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Abstract: For the structural health diagnostic of concrete dams, the mathematical monitoring model
based on the measured deformation values is of great significance. The main purpose of this paper is
to reconstruct the ageing component and the temperature component in the traditional Hydraulic-
Seasonal-Time (HST) hybrid model by combining the measured values. On the one hand, a better
mathematical model for the ageing displacement of concrete dams is proposed combined with
the Burgers model to separate the instantaneous elastic hydraulic deformation and the hysteretic
hydraulic deformation, and then it subsumes the latter into the ageing deformation to describe its
reversible component. According to the Burgers model, the inverted elastic modulus of the Jinping-I
concrete dam is 46.5 GPa, which is closer to the true value compared with the HST model. On the
other hand, the kernel principal component analysis (KPCA) method is used to extract the principal
components of the dam thermometers for replacing the period harmonic thermal factor. A multiple
linear regression (MLR) model is established to fit the measured displacement of the concrete arch
dam and to verify the accuracy of the proposed hybrid model. The results show that the proposed
model reaches higher accuracy than the traditional HST hybrid model and is helpful to improve the
interpretation of the separated displacement components of the concrete dams.

Keywords: ageing component; temperature component; HST model; concrete dam

1. Introduction

Since the increasing requirement and utilization of water resources in China, a large
amount of concrete dams have been constructed and contributed significantly to economic
development [1,2]. The safety issues and the risks of dam failure are always unavoidable
due to uncertainties in geology, hydrology, design, construction, and operational manage-
ment. The dam failure, which resulted in major casualties, is a tragic lesson worldwide.
Hence, dam safety has always been a high priority for governments and relevant authorities
and has played an important role in preventing dam failures.

Displacement, stress, strain, and cracks [3–9] et al. are essential for dam health
monitoring and operational instruction. As the most intuitive reflection of the integrity of
concrete dams, displacement is frequently adopted for predicting the behaviour of the dam.
Among the models that were used to fit and predict dam displacements, there are two
main categories. The first one is based on deterministic functions, physical extrapolation
methods, and multiple linear regression. For instance, statistical, deterministic, and hybrid
models are the commonly used monitoring models in engineering. Chen et al. [10] adopted
a semi-parametric statistical model, which has more imitative effect and explanatory than
the parametric statistical model. Shang [11] analysed the key dam section of the roller
compacted concrete (RCC) gravity dam with statistical modeling methods. Hu et al. [12]
proposed a statistical hydrostatic-thermal-crack-time model to deal with the influential
horizontal cracks in concrete arch dams. Another type is based on machine learning models.
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Kang et al. [13] presented a dam health monitoring model based on kernel extreme learning
machines. Chen et al. [14] combined the advantages of extreme learning machines and
elastic networks for predicting dam deformation. Su et al. [15] used rough set theory
and a support vector machine to build the early-warning models of dam safety. The
monitoring models based on machine learning techniques; however, do not take the
structural characteristics of the concrete dams into account. Furthermore, they lack direct
mathematical expressions, causing them to only be useful for making predictions rather
than providing a causal interpretation of dam deformation, such as statistical models [16].

The causes of ageing components in dams are complex, including cracking [17],
alkali-aggregate reactions (AAR) [18], dissolution [19], etc. It can also be interpreted by the
compression deformation of the rock foundation structure, as well as self-generated volume
deformation and irreversible displacement due to cracks in the dam. Therefore, the ageing
displacement is relatively difficult to give the mathematical expression directly according
to the actual situation. Among a variety of HST-based models, the ageing component is
expressed as the exponential function or the combination of the linear and logarithmic
functions. However, the formation mechanism of the ageing displacement of the concrete
dam caused by the theological properties of the dam material is extremely complicated.
Therefore, the HST model based on a simple exponential function or a logarithmic function
may not appropriately represent the relationships between the influencing factors and
the dam displacement. The development law of the ageing component is studied and
expressed as some function of time, which can then be separated in some way based
on the relationship between the ageing displacement and the dam load to optimize the
traditional HST model. For instance, Li et al. presented a hydrostatic-seasonal-state (HSS)
model for rationally obtaining and accurately interpreting ageing displacement from total
displacement monitoring data [20]. Hu and Wu [12] presented a statistical hydrostatic-
thermal-crack-time model and applied it to assess the impact of the large-scale horizontal
crack on the Chencun dam’s downstream face. To explain the abnormal displacement
behaviour of the Jinping-I arch dam, Wang et al. [21] introduced a hysteretic hydraulic
component into the HST model, transforming the traditional HST model into an improved
HHST model. The ageing component reflects a combination of reversible and irreversible
deformation of the dam body and rock foundation. According to the changing pattern of the
displacement and the periodic regulation of the reservoir water level for the concrete dams,
Gu and Wu [22] concluded that a combination of the exponential and periodic harmonic
functions, which are used for the irreversible and reversible ageing displacements [23],
should be used to represent the ageing displacement according to the periodic regulation
of the reservoir water level for most dams.

The temperature displacement component is the displacement due to temperature
changes in the dam body and rock foundation of the dam; thermometer measurements of
the dam body and rock foundation of the dam should be selected as a factor. The traditional
hybrid model expressed the temperature component in the statistical mode and then was
optimally fitted to the measured values. In recent years, the thermal components have been
extracted or considered in dam displacement prediction by various methods [24]. Mata
et al. conducted the Short Time Fourier Transform analysis of the residuals to determine
the impact of the daily air temperature variation on the displacement of concrete dams [25].
Kang et al. considered that the temperature varies over time and substituted harmonic
sinusoidal functions to the long-term air temperature for thermal effect simulation [26].
Chen et al. [27] adopted kernel principle component analysis (KPCA) to extract the tem-
perature variables. Among a significant number of the thermometers buried in the dam
sections, principal component extraction is an important process. Additionally, the KPCA
method used in the paper (20) validates that it assists to reduce the dimensionality of the
thermal measurement results by minimizing the loss of the original information.

The main idea of this paper is to propose a new hybrid model. For the extraction of the
ageing component, a better mathematical model for the ageing displacement of concrete
dams is proposed. For the temperature component, the KPCA method is used to extract
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the inherent characteristics of the thermometer measurement data to substitute the periodic
harmonic factors. Then, a multiple linear regression (MLR) model is developed to fit the
measured displacement to validate the reasonableness of the extracted ageing component
and temperature component. In this paper, the MLR model is established based on Matlab.
The accuracy of the new hybrid model and the extracted components are compared with
the components in the HST model. The displacement components of the concrete dam can
be more easily understood with the help of the suggested model.

The research significance is for dam safety based on the monitoring model of displace-
ment messages, which can fully reflect the recoverable creep component of the concrete
and rock and accurately separate the ageing component from the total displacement.

2. Model Establishment

The factors influencing dam displacement can be broadly summarized as water level,
temperature, and time. The traditional HST hybrid model can be generally interpreted as
the following equation:

δ = δH + δT + δθ = Xδ′H +
2

∑
i=1

[
b1i sin

2πit
365

+ b2i cos
2πit
365

]
+ c1θ + c2 ln θ, (1)

where δH, δT, and δθ represent the hydraulic displacement component, temperature dis-
placement component, and ageing displacement component, respectively; δ′H is the FEM-
calculated hydraulic component; X is the adjustment coefficient; H is the water depth of
the upstream reservoir on the same monitoring day; t is the number of cumulative days
since the initial monitoring day; θ is equal to t/100.

2.1. FEM-Calculated Elastic Hydraulic Component

In the traditional HST hybrid model, the ageing component only contains the irre-
versible component. The reversible ageing displacement follows the same evolution rule
as the instantaneous hydraulic displacement due to the common causal factor of reser-
voir water pressure, these two types of displacements are separated into the hydraulic
component in the paper [28]. In contrast to the instantaneous elastic modulus determined
by the material properties, the inverted elastic modulus of dam body concrete provides a
thorough reflection of the immediate and hysteretic elastic deformation ability through the
analysis of the traditional HST hybrid model [3]. According to the theoretical derivation
above, the hysteretic water pressure component is subsumed into the ageing component in
this paper; therefore, only the elastic water pressure component needs to be calculated by
the finite element method [29] as follows:

δHe = Xδ′He , (2)

E0 =
E′0
X

, (3)

where δHe is the actual water pressure component. δ′He is the water pressure component
value obtained from the elastic finite element calculation; X is the total water pressure
component adjustment factor, and E0 is the initial value of the instantaneous elastic modulus
used in the calculation.

In the conventional elastic inversion method, the resulting modulus of elasticity of
the dam concrete is a composite reflection of the instantaneous elastic deformation and
viscoelastic hysteresis deformation. Therefore, a combined model of mechanical elements
is required to separate the instantaneous elastic modulus and viscoelastic modulus when
calculating the elastic hydrodynamic component. The Burgers model is a four-parameter
fluid model that is commonly used to describe viscoelastic behaviour. It is a hybrid of the
Maxwell and Kelvin–Voigt models. The Maxwell model is used to describe stress relaxation,
but only in the case of irreversible flow. Although the Kelvin–Voigt model can represent
creep, it cannot represent instantaneous deformation. It is not able to account for the stress
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relaxation [28]. After the combination of these two models, the Burgers model can express
both relaxation and creep effects after combining these two models [30]. Many researchers
have used it extensively in recent years to describe the dynamic behaviour of viscoelastic
materials [31,32]. Thus, it is used in this paper to calculate the instantaneous and hysteretic
hydraulic displacements by the FEM and in the inversion analysis.

2.2. Mathematical Expression of the Ageing Displacement of the Concrete Dam Considering
Viscoelastic Deformation

Dam structural properties primarily consist of three states: elasticity, viscoelasticity,
and unstable failure [33]. The dam monitoring displacement consists of two components:
an elastic component and a nonlinear component that fluctuates with load and time (com-
monly known as the time effect). The elastic displacement is influenced and calculated by
the instantaneous elastic modulus. The actual ageing displacement is a process of increas-
ing and decreasing around a certain base value, including irrecoverable and recoverable
terms [34]. The factors that generally affect the ageing displacement include the material
properties of the dam concrete, such as autogenous volume displacement, wet and dry dis-
placement, plastic displacement, creep of concrete, the material properties of the dam base
rock, and the creep of the dam structure. Creep deformation reflects an inherent property
of the dam concrete and the rock. It consists of an irreversible viscoplastic component and
a reversible viscoelastic (also known as hysteretic elastic) component. During a long period
of creep displacement, the reversible viscoelastic component accounts for a significant
portion of the total elastic displacement [35], which is influenced by the delayed elastic
modulus separated by the Burgers model shown in Figure 1. On a macroscopic scale, the
displacement is characterised by a high degree of variation at the beginning of the storage
period, followed by a gradual stabilisation over time. However, laboratory tests on concrete
and rock have shown that a portion of the creep displacement of concrete and rock recovers
after the unloading lag. Part of the recovery is influenced by the size of the unloading and
the time of unloading, as well as the age of the concrete, as shown in Figure 2.
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Figure 2. The radial displacement and the reservoir water level of the NO.9 dam section.

In the case of intermittent loading, the creep is a combination of increasing and
decreasing curves. Because the water level in a reservoir is constantly changing, its effect
on the dam can be seen as intermittent loading. As the water level is lowered, the dam and
rock body thus undergo some non-linear recovery of creep with time, which can be linked
to the delayed elastic moduli of the dam concrete. Therefore, it would not be accurate
enough to describe the ageing displacement simply as a monotonically increasing function.
A new model needs to be investigated to make the fit more accurate. As mentioned above,
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the ageing displacement is caused by the creep of the concrete and rock foundation and the
plastic deformation caused by the compression of fractures and joints in the concrete and
rock base. Their effects are discussed separately as follows.

2.2.1. Creeping Law of Concrete

The total strain ε(t) of concrete at age τ1, under the action of the external force σ(τ1)
can be expressed by the following equation [36]:

ε(t) =
σ(τ1)

E(τ1)
+ σ(τ1)C(t, τ1), (4)

where C(t, τ1) is the creep degree of the concrete; E(τ1) is the modulus of elasticity of
concrete at age τ1.

In general, dams are old enough when they are built to hold water. According to the
theory of elastic creep, the creep at load changes conforms to the principle of superposition,
i.e., [37]:

εc(t) = σ(τ1)C(t, τ1) + ∑ ∆σiC(t, τi), (5)

where ∆σi is the stress increment at the moment τi.
The variation pattern of Equation (5) can be seen in Figure 2, which shows the effect of

load history on strain.

2.2.2. Derivation of the Equation for the Creep Displacement of a Dam on a
Rigid Foundation

Assume that the modulus of elasticity of the foundation Er→∞. The dam is built on
a rigid foundation, and the water pressure can be approximated as proportional loading;
according to the theory of creep mechanics, the total displacement u at the top of the dam
can be expressed as [38]:

u = ue f (t), (6)

where ue is the elastic displacement under external load.
f (t) can be expressed as follows [39]:

f (t) = 1 + E(t)
∫ t

τ1

ϕ(t, τ)ξ(t, τ, τ1)dτ. (7)

For a dam, its physical force is a constant and can be taken as ϕ(t,τ) = 1. So, the above
equation becomes

f (t) = 1 + E(t)
∫ t

τ1

ξ(t, τ, τ1)dτ. (8)

After deducting the elastic displacement from Equation (6), we can obtain

δθ = u− ue = ue[ f (t)− 1]. (9)

Substitute Equation (8) into Equation (9) and give

δθ = ueE(t)
∫ t

τ1

ξ(t, τ, τ1)dτ. (10)

ξ(t,τ,τ1) in Equation (10) is the kernel of integration and using the conclusions of
elastic creep theory, can be expressed as [40]:

ξ(t, τ, τ1) =
m

∑
i=1

Cirie−ri(t−τ1) +
p

∑
j=m+1

Cirje−ri(t−τ1). (11)
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Substitute ξ(t,τ,τ1) into Equation (10) and give

δθ = ueE(t)
p

∑
i=1

Cj[1− e−ri(τ1−t)]. (12)

When taking p = 1, it can be expressed as

δθ = ueE(t)C1[1− e−ri(τ1−t)]. (13)

It should be noted that in Equation (13), δθ is the creep displacement at time t when
the water level is H (the water level at the age of the dam concrete at τ1). In fact, the water
level in the reservoir is constantly changing from time τ1 to time t. Therefore, considering
the water level change, the displacement expression at the moment t is

δθ1 = ueE(t)C1[1− er1(τ1−t)] + E(t)
∫ t

τ1

[ue(H, t)− ue(H, τ)] · C2[1− er2(τ−t)]dτ, (14)

where ue(H,t) and ue(H,τ) are the elastic displacements of the dam crest due to the reservoir
water pressure at moments t and τ.

The age of the dam concrete is generally large due to reservoir storage. Therefore,
it can be assumed that E(t) is a constant. Thus, ue, E(t), and C1 are combined as C′1 and
E(t) and C2 are combined as C′2. τ1 is the age of the concrete at the start of the monitored
displacement. Therefore, τ − t can be replaced by −t′. t′ indicates that the first day of the
period starts at zero. In this way, Equation (14) can be rewritten as [38]

δθ1 = C′1[1− e−r1t′] + C′2
∫ t

τ1

[ue(H, t)− ue(H, τ)][1− er2(τ−t)]dτ. (15)

2.2.3. Creep Displacement of Intact Rock Masses under External Loading

According to the Poynting–Thomso rheological model, the intrinsic structure of the
rock is related to

dσ

dt
+

E1σ

η1
= (E1 + E2)

dε

dt
+

E1E2

η1
ε. (16)

When σ = σ0 = const and ε
∣∣∣t=0 = σ0

E1+E2
. The solution to the above equation is

ε =
σ

E2
+ σ(

1
E1 + E2

− 1
E2

)e−
E1E2

E1+E2
· t

η1 . (17)

The first term on the right-hand side of the above equation represents the instanta-
neous deformation and the second term is the creeping deformation. Therefore, the above
equation can be rewritten as

ε =
σ

E0
+

σ

E′
(1− e−

E′
η ·t), (18)

where E0 is the instantaneous elastic modulus; E′ is the delayed elastic modulus; η is the
corresponding viscosity coefficients.

From the above equation, the creep deformation can be expressed as follows:

εp(t) =
σ

E′
(1− e−

E′
η t
). (19)
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The above equation indicates that when the stress is constant, the creep deformation
varies with time as an exponential function, and after considering the integrated constants,
the above equation is rewritten as

εp(t) = C3(1− e−r3t). (20)

However, the water level in the reservoir is constantly changing and there is a certain
amount of creep recovery in the rock mass as it is unloaded. Therefore, the total expression
for the deformation of the foundation in the case of variable water level is

εp(t) = C3(1− e−r3t) + C4

∫ t

τ1

[G(H, t)− G(H, τ)][1− er4(τ−t)]dτ, (21)

where G(H,τ) is the effect of water level H on the function of creep deformation. It is
generally difficult to obtain its expression, thus, it can be used instead of the water pressure
displacement component.

2.2.4. The Effect of Fractures and Joints in a Rock Body under Water Pressure on the
Ageing Displacement

Rock bodies where fissures and joints are present will gradually close under the
weight of water, and weak inclusions will deform plastically. In general, this part of the
deformation does not recover from unloading, it is a monotonically increasing function of
time, and it is difficult to deduce physically an expression for this part of the deformation
with time. However, based on its characteristics of rapid change in the early stages of water
storage and gradual stabilisation, the solution of the first-order decay differential equation
can be used to describe the whole process of this change.

Let C5 be the final stable value of the displacement, displacement δθ3 with time t, and
the rate of gradual decay and deformation residual C5 − δθ3 is proportional to

dδθ3

dt
= r5(C5 − δθ3). (22)

Its solution can be expressed as

δθ3 = C5(1− e−r5t). (23)

Combining Equations Equations (14), (21) and (23), it can be seen that the ageing
displacement of the dam under the action of water pressure can be expressed as

δθ = C(1− e−rt) + C′
∫ t

τ1

[ue(H, t)− ue(H, τ)][1− er′(τ−t)]dτ. (24)

When the reservoir level varies with the seasons, the elastic displacement ue(H,t) of
the dam caused by the cyclic load, the water pressure, also varies in an approximate annual
cycle. As mentioned above, the hysteretic elastic hydraulic deformation caused by the
viscoelastic creep feature is divided into the ageing component. Therefore, a set of basic
functions (cos 2πt

365 , sin 2πt
365 , cos 4πt

365 , sin 4πt
365 , · · · , cos 2πnt

365 , sin 2πnt
365 ) is taken and their linear

combination is used to express the term of the product function in Equation (24).
The decay term 1 − er′(τ−t) in Equation (24) does not affect the periodicity of the

product function. Clearly,

ue(H, t)↔
m

∑
i=1

[Ai sin
2πit
365

+ Bi cos
2πit
365

]. (25)
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After replacing the original integral equation with the right-hand end of Equation (25),
the resulting function is still a periodic function based on the trigonometric system, i.e.,

∫ t

τ1

m

∑
i=1

[
Ai sin

2πit
365

+ Bi cos
2πit
365

]
dt =

m

∑
i=1

[
Ci sin

2πit
365

+ Ki cos
2πit
365

]
, (26)

where Ci =
365Ai

2πi , Ki =
365Bi
2πi .

The second term on the right side of the Equation (24) is replaced by a periodic
function term that varies with time. At this point, the practical expression for the ageing
displacement can be expressed as

δθ(t) = C(1− e−rt) +
2

∑
i=1

(Ci sin
2πit
365

+ Ki cos
2πit
365

). (27)

Using Equation (27) in combination with the measured data of the ageing displacement,
the multiple linear regression method can be used to estimate the coefficient C, r, Ci, and Ki.

The Equation (27) contains the creep recovery part of the water level component,
which makes the inversion obtained in the process of calculating the water level component
and the elastic modulus shall be the instantaneous elastic modulus. In the HST model, the
modulus of elasticity of the dam concrete obtained by the elastic inversion method is a
composite reflection of the instantaneous elastic deformation and the deformation after
viscoelasticity. Therefore, the viscoelastic inversion method must be used to separate the
instantaneous elastic modulus from the viscoelastic modulus.

2.3. Temperature Kernel Principal Components Analysis

As a result, the temperature component is assumed to follow an annual cycle and is
formulated in a predefined periodic harmonic factor, which may not accurately represent
the thermal displacement effect of concrete dams [41]. For dams with buried thermometers,
kernel principal components analysis has the advantage of better performance when
extracting the feature and reducing the dimensionality of the thermometer measurement
data [42]. Based on the principal component analysis (PCA) method, the KPCA method
maps the input space into a high-dimensional feature space through nonlinear mapping,
which makes the PCA able to perform in Hilbert space. The nonlinear problem can then
be solved in high-dimensional space. Consider a set of n thermometer measurement data
X = [x1, x2, . . . , xn], and then standardize it as follows:

∼
x i =

xi − Ai
Si

, Ai =
1
n

n

∑
i=1

xi, Si =

√
1

n− 1

n

∑
i=1

(xi − Ai)
2, (28)

where Ai is the mean value of the thermometer measurement data, and Si is the standard
deviation of the thermometer measurement data.

After the standardization, use the mapping function φ(·) to map xi (i = 1, 2, . . . , n) to
the high-dimensional feature space ψ (φ: <m→ψ). As a result, the dot set corresponding to
the original thermometer measurement data can be written as Φ ={φ(xi)} (i = 1,2, . . . ,n). In
the high-dimensional feature space, the initial input data of the thermometers satisfies the
equation shown as follows:

n

∑
i=1

φ(xi) = 0. (29)

Furthermore, the feature space covariance matrix C is computed as follows:

C =
1
n

n

∑
i=1

φ(xi)
Tφ(xi) =

1
n

ΦTΦ. (30)
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The characteristic equation of the covariance matrix can thus be expressed as follows:

λξi = Cξi, (31)

where λ denotes the eigenvalue of the covariance matrix C; ξi is the eigenvector λ, corre-
sponding to the eigenvalue.

The nonlinear mapping function φ(·) is implicit, it is difficult to calculate the covari-
ance matrix C directly, so a kernel matrix K is introduced. As shown below, the kernel
matrix K should meet the Mercer condition:

K = φ(xi) · φ(xi)
T . (32)

The characteristic equation of the kernel matrix K is expressed as follows:

λiαi = Kαi, (33)

where λi = nλi has the meaning of the eigenvalue of the kernel matrix K.
To normalize the eigenvectors αi, the following condition must be met [43]:

1 =
n

∑
i=1

αiαjK = λk(α
k ·αk). (34)

Following that, the covariance matrix C and the kernel matrix K are entered into
the characteristic equation of the kernel matrix K. In addition, the eigenvector ξi of the
covariance matrix C can be introduced by the nonlinear function φ(xi), which can be
obtained as follows:

ξi =
n

∑
i=1

αk
i φ(xi), (35)

where αk
i is the i-th coefficient associated with ξi.

The eigenvalues λi of the kernel matrix K are ordered in descending order as follows:

λ1 ≥ λ2 ≥ · · · ≥ λs ≥ · · · ≥ λn > 0. (36)

The proportion of the information contained in the ith and the first k principal compo-
nents in the total amount of the information (contribution rate li and cumulative contribu-
tion rate Q) of these eigenvalues are calculated in the following equations:

li =
λi

n
∑

i=1
λi

Q =

s
∑

i=1
λi

n
∑

i=1
λi


. (37)

When the cumulative contribution rate Q of the cumulative sth eigenvalue exceeds
85%, the information corresponding to these eigenvalues is thought to be adequate to
convey the information of the original input thermometer measurement data.

Finally, the kernel PCs Pi(x) of the mapped input thermometer measurement data
φ(xi) in the feature space employed to the eigenvalue ξi is the ith principal component, as
presented in Equation (38):

Pi(x) = ξiφ(xi) =
n

∑
i=1

αk
i φ(xi)φ(xi)

T =
n

∑
i=1

αk
i K. (38)

The matrix P = {P1(x), P2(x), . . . , Ps(x)} is made up of the kernel PCs, which are the
temperature principal component matrices obtained after reducing the dimensionality
of the original input thermometer measurement data set. It retains enough information
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from the original data. After the KPCA process, the redundant information in the original
thermometer measurement data is removed, resulting in a robust temperature database for
developing a data-driven model.

3. Mathematical Expression of the New Hybrid Model

The water pressure, temperature, and ageing components are used as independent
variables to perform an MLR with the measured displacement components. As mentioned
above, the elastic hydraulic component and the hysteretic hydraulic component are sepa-
rated from the original hydraulic component in the HST model by the Burgers model. In
this paper, the hysteretic hydraulic component was subsumed into the ageing component.
As for the temperature component, it can be determined by the KPCA method through the
thermometers embedded in the dam and the foundation. The mathematical expression of
the new hybrid model can be expressed as follows:

δ = δHe + δT + δθ = Xδ′He +
n

∑
i=1

biTPCi+C(1− e−rt) +
2

∑
j=1

(Cj sin
2π jt
365

+ Kj cos
2π jt
365

) (39)

where X is the adjustment coefficient of the elastic hydraulic component and the FEM-
calculated elastic hydraulic component; n is the total number of the principal components;
TPCi is the principal components extracted from the thermometers by the KPCA method; bi,
C, Cj, and Kj are all coefficients.

4. Case Study

Jinping-I super-high arch dam is the highest concrete arch dam in the world. The dam
has a crest elevation of 1885.0 m and a maximum dam height of 305.0 m. Jinping Grade I
Hydropower Station started to store water from the lower gate of the right bank diversion
hole on 30 November 2012, to 1800 m on 18 July 2013, and to the normal water level of
1880 m on 24 August 2014. After August 2014, the reservoir level is in an annual cycle
and can be divided into four main stages in the following order: (1) a rising period from
mid-to-late June to mid-July and mid-September each year; (2) a stable period of high-water
level at 1880 m, lasting for 97 to 167 d; (3) a falling period from late-December to early-April
till early-June each year; (4) a stable period of low water level at 1800 m, lasting for half a
month to two months. (4) 1800 m low water level stabilisation period, lasting from half a
month to 2 months. Figure 3 depicts the displacement of the PL9-1 plumb-line monitoring
point and the water reservoir changing trend from 1 October 2013 to 31 December 2018 for
a continuous time period. According to the reservoir water level changes, the reservoir
water level change process was divided into four stages. Figure 4 shows the water level
segmentation interval during a year, and Figure 5 represents the simulation of the scenario
of the Jinping-I super-high arch dam.
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5. Results and Accuracy of the Proposed Model
5.1. A Better Mathematical Model for the Ageing Displacement of Concrete Dams

To calculate the hydraulic displacement component by the FEM, a three-dimensional
FEM model is established using ABAQUS, as shown in Figure 6. The instantaneous
elastic modulus of the dam concrete is determined to be 38 GPa, which is an elastic
inversion value conducted according to the measured dam displacement during the initial
rising period of the upstream reservoir water level, rising from 1800.41 m to 1880 m [44].
The parameters of the foundation rocks are determined by their designed values. The
instantaneous elastic modulus E1 and delayed elastic modulus E2 in the Burgers model
are determined to be 46.5 GPa and 130.5 GPa. The corresponding viscosity coefficients
are 376.2 GPa.d and 20,074.5 GPa.d, respectively. During the simulation period, there are
a total of 32 incremental steps in the FEM simulation, with each step resulting in a 5 m
change in water level. Figure 7 shows the relationship between the elastic FEM-calculated
radial displacement and the upstream reservoir water depth for PL9-1.
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5.2. Calculation of Temperature Displacement by KPCA Method

A large number of thermometers are embedded in the dam body. From the mechanical
point of view, the thermometer measurement data of the concrete and rock foundation of the
dam should be selected as the temperature factor. The principal component analysis (PCA)
method was used in the previous studies [45,46] to analyse and separate the temperature
measurement principal component. Its linear technique, on the other hand, has difficulty
reducing large amounts of temperature variables to new uncorrelated variables while
minimizing the loss of original information. In this paper, the principal components of
thermometers are extracted by the KPCA method. As a result, the temperature components
can be fitted more precisely. The advantages of using the measured temperatures of the
concrete dam have been mentioned and testified by several articles [47–49]. In order to
approve the KPCA’s high performance on feature extraction and dimensionality reduction
of input temperature dataset, the comparison process with PCA is necessarily proposed.
The PCA method is based on the assumption that there was a linear hyperplane. The KPCA
method is kernel-based, and the mapping performed by the KPCA method highly relies
on the choice of the kernel function. Possible choices for the kernel function are the Linear
kernel, Gaussian kernel, Polynomial kernel, Sigmoid kernel, and Laplacian kernel [50,51].
Table 1 shows the performance of the KPCA models based on different kernel functions.
According to the results, the KPCA method with the Linear kernel, Polynomial kernel, and
Sigmoid kernel achieves nearly the same accuracy rate and maximum contribution rate
as the first kernel PC. In contrast, the Gaussian kernel and Laplacian kernel approach the
low maximum contribution rate of the first kernel PC. As a result, the Polynomial kernel is
chosen to replace the linear projection process. Figure 8 depicts the comparison of the two
methods in the extraction result. It can conclude that after using the KPCA method with
the polynomial kernel, two PCs are extracted. These two PCs can explain approximately
93.65% of the information in the original temperature dataset. They are considered to
represent the thermal effect. The PC1, which has the maximum contribution proportion
among all the principal components, explains 73.31% of the information in the original
temperature dataset. In contrast, after using the PCA method, four PCs are extracted, and
the PC1 explains only 46.87% of the information. As a result of using the KPCA method, a
small number of principal components from the thermometers can be extracted and used
for the temperature component as follows:

δT =
2

∑
i=1

biTPCi, (40)

where TPCi is the ith extracted temperature principal component; bi is the coefficient of the
principal component.
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Table 1. The performance of the KPCA models based on different kernel functions.

Kernel Type Accuracy Rate (%) Maximum Contribution Rate of the First Kernel PC PC1 (%)

Linear kernel 97.04 82.00
Polynomial kernel 98.32 81.72
Gaussian kernel 95.85 50.84
Polynomial kernel 97.63 82.40
Gaussian kernel 94.67 51.65
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5.3. Fitting and Predicting Accuracy of the Proposed Hybrid Model

To test the accuracy of the new hybrid model, the long monitoring data from 1 October
2013 to 31 December 2018 were divided into the training set, and the predicting set [52].
The first 1560 data in the dataset are used as the training set and the last 354 data are used
as the predicting set. The coefficients of the Equation (39) are calculated and shown in
Table 2. For the Jinping-I super high arch dam, the design and inversion values of the
instantaneous elastic modulus of the dam concrete are 38.0 GPa and 38.5 GPa, respectively.
As a result, the elastic hydraulic displacement calculated by FEM should be multiplied by
the coefficient X of 0.98 (38.0/38.5).

Table 2. Coefficients of the new hybrid model for PL9-1.

Coefficient X b1 b2 C C1 C2 K1 K2

Values 0.98 −0.8089 −0.1356 −17.1222 −0.9430 0.7931 3.2374 0.6715

The model results are tested and compared using several estimation criteria, includ-
ing the mean absolute error MAE, the mean squared error MSE and the determination
coefficient R2. The criteria mentioned above can be calculated as follows:

MAE =
1
N

N

∑
i=1
|ŷi − yi|, (41)

RMSE =

√√√√ 1
N

N

∑
i=1

[ŷi − yi]
2, (42)

R2 =

[
N
∑

i=1
(ŷi − ŷ)(yi − y)

]2

N
∑

i=1

[
ŷi − ŷ

]2 N
∑

i=1
[yi − y]2

, (43)

where N is the number of observations; ŷ is the predicted displacement value of the model;
y is the measured displacement of the concrete dam; ŷ and y are the mean value of predicted
and measured displacement, respectively. The estimation criteria MAE, MSE, and R2 are
displayed in Table 3, respectively for the HST model and the proposed hybrid model.
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Table 3. The regression model performance comparison of the proposed model and the HST model.

Fitting Predicting

Model MAE MSE R2 MAE MSE R2

Proposed model 1.6886 4.8333 0.9746 0.5062 0.3404 0.9902
HST model 1.7164 4.8737 0.9743 1.2798 2.2055 0.9898

As can be seen in Table 3, the two models realize the satisfactory performance that the
correlation coefficients in the training set and predicting set are both higher than 0.95. The
new hybrid model reaches deduced error and higher correlation coefficient than the HST
model. It is reasonable to conclude that the model developed in this paper has both a clear
physical meaning and a high fitting accuracy. As shown in Figure 9, the more significant
error occurs when the measured value changes more violently, that is, when the water level
changes more violently. However, the new hybrid model provides better stability in the
fitting process compared to the HST model when the water level changes drastically.
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Figure 9. Fitted process lines for measurement point PL9-1 in the NO.9 dam section: (a): The new
hybrid model; (b) The HST hybrid model. Abbreviation: NH: new hybrid model; HST: hydraulic-
seasonal-time model; HC: hydraulic component; AC: ageing component; TC: temperature component.

The variation laws and values of the thermal displacement obtained by the new hybrid
model and the HST model are displayed in Figure 10. The line temperature component
(TC) of HST and the line TC of the new hybrid model (NH) are the ambient temperature
of the dam and the internal temperature displacement of the dam, respectively, which
both follow a periodic pattern. The internal temperature displacement of the dam has
a slight lag relative to the ambient temperature displacement of the dam, in line with
the law that the internal temperature of concrete has a phase difference relative to the
ambient temperature. This phenomenon has the following possible explanations. The
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external ambient temperature at any given moment affects the change of its temperature
field by means of heat conduction inside the dam concrete, and it takes some time for
this heat conduction process to be finally completed. At the same time, the continuous
change of external temperature causes the internal heat exchange of the dam body, i.e.,
when the heat input to the dam body in the current period has not yet been transferred
to the deep concrete, the heat input to the dam body in the latter period has already
begun to affect the layers of concrete, and so is the next. The slow and continuous heat
transfer inside the dam body inevitably leads to the superposition of the influence of the
external ambient temperature on the internal temperature field of the dam body at different
times, thus causing a lag in the internal temperature field of the dam body relative to the
external temperature.
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The ageing displacement separated by the model is a combination of increasing and
decreasing curves, containing reversible ageing displacement that varies with the main
load of the dam in addition to irreversible trend ageing displacement, and the change
in ageing displacement slightly lags behind the change in reservoir level at this stage,
in line with the hysteresis effect of viscoelastic deformation. In comparison, the ageing
component is expressed as c1θ + c2lnθ in the HST model, which only contains irreversible
deformations. The instantaneous and hysteretic elastic hydraulic deformations are owned
to the hydraulic component, which will result in larger hydraulic displacement in the HST
model, as can be seen in Figure 10. While the hydraulic displacement, which is determined
by the evolution of reservoir water level, has an annual evolution law comparable to the
reversible ageing displacement in the new hybrid model. Thus, the development trend of
the ageing displacement can be better reflected in the new hybrid model. It contains both
reversible and irreversible components.

6. Conclusions and Discussion

In this paper, we proposed a new hybrid model for a concrete dam in which the
temperature displacement and the ageing displacement of the traditional hybrid model are
improved, and the validity and interpretability of the model accuracy of this paper can be
confirmed through example validation according to the smaller predicting MSE (0.3404)
and larger R2 (0.9902), whereas in the traditional HST hybrid model they are 2.2055 and
0.9898, respectively. The following conclusions are drawn:

(1) The principal component factors are extracted using kernel principal component anal-
ysis in conjunction with measured thermometer information in the concrete dam body,
which can better reflect the influence of temperature variations inside the concrete
dam body on its displacement compared with the traditional HST hybrid model.

(2) The Burgers model was used to determine the instantaneous elasticity modulus and
viscoelastic modulus of the dam; thus the hysteretic hydraulic elastic displacement in
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the original hybrid model can be subsumed into the ageing displacement component,
while the period factor was added to the ageing displacement to fit this component.
Thus, a better mathematical model for the ageing displacement of concrete dams was
established. It can fully reflect the recoverable creep component of the concrete and
rock and accurately separate the ageing component from the total displacement.

However, some problems also should be pointed out. Firstly, the effectiveness of the
proposed model is only validated in the experimental conditions. It needs to be applied
in the actual engineering programs to verify the practicability. Moreover, the time range
of the ageing deformation selected in this paper is only from 2013 to 2018, but the ageing
deformation of the dam, especially in the stability period, will last for a long time. The
change of water level component, temperature component, and ageing component for a
longer time need to be discussed.
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