooperation than when each enterprise acts individually.



To realize the sustainable redevelopment of cross-regional supply chains, that is to consider the sustained “economic” pillar in supply chain enterprise management, a portion of the total benefit of the supply chain enterprise alliance can be retained for remanufacturing or recooperation, that is, by introducing both participation and adjustment coefficients, supply chain enterprises can cooperate with multiple alliances at the same time with a certain degree of participation, while also meeting the application demand of retaining a portion of the benefit value for redevelopment. The distribution coefficient is also known as adjustment coefficients   r   and     c   i     Introducing the benefit distribution model of supply chain enterprise alliances, this paper expands various traditional game solutions and methodology for supply chain alliance cooperation. It proposes a generalized distribution of supply chain enterprise alliances under fuzzy cooperative games. Now, with the help of the adjustment coefficients   r   and     c   i     extending the traditional distribution to a generalized distribution,   r   and     c   i     satisfy     0 < r ≤ 1  ,   0 <   c   i   ≤ 1  ,   ≤ i ≤ n  , and     r ≥   m a x   i ∈ N     c   i    . The generalized fuzzy distribution vector of the fuzzy cooperation game of cross-regional supply chain enterprises     x = (   x   1   ,   x   2   , ⋯ ,   x   n   )   is denoted by


    ∑  i ∈ N      x   i     = r · v     e   N      



(2a)






    x   i   ≥   c   i   · v       e   i        



(2b)







Among them, Equation (2a) depicts that under the fuzzy cooperation game of cross-regional supply chain enterprises, the total benefits of the supply chain enterprise alliance can be partially retained rather than fully distributed at one time with the help of coefficient   r  . (2a) depicts that under the fuzzy cooperation game of cross-regional supply chain enterprises, the total benefit of the supply chain enterprise alliance can be partially retained rather than one-time distributed with the help of coefficients adjusted according to the actual situation; Equation (2b) shows that each cooperative enterprise of the cross-regional supply chain will not obtain less benefit than the benefit it would obtain if it does not participate in the cooperation,     r ≥   m a x   i ∈ N     c   i    . This is the necessary condition to ensure that (2a) and (2b) are consistent.



For fuzzy games in cross-regional supply chains   v ∈   F G   N    , the generalized fuzzy distribution set of cooperative alliances of enterprises under   I ( v , r , c )   is the following set:


  I   v , r , c   =   x ∈   R   N           ∑  i ∈ N      x   i     = r · v (   e   N   )         x   i   ≥   c   i   · v     e   i     ,       ∀   i ∈ N          



(3)







Definition 1. 

In the fuzzy cooperative game for cross-regional supply chain enterprises   v ∈   F G   N    , the generalized fuzzy core of the   C   v , r , c     distribution is


   C   v , r , c   = { x ∈ I   v , r , c   |   ∑  i ∈ N      s   i     ⋅ x   i     ≥     max   j ∈ car ( s )    ⁡    c   j   ·   v   s   ∀ s ∈   F   N   }   



(4)







In the generalized fuzzy core distribution for cross-regional supply chain enterprise alliances,   x ∈ C   v , r , c    , indicates that the total value of benefits of the cooperative alliance under the fuzzy game is partially reserved and not all distributed at once,     e   N    . The cross-regional supply chain enterprise alliance will be partially retained and not fully distributed at one time, and based on this generalized fuzzy distribution scheme, the gains obtained by the cross-regional supply chain enterprise alliance   s   are not less than       max   j ∈ car ( s )    ⁡    c   j   ·   v   s     for the partners   i .   The benefits for the partners are based on their participation level.





The application of an average monotonic game covers many fields. By introducing participation parameters, the traditional average monotonic game is extended to a fuzzy average monotonic game, which is more suitable for cross-regional supply chain management scenarios where increasing average returns can be obtained in uncertain environments, considering both the sustainable “environmental” pillar in supply chain enterprise management and the “economic” pillar.



Definition 2. 

If a fuzzy cooperative game is formed between cross-regional supply chain enterprises   v ∈   F G   N     that is directed at   ∀ s ≤ t ≤   e   N    , it is said to be a fuzzy cooperation game if and only if   ∃   α ∈   R   +   n   \ { 0 }   and if it satisfies the following condition   v   as a fuzzy average monotonic game:


    v   s   ≥  0 ,  ∀ s ≤   e   N      and   



(5a)






   α ( t ) ⋅ v ( s ) ≤ α ( s ) ⋅ v ( t )   



(5b)









Among them,   ( s ) =   ∑  i ∈ N      s   i   ⋅   α   i     =   ∑  i ∈ c a r ( s )      s   i   ⋅   α   i     ·   α ( t ) =   ∑  i ∈ N      t   i   ⋅   α   i     =   ∑  i ∈ c a r ( t )      t   i   ⋅   α   i      . Then, there are   0 ≤ α ( s ) ≤ α ( t )   and   α (   e   N   ) ≥ 0  . If     α   i   ≥ 0 , ∀ i ∈ N  , Equation (5b) can be written as


    v ( s )   α ( s )   ≤   v   t     α   t     , ∀     e   ∅   ≠ s ≤ t ≤   e   N    



(5c)







Among them,   α = (   α   i     )   i ∈ N     represents the relative contribution of each cooperative enterprise in the cross-regional supply chain, but from the perspective of the game itself,   α   is extrinsic. Equation (5c) describes the idea that the average contribution value of the cross-regional supply chain alliance enterprises increases with the alliance size. That is, if there exists a positive nonzero contribution value vector   α ∈   R   +   n   \ { 0 }  , then the characteristic function of the fuzzy average monotonic game of the cross-regional supply chain represents the average return value with respect to the vector of enterprises’ contribution values   α   of the incremental average gain value. Thus, for the fuzzy average monotonic game formed by the cooperation of cross-regional supply chain enterprises, it is crucial to determine the relative contribution value of the cooperating enterprises.



The application of the fuzzy mean monotonic game covers many fields, and it is also adapted to the cross-region supply chain management scenario, which can yield incremental average returns   α  . In the cooperation of cross-regional supply chain enterprises, it is crucial to define what kind of contribution vector is more suitable for the formation of a fuzzy mean monotonic game, and this vector may be unique. Once the contribution value vector between cross-regional supply chain enterprises is determined, the structure of the fuzzy mean monotonic game formed by their cooperation will be clearly presented. The following properties can be used as the necessary conditions to judge whether the game formed by the cooperation between cross-regional supply chain enterprises is a fuzzy mean monotonic game about a certain vector of contribution values.



Proposition 1. 

Let   v   be a fuzzy average monotonic game with cross-regional supply chain enterprises with respect to the vector of contribution values   α  . A fuzzy average monotonic game with the following property holds.










	(1)

	
If the fuzzy cooperative alliance of cross-regional supply chain enterprises   s   has a gain value greater than zero, i.e.,     s   > 0  .     ∀ s ≤   e   N    , then its contribution value vector is greater than zero, i.e.,     s   > 0  .




	(2)

	
If in the fuzzy cooperative alliance of cross-regional supply chain enterprises     s  , the vector of contribution values is equal to zero, i.e.,   α   s   = 0  , where   ∀ s ≤   e   N    , then its alliance   s   has a gain value equal to zero, i.e.,   v   s   = 0  .




	(3)

	
If the fuzzy cooperative alliance of two enterprises in a cross-regional supply chain     s , t   has equal gain values, i.e.,   v   s   = v   t     and   s < t ≤   e   N    , then the contribution value vectors of the two alliances are equal, i.e.,     α   t   = α ( s )  .




	(4)

	
In cross-regional supply chain enterprises on the contribution value vector     α  , the fuzzy average monotonic game   v   satisfies monotonicity.




	(5)

	
In cross-regional supply chain enterprises, on the contribution value vector     α  , the fuzzy average monotonic game   v   satisfies superadditivity.









Therefore, with the help of the fuzzy mean monotonic game, the total average benefits of cross-regional supply chain enterprise alliances can be predicted, which is important to determine both whether enterprises participate in the supply chain and what level of contribution they choose.




4. Partner Selection Strategies for Cross-Regional Supply Chain Enterprises Based on a Generalized Fuzzy Reduced Game


The fuzzy average monotonic game formed by the cooperation of cross-regional supply chain enterprises implies that in the cooperative alliance about the vector   α  , the average return value of the cooperative alliance grows with the increase of the alliance size, and if the cooperative enterprises share the return value proportionally according to weights     α   i    , an increase the number of cooperative enterprises in the fuzzy alliance of cross-regional supply chains will bring greater returns to the cooperative enterprises.



Definition 3. 

In a fuzzy mean monotonic game for cross-regional supply chain enterprise   v  , the generalized fuzzy proportional distribution of   p   v ; α , c   =   (   p   i     v ; α , c   )   i = 1,2 , ⋯ , n    ; is


   p   v ; α , c   =   α   i   ·   r · v     e   N       α     e   N         



(6)









Among them,     i = 1,2 , ⋯ , n  ,   0 < r =   m a x   i ∈ N     c   i   ≤ 1  .     c =     c   1   ,   c   2   ⋯ ⋯   c   n     , 0 <   c   i   ≤ 1  .



The generalized fuzzy proportional distribution of cross-regional supply chain enterprises is not only an element in the generalized fuzzy core but also embodies the idea that members of a cross-regional supply chain enterprise alliance can obtain higher benefits in larger alliances than in any sub-alliance. It can also prove the nonemptiness of the generalized fuzzy core with the help of the generalized fuzzy proportional distribution of cross-regional supply chain enterprises.



Theorem 1. 

Let   v   be a fuzzy average monotonic game of cross-regional supply chain enterprises on the contribution value vector   α   of the fuzzy average monotonic game; then, the following statements hold:




	(1) 

	
The generalized fuzzy proportional distribution of cross-regional supply chain enterprise alliances is within their generalized fuzzy core.




	(2) 

	
The fuzzy average monotonic game of cross-regional supply chain enterprises   v   is perfectly equilibrated.











Proof of Theorem 1 is attached in Appendix A.



Theorem 1 lays the foundation for arguing that the generalized fuzzy core and generalized fuzzy bargaining set distribution schemes of the fuzzy average monotonic game of cross-regional supply chain enterprises are equal.



Definition 4. 

In fuzzy alliances for cross-regional supply chain enterprises   s   and   t  ,   ∀   e   ∅   ≠ s ≤ t <   e   N    , and its fuzzy game   v  , the distribution vector of   x ∈   R   N    . Then, for the coalition   t ,   the generalized fuzzy reduced game with respect to the distribution vector   x   is


     v   x   t       e   ∅     = 0   



(7a)






     v   x   t     s , c   =   m a x   ∅ ⊆ c a r   q   ⊆ N \ c a r   t     {     max   j ∈ car ( s ) ∪ car ( q )    ⁡    c   j     · v   s ∨ q   −   ∑  j ∈ c a r ( q )       q   j   ·   x   j     }    



(7b)









The main idea of the generalized fuzzy reduced game for cross-regional supply chain enterprises is embodied in the following: for cross-regional supply chain enterprises fuzzy game     v   and     e   N     the distribution vectors in     x   and its subset of the nonempty fuzzy coalition of cross-regional supply chain enterprises     t =   e   c a r   t       and     c a r ( t ) ⊆ N  . In this way, we will try to form “our own game” with the help of   t =   e   N    .  ( c a r   t   ,   v   x   t   )  , at which point the fuzzy coalition of cross-regional supply chain enterprises   s   will try to find partners from the     c a r   t     c   = N \ c a r   t     fuzzy alliance of cross-regional supply chain enterprises, such that   s   will try to cooperate with the fuzzy alliance with a certain degree of participation     q .   In the case of   c a r ( q ) ⊆ N \ c a r ( t )  , the benefit gained from the cooperation is   v   s ∨ q    . After retaining a portion of the benefits for the purpose of redevelopment, it is written as       max   j ∈ car ( s ) ∪ car ( q )    ⁡    c   j   ·   v   s ∨ q   .   At the same time, the cost must be paid to the cross-regional supply chain partner     x   q   =     max   j ∈ car ( q )    ⁡     q   j     x   j        after which cooperation is possible. Therefore, the difference is the most attractive for the fuzzy alliance of cross-regional supply chain enterprises     s  , which can be solved by     v   x   t     s , c     by solving for the maximum difference to find the best partner in the cross-regional supply chain.



Meanwhile, the generalized fuzzy reduced game of cross-regional supply chain enterprises also has the following two properties.




	(1)

	
If the original fuzzy game payoff value of cross-regional supply chain enterprise   v ≥ 0   then the value of its generalized fuzzy reduced game       v   x   t     s , c   ≥ 0 , ∀   s ≤ t  




	(2)

	
The value of the maximum coalition of the generalized fuzzy reduced game for cross-regional supply chain enterprises is       max   φ ⊆ car   q   ⊆ N \ car   t      ⁡  {     max   j ∈ car   t   ∪ car   q      ⁡    c   j   ·     v ( t ∨ q ) −   ∑  j ∈ c a r ( q )      q   j   ⋅   x   j   }    .









It is proven that there is a commutation relationship between the restricted generalized fuzzy reduced game and the original generalized fuzzy reduced game return value of cross-regional supply chain enterprises with the help of the following primer, and the transformation of the stabilized cooperation game pattern of cross-regional supply chain enterprises is realized via the commutation relationship.



Lemma 1. 

It is hereby decreed that   v   is a generalized fuzzy reduced game for cross-regional supply chain enterprises with distribution vectors   r ∈   R   n     or any cooperative alliance of more than two enterprises in a cross-regional supply chain, i.e., ·   | c a r ( s ) | ≥ 2   and   s =   e   c a r ( s )   ∈   F   N     and   i ∈ c a r ( s )   then, the value of their gains has the following conversion relation:


   [   v   x   s     ]   x | c a r ( s )   s − (   s   i   )   ( r , c ) =   m a x   φ ⊆ c a r     q   ′     ⊆   i   , k ⊆ c a r   r   ∪ c a r     q   ′         c   k   ·   v   x   s − (   s   i   )   ( r , c )   













Wherein,     α   | c a r ( s )     denotes the vector of contribution values restricted to the set of cross-regional supply chain cooperative enterprises     c a r ( s ) ⊆ N  . The vector of contribution values on     α   is denoted by     ( s   i   )  . The fuzzy cooperation game in the cross-regional supply chain     n   dimension unit hypercubic space is denoted by     F   N     of a nonempty fuzzy coalition in the cross-regional supply chain fuzzy cooperation game, and its first   i   component of the fuzzy coalition     s   i   > 0   and all other components are zero. For any   c a r ( d ) ⊆ N  ,     v   x | c a r ( d )   t     represents the cross-regional supply chain enterprises restricted to   c a r ( d )   on the generalized fuzzy reduced game, i.e.,     v   x | c a r ( d )   t   ( s , c )   =     m a x   ∅ ⊆ c a r ( q ) ⊆ c a r ( d ) \ c a r ( t )   {     max   j ∈ car ( s ) ∪ car ( q )    ⁡    c   j     · v   s ∨ q   −   ∑  j ∈ c a r ( q )       q   j   ·  x j     }  ,   ∀   e   ∅   ≠ s ≤ t  .



Proof of Lemma 1 is attached in Appendix A.



The generalized fuzzy reduced game formed by the cooperation of cross-regional supply chain enterprises is fuzzy mean monotonic if the cross-regional supply chain enterprises participate in the fuzzy coalition with a certain level of participation to obtain more generalized gains than their generalized proportional distributions, which is now proved by the following proposition.



Proposition 2. 

Let   v   be the vector of contribution values of cross-regional supply chain enterprises with respect to   α   of a fuzzy average monotonic game if there are distribution vectors   x ∈   R   N     and   i ∈ N  , such that     q   i   ⋅   x   i   ≥   α   i   ⋅   r ⋅ v     e   N       α     e   N       ,   ∀   q ∈   F   N         e   φ   < q <   e   i     and     0 < r = m a x   i ∈ N     c   i   ≤ 1  ; then,




	(1) 

	
If the cross-regional supply chain is restricted to   N \ { i }   the vector of enterprise contribution values is zero     α   | N \ { i }   = 0  , then the value of the generalized fuzzy reduced game for enterprises in the cross-regional supply chain is zero, i.e.,     v   x     e   N   −   e   i     ( s , c ) = 0  .   ∀   c a r   s   ⊆ N \ { i }  .




	(2) 

	
If the cross-regional supply chain is restricted to   N \ { i }  , a nonzero vector of enterprises’ contribution values on       α   | N \ { i }   ≠ 0 ,   then the generalized fuzzy reduced game of cross-regional supply chain enterprises     v   x     e   N   −   e   i     ( s , c )   is a fuzzy average monotonic game on     α   | N \ { i }    .











Proof of Proposition 2 is attached in Appendix A.



Proposition 2 shows that a generalized fuzzy simplifying game formed by the cooperation of cross-regional supply chain enterprises is fuzzy-averaged monotonic if the distribution vectors satisfy       q   i   ⋅   x   i   ≥   α   i   ⋅   r ⋅ v     e   N       α     e   N        ; then, the generalized fuzzy simplifying game is fuzzy mean monotonic.




5. A Generalized Fuzzy Bargaining Set Gain Redistribution Scheme for Cross-Regional Supply Chain Enterprise Alliances


Definition 5. 

On the vector of contribution values of cross-regional supply chain enterprises   α   of a fuzzy average monotonic game   v   that makes its vector of pre-distribution outside the core be   x ∈   I   ∗     v , r , c    , the fuzzy coalition of supply chain enterprises   s   with respect to the   x   generalized fuzzy supremum is


    e   s , x , c   =   m a x   j ∈ c a r ( s )     c   j   · v   s   −   ∑  j ∈ c a r ( s )      s   j     ⋅ x   j       ( 8 - 1 ) ∀ s ≤   e   N      



(8a)









The maximum fuzzy cooperative alliance with maximum generalized fuzzy excess for cross-regional supply chain enterprises   t ≤   e   N     satisfaction is as follows:


   e   t , x , c   =   m a x   j ∈ c a r ( t )     c   j   · v   t   −   ∑  j ∈ c a r ( t )      t   j     ⋅ x   j        ≥   m a x   j ∈ c a r   s       c   j   · v   s   −   ∑  j ∈ c a r   s        s   j     ⋅ x   j        = e ( s , x , c )   , ∀ s ≤   e   N     



(8b)






   e   t , x , c   > e ( s , x , c )   , ∀ t < s   



(8c)







Definition 6. 

For cross-regional supply chain enterprise alliances generalized fuzzy   M a s − C o l e l l  , the bargaining set is in terms of the fuzzy alliance perspective of supply chain enterprises, and in contrast to the objections of other bargaining sets, only two fuzzy alliances of cross-regional supply chains are addressed,     w i t h   s   and   t   no longer specifying specific cooperative enterprises. Therefore, the formation conditions of fuzzy objections become weaker, but the formation conditions of fuzzy counterobjections will be enhanced.





Let order   x   be the fuzzy cooperation game of cross-regional supply chain enterprises and   v   be the generalized benefit distribution vector for   x .   The generalized fuzzy objection is a pair       y , s   ,   where   s   is the fuzzy coalition of cross-regional supply chain enterprises, and   y   is the distribution vector, which is satisfied as follows:


    ∑  i ∈ c a r ( s )      s   i     ⋅ y   i     =   m a x   j ∈ c a r ( s )     c   j   · v ( s )  



(9a)






     s   i     ⋅ y   i   ≥   s   i     ⋅ x   i     ( 9 - 2 ) ∀ i ∈ c a r ( s )   



(9b)




where Equation (9b) holds for at least one strictly greater than the inequality. In response to the generalized fuzzy objection   ( y , s )  , supply chain enterprises   l  , in response to the enterprises     k  , may take corresponding resistance measures, e.g., the     l   may organize a fuzzy coalition that does not contain   k   fuzzy coalition that does not contain   z  . If a generalized benefit sharing vector     t   is brought in,   t ∈   F   N    ,     t   k   > 0  ,   a n d     t   l   = 0   in the fuzzy coalition   z .   The generalized benefit distribution vector of each enterprise in   t   is the component of the generalized benefit distribution vector of the enterprises from     c a r ( t )   members in the fuzzy coalition, which is simultaneously satisfied:


     t   i     ⋅ z   i   ≥   t   i     ⋅ x   i     , ∀ i ∈ c a r   t   \ c a r ( s )   



(9c)






     t   i     ⋅ ( z   i   −   x   i   ) ≥   t   i     ⋅ (   y   i   − x   i   )   ( 9 - 4 ) ∀ i ∈ c a r   t   ∩ c a r ( s )   



(9d)






    ∑  i ∈ c a r ( t )      t   i     ⋅ z   i     =   m a x   j ∈ c a r ( t )     c   j   · v ( t )  



(9e)







It is clear that the cross-regional supply chain fuzzy alliance   z   across a regional supply chain will not realize fewer broad benefits than they would if they cooperated with the alliance   s ,   and for those enterprises that are involved in both the alliance     s   and the fuzzy alliance     t ,   the generalized gains of the enterprises in the fuzzy alliance are greater than the generalized gains of the enterprises in the fuzzy alliance   s  . The binary couple is the supply chain enterprises’ counterargument to the generalized benefits.   ( t , z )   is the generalized fuzzy counterobjection formed by the supply chain enterprises to refute the generalized fuzzy objection.   ( y , s )   and the generalized fuzzy counterobjection is formed.



In a fuzzy average monotonic game with cross-regional supply chain enterprises   v  , the generalized benefit sharing vector   x   as a bargaining point of enterprises     k   in response to   l  , any generalized fuzzy objections about     x ,       y , s    , the enterprise, the enterprise will be given a   l   against   k ,   the generalized fuzzy counterobjection     t , z   ,   and then the fuzzy mean monotonic game of cross-regional supply chain enterprises   v   of bargaining points is called the generalized fuzzy bargaining set of cross-regional supply chain enterprises   M a s − C o l e l l  , described as


    M C   F     v , c   = { x ∈   I   ∗   ( v , r , c ) | E a c h   g e n e r a l i z e d   f u z z y   o b j e c t i o n   o f   x   h a s   a   g e n e r a l i z e d   f u z z y   c o u n t e r   o b j e c t i o n }  



(9f)







In generalized fuzzy bargaining for cross-regional supply chain enterprises   M a s − C o l e l l  , the concept of bargaining set portrays that for a fuzzy average game formed by the cooperation of cross-regional supply chain enterprises, even if its generalized fuzzy core is empty, its generalized fuzzy   M a s − C o l e l l   bargaining set contains a generalized benefit distribution vector other than the generalized fuzzy core, i.e., the generalized fuzzy bargaining set of cross-regional supply chain enterprises   x   v   .   The nonempty nature of the generalized fuzzy bargaining set of cross-regional supply chain enterprises suggests that the nonemptiness of the generalized fuzzy     b a r g a i n i n g   s e t   M a s − C o l e l l   indicates the existence of its generalized optimal benefit distribution scheme [26,27].



The above maximum fuzzy cooperative coalition of cross-regional supply chain enterprises with maximum generalized fuzzy supremacy can be used to construct a generalized fuzzy reduced game on the subject of   x   generalized fuzzy objections. It can also be used to prove whether the generalized fuzzy reduced game of cross-regional supply chain enterprises satisfies the fuzzy mean monotonic property.



Proposition 3. 

Let   v   be the cross-regional supply chain enterprises on the contribution value vector   α   of the fuzzy mean monotonic game, with   x   being the distribution within the generalized predistribution set but not in the generalized fuzzy core, i.e.,     x ∈   I   *   ( v , r , c ) \ C ( v , r , c )  , and let   t   be the maximum fuzzy coalition of cross-regional supply chain enterprises with maximum generalized fuzzy supremum, then




	(1) 

	
If the vector of contribution values of cross-regional supply chain enterprises is zero,     α   | c a r ( t )   = 0  , then the generalized fuzzy reduced game value of cross-regional supply chain enterprises is zero,     v   x   t     s , c   = 0  




	(2) 

	
If the vector of contribution values of cross-regional supply chain enterprises is nonzero,     α   | c a r ( t )   ≠ 0   then the generalized fuzzy reduced game of cross-regional supply chain enterprises     v   x   t     s , c     is a fuzzy average monotonic game about     α   | c a r ( t )    .











Proof of Proposition 3 is attached in Appendix A.



Proposition 3 shows the relationship between the generalized fuzzy reduced game and the fuzzy average monotonic game for the vector of contribution values of cross-regional supply chain enterprises under various conditions.




6. Equivalence Analysis of Generalized Fuzzy Bargaining Sets and Generalized Fuzzy Core Redistribution Schemes for Cross-Regional Supply Chain Enterprise Alliances


As an increasing number of cooperative game patterns are formed during the alliance formation process of cross-regional supply chain enterprises, the optimal benefit distribution scheme does not exist under each cooperative game pattern, especially under the current fuzzy cooperation mode. The fuzzy characteristics and game process presented in the cooperation of cross-regional supply chain enterprises are becoming increasingly complicated from the generalized fuzzy bargaining sets     M C   F     v , c    . From the perspective of equivalence between the generalized fuzzy bargaining set and generalized fuzzy core     C   v , r , c    , the existence of a generalized fuzzy core in the fuzzy mean monotonic game of cross-regional supply chain enterprises can be better portrayed in the equilibrium of the fuzzy mean monotonic game of cross-regional supply chain enterprises to realize the stability and continuity of the alliance structure of cross-regional supply chain enterprises.



Theorem 2. 

For the fuzzy mean monotonic game of cross-regional supply chain enterprises   v   and its generalized fuzzy bargaining set   M a s − C o l e l l  ,     M C   F     v , c     is equal to the generalized fuzzy core   C   v , r , c    . The steps for demonstrating the equivalence of its redistribution scheme are shown in Figure 1.





Step 1: Proof of generalized fuzzy bargaining set distribution     M C   F     v , c     contains generalized fuzzy core distribution   C   v , r , c    , i.e.,   C   v , r , c   ⊆   M C   F     v , c    .  C   v , r , c   ⊆   M C   F     v , c     is obvious because from their respective definitions, it can be concluded that there is no generalized fuzzy objection to any generalized fuzzy core element.



Step 2: Prove that the generalized fuzzy core distribution   C   v , r , c     includes the generalized fuzzy bargaining set distribution     M C   F     v , c    , i.e.,     M C   F     v , c   ⊆ C   v , r , c    .



The proof of Theorem 2 is attached in Appendix A.



Theorem 2 shows that the distribution vectors outside the generalized fuzzy core of cross-regional supply chain enterprises are not in the generalized fuzzy bargaining set, i.e., for the fuzzy average monotonic game of cross-regional supply chain enterprises, the generalized fuzzy core and the generalized fuzzy bargaining set of redistribution schemes are equal. In other words, if the fuzzy average monotonic game pattern is formed in the cooperation of cross-regional supply chain enterprises, the optimal generalized redistribution scheme can be found, and its alliance structure is stable, thus realizing the sustainable development of the supply chain.




7. Numerical Simulation


The most basic conditions for selecting alliance members are a rational analysis of interests and the degree of resource participation among alliance members. In addition, the cooperative game pattern formed by alliance members and the bargaining equilibrium under different patterns are indicators that decision-makers need to consider. For example, the establishment of a 5G alliance reflects the adherence to the basic principles of cooperation and benefit distribution among alliance members, as well as the application of cooperative game models. However, in addition to considering these key elements, the selection of alliance members should also consider the characteristics of the alliance itself, the factors of sustained cooperation, and the redevelopment of the alliance. Therefore, the concepts and theories proposed in this paper are more suitable for application in 5G alliances and more real-world case studies in uncertain environments.



Now, order   N = {   Q   1   ,   Q   2   ,   Q   3   ,   Q   4   }   denotes those four enterprises from different regional supply chains. To realize cross-regional collaborative innovation R&D projects, if each enterprise studies and develops individually, it will surely invest a lot of costs relying on its own core resources to obtain elements, structural synergies, functional enhancement, etc., and may not be able to obtain the benefits, but the total benefits brought by the fuzzy cooperation from different scales will be much larger than those obtained by the separate actions. Therefore, these four cross-regional supply chain enterprises form a cooperative alliance and try to provide resource conditions for the redistribution of benefits and supply chain redevelopment based on cooperation. The process of each cooperative enterprise using its own resources to form an alliance for optimization and integration is the fuzzy mean monotonic game   v .   The formation process of each cooperative enterprise and alliance benefit distribution problem is the game model solution process. Among them, the value of the characteristic function (unit: million dollars) of the gain obtained by each enterprise when it studies and develops alone is zero, and the gain obtained by the two enterprises when they cooperate in R&D is zero   v     e       Q   1         = v     e       Q   2         = v     e       Q   3         = v     e       Q   4         = 0 .   The value of the characteristic function of each enterprise’s gain when it cooperates in R&D is zero, and the value of the characteristic function of its gain when it cooperates in R&D is zero,   v     e       Q   1   ,   Q   2         = v     e       Q   3   ,   Q   4         = 0   The value of the characteristic function of the benefit when two companies cooperate in R&D is zero,     v     e       Q   1   ,   Q   3         = 20  .     v     e       Q   2   ,   Q   3         = v     e       Q   1   ,   Q   4         = 25  .     v     e       Q   2   ,   Q   4         = 30  . The values of the characteristic function of the benefit obtained when three enterprises cooperate in R&D are   v     e       Q   1   ,   Q   2   ,   Q   3         = 30  ,   v     e       Q   1   ,   Q   3   ,   Q   4         = 40  ,   v     e       Q   1   ,   Q   2   ,   Q   4         = 35  , and   v     e       Q   2   ,   Q   3   ,   Q   4         = 45  , respectively; the value of the eigenfunction of the gain obtained when four enterprises work together is   v     e       Q   1   ,   Q   2   ,   Q   3   ,   Q   4         = 55  . The fuzzy average monotonic game collaborative innovation cooperative alliance of cross-regional supply chain enterprises is shown in Figure 2.



It can be verified that this cross-regional supply chain enterprise fuzzy game satisfies the superadditivity property, i.e., the cooperative enterprises     Q   1   ,   Q   2   ,   Q   3   ,   Q   4     gained by forming any fuzzy cooperative alliance when cooperating with participation degree 1 is not less than that gained when they act alone, and the comparison process is shown in Table 1.



Based on the above vector of cross-regional supply chain enterprise alliance returns and relative contribution values of enterprises   α = ( 0.25,0.5,0.75,1 )   all fuzzy cooperative alliances   s ≤ t ≤   e   N     can be made to satisfy   α ( t ) ⋅ v ( s ) ≤ α ( s ) ⋅ v ( t )  ; i.e., the fuzzy average monotonic game of cross-regional supply chain enterprise cooperative innovation can be constructed. If the total gain value of its game is partially retained, i.e., the distribution coefficient is adjusted according to the participation degree of each cooperative enterprise in the cross-regional supply chain, for example, to find the vector   c = {   c   1   ,   c   2   ,   c   3   ,   c   4   }   that satisfies     0 ≤   c   i   ≤ 1,1 ≤ i ≤ n  , and   i =   m a x   i ∈ N     c   i    , such that the generalized fuzzy core solution of the fuzzy average monotonic game of cross-regional supply chain enterprises     C   v , r , c     is nonempty, one can find the vector that satisfies ①       ∑  i ∈ N      x   i     = r · v     e   N     , r ≥   m a x   i ∈ N     c   i     and ②       x   i   ≥   c   i   · v     e   i       ∀ i ∈ N   of the generalized optimal redistribution scheme. The existing adjustment distribution vector       0.6,0.3,0.3,0.2     is       c   1   = 0.6  ,     c   2   = 0.3 ,     c   3   = 0.3 ,     c   4   = 0.2 ,   r =   m a x   i ∈ N     , a n d   c   i   = 0.6  , where     c   i     represents the cross-regional supply chain cooperative enterprises     Q   i     The distribution coefficient of each fuzzy alliance generalized gain of cross-regional supply chain enterprises =     m a x   i ∈ c a r ( s )     c   i   ×   the fuzzy alliance gains,   c a r   s   ⊂ {   Q   1   ,   Q   2   ,   Q   3   ,   Q   4   }  , retaining     1 − r   · v     e   N     = 0.4 × 55 = 22   million dollars of gains not distributed for supply chain enterprise alliance redevelopment. From the definition of the generalized fuzzy core solution, it can be proved that the generalized distribution under the fuzzy average monotonic game of each cooperative enterprise in the supply chain       x   1   = 16.5  ,     x   2   = 6.6  ,     x   3   = 6.6  , and     x   4   = 3.3   is included in the generalized fuzzy core solution, and the test process is


    x   1   +   x   2   +   x   3   +   x   4   = 33  








at the same time


    x   1   +   x   2   +   x   3   = 29.7 >   m a x   i ∈ {   Q   1   ,   Q   2   ,   Q   3   }     c   i   · v     e       Q   1   ,   Q   2   ,   Q   3         = 18  










    x   1   +   x   3   +   x   4   = 26.4 >   m a x   i ∈ {   Q   1   ,   Q   3   ,   Q   4   }     c   i   · v     e       Q   1   ,   Q   3   ,   Q   4         = 24  










    x   2   +   x   1   +   x   4   = 26.4 >   m a x   i ∈ {   Q   2   ,   Q   1   ,   Q   4   }     c   i   · v     e       Q   2   ,   Q   1   ,   Q   4         = 21  










    x   2   +   x   3   +   x   4   = 16.5 >   m a x   i ∈ {   Q   2   ,   Q   3   ,   Q   4   }     c   i   · v     e       Q   2   ,   Q   3   ,   Q   4         = 13.5  











In addition,     x   1   ≥ 0  ,     x   2   ≥ 0  ,     x   3   ≥ 0 ,   and     x   4   ≥ 0  . Therefore, the generalized fuzzy core solution of the fuzzy average monotonic game formed by the four cooperative enterprises in the cross-regional supply chain is nonempty, indicating that the generalized optimal redistribution scheme for supply chain redevelopment can be found. The existence of a generalized fuzzy core solution is a guarantee of the stability of cross-regional supply chain enterprise alliances, and the fuzzy average monotonic game between cross-regional supply chain enterprises has an equivalent relationship between the generalized fuzzy core and the generalized fuzzy bargaining set. The Shapley value in reference [45] is used as a solution tool to solve the problem of supply chain enterprise   i   based on participation degree     s   i   = 1 , i = 1,2 , 3,4  . The equilibrium results of forming the largest alliance when participating in the alliance are shown in Figure 3. In contrast, when cross-regional supply chain enterprises form the largest cooperative alliance in a fuzzy average monotonic game pattern, the fuzzy bargaining set distribution in this paper can achieve the overall optimization of the largest alliance. The comparison of distribution schemes is shown in Figure 4.



The stability of cross-regional supply chain enterprise alliances is guaranteed via the existence of generalized fuzzy core solutions, Moreover, the generalized fuzzy core of the fuzzy mean monotonic game and the generalized fuzzy bargaining set of the cross-regional supply chain enterprises have an equivalence relationship, compared to the Shapley value as a solution tool in reference [45], When cross-regional supply chain enterprises form the largest cooperative alliance under the fuzzy average monotonic game pattern, the fuzzy bargaining set distribution in this paper can achieve the overall optimization of the largest alliance. Coordinating and cooperating via bargaining is more reasonable than the original classical Shapley value and can be better applied to practical cooperation environments. It can also motivate all members of the alliance to cooperate based on the uncertainty characteristics of the environment. At the same time, the optimal redistribution scheme of any of the generalized fuzzy game solutions can be selected according to the actual needs, and the cooperative participation degree and redistribution parameters can be adjusted at the same time according to the actual needs       c   i     and redistribution parameter   r .   It can also adjust the values of the cooperative participation degree and redistribution parameters according to the actual needs. From the perspective of sustainable “environmental” pillar research, achieving cross-regional supply chain enterprises to cooperate with various alliances with different degrees of participation, and retaining some benefits for sustainable development of the supply chain from the perspective of sustainable “economic” pillar research, can better ensure the effectiveness and stable sustainable development of cooperative alliances, and provide decision-making basis for solving the problem of cross-regional supply chain enterprise cooperation and benefit redistribution in uncertain and complex environments.




8. Conclusions


8.1. Theoretical Results


In an uncertain environment, cross-regional supply chain enterprises have shown a fuzzy characteristic of cooperation and a sustained demand for re-cooperation. This paper uses the fuzzy average monotonic cooperative game and its generalized fuzzy bargaining set solution and generalized fuzzy core solution to study the sustainable cooperation strategies of cross-regional supply chain enterprises in an uncertain environment. Not only does it meet the actual needs of cross-regional supply chain enterprises to participate in cooperation with partial resources from the perspective of the “environmental” pillar of supply chain enterprise management sustainability, but it also achieves a strategy of retaining partial benefits for the redevelopment of supply chain alliances from the perspective of the “economic” pillar of supply chain enterprise management sustainability, the main theoretical results are as follows:




	(1)

	
Considering the fuzzy characteristics of cross-regional supply chain enterprise cooperation and the contribution behavior of supply chain enterprises, we constructed a fuzzy average monotonic cooperation game model of cross-regional supply volume enterprise alliance and investigated various contribution vectors of supply volume enterprises in the alliance cooperation   α .   The fuzzy average monotonic game formed by the alliance of supply volume enterprises implies that the average return value of their alliance on vector   α   increases with the size of the coalition.




	(2)

	
The construction of the generalized fuzzy reduced game of cross-regional supply chain enterprises reflects the strategy of supply chain enterprises to find the best partners in cross-regional cooperation because only the difference of the alliance game is the most attractive for cross-regional supply chain enterprise alliances, and at the same time, the generalized fuzzy reduced game and the fuzzy average monotonic game also have a certain conversion relationship.




	(3)

	
Under the fuzzy cooperation mode of cross-regional supply chain enterprises, an increasing number of cooperative game patterns are formed, but not every cooperative game pattern has an optimal benefit distribution scheme. The generalized fuzzy bargaining set distribution scheme of the fuzzy average monotonic game of cross-regional supply chain enterprises is investigated, which accounts for the degree of cooperative participation and meets the demand of retaining a portion of the total benefit value of the game for sustainable development.




	(4)

	
The equivalence of the generalized fuzzy core distribution scheme and the generalized fuzzy bargaining set distribution scheme of the fuzzy average monotonic game of the cross-regional supply chain enterprises is studied, and its validity is verified by the arithmetic example, in which the appropriate generalized optimal redistribution scheme can be selected according to the actual needs.










8.2. Managerial Implications


The above theoretical results provide the following important management insights, consider the “environmental” pillar of supply chain enterprise management sustainability, mechanisms for supply chain enterprises to cooperate with multiple alliances can be established, the long-term and stable partnership of supply chain enterprise alliances can be constructed. Considering the “economic” pillar of supply chain enterprise management sustainability, a benefit distribution mechanism suitable for the sustainable development of supply chain enterprise alliances can be proposed.



	(1)

	
Establish a mechanism for supply chain enterprises to cooperate with multiple alliances. The idea of a classical game in the application of a supply chain enterprise alliance is embodied as follows: (i) Participants are fully involved in a specific alliance, i.e., participants either participate in a certain alliance or do not participate in a certain alliance, and there is no situation in which participants participate in a certain alliance with a certain degree of participation. (ii) Participants are fully aware of the benefits of various cooperation strategies and the distribution of their participation in a particular coalition before they cooperate. However, in reality, more often than not, in the face of many uncertainties, enterprises participate in multiple supply chain alliances with different participation levels or participation rates, and they are not sure or even aware of the benefits of different cooperation strategies and their respective distributions in a particular alliance before cooperation. Therefore, it is necessary to use the distributional solution of the fuzzy game of supply chain enterprise alliances to describe the uncertain phenomenon via the degree of affiliation or participation, to portray the quantitative relationship in the real problem more reasonably and to provide a powerful analytical tool to deal with the uncertain phenomenon.




	(2)

	
Establish long-term stable partnerships of supply chain enterprise alliances. The total benefit value of the supply chain enterprise alliance should be distributed fairly and reasonably so that all participating enterprises can gain from successful cooperation. A long-term stable partnership is based on fair benefit sharing and risk sharing. Therefore, to establish a long-term and stable partnership, enterprises can cooperate with multiple supply chain alliances at the same time with different degrees of participation, and at the same time, they can partially retain the total benefit value of the supply chain alliance, which is conducive to its sustainable development.




	(3)

	
Construct a benefit distribution mechanism suitable for the sustainable development of supply chain enterprise alliances. Most of the research carried out by the previous researchers on the cooperative game is in the sense of a traditional solution to distribute all the cooperative game benefits to the participants at one time, but to ensure the sustainable development of the supply chain alliance, it should be considered that not all the cooperative benefits will be distributed and that a part of them will be retained for sustainable development. In view of this idea, it is necessary to introduce a distribution coefficient or an adjustment coefficient for the value of the cooperative benefits and the distribution of the benefits to each participant. In view of this idea, it is necessary to introduce a distribution coefficient or adjustment coefficient for the value of cooperation gains and the value of each participant’s gain distribution to realize the partial retention of the value of game gains and thus to solve the problem of sustainable development of supply chain enterprise alliances.








8.3. Future Research


Our research provides some strategic references for sustainable cooperation among cross-regional supply chain enterprises. However, the model still has certain limitations, from the perspective of the “economic” pillar of supply chain enterprise management sustainability, we only studied the generalized fuzzy core solution and the generalized fuzzy bargaining set distribution scheme of the fuzzy average monotone game in cross-regional supply chain enterprise alliances but did not study other distribution schemes and their equivalent relationships, these limitations leave room for future research. For example, supply chain enterprises may form many fuzzy game patterns when forming cooperative alliances, with properties varying with game patterns, while the benefit distribution scheme is affected by a variety of factors in addition to cooperative participation and distribution coefficients. In the future, we will consider the generalized fuzzy kernel distribution scheme and its equivalence to coordinate the continuous cooperation of supply chain enterprises. In addition, the influence of other fuzzy cooperative game patterns on the cooperative strategy choices of cross-district supply chain enterprises is also a future research direction.
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Appendix A


Proof of Theorem 1. 

(1). If the fuzzy alliance of cross-regional supply chain enterprises   s   has a zero return   v   s   = 0  , it is obvious that there is ①       ∑  i ∈ N      p   i     v ; α , c   =     ∑  i ∈ N      α   i   ·   r · v     e   N       α     e   N       = r · v     e   N        ; ② due to   v   s   = 0  , if the benefit of the fuzzy alliance of cross-regional supply chain enterprises is zero, it is obvious that     ∑  i ∈ N      p   i     v ; α , c   ≥ 0 =       max   i ∈ car   s      ⁡    c   i   ·   v   s    . If the benefit value of the fuzzy alliance of cross-regional supply chain enterprises   s   is greater than zero,   v   s   > 0 ,   by item (1) of Proposition 1, its contribution value vector is greater than zero, i.e.,   α   s   > 0 ,   ①     ∑  i ∈ N      p   i     v ; α , c   =     ∑  i ∈ N      α   i   ·   r · v     e   N       α     e   N       = r · v     e   N         a n d     ②     ∑  i ∈ c a r   s          s   i   · p   i     v ; α , c   =   ∑  i ∈ c a r   s          s   i   · α   i   ·   r · v     e   N       α     e   N           = α   s   ·       max   i ∈ N    ⁡    c   i   ·   v     e   N       α     e   N       ≥ α   s   ·       max   i ∈ N    ⁡    c   i   ·   v   s     α   s     =     max   i ∈ N    ⁡    c   i   ·   v   s   ≥     max   i ∈ car   s      ⁡    c   i   ·   v   s     satisfy the condition of generalized fuzzy core distribution for the cross-regional supply chain enterprise alliance, i.e., Statement (1) holds.



(2). Any subgame of the fuzzy average monotonic game for cross-regional supply chain enterprises       v   | c a r ( t )     is either null or is a subgame of a fuzzy average monotonic game about     α   | c a r ( t )    . If nonempty, then it is clearly a subgame about any   r ∈   R   +   c a r ( t )   \ { 0 }   fuzzy average monotonic game that includes     α   | c a r ( t )    . In any case, its subgame has a nonempty generalized fuzzy core distribution scheme, and thus, the fuzzy average monotonic game of cross-regional supply chain enterprises is fully equilibrated.



Thus, Theorem 1 is proved. □





Proof of Lemma 1. 

From the definition of the generalized fuzzy reduced game of cross-regional supply chain enterprises, for any fuzzy coalition of cross-regional supply chain enterprises   r ∈   F   N    , where     e   ∅   ≠ r ≤ ( s \   s   i   )  , its cross-regional supply chain enterprise benefit conversion process is as follows:


       [ v   x   s   ]   x | c a r ( s )   s −   ( s   i   )     r , c   =   m a x   ∅ ⊆ c a r     q   ′     ⊆ c a r     q   i             max   k ∈ car   r   ∪ car     q   ′        ⁡    c   k   ·     v   x   s     r ∨   q   ′     −   ∑  k ∈ c a r     q   ′             q   ′     j    ·  x  j          = m a x {       max   k ∈ car   r      ⁡    c   k      ·  v x s     r , c   ,       max   k ∈ car   r   ∪ car     q   i        ⁡    c   k   ·  v x s      r ∨   q   i   , c   −     q   i   · x   i   }    =   m a x     0 ≤ q   i   ≤ 1   {     max   k ∈ car   r      ⁡    c   k   ·     m a x   ∅ ⊆ c a r   q   ⊆   N \ c a r   s       {     max   k ∈ car   r   ∪ car   q      ⁡    c   k   ·   v   r ∨ q   −   ∑  j ∈ c a r   q   ∪   i         q   j   ·   x  j     } ,     










       max   k ∈ car   r   ∪ car     q   i        ⁡    c   k   ·     m a x   ∅ ⊆ c a r   q   ⊆   N \ c a r   s       {     max   k ∈ car   r   ∪ car   q   ∪ car     q   i        ⁡    c   k   ·   v   r ∨   q   i   ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j     } −     q   i   · x   i   }    =   m a x     0 ≤ q   i   ≤ 1   {     max   k ∈ car   r      ⁡    c   k   ·     m a x   ∅ ⊆ c a r   q   ⊆   N \ c a r   s       {     max   k ∈ car   r   ∪ car   q      ⁡    c   k   ·   v   r ∨ q   −   ∑  j ∈ c a r   q   ∪   i         q   j   ·   x  j     } ,   










       max   k ∈ car   r   ∪ car     q   i        ⁡    c   k   ·     m a x   ∅ ⊆ c a r   q   ⊆   N \ c a r   s     ∪ c a r     q   i             max   k ∈ car   r   ∪ car   q   ∪ car     q   i        ⁡    c   k   ·   v   r ∨   q   i   ∨ q   −   ∑  j ∈ c a r   q   ∪ c a r     q   i           q   j   ·   x  j          =   m a x   ∅ ⊆ c a r     q   ′     ⊆ c a r     q   i       {     max   k ∈ car   r   ∪ car     q   ′        ⁡    c   k   · {     m a x   ∅ ⊆ c a r   q   ⊆   N \ c a r   s       {     max   k ∈ car   r   ∪ car   q      ⁡    c   k   ·   v   r ∨ q      −   ∑  j ∈ c a r   q         q   j   ·   x  j     } ,   m a x   ∅ ⊆ c a r   q   ⊆   N \ c a r   s     ∪ c a r     q   i       {     max   k ∈ car   r   ∪ car   q   ∪ car     q   i        ⁡    c   k   ·   v   r ∨   q   i   ∨ q   −   ∑  j ∈ c a r   q   ∪ c a r     q   i           q   j   ·   x  j     }    =   m a x   ∅ ⊆ c a r     q   ′     ⊆ c a r     q   i       {     max   k ∈ car   r   ∪ car     q   ′        ⁡    c   k   ·     m a x   ∅ ⊆ c a r   q   ⊆   N \ c a r   s     ∪ c a r     q   i       {     max   k ∈ car   r   ∪ car   q      ⁡    c   k   · v   r ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j       } }    =   m a x   ∅ ⊆ c a r     q   ′     ⊆ c a r     q   i       {     max   k ∈ car   r   ∪ car     q   ′        ⁡    c   k   ·     v   x   s −   ( s   i   )     r , c   }    =   m a x   φ ⊆ c a r     q   ′     ⊆   i   , k ⊆ c a r   r   ∪ c a r     q   ′         c   k   ·   v   x   s −   ( s   i   )     r , c     











Therefore,   [   v   x   s     ]   x | c a r ( s )   s − (   s   i   )   ( r , c ) =   m a x   φ ⊆ c a r     q   ′     ⊆   i   , k ⊆ c a r   r   ∪ c a r     q   ′         c   k   ·   v   x   s − (   s   i   )   ( r , c )   holds and Lemma 1 is proved. □





Proof of Proposition 2. 

(1). Since     α     N \ { i     =   (   α   j   )   j ∈ N \ { i }   = 0  , then   α   s   = 0  .   v   s   = 0 ,   f o r   ∀   c a r   s   ⊆ N \ { i }   (by Proposition 1 (2)). Therefore, for all   c a r   s   ⊆ N \ { i }  , there is


       q   i   · x   i   ≥   α   i   ·   r · v     e   N       α     e   N       =   α   s   +   α   i     ·   r · v     e   N       α     e   N       = α ( s ∨   e   i   ) ·   r · v     e   N       α     e   N          ≥ α   s ∨   e   i     ·   r · v   s ∨   e   i       α   s ∨   e   i   , c     = r · v   s ∨   e   i     ≥     max   j ∈ car   s   ∪ car     e   i        ⁡    c   j   ·   v   s ∨   e   i       











Because the fuzzy game of cross-regional supply chain enterprises   v   is mean monotonic and     α   s   +   α   i   =   ∑  j ∈ c a r   s   ∪   i            s ∨   e   i       j   · α   j   =   α   s ∨   e   i      , the last two inequalities hold, and because         max   j ∈ car   s   ∪ car     e   i        ⁡    c   j   ·   v   s ∨   e   i     −     q   i   · x   i   ≤ 0   and       max   j ∈ car   s   ∪ car     q   i        ⁡    c   j   ·   v   s ∨   q   i     ≤     max   j ∈ car   s   ∪ car     e   i        ⁡    c   j   ·   v   s ∨   e   i      , the     q ≤   e   i    .       max   j ∈ car   s   ∪ car     q   i        ⁡    c   j   ·   v   s ∨   q   i     −     q   i   · x   i   ≤ 0  ; therefore,


     v   x     e   N   \   e   i       s , c     = m a x   ∅ ⊆ c a r   q   ⊆   i     {     max   j ∈ car   s   ∪ car   q      ⁡    c   j   ·   v   s ∨ q   −  ∑  j ∈ c a r   q       q j  ·  x j    }  = m a x {     max   j ∈ car   s      ⁡    c   j   ·   v   s   ,     max   j ∈ car   s   ∪ car     e   i        ⁡    c   j   ·   v   s ∨   e   i     −     q   i   · x   i   } =     max   j ∈ car   s      ⁡    c   j   ·   v   s   = 0  











To wit,     v   x     e   N   \   e   i       s , c   = 0  .



(2). It is necessary to prove that for any     e   ∅   ≤   s   1   ≤   s   2   ≤ (   e   N   \   e   i   )  , the following inequality holds:


  α     s   2     ·   v   x     e   N   \   e   i         s   1   , c   ≤ α     s   1     ·   v   x     e   N   \   e   i         s   2   , c    











If     α     s   1     = 0  , the same as (1) yields       v   x     e   N   \   e   i         s   1   , c   = 0  ; hence, the inequality holds.



If   α     s   1     ≠ 0  , proof is needed:       v   x     e   N   \   e   i         s   1   , c     α     s   1       ≤     v   x     e   N   \   e   i         s   2   , c     α     s   2        .



In fact, it known that       v     s   1       α     s   1       ≤   v     s   2       α     s   2        , and, because the game of cross-regional supply chain enterprise cooperation   v   is ambiguously average and monotonous and at the same time     s   1   ≤   s   2    , that       max   j ∈ car     s   1        ⁡    c   j     ≤     max   j ∈ car     s   2        ⁡    c   j      , then       max   j ∈ car     s   1        ⁡    c   j     ·   v     s   1       α     s   1       ≤     max   j ∈ car     s   2        ⁡    c   j     ·   v     s   2       α     s   2         and


     v   x     e   N   \   e   i         s   1   , c     = m a x   ∅ ⊆ c a r   q   ⊆   i     {     max   j ∈ car     s   1     ∪ car   q      ⁡    c   j   ·   v     s   1   ∨ q   −   ∑  j ∈ c a r   q       q j  ·  x j   }    = m a x       max   j ∈ car     s   1        ⁡    c   j   ·   v     s   1     ,     max   j ∈ car     s   1     ∪   i      ⁡    c   j   ·   v     s   1   ∨   q   i     −     q   i   · x   i       v   x     e   N   \   e   i         s   2   , c        = m a x   ∅ ⊆ c a r   q   ⊆   i     {     max   j ∈ car     s   2     ∪ car   q      ⁡    c   j   ·   v     s   2   ∨ q   −   ∑  j ∈ c a r   q        q   j   ·  x j    }    = m a x {     max   j ∈ car     s   2        ⁡    c   j     · v     s   2     ,     max   j ∈ car     s   2     ∪   i      ⁡    c   j     · v     s   2   ∨   q   i     −     q   i   · x   i   }    











Now, only proof is needed:


        max   j ∈ car     s   1     ∪   i      ⁡    c   j   ·   v     s   1   ∨   q   i     −     q   i   · x   i     α     s   1       ≤       max   j ∈ car     s   2     ∪   i      ⁡    c   j     · v     s   2   ∨   q   i     −     q   i   · x   i     α     s   2        











Since the game of cross-regional supply chain enterprise cooperation     v   is fuzzy mean monotonic, there is


         max   j ∈ car     s   1     ∪   i      ⁡    c   j   ·   v     s   1   ∨   q   i     −     q   i   · x   i     α     s   1       =       max   j ∈ car     s   1     ∪   i      ⁡    c   j   ·     v     s   1   ∨   q   i       α     s   1   ∨   q   i       · α     s   1   ∨   q   i     −     q   i   · x   i     α     s   1          =       max   j ∈ car     s   1     ∪   i      ⁡    c   j   ·     v     s   1   ∨   q   i       α     s   1   ∨   q   i       · α     s   1       α     s   1       +       max   j ∈ car     s   1     ∪   i      ⁡    c   j   ·     v     s   1   ∨   q   i       α     s   1   ∨   q   i       · α     q   i     −     q   i   · x   i     α     s   1          =     max   j ∈ car     s   1     ∪   i      ⁡    c   j   ·     v     s   1   ∨   q   i       α     s   1   ∨   q   i       +       max   j ∈ car     s   1     ∪   i      ⁡    c   j   ·     v     s   1   ∨   q   i       α     s   1   ∨   q   i       · α     q   i     −     q   i   · x   i     α     s   1          ≤     max   j ∈ car     s   1     ∪   i      ⁡    c   j   ·     v     s   2   ∨   q   i       α     s   2   ∨   q   i       +       max   j ∈ car     s   1     ∪   i      ⁡    c   j   ·     v     s   2   ∨   q   i       α     s   2   ∨   q   i       · α     q   i     −     q   i   · x   i     α     s   1          ≤     max   j ∈ car     s   2     ∪   i      ⁡    c   j     ·   v     s   2   ∨   q   i       α     s   2   ∨   q   i       +       max   j ∈ car     s   2     ∪   i      ⁡    c   j     ·   v     s   2   ∨   q   i       α     s   2   ∨   q   i       · α     q   i     −     q   i   · x   i     α     s   1         











Therefore, it can be adjudicated that       max   j ∈ car     s   2     ∪   i      ⁡    c   j     ·   v     s   2   ∨   q   i       α     s   2   ∨   q   i       · α     q   i     −     q   i   · x   i   ≤ 0  . Because   c a r     s   2     ∪   i   ⊆ N  .       max   j ∈ car     s   2     ∪   i      ⁡    c   j     ≤     max   j ∈ N    ⁡    c   j     = r  .       q   i   · x   i   ≥   α   i   ·   r · v     e   N       α     e   N       ≥   α   i   ·   r · v     s   2   ∨   q   i       α     s   2   ∨   q   i       ≥   q   i   ·   α   i   ·       max   j ∈ car     s   2     ∪   i      ⁡    c   j     · v     s   2   ∨   q   i       α     s   2   ∨   q   i       = α (   q   i   ) ·       max   j ∈ car     s   2     ∪   i      ⁡    c   j     · v     s   2   ∨   q   i       α     s   2   ∨   q   i        ; i.e.,   α     q   i     ·       max   j ∈ car     s   2     ∪   i      ⁡    c   j     · v     s   2   ∨   q   i       α     s   2   ∨   q   i       −     q   i   · x   i   ≤ 0  .



According to the definition of a fuzzy average monotonic game for cross-regional supply chain enterprises, there are     0 ≤ α     s   1     ≤ α     s   2       such that     s   1   ≤   s   2    , and     α     s   1     ≠ 0  , so   0 ≤   1   α     s   2       ≤   1   α     s   1        . Therefore,


       max   j ∈ car     s   2     ∪   i      ⁡    c   j     ·   v     s   2   ∨   q   i       α     s   2   ∨   q   i       +       max   j ∈ car     s   2     ∪   i      ⁡    c   j     ·   v     s   2   ∨   q   i       α     s   2   ∨   q   i       · α     q   i     −     q   i   · x   i     α     s   1          ≤     max   j ∈ car     s   2     ∪   i      ⁡    c   j     ·   v     s   2   ∨   q   i       α     s   2   ∨   q   i       +       max   j ∈ car     s   2     ∪   i      ⁡    c   j     ·   v     s   2   ∨   q   i       α     s   2   ∨   q   i       · α     q   i     −     q   i   · x   i     α     s   2          =       max   j ∈ car     s   2     ∪   i      ⁡    c   j     ·   v     s   2   ∨   q   i       α     s   2   ∨   q   i       · ( α     s   2     + α     q   i     ) −     q   i   · x   i     α     s   2          =       max   j ∈ car     s   2     ∪   i      ⁡    c   j     · v     s   2   ∨   q   i     −     q   i   · x   i     α     s   2         








because     α     s   2     + α     q   i     =   ∑  j ∈ c a r     s   2          (   s   2   )   j   ·  α j    +   ∑  j ∈ c a r     q   i           q   j   ·   α j    =   ∑  j ∈ c a r     s   2     ∪ c a r     q   i           (   s   2   ∨   q   i   )   j   ·  α j     = α (   s   2   ∨   q   i   )  .



Therefore, the inequality         max   j ∈ car     s   1     ∪   i      ⁡    c   j   ·   v     s   1   ∨   q   i     −     q   i   · x   i     α     s   1       ≤       max   j ∈ car     s   2     ∪   i      ⁡    c   j     · v     s   2   ∨   q   i     −     q   i   · x   i     α     s   2         holds, and Proposition 2 is proved. □





Proof of Proposition 3. 

(1). It follows from Proposition 1 (2) that     α   | c a r   t     =   (   α   i   )   i ∈ c a r   t     = 0  , then   α   s   = 0  ,   ∀ s ≤ t  , and hence,     v   s   = 0 ,   ∀ s ≤ t  . Again, based on the monotonicity of     v  , for any   ∅ ≠ c a r   q   ⊆ N \ c a r   t     and all fuzzy coalitions of cross-regional supply chain enterprises     e   ∅   ≠ s ≤ t  , there are   v   s ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j     ≤ v   t ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j      . Due to   s ≤ t  ,       max   i ∈ car   s   ∪ car   q      ⁡    c   i     ≤     max   i ∈ car   t   ∪ car   q      ⁡    c   i      , so       max   i ∈ car   s   ∪ car   q      ⁡    c   i     · v   s ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j     ≤     max   i ∈ car   t   ∪ car   q      ⁡    c   i     · v   t ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j      .



Now, since     t   is the maximum fuzzy coalition of the maximum generalized fuzzy supremum of the cross-regional supply chain enterprises, there are       max   i ∈ car   t   ∪ car   q      ⁡    c   i     · v   t ∨ q   −   ∑  j ∈ c a r   q   ∪ c a r   t           t ∨ q     j    ·  x j    <     max   i ∈ car   t      ⁡    c   i     · v   t   −   ∑  j ∈ c a r   t         t   j   ·   x  j       such that both sides of the inequality are simultaneously increased by       ∑  j ∈ c a r   t         t   j   ·   x  j      , and the following is obtained:       max   i ∈ car   t   ∪ car   q      ⁡    c   i     · v   t ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j     <     max   i ∈ car   t      ⁡    c   i     · v   t    . According to Proposition 1 (2), we have     α   | c a r ( t )   = 0  .   v   t   = 0  . Therefore,         max   i ∈ car   t   ∪ car   q      ⁡    c   i     · v   t ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j     ≤     max   i ∈ car   t      ⁡    c   i     · v   t   = 0  .



Therefore, it is concluded that     v   x   t     s , c   =   m a x   ∅ ⊆ c a r   q   ⊆ N \ c a r   t     {     max   i ∈ car   s   ∪ car   q      ⁡    c   i     · v   s ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j     } = m a x {     max   i ∈ car   s      ⁡    c   i     · v   s   ,     max   i ∈ car   s   ∪ car   q      ⁡    c   i     · v   s ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j     } = 0  .



(2).     x ∈   I   ∗   ( v , r , c ) \ C ( v , r , c )   such that     t   is the maximum fuzzy coalition of cross-regional supply chain enterprises with maximum generalized fuzzy supremum, assuming that     α   | c a r   t     ≠ 0   to prove that     v   x   t     s , c     is a fuzzy average monotonic game of cross-regional supply chain enterprises on     α   | c a r   t      , it is now necessary to prove that for any fuzzy coalition of cross-regional supply chain enterprises     e   ∅   ≠   s   1   ≤   s   2   ≤ t   there is     α     s   2     ·   v   x   t       s   1   , c   ≤ α     s   1     ·   v   x   t       s   2   , c    . The proof needs to be provided in two cases:



Case I: [Vector of contribution values of cross-regional supply chain enterprises     α     s   1     = 0  ]. This case is sufficient to prove that the generalized fuzzy reduced game payoff value of cross-regional supply chain enterprises is zero,     v   x   t       s   1   , c   = 0  . According to Proposition 1 (2), it follows that   α     s   1     = 0  , then   v     s   1     = 0  , which implies that the generalized fuzzy reduced game payoff value of cross-regional supply chain enterprises is


     v   x   t       s   1   , c   =   m a x   ∅ ≠ c a r   q   ⊆ N \ c a r   t     {     max   i ∈ car     s   1     ∪ car   q      ⁡    c   i     · v     s   1   ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j     }    = m a x {     max   i ∈ car     s   1        ⁡    c   i     · v     s   1     ,     max   i ∈ car     s   1     ∪ car   q      ⁡    c   i     · v     s   1   ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j     }    = m a x { 0 ,     max   i ∈ car     s   1     ∪ car   q      ⁡    c   i     · v     s   1   ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j     }   











Therefore, we need to show only that       max   i ∈ car     s   1     ∪ car   q      ⁡    c   i     · v     s   1   ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j     ≤ 0  .   ∅ ≠ c a r   q   ⊆ N \ c a r   t    . Now, we use the counterfactual method; that is, there exists a fuzzy coalition of cross-regional supply chain enterprises     q   1     such that   ∅ ≠ c a r     q   1     ⊆ N \ c a r   t    , such that         max   i ∈ car     s   1     ∪ car     q   1        ⁡    c   i     · v     s   1   ∨   q   1     −   ∑  j ∈ c a r     q   1           (   q   1   )   j   ·  x j    > 0   .



First, pay attention to     α     s   1   ∨   q   1     ≠ 0  ; otherwise, if     α     s   1   ∨   q   1     = 0  , then   v     s   1   ∨   q   1     = 0  . At the same time, since       max   i ∈ car     s   1     ∪ car     q   1        ⁡    c   i     · v     s   1   ∨   q   1     −   ∑  j ∈ c a r     q   1           (   q   1   )   j   ·  x j    > 0    such that     ∅ ≠ c a r     q   1     ⊆ N \ c a r   t    ; i.e.,     ∑  j ∈ c a r     q   1           (   q   1   )   j   ·  x j    < 0   . This implies that for some enterprises in the cross-regional supply chain that are not in the fuzzy alliance   t  , enterprises that are not in the fuzzy alliance   j ∈ N \ c a r   t     that have      (   q   1   )   j    ·  x j  < 0 ≤     max   i ∈ { j }    ⁡    c   i     · v       ( q   1   )   j       have been established. Additionally,         max   i ∈ car   t      ⁡    c   i     ≤     max   i ∈ car   t   ∪ { j }    ⁡    c   i      , and it can be shown that         max   i ∈ car   t      ⁡    c   i   ·   v   t   −   ∑  j ∈ c a r   t         t   j   ·   x  j     <     max   i ∈ car   t      ⁡    c   i   ·   v   t   −   ∑  j ∈ c a r   t         t   j   ·   x  j     +     max   i ∈ { j }    ⁡    c   i     · v       ( q   1   )   j     −    (   q   1   )   j   ·   x j  ≤     max   i ∈ car   t   ∪ { j }    ⁡    c   i     · v   t ∨   (   q   1   )   j     −   ∑  j ∈ c a r   t   ∪ { j }       ( t ∨ (   q   1   )   j   ·  x j  )     , which contradicts the maximum generalized fuzzy supremum of the maximum fuzzy coalition of cross-regional supply chain enterprises   t  , which contradicts the definition of



The present cause   v   is a cross-regional supply chain enterprise about the contribution value vector   α  . The fuzzy monotonic game of     α ( t ) ≠ 0  ,   α     s   1     = 0  , the     e   ∅   ≠   s   1   ≤ t  , at the same time       α ( s   1   ∨   q   1   ) ≠ 0  ,   ∅ ≠ c a r     q   1     ⊆ N \ c a r   t    , and       max   i ∈ car   t      ⁡    c   i     ≤     max   i ∈ car   t   ∪ car     q   1        ⁡    c   i      .       max   i ∈ car     s   1     ∪ car     q   1        ⁡    c   i     ≤     max   i ∈ car   t   ∪ car     q   1        ⁡    c   i      . There are also   α     s   1     = 0   and       max   i ∈ car     s   1     ∪ car     q   1        ⁡    c   i     · v     s   1   ∨   q   1     −   ∑  j ∈ c a r     q   1               q   1       j   ·   x j    > 0 ,   and     α ( s   1   ) + α   t   =   ∑  j ∈ c a r   t         t   j   ·   x  j     +   ∑  j ∈ c a r     q   1           (   q   1   )   j   ·   x j    =   ∑  j ∈ c a r     q   1     ∪ c a r   t           ( t ∨ (   q   1   )   i   )   j   ·   x j    = α ( t ∨   q   1   )  .



We can obtain       max   i ∈ car   t      ⁡    c   i     · v   t   −   ∑  j ∈ c a r   t         t   j   ·   x  j     <     max   i ∈ car   t      ⁡    c   i     · v   t   −   ∑  j ∈ c a r   t         t   j   ·   x  j     +     max   i ∈ car     s   1     ∪ car     q   1        ⁡    c   i     · v     s   1   ∨   q   1     −   ∑  j ∈ c a r     q   1           (   q   1   )   j   ·   x j    =     max   i ∈ car   t      ⁡    c   i     ·   v   t   · α   t     α   t     −   ∑  j ∈ c a r   t         t   j   ·   x  j     +     max   i ∈ car     s   1     ∪ car     q   1        ⁡    c   i     ·   v     s   1   ∨   q   1       α     s   1   ∨   q   1       · α     s   1   ∨   q   1     −   ∑  j ∈ c a r     q   1           (   q   1   )   j   ·   x j    ≤     max   i ∈ car   t      ⁡    c   i     ·   v   t ∨   q   1       α   t ∨   q   1       · α   t   −   ∑  j ∈ c a r   t         t   j   ·   x  j     +     max   i ∈ car     s   1     ∪ car     q   1        ⁡    c   i     ·   v   t ∨   q   1       α   t ∨   q   1       · α     s   1   ∨   q   1     −   ∑  j ∈ c a r     q   1           (   q   1   )   j   ·   x j    ≤     max   i ∈ car   t   ∪ car     q   1        ⁡    c   i     ·   v   t ∨   q   1     · α   t     α   t ∨   q   1       −   ∑  j ∈ c a r   t         t   j   ·   x  j     +     max   i ∈ car   t   ∪ car     q   1        ⁡    c   i     ·   v   t ∨   q   1     · ( α     q   1     + α     s   1     )   α   t ∨   q   1        -    ∑  j ∈ c a r     q   1           (   q   1   )   j   ·   x j    =     max   i ∈ car   t   ∪ car     q   1        ⁡    c   i     ·   v   t ∨   q   1     · ( α     q   1     + α   t   )   α   t ∨   q   1       −   ∑  j ∈ c a r     q   1     ∪ c a r   t        (   t ∨ q   1   )   j   ·  x j    =     max   i ∈ car   t   ∪ car     q   1        ⁡    c   i     · v   t ∨   q   1     −   ∑  j ∈ c a r     q   1     ∪ c a r   t         (   t ∨ q   1   )   j   ·   x j     . Namely,         max   i ∈ car   t      ⁡    c   i     · v   t   −   ∑  j ∈ c a r   t         t   j   ·   x j    <     max   i ∈ car   t   ∪ car     q   1        ⁡    c   i     · v   t ∨   q   1     −   ∑  j ∈ c a r     q   1     ∪ c a r   t         (   t ∨ q   1   )   j   ·   x j     , which is consistent with the chosen maximum fuzzy coalition of cross-regional supply chain enterprises with the maximum generalized fuzzy supremacy   t   condition, which contradicts the condition of



Case II: [Vector of contribution values of cross-regional supply chain enterprises     α     s   1     ≠ 0  ]. If     α     s   1     ≠ 0  , it needs to be shown that for any     e   ∅   ≠   s   1   ≤   s   2   ≤ t   and     c a r   q   ⊆ N \ c a r   t     are available:


        max   j ∈ car     s   1     ∪ car   q      ⁡    c   j     · v     s   1   ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j       α     s   1       ≤       max   j ∈ car     s   2     ∪ car   q      ⁡    c   j     · v     s   2   ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j       α     s   2        











First, note that if a fuzzy alliance of cross-regional supply chain enterprises   q =   e   ∅    , this inequality clearly holds because     v   is a fuzzy average monotonic game between cross-regional supply chain enterprises about the contribution vector   α  . Now assume that   ∅ ≠ c a r   q   ⊆ N \ c a r   t   ,   that       max   j ∈ car     s   1     ∪ car   q      ⁡    c   j     ≤     max   j ∈ car     s   2     ∪ car   q      ⁡    c   j   ,   a n d     that   0 < α     s   1     ≤ α     s   2      .       max   j ∈ car     s   2     ∪ car   q      ⁡    c   j     ·   v     s   2   ∨ q     α     s   2   ∨ q     · α   q   −   ∑  j ∈ c a r   q         q   j   ·   x  j     ≤ 0  ; therefore,


         max   j ∈ car     s   1     ∪ car   q      ⁡    c   j     · v     s   1   ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j       α     s   1       =       max   j ∈ car     s   1     ∪ car   q      ⁡    c   j     ·   v     s   1   ∨ q     α     s   1   ∨ q     · α     s   1   ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j       α     s   1          =       max   j ∈ car     s   1     ∪ car   q      ⁡    c   j     ·   v     s   1   ∨ q     α     s   1   ∨ q     · α     s   1       α     s   1       +       max   j ∈ car     s   1     ∪ car   q      ⁡    c   j     ·   v     s   1   ∨ q     α     s   1   ∨ q     · α   q   −   ∑  j ∈ c a r   q         q   j   ·   x  j       α     s   1          =     max   j ∈ car     s   1     ∪ car   q      ⁡    c   j     ·   v     s   1   ∨ q     α     s   1   ∨ q     +       max   j ∈ car     s   1     ∪ car   q      ⁡    c   j     ·   v     s   1   ∨ q     α     s   1   ∨ q     · α   q   −   ∑  j ∈ c a r   q         q   j   ·   x  j       α     s   1          ≤     max   j ∈ car     s   1     ∪ car   q      ⁡    c   j     ·   v     s   2   ∨ q     α     s   2   ∨ q     +       max   j ∈ car     s   1     ∪ car   q      ⁡    c   j     ·   v     s   2   ∨ q     α     s   2   ∨ q     · α   q   −   ∑  j ∈ c a r   q         q   j   ·   x  j       α     s   1          ≤     max   j ∈ car     s   2     ∪ car   q      ⁡    c   j     ·   v     s   2   ∨ q     α     s   2   ∨ q     +       max   j ∈ car     s   2     ∪ car   q      ⁡    c   j     ·   v     s   2   ∨ q     α     s   2   ∨ q     · α   q   −   ∑  j ∈ c a r   q         q   j   ·   x  j       α     s   1          ≤     max   j ∈ car     s   2     ∪ car   q      ⁡    c   j     ·   v     s   2   ∨ q     α     s   2   ∨ q     +       max   j ∈ car     s   2     ∪ car   q      ⁡    c   j     ·   v     s   2   ∨ q     α     s   2   ∨ q     · α   q   −   ∑  j ∈ c a r   q         q   j   ·   x  j       α     s   2          =       max   j ∈ car     s   2     ∪ car   q      ⁡    c   j     · v     s   2   ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j       α     s   2         











That is,         max   j ∈ car     s   1     ∪ car   q      ⁡    c   j     · v     s   1   ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j       α     s   1       ≤       max   j ∈ car     s   2     ∪ car   q      ⁡    c   j     · v     s   2   ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j       α     s   2         is established.



Because       max   j ∈ car     s   2     ∪ car   q      ⁡    c   j     ·   v     s   2   ∨ q     α     s   2   ∨ q     · α   q   −   ∑  j ∈ c a r   q         q   j   ·   x  j     ≤ 0  , the last inequality above holds; otherwise, if       max   j ∈ car     s   2     ∪ car   q      ⁡    c   j     ·   v     s   2   ∨ q     α     s   2   ∨ q     · α   q   −   ∑  j ∈ c a r   q         q   j   ·   x  j     > 0  , then   0 <     max   j ∈ car     s   2     ∪ car   q      ⁡    c   j     ·   v     s   2   ∨ q     α     s   2   ∨ q     · α   q   −   ∑  j ∈ c a r   q         q   j   ·   x  j     ≤     max   j ∈ car     s   2     ∪ car   q      ⁡    c   j     ·   v   t ∨ q     α   t ∨ q     · α   q   −   ∑  j ∈ c a r   q         q   j   ·   x  j    ≤      max   j ∈ car   t   ∪ car   q      ⁡    c   j     ·   v   t ∨ q     α   t ∨ q     · α   q   −   ∑  j ∈ c a r   q         q   j   ·   x  j      . Therefore, the       max   j ∈ car   t      ⁡    c   j     · v   t   −   ∑  j ∈ c a r   t         t   j   ·   x  j     <     max   j ∈ car   t      ⁡    c   j     · v   t   −   ∑  j ∈ c a r   t         t   j   ·   x  j     +     max   j ∈ car   t   ∪ car   q      ⁡    c   j     ·   v   t ∨ q     α   t ∨ q     · α   q   −   ∑  j ∈ c a r   q         q   j   ·   x  j     ≤     max   j ∈ car   t   ∪ car   q      ⁡    c   j     ·   v   t ∨ q     α   t ∨ q     · α   t   −   ∑  j ∈ c a r   t         t   j   ·   x  j     +     max   j ∈ car   t   ∪ car   q      ⁡    c   j     ·   v   t ∨ q     α   t ∨ q     · α   q   −   ∑  j ∈ c a r   q         q   j   ·   x  j     =     max   j ∈ car   t   ∪ car   q      ⁡    c   j     ·   v   t ∨ q     α   t ∨ q     ·   α   t   + α   q     −   ∑  j ∈ c a r   t   ∪ c a r   q           t ∨ q     j   ·  x j         =     max   j ∈ car   t   ∪ car   q      ⁡    c   j     · v   t ∨ q   −   ∑  j ∈ c a r   t   ∪ c a r   q           t ∨ q     j   ·  x j      .



Because   α   t   + α   q   = α   t ∨ q     and because the cross-regional supply chain enterprises’ alliance game   v   is fuzzy mean monotonic, it contradicts the maximum generalized fuzzy excess of the maximum fuzzy coalition of cross-regional supply chain enterprises   t  , which contradicts the definition of



In summary, it is shown that for arbitrary fuzzy alliances of enterprises in cross-regional supply chains     e   ∅   ≠   s   1   ≤   s   2   ≤ t   that has   α     s   2     ·   v   x   t       s   1   , c   ≤ α     s   1     ·   v   x   t       s   2   , c     holds and Proposition 3 is proved. □





Proof of Theorem 2. 

Since none of the elements in the generalized fuzzy core of a cross-regional supply chain enterprise has a generalized fuzzy objection,   C   v , r , c   ⊆   M C   F     v , c     is obvious. We need to test only     M C   F     v , c   ⊆ C   v , r , c    , the generalized fuzzy core distribution of a cross-regional supply chain enterprise. Now, we construct the generalized distribution vector outside the generalized fuzzy core distribution of cross-regional supply chain enterprises     x ∈ I   v , r , c   \ C   v , r , c     and select a maximum fuzzy coalition with the maximum generalized excess of cross-regional supply chain enterprises according to Equation (8c), denoted by   t  .



Attention to fuzzy alliances for cross-regional supply chain enterprises   t ≠   e   N     that     | c a r   t   | ≥ 2  , then there are     ∑  j ∈ c a r ( r )      r   j   ·   x   j   ≥     max   j ∈ car ( r )    ⁡    c   j   ·   v ( r )    .   ∀   c a r   r   ⊆ N \   c a r   t    , because if there exists a fuzzy coalition of cross-regional supply chain enterprises   c a r ( r ) ⊆ N \   c a r   t    , such that     ∑  j ∈ c a r ( r )      r   j   ·   x   j   <     max   j ∈ car ( r )    ⁡    c   j   ·   v ( r )    , and       max   j ∈ car ( t )    ⁡    c   j     ≤     max   j ∈ car ( t ) ∪ car ( r )    ⁡    c   j      .       max   j ∈ car ( r )    ⁡    c   j     ≤     max   j ∈ car ( t ) ∪ car ( r )    ⁡    c   j      , then there is       max   j ∈ car ( t )    ⁡    c   j     · v   t   −   ∑  j ∈ c a r ( t )      t   j   ·   x   j     <     max   j ∈ car ( t )    ⁡    c   j     · v   t   −   ∑  j ∈ c a r ( t )      t   j   ·   x   j     +     max   j ∈ car ( r )    ⁡    c   j     · v   r   −   ∑  j ∈ c a r ( r )      r   j   ·   x   j     ≤     max   j ∈ car ( t ) ∪ car ( r )    ⁡    c   j     · v   t ∨ r   −   ∑  j ∈ c a r   t   ∪ c a r ( r )        t ∨ r     j   ·   x   j      . This is in contradiction with the maximum fuzzy coalition of cross-regional supply chain enterprises with maximum generalized fuzzy supremum     t  , which contradicts the definition of       max   j ∈ car ( t )    ⁡    c   j     · v   t   −   ∑  j ∈ c a r ( t )      t   j   ·   x   j     > 0   and     x   j   ≥   c   j   · v     e   j     ≥ 0   such that   ∀ j ∈ N   and   x ∈ I   v , r , c   \ C   v , r , c    , so there is     α   | c a r   t     ≠ 0  . It follows from Proposition 3 that     v   x   t     is the cross-regional supply chain enterprises’ contribution value vector about       α   | c a r   t       of the fuzzy average monotonic game. Therefore, the set     A   t     is nonempty:


    A   t   =       s , t ∈   F   N   ,         e   ∅   ≠ s ≤ t             1   .   v   x   s     is   a   fuzzy   average   monotonic   game   of         cross − regional   supply   chain   enterprises         on   the   contribution   value   vector     α   | c a r   s     ;                      2   .   ∑  j ∈ c a r   r        r   j   ·   x   j   ≥     max   j ∈ car   r      ⁡    c   j     · v   r     ,                         ∀   c a r   r   ⊆   N \   c a r   t                                                            



(A1)







Let order     s   ∗   ≤ t   be the minimum fuzzy coalition of cross-regional supply chain enterprises in the set     A   t   .   The minimum fuzzy coalition in the set that satisfies the condition that, by its definition     s   ∗   ≠   e   ∅    , and     v   x     s   ∗         s   ∗   , c   =   m a x   ∅ ⊆ c a r ( q ) ⊆ N \   c a r     s   ∗       {     max   j ∈ car r (   s   ∗   ) ∪ car ( q )    ⁡    c   j     · v     s   ∗   ∨ q   −   ∑  j ∈ c a r   q         q   j   ·   x  j     } =     max   j ∈ car ( t )    ⁡    c   j     · v   t   − (   ∑  j ∈ c a r ( t )      t   j   ·   x   j   −   ∑  j ∈ c a r (   s   ∗   )      (   s   ∗   )   j   ·   x   j     )    .



The above equation can be obtained by the maximum fuzzy coalition of cross-regional supply chain enterprises with maximum generalized fuzzy supremacy   t  , which is obtained by the definition of the fuzzy coalition, i.e.,     m a x   ∅ ⊆ c a r ( q ) ⊆ N \   c a r     s   ∗       {     max   j ∈ car (   s   ∗   ) ∪ car ( q )    ⁡    c   j     · v     s   ∗   ∨ q   −   ∑  j ∈ c a r     s   ∗     ∪ c a r   q        (   s   ∗   ∨ q )   j   ·   x   j     } =     max   j ∈ car ( t )    ⁡    c   j     · v   t   −   ∑  j ∈ c a r ( t )      t   j   ·   x   j      . Therefore,       s   ∗   , c   =     max   j ∈ car ( t )    ⁡    c   j     · v   t   − (   ∑  j ∈ c a r   t        t   j   ·   x   j   −   ∑  j ∈ c a r     s   ∗              s   ∗       j   ·   x   j     )   > 0  . Additionally, because   x ∈ I   v , r , c   \ C   v , r , c    , there are       max   j ∈ car ( t )    ⁡    c   j     · v   t   ≥   ∑  j ∈ c a r ( t )      t   j   ·   x   j   >     ∑  j ∈ c a r ( t )      t   j   ·   x   j   −   ∑  j ∈ c a r (   s   ∗   )      (   s   ∗   )   j   ·   x   j         and     s   ∗   ≠   e   ∅    .     v   x     s   ∗         s   ∗   , c   > 0 .   That is a good indication that   α (   s   ∗   ) ≠ 0  . Therefore,       s   ∗    . Satisfaction:


         max   j ∈ car ( t )    ⁡    c   j     · v   t   − (   ∑  j ∈ c a r   t        t   j   ·   x   j   −   ∑  j ∈ c a r     s   ∗              s   ∗       j   ·   x   j     )     α (   s   ∗   )   ·       s   ∗       i     ·   α   i   >       s   ∗       i   · x   i     ( b ) ∀       s   ∗       i   ∈   s   ∗     



(A2)







To conenterprise this, it is assumed that there exists           s   ∗       i   ∈   s   ∗    , which satisfies


      v   x     s   ∗         s   ∗   , c     α (   s   ∗   )   ·       s   ∗         i   ∗     ·   α     i   ∗     =       max   j ∈ car ( t )    ⁡    c   j     · v   t   − (   ∑  j ∈ c a r   t        t   j     · x   j   −   ∑  j ∈ c a r     s   ∗              s   ∗       j     · x   j     )     α (   s   ∗   )   ·       s   ∗         i   ∗     ·   α     i   ∗     ≤       s   ∗         i   ∗     ·   x     i   ∗      



(A3)







If     s   ∗   = {       s   ∗         i   ∗     }  , then Equation (A3) is


       v   x     s   ∗         s   ∗   , c     α     s   ∗       ·       s   ∗         i   ∗     ·   α     i   ∗     =     v   x     s   ∗         s   ∗   , c       ∑  j ∈ c a r         s   ∗         i   ∗                s   ∗       j     · α   j       ·       s   ∗         i   ∗     ·   α     i   ∗     =     v   x     s   ∗         s   ∗   , c           s   ∗         i   ∗     ·   α     i   ∗       ·       s   ∗         i   ∗     ·   α     i   ∗     =   v   x     s   ∗         s   ∗   , c      =   m a x   ∅ ⊆ c a r   q   ⊆ N \   {   i   ∗   }   {     max   j ∈ {   i   ∗   } ∪ car ( q )    ⁡    c   j     · v   q ∨       s   ∗         i   ∗       −   ∑  j ∈ c a r   q        q   j     · x   j     } ≤       s   ∗         i   ∗     ·   x     i   ∗       











That is,         s   ∗         i   ∗     ·   x     i   ∗     ≥   v   x     s   ∗         s   ∗   , c   =   m a x   ∅ ⊆ c a r   q   ⊆ N \   {   i   ∗   }   {     max   j ∈ {   i   ∗   } ∪ car ( q )    ⁡    c   j     · v   q ∨       s   ∗         i   ∗       −   ∑  j ∈ c a r   q        q   j     · x   j     }  , which means that           s   ∗         i   ∗     ·   x     i   ∗     +   ∑  j ∈ c a r   q        q   j     · x   j     ≥     max   j ∈ {   i   ∗   } ∪ car ( q )    ⁡    c   j     · v   q ∨       s   ∗         i   ∗        . That is, for any   c a r   q   ⊆ N \   {   i   ∗   }  ,     ∑  j ∈ c a r   q   ∪     i   ∗            q ∨       s   ∗         i   ∗         j     · x   j     ≥     max   j ∈ {   i   ∗   } ∪ car ( q )    ⁡    c   j     · v   q ∨       s   ∗         i   ∗         holds.



Because fuzzy alliances of cross-regional supply chain enterprises       s   ∗     satisfy the set       A   t     condition (2) in the definition, the following conclusion can be drawn:   x  . In the generalized fuzzy core of cross-regional supply chain enterprises   C   v     in the set, i.e.,   ∈ C   v , r , c    , which contradicts   x ∈ I   v , r , c   \ C   v , r , c    .



If the fuzzy alliance of cross-regional supply chain enterprises     s   ∗    , the number of enterprises in it is not less than 2, i.e.,     | c a r     s   ∗     | ≥ 2  . Then, it is necessary to prove that the cross-regional supply chain enterprise alliance     s   ∗   \       s   ∗         i   ∗       satisfies the set     A   t     of two conditions.



(1). If the vector of contribution values of cross-regional supply chain enterprises is nonzero, i.e.,   α (   s   ∗   \       s   ∗         i   ∗     ) ≠ 0  , according to Proposition 2 and Lemma 1, the following conclusion can be obtained:       v   x     s   ∗   \       s   ∗         i   ∗         is a fuzzy average monotonic game of cross-regional supply chain enterprises on the contribution value vector     α   | c a r (   s   ∗   \       s   ∗         i   ∗     )     of the fuzzy average monotonic game. To verify   α (   s   ∗   \       s   ∗         i   ∗     ) ≠ 0   that, it can be first assumed that     α     s   ∗   \       s   ∗         i   ∗       = 0   and that there is   α     s   ∗     − α         s   ∗         i   ∗       = 0 , i . e .  ,   α     s   ∗     = α         s   ∗         i   ∗       > 0  . According to Equation (A2), the following can be obtained:


        s   ∗         i   ∗     ·   x     i   ∗     ≥       s   ∗         i   ∗     ·   α     i   ∗     ·     v   x     s   ∗         s   ∗   , c     α     s   ∗       =       s   ∗         i   ∗     ·   α     i   ∗     ·     v   x     s   ∗         s   ∗   , c     α (       s   ∗         i   ∗     )   =   v   x     s   ∗         s   ∗   , c    



(A4)







Because the game formed by cross-regional supply chain enterprise cooperation       v   x     s   ∗       is fuzzy mean monotonic and     v   x     s   ∗         s   ∗   , c   = 0  .   ∀ s ≤   s   ∗   \       s   ∗         i   ∗      , which can be obtained according to Equation (A4):     ∑  j ∈ c a r   s        s   j     · x   j     ≥   v   x     s   ∗         s   ∗   , c    .   ∀ s ≤   s   ∗    . Via the generalized fuzzy reduced game of cross-regional supply chain enterprises     v   x     s   ∗       and the fact     s   ∗   ∈   A   t    , the following conclusion is drawn:     ∑  j ∈ c a r   s        s   j     · x   j     ≥     max   j ∈ car ( s )    ⁡    c   j     · v   s     such that   ∀ s ≤   e   N    , i.e., the distribution vector     x   in the fuzzy game of cross-regional supply chain enterprises   v   in the generalized fuzzy core of the cross-regional supply chain enterprises, but this is in contradiction to the initial choice of choosing outside the generalized fuzzy core distribution of the cross-regional supply chain enterprises   x   with the initial choice outside the generalized fuzzy core distribution of cross-regional supply chain enterprises.



(2). For the second condition, since     v   x     s   ∗       is the cross-regional supply chain enterprises on the contribution value vector     α   | c a r     s   ∗         of the fuzzy average monotonic game and with Equation (A2), it follows that         s   ∗         i   ∗     ·   x     i   ∗     ≥       s   ∗         i   ∗     ·   α     i   ∗     ·     v   x     s   ∗         s   ∗   , c     α     s   ∗       ≥       s   ∗         i   ∗     ·   α     i   ∗     ·     v   x     s   ∗         s   ∗   , c     α (       s   ∗         i   ∗     )   =   v   x     s   ∗             s   ∗         i   ∗     , c    . It is shown that for any set of cross-regional supply chain enterprises     c a r   r   ⊆ N \   c a r     s   ∗      , according to         s   ∗         i   ∗     ·   x     i   ∗     ≥   v   x     s   ∗             s   ∗         i   ∗     , c   =   m a x   ∅ ⊆ c a r   r   ⊆ N \   c a r     s   ∗       {     max   j ∈ {   i   ∗   } ∪ car ( r )    ⁡    c   j     · v   r ∨       s   ∗         i   ∗       −   ∑  j ∈ c a r   r        r   j     · x   j     }  , there is     ∑  j ∈ c a r   r   ∪ c a r         s   ∗         i   ∗              r ∨       s   ∗         i   ∗         j     · x   j     ≥     max   j ∈ {   i   ∗   } ∪ car ( r )    ⁡    c   j     · v   r ∨       s   ∗         i   ∗        . Given that     ∑  j ∈ c a r   r        r   j     · x   j   ≥       max   j ∈ car ( r )    ⁡    c   j     · v   r     such that   ∀ c a r   r   ⊆ N \   c a r     s   ∗       (    s   ∗   ∈   A   t    ), it follows that     ∑  j ∈ c a r   r        r   j     · x   j   ≥       max   j ∈ car ( r )    ⁡    c   j     · v   r    .   ∀ c a r   r   ⊆ N \   c a r     s   ∗   \       s   ∗         i   ∗        . Therefore,       s   ∗   \       s   ∗         i   ∗       ∈   A   t    , which is the same as     s   ∗   ,   is the set of     A   t     of cross-regional supply chain enterprises in the minimum fuzzy coalition hypothesis.



Therefore, it can be inferred that the fuzzy alliance of enterprises in a cross-regional supply chain     s   ∗     satisfies inequality (A2), i.e., that         max   j ∈ car ( t )    ⁡    c   j     · v   t   − (   ∑  j ∈ c a r   t        t   j     · x   j   −   ∑  j ∈ c a r     s   ∗              s   ∗       j     · x   j     )     α (   s   ∗   )   ·       s   ∗       i   ·   α   i   >       s   ∗       i   ·   x   i    .   ∀       s   ∗       i   ∈   s   ∗    . Now, we define the cross-regional supply chain enterprise distribution vector   w   such that   ∀       s   ∗       i   ∈   s   ∗     as


         s   ∗       i   ·   w   i   =       max   j ∈ car   t      ⁡    c   j     · v   t   − (   ∑  j ∈ c a r   t        t   j     · x   j   −   ∑  j ∈ c a r     s   ∗              s   ∗       j     · x   j     )     α     s   ∗       ·       s   ∗       i   ·   α   i   −       s   ∗       i   ·   x   i     . ∀       s   ∗       i   ∈   s   ∗    .  











Distribution vector   w =       w   i       i ∈ c a r     s   ∗         for the fuzzy game of cross-regional supply chain enterprises         s   ∗   ,   g     s   ∗         element in the generalized fuzzy core distribution, defined as     g     s   ∗         e   ∅     = 0  .


    g     s   ∗       s , c   =   m a x   ∅ ⊆ c a r   q   ⊆ N \   c a r     s   ∗             max   j ∈ car ( s ) ∪ car ( q )    ⁡    c   j     · v   s ∨ q   −   ∑  j ∈ c a r   s   ∪   c a r   q          s ∨ q     j     · x   j       , ∀   e   ∅   ≠ s ≤   s   ∗    











This result can be obtained from     v   x     s   ∗         s   ∗   , c   =   m a x   ∅ ⊆ c a r   q   ⊆ N \ c a r     s   ∗             max   j ∈ car ( s ) ∪ car ( q )    ⁡    c   j     · v   s ∨ q   −   ∑  j ∈   c a r   q        q   j     · x   j       =   ∑  j ∈   c a r   s        s   j     · x   j     +   g     s   ∗       s , c    .   ∀ s ≤   s   ∗    , and cross-regional supply chain enterprises on     α   | c a r     s   ∗         the generalized fuzzy proportional distribution is the game       v   x     s   ∗       inferred from the fact that the elements in the generalized fuzzy core distribution of the and cross-regional supply chain enterprises regarding     α   | c a r     s   ∗         is an element in their game     v   x     s   ∗         is an element in their game z generalized fuzzy core allocation.



Now, we construct a cross-regional supply chain enterprise about the distribution vector   x ∈ I   v , r , c   \ C   v , r , c    . A reasonable generalized fuzzy objection     ( t , y )  , which is taken to be   t ≤   e   N    , is the maximum fuzzy coalition with the maximum generalized fuzzy supremum of cross-regional supply chain enterprises. Let     i  ^  ∈   c a r     s   ∗       be   c a r     s   ∗       for any enterprise in the cross-regional supply chain, where     s   ∗     is     A   t     the minimum fuzzy coalition of enterprises in the cross-regional supply chain, and let     j  ^    be   c a r   t     for any cooperative enterprise other than the one in the cross-regional supply chain, i.e.,     j  ^  ∈ N \   c a r   t    . Therefore, the benefit vector in the generalized fuzzy dissent of cross-regional supply chain enterprises can be defined   y ∈   R   c a r   t       as


    t   k   ·   y   k   =           ( s   ∗   )     i  ^      · x     i  ^    +     ( s   ∗   )     i  ^      · w     i  ^    − ε ,       k ∈ c a r         s   ∗         i  ^                ( s   ∗   )   k     · x   k   +     ( s   ∗   )   k     · w   k   +   ε     c a r   t     − 1                                       t   k     · x   k   +   ε     c a r   t     − 1   , k ∈ c a r   t   \ c a r     s   ∗                    



(A5)







Among them,   k ∈ c a r       s   ∗   \     s   ∗         i  ^       .   0 < ε <   w     i  ^     ; note:


        ∑  j ∈   c a r   t         t   k   ·   y   k       =     ( s   ∗   )     i  ^      · x     i  ^    +     ( s   ∗   )     i  ^      · w     i  ^    − ε +    ∑  j ∈   c a r       s   ∗   \     s   ∗         i  ^              ( s   ∗   )   k     · x   k     +    ∑  k ∈   c a r       s   ∗   \     s   ∗         i  ^              ( s   ∗   )   k     · w   k     +     c a r     s   ∗       − 1     c a r   t     − 1   · ε      +    ∑  k ∈ c a r   t   \ c a r     s   ∗           t   k     · x   k   +     | c a r   t   | − | c a r     s   ∗     |   | c a r   t   | − 1   · ε      =     ( s   ∗   )     i  ^      · x     i  ^    +    ∑  j ∈   c a r     s   ∗             ( s   ∗   )   k     · x   k   −       ( s   ∗   )     i  ^      · x     i  ^         +    ∑  k ∈ c a r   t         t   k     · x   k   −      ∑  j ∈   c a r     s   ∗             ( s   ∗   )   k     · x   k   +     ( s   ∗   )     i  ^      · w     i  ^    +      ∑  k ∈   c a r     s   ∗             ( s   ∗   )   k     · w   k   −     ( s   ∗   )     i  ^      · w     i  ^            +   | c a r   t   | − 1   | c a r   t   | − 1   · ε − ε                    =    ∑  k ∈ c a r   t         t   k     · x   k   +      ∑  j ∈   c a r     s   ∗             ( s   ∗   )   k     · x   k          











Now, as a result of       ( s   ∗   )   i     · w   i   =       max   j ∈ car   t      ⁡    c   j     · v   t   − (   ∑  j ∈ c a r   t        t   j     · x   j   −   ∑  j ∈ c a r     s   ∗              s   ∗       j     · x   j     )     α (   s   ∗   )   ·       s   ∗       i   ·   α   i   −       s   ∗       i   ·   x   i   ,   there is     ∑  i ∈   c a r     s   ∗            ( s   ∗   )   i     · x   i   =     ∑  i ∈   c a r     s   ∗              max   j ∈ car   t      ⁡    c   j     · v   t   − (   ∑  j ∈ c a r   t        t   j     · x   j   −   ∑  j ∈ c a r     s   ∗              s   ∗       j     · x   j     )     α (   s   ∗   )   ·       s   ∗       i   ·   α   i   −   ∑  i ∈   c a r     s   ∗              s   ∗       i   ·   x   i     =   ∑  i ∈   c a r     s   ∗            ( s   ∗   )   i     · α   i   ·       max   j ∈ car   t      ⁡    c   j     · v   t   − (   ∑  j ∈ c a r   t        t   j     · x   j   −   ∑  j ∈ c a r     s   ∗              s   ∗       j     · x   j     )     α (   s   ∗   )       −   ∑  i ∈   c a r     s   ∗              s   ∗       i   ·   x   i     =     max   j ∈ car   t      ⁡    c   j     · v   t   −   ∑  j ∈ c a r   t        t   j     · x   j   +   ∑  j ∈ c a r     s   ∗              s   ∗       j     · x   j     −     ∑  i ∈   c a r     s   ∗              s   ∗       i   ·   x   i     =     max   j ∈ car   t      ⁡    c   j     · v   t   −   ∑  j ∈ c a r   t        t   j     · x   j      .



So,     ∑  j ∈   c a r   t        t   k   ·   y   k     =   ∑  k ∈ c a r   t        t   k     · x   k   +     ∑  k ∈   c a r     s   ∗            ( s   ∗   )   k     · w   k   =     ∑  j ∈   c a r   t        t   k   ·   x   k   +     max   j ∈ car   t      ⁡    c   j     ·   v   t   −   ∑  k ∈   c a r   t        ( t )   k     · x   k   =       max   j ∈ car   t      ⁡    c   j     · v   t    . Namely,   ( t , y )   meet cross-regional supply chain companies     i  ^    in response to     j .  ^    The conditions for a generalized fuzzy objection regarding the   x   conditions of the generalized fuzzy objection: (i).     t   i     · y   i   >   t   i     · x   i    , the   ∀ i ∈ c a r ( t )   (ii).     ∑  j ∈   c a r   t        t   k   ·   y   k     =     max   j ∈ car   t      ⁡    c   j     · v   t    .



Now, with the help of a fuzzy alliance of cross-regional supply chain enterprises   m ∈   Γ     j   i  ^   ^     , we construct a generalized fuzzy counterobjection to the above generalized fuzzy objection   ( m , z )   that takes the following form:


  c a r   m   = c a r     r   1     ∪ c a r     r   2     ∪ c a r     r   3     ∪ {   j  ^  }  



(A6)







Among them,     j  ^  ∉   c a r     r   3     ⊆ N \ c a r   t    .   c a r     r   2     ⊆ c a r   t   \   c a r     s   ∗      .   c a r     r   1     ⊆ c a r       s   ∗   \     s   ∗         i  ^       .   m ∈ {   R   c a r     r   1     ∪ c a r     r   2     ∪ c a r     r   3     ∪     j  ^      |   m   i   =       r   1   ∨   r   2   ∨   r   3   ∨   e     j  ^        i   = m a x         r   1       i   ,       r   2       i   ,       r   3       i   ,       e     j  ^        i     , i ∈ c a r     r   1     ∪ c a r     r   2     ∪ c a r     r   3     ∪ {   j  ^  } }  .



This is demonstrated in three cases:



Case I: [Cross-regional supply chain enterprise alliance     r   1   =   r   2   =   e   ∅    ]. In this case, if the cross-regional supply chain enterprise alliance       r   1   =   r   2   =   e   ∅    , then     c a r   m   = c a r     r   3     ∪ {   j  ^  } ⊆ N \ c a r   t    , and there is no generalized fuzzy counterobjection formation due to       max   j ∈ car   m      ⁡    c   j     · v   m   <   ∑  j ∈ c a r   m        m   j     · x   j      , so there is no generalized fuzzy anti-objection formation for the cross-regional supply chain enterprise alliance. A generalized fuzzy counterobjection is formed if       ∑  j ∈ c a r   m        m   j     · x   j     ≤     max   j ∈ car   m      ⁡    c   j     · v   m    , then       max   j ∈ car   t      ⁡    c   j     · v   t   −   ∑  j ∈ c a r   t        t   j     · x   j     ≤     max   j ∈ car   t      ⁡    c   j     · v   t   −   ∑  j ∈ c a r   t        t   j     · x   j     +     max   j ∈ car   m      ⁡    c   j     · v   m   −   ∑  j ∈ c a r   m        m   j     · x   j   ≤       max   j ∈ car ( t ) ∪ car ( m )    ⁡    c   j     · v   t ∨ m   −   ∑  j ∈ c a r   m   j ∈ c a r ( t ) ∪ c a r ( m )        t ∨ m     j     · x   j      , which is in contradiction with the     t .  



Case II: [Cross-regional supply chain enterprise alliances     r   1   =   e   ∅   a n d   r   2   ≠   e   ∅    ]. In this case, if       r   1   =   e   ∅     a n d     r   2   ≠   e   ∅    , then   c a r     s   ∗     = {   i  ^  }  .   c a r     r   2     ⊆ c a r   t   \ {   i  ^  }  .   c a r   m   = c a r     r   2     ∪ c a r     r   3     ∪ {   j  ^  } ⊆ N \ c a r     s   ∗      , by the set     A   t   .   The condition (2) shows that     ∑  j ∈ c a r   m        m   j     · x   j   ≥     max   j ∈ car   m      ⁡    c   j     ·   v   m    . Now since   c a r     r   1     = ∅ = c a r     s   ∗     \ {   i  ^  }  .   c a r     r   2     ⊆ c a r   t   \ c a r     s   ∗      .     j  ^  ∉ c a r     r   3     ⊆ N \   c a r   t    .   c a r   m   = c a r     r   2     ∪ c a r     r   3     ∪     j  ^    ,   m   i   =       r   1   ∨   r   2   ∨   r   3   ∨   e     j  ^        i    . At the same time,     c a r   m    ⋂    c a r   t     = c a r     r   2       and   c a r   m   \   c a r   t   = c a r     r   3     ∪ {   j  ^  }  ,     t   k   ·   y   k   =   t   k   ·   x   k   +   ε   |   c a r   t   | − 1     and   k ∈   c a r   t   \   c a r     s   ∗      , it can be obtained that     t   k   ·   y   k   =   t   k   ·   x   k   +   ε   |   c a r   t   | − 1     and     k ∈   c a r   t   \   c a r     s   ∗      . Therefore,     ∑  k ∈   c a r   m        m   k     · z   k   =     ∑  k ∈   c a r     r   2              r   2       k     · z   k   +     ∑  k ∈   c a r     r   3     ∪ {   j  ^  }          r   3   ∨   e     j  ^        k     · z   k     ≥   ∑  k ∈   c a r   m    ⋂    c a r   t          m   k     · y   k     +   ∑  k ∈   c a r   m   \   c a r   t        m   k     · x   k     =   ∑  k ∈   c a r     r   2          m   k     · y   k     +   ∑  k ∈   c a r     r   3     ∪ {   j  ^  }      m   k     · x   k     ≥   ∑  k ∈   c a r     r   2              r   2       k     · y   k   +     ∑  k ∈   c a r     r   3     ∪ {   j  ^  }          r   3   ∨   e     j  ^        k     · x   k     =   ∑  k ∈   c a r     r   2     ∪   c a r     r   3     ∪ {   j  ^  }          r   2   ∨   r   3   ∨   e     j  ^        k     · x   k     =   ∑  k ∈   c a r   m        m   k     · x   k     ≥     max   j ∈   car   m      ⁡    c   j     · v   m    .



That is, the strictly greater-than inequality     ∑  k ∈   c a r   m        m   k     · z   k     >     max   j ∈   car   m      ⁡    c   j     · v   m     holds, which contradicts the condition of generalized fuzzy anti-objection for cross-regional supply chain enterprise alliances.



Case III: [Cross-regional supply chain enterprise alliances     r   1   ≠   e   ∅    ]. In this case, if the cross-regional supply chain enterprise alliance     r   1   ≠   e   ∅    ,  and    c a r     r   1     ⊆   c a r       s   ∗   \     s   ∗         i  ^       .   c a r     r   2     ⊆ c a r   t   \ c a r     s   ∗      .     j  ^  ∉   c a r     r   3     ⊆ N   c a r   t    , then   c a r   m   = c a r     r   2     ∪ c a r     r   3     ∪     j  ^     , and   c a r   m   ∩ c a r   t   = c a r     r   1     ∪ c a r     r   2      .   c a r   m   \ c a r   t   = c a r     r   3     ∪     j  ^     .         r   1       k     · y   k   =       r   1       k     · x   k   +       r   1       k     · w   k   +   ε     c a r   t     − 1    .   k ∈ c a r     r   1     ⊆   c a r       s   ∗   \     s   ∗         i  ^       .         r   2       k     · y   k   =       r   2       k     · x   k   +   ε     c a r   t     − 1   , k ∈ c a r     r   2     ⊆ c a r   t   \ c a r     s   ∗       and   ε > 0  .     c a r   t     ≥ 2  , which can be derived from       c a r     r   1       +   c a r     r   2           c a r   t     − 1   · ε > 0  . At the same time, the   w   for the       s   ∗   ,   g     s   ∗         elements in the generalized fuzzy core of cross-regional supply chain enterprises, there are     ∑  k ∈ c a r     r   1              r   1       k     · w   k   ≥       max   j ∈ car     r   1        ⁡    c   j     ·   g     s   ∗         r   1   , c    , and     m   k   =       r   1   ∨   r   2   ∨   r   3   ∨   e     j  ^        k     such that   c a r   m   = c a r     r   2     ∪ c a r     r   3     ∪     j  ^     ,     m   i   =       r   1   ∨   r   2   ∨   r   3   ∨   e     j  ^        i    , and     ∑  k ∈ c a r     r   1              r   1       k     · w   k   ≥     max   j ∈ car     r   1        ⁡    c   j     ·   g     s   ∗         r   1   , c   =     ∑  k ∈ c a r   m        m   k     · x   k     +   m a x   ∅ ⊆ c a r   q   ⊆ N \   c a r     s   ∗       {     max   j ∈ car (   r   1   ) ∪ car ( q )    ⁡    c   j     · v     r   1   ∨ q   −   ∑  j ∈ c a r     r   1     ∪   c a r   q            r   1   ∨ q     j     · x   j     }  .



So,     ∑  k ∈ c a r   m        m   k     · z   k   =     ∑  k ∈ c a r     r   1              r   1       k     · z   k   +     ∑  k ∈ c a r     r   2              r   2       k     · z   k   +     ∑  k ∈ c a r     r   3     ∪ {   j  ^  }          r   3   ∨   e     j  ^        k     · z   k     >   ∑  k ∈ c a r   m    ⋂  c a r   t          m   k     · y   k     +   ∑  k ∈ c a r   m   \ c a r   t        m   k     · x   k     =   ∑  k ∈ c a r     r   1     ∪ c a r     r   2          m   k     · y   k     +   ∑  k ∈ c a r     r   3     ∪ {   j  ^  }      m   k     · x   k     >   ∑  k ∈ c a r     r   1     ∪ c a r     r   2              r   1   ∨   r   2       k     · y   k   +     ∑  k ∈ c a r     r   3     ∪ {   j  ^  }          r   3   ∨   e     j  ^        k     · x   k     =   ∑  k ∈ c a r     r   1     ∪ c a r     r   2              r   1   ∨   r   2       k     · x   k   +     ∑  k ∈ c a r     r   1              r   1       k     · w   k   +       c a r     r   1       +   c a r     r   2           c a r   t     − 1   · ε +   ∑  k ∈ c a r     r   3     ∪     j  ^             r   3   ∨   e     j  ^        k     · x   k     =   ∑  k ∈ c a r   m        m   k     · x   k     +   ∑  k ∈ c a r     r   1              r   1       k     · w   k   +       c a r     r   1       +   c a r     r   2           c a r   t     − 1   · ε >   ∑  k ∈ c a r   m        m   k     · x   k     +   ∑  k ∈ c a r     r   1              r   1       k     · w   k     ≥   ∑  k ∈ c a r   m        m   k     · x   k     +     max   j ∈ car     r   1        ⁡    c   j     ·   g     s   ∗     (   r   1   , c ) >   ∑  k ∈ c a r   m        m   k     · x   k     +     max   j ∈ car   m      ⁡    c   j     · v   m   −   ∑  j ∈ c a r   m        m   j     · x   j     =     max   j ∈ car   m      ⁡    c   j     · v   m    .



In other words,     ∑  k ∈ c a r   m        m   k     · z   k   >       max   j ∈ car   m      ⁡    c   j     · v   m    . Thus, in case II and case III, it is proved that     ∑  k ∈ c a r   m        m   k     · z   k   >   v     max   j ∈ car   m      ⁡    c   j     · v   m    , which contradicts   ( m , z )   because the condition of generalized fuzzy counterobjection for cross-regional supply chain enterprises contradicts.



Theorem 2 is proved. □







References


	



Wang, S.; Hu, Z.-H. Green Logistics Service Supply Chain Games Considering Risk Preference in Fuzzy Environments. Sustainability 2021, 13, 8024. [Google Scholar] [CrossRef]

	



Zhu, T.; Cheng, B. Research on the Decision of Enterprise Supplier Selection under the “Double Circulation” Pattern. Financ. Manag. Res. 2021, 11, 70–74. [Google Scholar]

	



Li, L.; Tongyin, H.; Hao, J. Differential Game Study of Three-level Green Supply Chain Considering Brand Goodwill under Cost Sharing Mechanism. Control. Decis. 2022, 10, 1–9. [Google Scholar]

	



Wang, D.; Zhao, C.; Cheng, Y. Study on Supply Chain Network Equilibrium Considering Quality Control by Retailer and Risk-aversion. Chin. J. Manag. Sci. 2019, 27, 76–87. [Google Scholar]

	



Chen, Z.S.; Su, S.I. International competition and trade conflict in a dual photovoltaic supply chain system. Renew. Energy 2020, 151, 816–828. [Google Scholar] [CrossRef]

	



Li, C. Research on the Cooperation Pattern and Optimization Strategies of Enterprise Knowledge Alliance. Social Science Overview; Academic Science Press: Beijing, China, 2023. [Google Scholar]

	



Gusev, V.V.; Mazalov, V.V. Potential functions for finding stable coalition structures. Oper. Res. Lett. 2019, 47, 478–482. [Google Scholar] [CrossRef]

	



Meng, F.; Tang, J.; Ma, B.; Zhang, Q. Proportional coalition values for monotonic games on convex geometries with a coalition structure. J. Comput. Appl. Math. 2018, 348, 34–47. [Google Scholar] [CrossRef]

	



Nguyen, T.D.; Thomas, L.C. Finding the nucleolus of large cooperative games. Eur. J. Oper. Res. 2016, 248, 1078–1092. [Google Scholar] [CrossRef]

	



Nan, J.; Wei, L.; Li, D.; Zhang, M. Least Squares Prenucleolus of Fuzzy Coalition Cooperative Games Based on Excesses of Players. Oper. Res. Manag. Sci. 2021, 30, 77–81. [Google Scholar]

	



Zhou, X.; Cao, W.; Feng, P.; Chen, Z.; Wang, S. The strategies of inter-regional supply chain network equilibrium under the impact of multi-trade policies. J. Ind. Eng. Eng. Manag. 2023, 37, 200–215. [Google Scholar]

	



Chan, C.K.; Zhou, Y.; Wong, K.H. A dynamic equilibrium model of the oligopolistic closed-loop supply chain network under uncertain and time-dependent demands. Transp. Res. Part E Logist. Transp. Rev. 2018, 118, 325–354. [Google Scholar] [CrossRef]

	



Zhou, Y.; Chan, C.K.; Wong, K.H. A multi-period supply chain network equilibrium model considering retailers’ uncertain demands and dynamic loss-averse behaviors. Transp. Res. Part E Logist. Transp. Rev. 2018, 118, 51–76. [Google Scholar] [CrossRef]

	



Zhou, S.; Han, X. Research on the differential game of supply chain cooperation under carbon subsidy and retailer competition. J. Ind. Eng. Eng. Manag. 2023, 37, 80–89. [Google Scholar]

	



He, X.; Zhang, Y.; Jing, Y.; Zhou, B. Decision Making Model of the Dual-drive Supply Chain of Components-manufacturing Quality Based on Revenue Sharing Contract Mechanism. J. Southwest Univ. Sci. Technol. 2022, 37, 68–77. [Google Scholar]

	



Li, Y.; Yuan, Y. Research on the Low-carbon Transformation Mechanism of Closed-loop Supply Chain of Manufacturing Enterprises under the Carbon Neutrality Goal: Based on the DEMATEL-ISM Model. Sci. Technol. Manag. Res. 2022, 23, 226–234. [Google Scholar]

	



Meng, L.; Huang, Z.; Zhang, B.; Yang, Y.; Cheng, H.; Hu, Y. Decision Research on Closed-loop Supply Chain Based on the Effect of Quality Constraint. Oper. Res. Manag. Sci. 2022, 31, 99–107. [Google Scholar]

	



Lu, M.; Liu, J.; Huang, H. Trade-in strategy of closed-loop supply chain based on risk aversion. Comput. Integr. Manuf. Syst. 2023, 1, 1–22. [Google Scholar]

	



Samuel, C.N.; Venkatadri, U.; Diallo, C.; Khatab, A. Robust closed-loop supply chain design with presorting, return quality and carbon emission considerations. J. Clean. Prod. 2020, 247, 119086. [Google Scholar] [CrossRef]

	



Yu, X.; Du, Z.; Zhang, Q.; Zou, Z.; Zhou, Z.; Pang, J. Generalized form solutions of cooperative game with fuzzy coalition structure. Soft Comput. 2020, 24, 861–877. [Google Scholar] [CrossRef]

	



Sun, Y.; Luo, J.; Yang, H. Value Co-creation in Service Derivative: Coordination between Consumers and Manufacturing Firm. Chin. J. Manag. Sci. 2019, 27, 160–168. [Google Scholar]

	



Candeloroa, D.; Mesiarb, R.; Sambucini, A.R. A special class of fuzzy measures: Choquet integral and applications. Fuzzy Sets Syst. 2019, 355, 83–99. [Google Scholar] [CrossRef]

	



Jiang, Y.; Han, S.H.; Zhao, Y. Differential game analysis of dynamic carbon emission reduction strategy of three-echelon supply chain under low-carbon economy. Oper. Res. Manag. Sci. 2020, 29, 89–97. [Google Scholar]

	



Liang, T.; Chao, H.; Ke, J.; Zhen, T.; Xu-wei, Q. Supply Chain Network Scheduling by Considering Merge Decision with Random Order Interference. Chin. J. Manag. Sci. 2019, 27, 91–103. [Google Scholar]

	



Dong, L.; Kouvelis, P. Impact of Tariffs on Global Supply Chain Network Configuration: Models, Predictions, and Future Research. Manuf. Serv. Oper. Manag. 2020, 22, 25–35. [Google Scholar] [CrossRef]

	



Li, C. Research on the “Daul Circulation” Cooperation Strategy of Enterprise Alliance from the Perspective of Fuzzy Game. Oper. Res. Manag. Sci. 2023, 32, 141–146. [Google Scholar]

	



Liu, J.; Zhang, H. Coincidence of the Mas-Colell bargaining set and the set of competitive equilibria in a continuum coalition production economy. Int. J. Game Theory 2016, 45, 1095–1109. [Google Scholar] [CrossRef]

	



Wernerfelt, B. A Resource-Based View of the Enterprise. Strateg. Manag. J. 1984, 5, 171–180. [Google Scholar] [CrossRef]

	



Hamel, G. Competition for competence and interpartner learning within international strategic alliances. Strateg. Manag. J. 1991, 12, 83–103. [Google Scholar] [CrossRef]

	



Teece, D.J. Competition, cooperation, and innovation: Organizational arrangements for regimes of rapid technological progress. J. Econ. Behav. Organ. 1992, 18, 1–25. [Google Scholar] [CrossRef]

	



Shi, J.; Wang, X.; Yi, B. Analysis Method of the Joint Cloud Resource Market: A Game-Theoretic Approach. J. Comput. Res. Dev. 2023, 60, 1988–1999. [Google Scholar]

	



Arthur, W.B. Competing technologies, increasing returns, and lock-in by historical events. Econ. J. 1989, 99, 116–131. [Google Scholar] [CrossRef]

	



Zhang, X.; Qin, H. On Route Dependence in Knowledge and Its Breaking Strategy in the Upgrading and Transformation Process of Enterprises. J. Intell. 2014, 1, 195–200. [Google Scholar]

	



Long, Y.W.; Jian, L. Research on the Enterprise Strategic Management Based on the Game Theory. Sci. Technol. Manag. 2007, 28, 136–139. [Google Scholar]

	



Deng, X.; Guo, H. Equilibrium Points for Stackelberg Game: Existence and Generic Existence Results. Oper. Res. Manag. Sci. 2011, 20, 100–103. [Google Scholar]

	



Shang, S.; Zhang, Z. The Knowledge Sharing of Virtual Enterprise Based on Evolutionary Game. China Soft Sci. 2015, 3, 150–157. [Google Scholar]

	



Rubinstein, A. Perfect Equilibrium in a Bargaining Model. Econometrica 2010, 50, 97–109. [Google Scholar] [CrossRef]

	



Mao, L. Subgame perfect equilibrium in a bargaining model with deterministic procedures. Theory Decis. 2016, 82, 485–500. [Google Scholar] [CrossRef]

	



Liu, X.; Yu, H.; Lai, G.; Wang, S.; Xie, Y. Imitation or Innovation? Research on the Path Selection of Enterprise Performance Improvement from the Perspective of Organizational Ecology. Sustainability 2022, 14, 7223. [Google Scholar] [CrossRef]

	



Inkpen, A. Learning, knowledge acquisition, and strategic alliances. Eur. Manag. J. 1998, 16, 223–229. [Google Scholar] [CrossRef]

	



Mai, L.C. The Impact of Corporate Social Responsibility (CSR) on The Company’s Financial Performance. Transformation 2011, 49, 247–257. [Google Scholar]

	



Ring, P.S.; Ven, A.H.V.D. Developmental Processes of Cooperative Interorganizational Relationships. Acad. Manag. Rev. 1994, 19, 90–118. [Google Scholar] [CrossRef]

	



Xing, G.; Yang, C. Channel Strategy Selection of Green Closed-loop Supply Chain under Fuzzy Conditions. Logist. Sci-Tech 2022, 5, 1043–1049. [Google Scholar]

	



Alexander, S.; Ruderman, M. The role of procedural and distributive justice in organizational behavior. Soc. Justice Res. 1987, 1, 177–198. [Google Scholar] [CrossRef]

	



Shapley, L.S. A Value for n-Person Games; Princeton University Press: Princeton, NJ, USA, 1953. [Google Scholar]

	



Meade, L.; Liles, D.; Sarkis, J. Justifying strategic alliances and partnering: A prerequisite for virtual enterprising. Omega 1997, 25, 29–42. [Google Scholar] [CrossRef]

	



Lemaire, J. Cooperative game theory and its insurance applications. ASTIN Bull. J. IAA 1991, 12, 17–40. [Google Scholar] [CrossRef]

	



Flåm, S.D.; Jourani, A. Strategic behavior and partial cost sharing. Games Econ. Behav. 2003, 43, 44–56. [Google Scholar] [CrossRef]

	



Meng, F.Y.; Zhang, Q.; Cheng, H. The Owen value for fuzzy games with a coalition structure. Int. J. Fuzzy Syst. 2012, 14, 22–24. [Google Scholar]

	



Gallego, I. Cooperative Games Restricted by Fuzzy Graphs; Instituto de Methematicas de la Universidad de Sevella: Sevilla, Spain, 2016. [Google Scholar]

	



Sun, H.X.; Zhang, Q.; Wang, F.; Yu, X.-h. A fuzzy Owen function on games with coalition structure and fuzzy coalitions. J. Intell. Fuzzy Syst. 2017, 33, 159–170. [Google Scholar] [CrossRef]

	



Casajus, A.; Yokote, K. Weakly differentially monotonic solutions for cooperative games. Int. J. Game Theory 2019, 48, 979–997. [Google Scholar] [CrossRef]

	



Liu, T.; Lyu, W.; Hu, X.-F.; Shan, E. Corrigendum to “A new axiomatization of the Shapley-solidarity value for games with a coalition structure”. Oper. Res. Lett. 2018, 46, 163–167. [Google Scholar] [CrossRef]








[image: Sustainability 15 15707 g001] 





Figure 1. Equivalence demonstration of redistribution scheme. 
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Figure 2. Collaborative innovation alliance of four enterprises. 
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Figure 3. Equilibrium point of the maximum alliance. 
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Figure 4. Comparison of benefit distribution. 
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Table 1. Comparison of benefits of each fuzzy cooperative alliance of cross-regional supply chain enterprises.
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	For Enterprise Q1
	For Enterprise Q2
	For Enterprise Q3
	For Enterprise Q4





	    v     e       Q   1         + v     e       Q   2         = 0    ≤ v     e       Q   1   ,   Q   2         = 0    
	   v     e       Q   2         + v     e       Q   1         = 0  ≤ v     e     ,   Q   2   ,   Q   1         = 0   
	   v     e       Q   3         + v     e       Q   1         = 0  < v     e         Q   3   , Q   1         = 20   
	   v     e       Q   4         + v     e       Q   1         = 0  < v     e         Q   4   , Q   1         = 25   



	   v     e       Q   1         + v     e       Q   3         = 0              < v     e       Q   1   ,   Q   3                      = 20   
	   v     e       Q   2         + v     e       Q   3         = 0  < v     e       Q   2   ,   Q   3         = 25   
	   v     e       Q   3         + v     e       Q   2         = 0  < v     e         Q   3   , Q   2         = 25   
	   v     e       Q   4         + v     e       Q   2         = 0              < v     e       Q   4   ,   Q   2                      = 30   



	   v     e       Q   1         + v     e       Q   4         = 0 <  v     e       Q   1   ,   Q   4         = 25   
	   v     e       Q   2         + v     e       Q   4         = 0  < v     e       Q   2   ,   Q   4         = 30   
	   v     e       Q   3         + v     e       Q   4         = 0              ≤ v     e       Q   3   ,   Q   4                      = 0   
	   v     e       Q   4         + v     e       Q   3         = 0              ≤ v     e       Q   4   ,   Q   3                      = 0   



	   v     e       Q   1         + v     e       Q   2   ,   Q   3         = 25  < v     e       Q   1   ,   Q   2   ,   Q   3         = 30   
	   v     e       Q   2         + v     e       Q   1   ,   Q   3         = 20  < v     e       Q   2   ,   Q   1   ,   Q   3         = 30   
	   v     e       Q   3         + v     e       Q   1   ,   Q   2         = 0  < v     e         Q   3   , Q   1   ,   Q   2         = 30   
	   v     e       Q   4         + v     e       Q   1   ,   Q   2         = 0  < v     e         Q   4   , Q   1   ,   Q   2         = 35   



	   v     e       Q   1         + v     e       Q   2   ,   Q   4         = 30  < v     e       Q   1   ,   Q   2   ,   Q   4         = 35   
	  v     e       Q   2         + v     e       Q   1   ,   Q   4         =  25 < v     e       Q   2   ,   Q   1   ,   Q   4         =   35
	   v     e       Q   3         + v     e       Q   1   ,   Q   4         = 25  < v     e         Q   3   , Q   1   ,   Q   4         = 40   
	   v     e       Q   4         + v     e       Q   1   ,   Q   3         = 20  < v     e         Q   4   , Q   1   ,   Q   3         = 40   



	   v     e       Q   1         +     e       Q   3   ,   Q   4         = 0  < v     e       Q   1   ,   Q   3   ,   Q   4         = 40   
	   v     e       Q   2         + v     e       Q   3   ,   Q   4         = 0  < v     e       Q   2   ,   Q   3   ,   Q   4         = 45   
	   v     e       Q   3         + v     e       Q   2   ,   Q   4         = 30  < v     e         Q   3   , Q   2   ,   Q   4         = 45   
	   v     e       Q   4         + v     e       Q   2   ,   Q   3         = 25  < v     e         Q   4   , Q   2   ,   Q   3         = 45   



	   v     e       Q   1         + v     e       Q   2   ,   Q   3   ,   Q   4         = 45  < v     e       Q   1   ,   Q   2   ,   Q   3   ,   Q   4         = 55   
	   v     e       Q   2         + v     e       Q   1   ,   Q   3   ,   Q   4          = 40 <     e         Q   2   , Q   1   ,   Q   3   ,   Q   4         = 55   
	   v     e       Q   3         + v     e       Q   1   ,   Q   2   ,   Q   4          = 35 < v     e         Q   3   , Q   1   ,   Q   2   ,   Q   4         = 55   
	   v     e       Q   4         + v     e       Q   1   ,   Q   2   ,   Q   3          = 30 < v     e       Q   4   ,   Q   1   ,   Q   2   ,   Q   3         = 55   
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