
Citation: Lan, Z.; He, Q.; Jiao, H.;

Yang, L. An Improved Equilibrium

Optimizer for Solving Optimal Power

Flow Problem. Sustainability 2022, 14,

4992. https://doi.org/10.3390/

su14094992

Academic Editor: Guido Perboli

Received: 17 March 2022

Accepted: 18 April 2022

Published: 21 April 2022

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

sustainability

Article

An Improved Equilibrium Optimizer for Solving Optimal
Power Flow Problem
Zhouxin Lan 1 , Qing He 1,2,*, Hongzan Jiao 3,4,* and Liu Yang 5

1 College of Big Data & Information Engineering, Guizhou University, Guiyang 550025, China;
lzxc511@163.com

2 Guizhou Provincial Key Laboratory of Public Big Data, Guizhou University, Guiyang 550025, China
3 Department of Urban Planning, School of Urban Design, Wuhan University, Wuhan 430072, China
4 Engineering Research Center of Human Settlements and Environment of Hubei Province,

Wuhan 430072, China
5 College of Architecture and Urban Planning, Guizhou University, Guiyang 550025, China; lyang3@gzu.edu.cn
* Correspondence: qhe@gzu.edu.cn (Q.H.); jiaohongzan@whu.edu.cn (H.J.)

Abstract: With the rapid development of the economy, the quality of power systems has assumed
an increasingly prominent influence on people’s daily lives. In this paper, an improved equilibrium
optimizer (IEO) is proposed to solve the optimal power flow (OPF) problem. The algorithm uses the
chaotic equilibrium pool to enhance the information interaction between individuals. In addition,
a nonlinear dynamic generation mechanism is introduced to balance the global search and local
development capabilities. At the same time, the improved algorithm uses the golden sine strategy to
update the individual position and enhance the ability of the algorithm to jump out of local optimums.
Sixteen benchmark test functions, Wilcoxon rank sum test and 30 CEC2014 complex test function
optimization results show that the improved algorithm has better global searching ability than the
basic equilibrium optimizer, as well as faster convergence and a more accurate solution than other
improved equilibrium optimizers and metaheuristic algorithms. Finally, the improved algorithm
is applied to the standard IEEE 30-bus test systems for different objectives. The obtained results
demonstrate that the improved algorithm has better solutions than other algorithms in the literature
for solving the optimal power flow problem.

Keywords: optimal power flow; equilibrium optimizer; chaotic equilibrium pool; nonlinear dynamic
generation mechanism; golden sine strategy

1. Introduction

The main source of electricity in many countries is thermal power generation, which
requires a large amount of nonrenewable resources such as coal. In recent decades, with
rapid economic development, the scale of various fields has continued to increase, which
has led to the increasingly large scale and complex structure of modern power systems.
Optimal power flow (OPF) plays a crucial role in the complete operation of the power
systems, power network planning and economic dispatching. The optimization of the
OPF problem directly affects the life of urban and rural residents and the development of
industry. Therefore, how to improve the power quality and economic benefits brought by
the power system has attracted increasing attention.

The main goal of OPF is to achieve the optimal operating state by adjusting the control
parameters of the power system [1–6]. The methods for solving the optimal power flow in
power systems can be divided into traditional optimization algorithms and metaheuristic
algorithms. Traditional optimization algorithms mainly include the gradient descent
method [7], Newton method [8], linear programming [9] and interior point method [10].
These algorithms are characterized by their use of the objective function to solve the first-
or second-order gradient of control variables. Because the OPF is a typically complex
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constrained, multi-extremum, nonlinear, nonconvex optimization problem, traditional
optimization algorithms are generally trapped in local optima; hence, the optimization
results depend greatly on the initial value in solving large-scale optimization problems.
In recent years, researchers have proposed many metaheuristic algorithms by simulating
various biological behaviors and physical phenomena in nature. These algorithms are
widely used to solve problems related to power system optimization because of their
simple structure, few adjustment parameters, and lack of need for gradient information.
The metaheuristic algorithms commonly used to solve OPF problems include particle
swarm optimization (PSO) [11], whale optimization algorithm (WOA) [12], marine predator
algorithm (MPA) [13], salp swarm algorithm (SSA) [14], slime mould algorithm (SMA) [15],
grasshopper optimization algorithm (GOA) [16], flower pollination algorithm (FPA) [17],
sine–cosine algorithm (SCA) [18], etc. In addition, to solve the OPF problem in the power
system more effectively, many scholars proposed improved metaheuristic algorithms.
Khan et al. proposed a multi-objective hybrid firefly and particle swarm optimization
(MOHFPSO) to solve OPF problems with different objectives [19]. Taher et al. proposed an
improved moth flame optimization (IMFO) algorithm to effectively solve OPF problems [20].
Prasad et al. proposed a chaotic whale optimization algorithm (CWOA) for low accuracy
the defect that the original WOA has in solving OPF problems [21]. Karimulla et al.
proposed an enhanced sine–cosine algorithm (ESCA) to minimize power plant generation
costs, losses, and emissions [22].

The equilibrium optimizer (EO) is a new metaheuristic algorithm proposed by scholar
Faramarzia in 2019 [23]. The algorithm has been successfully applied in many fields
because of its advantages such as few control parameters, excellent flexibility, and easy
implementation. For example, Dinh et al. applied the EO algorithm to multimodal medical
image fusion, effectively improving the quality of the fused image and preserving the edge
information of the input image [24]. Salem et al. used the EO algorithm to solve the optimal
power flow problem of the hybrid AC-DC grid, the goal of which is to minimize the total
fuel cost, power generation emissions, power transmission loss and voltage deviation [25].
Elsheikh et al. used the EO algorithm to improve the random vector function connection
network, to enhance the prediction ability of the laser cutting of polymethyl methacrylate
sheets [26]. However, few scholars have proposed an improved EO algorithm to solve the
OPF problems. Consequently, a method is made to improve the equilibrium optimizer
to solve optimal power flow problems in power systems. The proposed algorithm uses
the chaotic equilibrium pool to enhance the information interaction between individuals.
Furthermore, a nonlinear dynamic generation mechanism is introduced to balance the
global search and local development capabilities. In addition, the improved algorithm
uses the golden sine strategy to update the individual position. In summary, the main
contributions of this paper are as follows:

1. An improvement in the efficiency of powerful metaheuristic method named EO is
investigated to solve optimal power flow problems in the power system.

2. An improved equilibrium optimizer algorithm called IEO, combined with a chaotic
equilibrium pool, nonlinear dynamic generation mechanism and golden sine algo-
rithm, is developed to enhance the ability of the original EO algorithm to handle
complex optimization objectives. The performance of the IEO algorithm is evaluated
on 16 benchmark test functions, the Wilcoxon rank sum test and well-known CEC2014
test functions.

3. The proposed IEO algorithm is applied to solve optimal power flow problems in the
standard IEEE 30-bus test system. The performance of the proposed IEO algorithm
is investigated in terms of fuel cost, active power transmission loss, and voltage
deviation improvement. The results are compared with those of other improved
algorithms and metaheuristic algorithms in the literature.

The remainder of the paper is organized as follows: Section 2 addresses the OPF prob-
lem mathematically, including the objective functions, equality constraints, and inequality
constraints. Section 3 describes the details of the proposed IEO algorithm, along with the
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mathematical model and computational process. Section 4 analyses the experimental re-
sults of the proposed IEO algorithm. Section 5 describes the comparative analysis between
the proposed algorithm and other studies in the literature in solving OPF problems. The
conclusion of this work is provided in Section 6.

2. OPF Problem Formulation

The optimal power flow problem is one of the most important problems faced by
power system planners and operators, who aim to minimize an objective function by
adjusting the control variables in the power system such as generation costs or active power
transmission loss. The mathematics of the OPF problem can be represented using the
following standard form:

Minimize F(x, u) (1)

subject to
g(x, u) = 0 (2)

h(x, u) ≤ 0 (3)

where F(x,u) represents the objective function of system optimization, u represents the
vector of control variables consisting of the bus voltage values of generators, capacity
of reactive power compensation, and transformer tap ratios, and x represents the vector
of state variables including reactive power generations, voltage phase angle and voltage
amplitude of each load bus. The function g(x,u) represents the equality constraints, and the
function h(x,u) represents the inequality constraints.

2.1. Objective Function

In this paper, three objective functions consisting of fuel cost, active power trans-
mission loss, and voltage deviation are considered as the objective functions in the OPF
problem. The mathematical model of each objective function is as follows:

2.1.1. Fuel Cost (FC)

The total fuel cost of generator units is usually considered the most basic objective
function in OPF research, where the cost curve of each generator unit is represented by a
quadratic function. Therefore, the mathematical model of the total cost of fuel for electricity
generation [13] is as follows:

F1(x, u) =
Ng

∑
i=1

(
ai + biPGi + ciP2

Gi

)
(4)

where Ng is the number of generators, ai, bi, and ci are the fuel cost coefficients of the ith
generator unit, and PGi is the real power generation of the ith generator.

2.1.2. Active Power Transmission Loss (APL)

To further reduce power generation costs along with real power generation, the active
power transmission loss is considered as an objective function. The mathematical model of
the active power transmission losses [13] is as follows:

F2(x, u) = ∑
i,j∈Nl

Gij

(
V2

i + V2
j − 2ViVj cos(θij)

)
(5)

where Nl is the number of transmission lines, Gij is the transfer conductance of line ij, Vi is
the voltage amplitude at the ith bus, Vj is the voltage amplitude at the jth bus, and cos(θij)
is the difference of the voltage phase angle between buses i and j.
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2.1.3. Voltage Deviation (VD)

To ensure stable operation of the power system, generally, the voltage deviation range
must be within 5% of the standard value. Due to a sudden increase in load demand,
insufficient reactive power support, circuit failure, and other reasons, the bus voltage
may deviate. Therefore, the voltage deviation is often considered as one of the objective
functions of the OPF problem, and its mathematical model is as follows:

F3(x, u) =
Ng

∑
i=1
|Vi − 1| (6)

2.2. Contraints

OPF constraints can be classified into equality and inequality constraints, which are
detailed in the following sections.

2.2.1. Equality Constraints

The equality constraints of the OPF problem are usually the power balance constraint
of each bus, including the active power balance equation and the reactive power balance
equation. Their mathematical models are as follows:

PGi − PDi = Vi

N

∑
i,j=1

Vj
(
Gij cos(θij) + Bij sin(θij)

)
(7)

QGi −QDi = Vi

N

∑
i,j=1

Vj
(
Gij sin(θij)− Bij cos(θij)

)
(8)

where QGi is the reactive power generation of the ith generator, PDi and QDi are the active
power and reactive power of the ith bus, respectively; N is the number of buses, Gij and Bij
are the conductance and susceptance between buses i and j, respectively, and Vi and Vj are
the voltage amplitudes of buses i and j, respectively.

2.2.2. Inequality Constraints

The inequality constraints of the OPF problem include the constraints of physical
equipment in the power system and the constraints generated by ensuring the safe opera-
tion of the system. Their mathematical models are as follows:

Pmin
Gi ≤ PGi ≤ Pmax

Gi i = 1, 2, . . . , Ng (9)

Qmin
Gi ≤ QGi ≤ Qmax

Gi i = 1, 2, . . . , Ng (10)

Vmin
Gi ≤ VGi ≤ Vmax

Gi i = 1, 2, . . . , Ng (11)

Tmin
i ≤ Ti ≤ Tmax

i i = 1, 2, . . . , Nt (12)

Qmin
Ci ≤ QCi ≤ Qmax

Ci i = 1, 2, . . . , Nc (13)

Vmin
Li ≤ VLi ≤ Vmax

Li i = 1, 2, . . . , Nl (14)

|SLi| ≤ Smax
Li (15)

where Nt is the number of transformer buses, Nc is the number of reactive power compen-
sation buses, Nl is the number of branches in the system, Pmax

Gi and Pmin
Gi are the upper and

lower limits of the active power of the ith generator unit, respectively; Qmax
Gi and Qmin

Gi are
the upper and lower limits of the reactive power of the ith generator unit, respectively;
Vmax

Gi and Vmin
Gi are the upper and lower limits of the voltage of the ith generator unit,

respectively; Tmax
i and Tmin

i are the upper and lower limits of the transformer, respectively,
Qmax

Ci and Qmin
Ci are the upper and lower limits of reactive power compensation capacity,
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respectively; Vmax
Li and Vmin

Li are the upper and lower limits of the load voltage at the ith
bus, respectively; and SLi is the transmission power of the ith branch, and Smax

Li is the upper
limit of the transmission power of the ith branch.

3. Improved Equilibrium Optimizer
3.1. Equilibrium Optimizer (EO)

The EO algorithm is derived from a physical model that controls the volume–mass
dynamic balance. The model describes the physical processes that control the entry, exit
and generation of mass within a volume. The model is generally described by a first-order
ordinary differential equation, and its mathematical model [23] is as follows:

V
dC
dt

= QCeq −QC + G (16)

where V is the control volume, C is the concentration, Q is the volumetric flow rate of
the control volume, Ceq is the concentration at the equilibrium state, and G is the mass
generation rate of the control volume.

The mathematical model is obtained by solving the differential equation derived from
Equation (16):

C = Ceq + (C0 + Ceq)F +
G
β
(1− F) (17)

F = exp(−β(t− t0)) (18)

where C0 is the initial concentration, t0 is the initial start time, F is the exponential term
coefficient, and β is the flow rate. Similar to other metaheuristic algorithms, the EO
algorithm initializes candidate solutions randomly and its mathematical model is as follows:

Ci = Cmin + randi × (Cmax − Cmin) (19)

where Ci represents the position of the ith individual, randi is a random number between [0,
1], and Cmax and Cmin are the upper and lower boundaries of the search space, respectively.
Ceq,pool is the randomly selected solution from the equilibrium pool, which is constructed
as follows:

Ceq,pool =
{

Ceq(1), Ceq(2), Ceq(3), Ceq(4), Ceq(ave)

}
(20)

where Ceq(1), Ceq(2), Ceq(3), Ceq(4) are four best-so-far candidate solutions and Ceq(ave) is the
mean value of the first four candidate solutions. The exponential term coefficient in F
balances the development and exploration capabilities of the EO. The mathematical model
of the vector F [23] is given by:

F = a1sign(r− 0.5)
[
e−βt − 1

]
(21)

where a1 is a constant, r and β are random numbers between [0, 1], sign is a sign func-
tion, and t is a nonlinear decrease from 1 to 0 with increasing number of iterations. The
mathematical model is as follows:

t =
(

1− t
Tmax

)a2·t/Tmax

(22)

where t is the current number of iterations, Tmax is the maximum number of iterations, and
a2 is a constant.

The mass generation rate G is one of the most important keys in the EO algorithm,
which contributes to the exploitation phase. The mathematical model of the parameter is
defined as follows:

G = G0·e−β(t−t0) (23)
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where
G0 = GCP

(
Ceq − βC

)
(24)

GCP =

{
0.5r1 r2 > GP

0 other
(25)

where r1 and r2 are random numbers between [0, 1], GCP is the control parameter of the
generation rate, GP is the generation probability, Ceq is the random candidate solution in
the equilibrium pool, and C is the current individual position.

Based on the above, the position update mathematical model of the EO algorithm is
as follows:

C = Ceq +
(
C− Ceq

)
× F +

G
βV

(1− F) (26)

where V is the unit volume, and the other variables are the same as above.

3.2. Improved Equilibrium Optimizer (IEO)
3.2.1. Chaotic Equilibrium Pool Leading Strategy

In the EO algorithm, the position update of the population is determined by the
concentration information between its own position and positions of the elite individuals in
the equilibrium pool. However, individuals blindly follow elite individuals when searching
for optimization, due to the lack of information interaction between individuals. To avoid
the algorithm’s ineffective search, the convergence speed of the algorithm is improved. In
this paper, considering the randomness, ergodicity and regularity of chaotic sequences [27],
chaotic mutation is carried out on the candidate solutions of the equilibrium pool. The
method uses the particle concentration strength between the current individual and the
chaotic mutant individual to lead the optimization direction of the population. The specific
process is as follows:

(1) The candidate solutions in the equilibrium pool are mapped from the solution
space to the interval [0, 1] to obtain the chaotic sequence ϕ(t), which mathematical model is
shown as follows:

ϕ(t) =
Ceq(1) − LB
UB− LB

(27)

where LB = min(Ceq,pool), UB = max(Ceq,pool).
(2) Equation (26) is used to perform Chebyshev chaos iteration on ϕ(t).

ϕ(t + 1) = cos(t· cos−1(ϕ(t))) (28)

(3) The chaotic sequence after Chebyshev mapping is mapped onto the solution space,
and the corresponding chaotic individual D is obtained. Its mathematical model is shown
as follows:

D =
(ϕ(t) + 1)× (UB− LB)

2
+ LB (29)

(4) The fitness of the current individual position is calculated and the chaotic individual
position and the fitness value are compared. If the current individual fitness value is
smaller than the chaotic individual fitness value, the population is attracted by the current
individual position more. Otherwise, it is greatly affected by the position of chaotic
individuals. Its mathematical model is as follows:

Xt
i =

{
γD + (1− γ)·(D− Ct

i ) f (Ct
i ) > f (D)

γCt
i + (1− γ)·(Ct

i − D) f (Ct
i ) ≤ f (D)

(30)

γ = 1− t
Tmax

(31)

where Ct
i is the current individual position, f (Ct

i ) and f (D) are the fitness values of the
current individual and the chaotic individual, respectively, and γ is the contraction factor.
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Using the chaotic balance pool to lead the strategy can improve the search accuracy
of the algorithm. However, it is impossible to directly judge whether the generated new
individual position is better than the original individual position. Therefore, the greedy
strategy is used to compare the fitness values of the new and the old individuals and then
determine whether to update the individual position. The mathematical model of the
greedy strategy is shown as follows:

Ct
i =

{
Xt

i f (Ct
i ) > f (Xt

i )
Ct

i f (Ct
i ) ≤ f (Xt

i )
(32)

3.2.2. Nonlinear Dynamic Generation Mechanism

It can be seen from Equation (11) that the global search and local development capa-
bilities of the EO algorithm are controlled by the exponential term coefficient F and the
generation rate G. However, the value of the generation rate G is determined by the control
parameter GCP. It can be seen from Equation (10) that the generation probability GP of a
fixed value has difficultly fitting the best solution to the nonlinear convergence process
of the algorithm during iterations. Therefore, it is difficult to achieve an effective balance
between global search and local development capabilities. To solve this problem, this paper
proposes a nonlinear dynamic generation mechanism based on the control parameter GCP.
The mathematical model is as follows:

r1 = 1/(1 + e(12t/Tmax)−8) + η (33)

GP = 1− 1
log(t/Tmax)

·
√
|log(µt/Tmax)| (34)

where η is the convergence adjustment factor with a value of 0.4, µ is a control parameter
with a value of 0.2, t is the current number of iterations, and Tmax is the maximum number
of iterations.

It can be known from Equations (18) and (19) that the improved generation probabil-
ity GP is a nonlinear increasing function, and the improved parameter r1 is a nonlinear
decreasing function. At the beginning of the iteration, r1 decreases slowly and maintains a
large value for a long time. At the same time, GP rises slowly to improve the generation
probability of the control parameter GCP, to enhance the global search ability of the algo-
rithm. Later in the iterations, r1 decreases slowly and remains small. At the same time,
GP rises slowly and when is at a large value, reduces the generation probability of the
control parameter GCP. This process is conducive to giving full play to the leading role of
the equilibrium pool and improving the local development capability of the algorithm.

3.2.3. Golden Sine Position Update Strategy

In the EO algorithm, the position update of the candidate solution relies too much
on the four optimal individual positions of the equilibrium pool and their average. If the
individuals in the equilibrium pool fall into a local extremum, other candidate solutions may
also fall into the local extremum, which reduces the global search space of the population.
This is one of the main reasons for the low accuracy of the standard EO algorithm. To solve
this problem, this paper combines the related ideas of the golden sine algorithm to update
the individual position to improve the ability of the algorithm to escape the local extreme
value. The golden sine algorithm is a metaheuristic algorithm proposed by Tanyildizi [28],
which has the characteristics of high optimization accuracy and good robustness. The
principle of the algorithm relies on the relationship between the sine function and the unit
circle, so that the population traverses all points on the unit circle and reduces the search
area of the algorithm with the golden ratio.

In the 4th century BC, the ancient Greek mathematician Eudoxus first proposed the
concept of the golden section coefficient. The golden section coefficient does not consider
gradient information and the contraction step is fixed. Therefore, the combination of the
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sine function and golden ratio can find the maximum or minimum value of the function
more quickly. At the same time, the ergodic performance of the golden sine search strategy
effectively prevents the algorithm from falling into local extrema. The mathematical model
of the algorithm is described as follows:

Ct
new_i = Ct

i ·|sin(ω1)|+ ω2· sin(w1)·
∣∣∣α1·Ceq(1) − α2·Ct

i

∣∣∣ (35)

α1 = −π + 2π·(1− τ) (36)

α2 = −π + 2πτ (37)

τ =
(√

5− 1
)

/2 (38)

where Ceq(1) is the current optimal individual position, w1 and w2 are random numbers
between [0, π] and [0, 2π], respectively, α1 and α2 are golden section coefficients, and τ is the
golden section ratio. These coefficients help the algorithm lead the individual to gradually
approach the optimal value at each iteration and improve the convergence accuracy and
speed of the algorithm.

3.2.4. Detailed Steps for the Improved Equilibrium Optimizer

By introducing the chaotic equilibrium pool, nonlinear generation mechanism and
golden sine concept into the EO algorithm, the convergence speed and convergence ac-
curacy of the algorithm can be effectively improved. In addition, the performance of the
original EO algorithm can be enhanced. The flow chart of the IEO algorithm is shown in
Figure 1.
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3.2.5. Analysis of Time Complexity of Improved Algorithm

Time complexity is a key indicator to test the efficiency of an algorithm. In the EO
algorithm, it is assumed that the population size is N, the search space dimension is d, the
parameter initialization time is t1, the time for generating random numbers is t2, the time
for finding the fitness is f (d), the fitness values are sorted and The time for constructing the
balance pool is t3, the time for updating the parameter t is t4, and the time for updating the
population position is t5, then the total time complexity of the standard EO algorithm is
as follows:

O(t1 + t4 + N(dt2 + f (d) + t3 + t5)) = O(d + f (d)) (39)

In the improved IEO algorithm, the time for parameter initialization and fitness
calculation is the same as in the standard EO algorithm. In the iterative process, the time
for introducing the leading stage of the chaotic balance pool is t6, and the time for updating
the improved control parameter GCP is t7, the time of the golden differential mutation
stage is t8, then the total time complexity of IEO is as follows:

O(t1 + t4 + N(dt2 + f (d) + t3 + t5 + t6 + t7 + t8)) = O(d + f (d)) (40)

Based on the above analysis, the time complexity of the IEO algorithm proposed in
this paper and the standard EO algorithm are in the same order of magnitude, indicating
that the final time complexity of the IEO algorithm has not improved.

4. The Simulation Results

In this section, test functions are used to evaluate the performance of the proposed
IEO. The experiments are carried out on 16 standard benchmark functions [29] such as
continuous unimodal test functions (F1–F7), complex multimodal test functions (F8–F12),
and fixed low-dimensional test functions (F13–F16). The detailed description and related
information are shown in Table 1. To ensure fairness of the comparison between algorithms,
the basic parameters of the algorithms are set to the same value, including the population
size N = 30, the maximum number of iterations Tmax = 500, and the test function dimension
dim = 30/100/500. The internal parameters of each basic algorithm are set as shown in
Table 2. The experimental running environment is 64-bit Windows 10 operating system,
the CPU is Itel Core i5-7200U, the main frequency is 2.6 GHz and the memory is 4 GB. The
algorithm is written based on MATLAB R2016a. The abbreviations of the algorithm names
used in this paper are shown in Table 3.

Table 1. The benchmark test functions.

Fun No. Name Dim Range Optimal Value

F1 Sphere 30/100/500 [−100, 100] 0
F2 shwefel.2.22 30/100/500 [−10, 10] 0
F3 Schwefel.1.2 30/100/500 [−100, 100] 0
F4 Schwefel.2.21 30/100/500 [−100, 100] 0
F5 Step 30/100/500 [−100, 100] 0
F6 Quartic 30/100/500 [−1.28, 1.28] 0
F7 Schwefel2.26 30/100/500 [−500, 500] −418.9829 × dim
F8 Rastrigin 30/100/500 [−5.12, 5.12] 0
F9 Ackley 30/100/500 [−32, 32] 0

F10 Criewank 30/100/500 [−600, 600] 0
F11 Penalized 1 30/100/500 [−50, 50] 0
F12 Apline 30/100/500 [−10, 10] 0
F13 Kowalik 4 [−5, 5] 0.0003
F14 Sheke_1 4 [0, 10] −10.1532
F15 Sheke_2 4 [0, 10] −10.4028
F16 Shekel_3 4 [0, 10] −10.5363
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Table 2. Algorithm parameter setting.

Algorithm Parameter

SCA [30] M = 2;
ChOA [31] fmax = 2.5, fmin = 0;

SSA [32] /
MA [33] G = 0.8, gdamp = 1, a1 = 1, a2 = 1.5, a3 = 1.5, dance = 5;
PSO [34] vmax = 6, vmin = −6, wmax = 0.9, wmin = 0.6, c1 = c2 = 2;

GWO [35] amax = 2, amin = 0;
WOA [36] amax = 2, amin = 0, b = 1;

EO [23] a1 = 2, a2 = 1, GP = 0.5;
IEO a1 = 2, a2 = 1;

Table 3. Abbreviation of algorithm name.

Algorithm Algorithm Description

SCA Sine–Cosine Algorithm
ChOA Chimp Optimization Algorithm

SSA Salp Swarm Algorithm
MA Mayfly Algorithm
PSO particle swarm optimization

GWO Gray Wolf Optimization Algorithm
WOA Whale Optimization Algorithm
AOA Arithmetic Optimization Algorithm
EO Equilibrium Optimizer

m-EO Modified Equilibrium Optimizer
AEO Adaptive Equilibrium Optimizer

OB-L-EO Opposition-Based Laplacian Equilibrium Optimizer
HEO High Equilibrium Optimizer
MPA Marine Predator Algorithm
SMA Slime Mould Algorithm

MSCA Modified Sine–Cosine Algorithm
GOA Grasshopper Optimization Algorithm
MVO Multi-Verse Optimization
IPSO Improved Particle Swarm Optimization
HHO Harris Hawks Optimization
BHBO Black-Hole-Based Optimization
MOHS Multi-Objective Harmony Search Algorithm

DE Differential Evolution
FEA Faster Evolutionary Algorithm

MOJA Multi-Objective Jaye Algorithm
TLBO Teaching–Learning-Based Optimization

MOBSA Multi-Objective Backtracking Search Algorithm

4.1. Comparative Analysis of Algorithm Performance

To verify the overall performance of the IEO algorithm, eight algorithms are selected
for comparison, including the basic EO, SCA, MA, PSO, GWO, WOA, ChOA, and SSA. To
avoid performance comparison errors caused by the randomness of the algorithms, each
test function is run 30 times independently, and the mean and standard deviation (Std) are
used to judge the performance of the corresponding optimization algorithm. The average
value reflects the convergence speed of the algorithm, and the standard deviation reflects
the stability of the algorithm. The comparison results are shown in Table 4.
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Table 4. Comparison of the optimal results of the benchmark function.

Fun No. Index SCA ChOA SSA MA PSO GWO WOA EO IEO

F1 Mean 2.46 × 101 4.71 × 10−6 2.23 × 10−7 1.67 × 10−5 2.66 2.65 × 10−27 3.36 × 10−72 4.09 × 10−41 0
Std 6.76 × 101 7.25 × 10−6 4.00 × 10−7 4.73 × 10−5 1.21 4.47 × 10−27 1.81 × 10−71 7.73 × 10−41 0

F2 Mean 1.83 × 10−2 3.28 × 10−5 2.06 6.85 × 10−4 4.44 1.23 × 10−16 4.82 × 10−52 6.04 × 10−24 0
Std 2.25 × 10−2 4.14 × 10−5 1.54 1.73 × 10−3 1.25 9.51 × 10−17 1.24 × 10−51 7.21 × 10−24 0

F3 Mean 1.02 × 104 1.96 × 102 1.45 × 103 5.53 × 103 2.00 × 102 1.05 × 10−5 4.33 × 104 8.54 × 10−9 0
Std 6.28 × 103 4.00 × 102 8.12 × 102 1.30 × 102 6.03 × 101 2.32 × 10−5 1.73 × 104 3.64 × 10−8 0

F4 Mean 3.54 × 101 3.06 × 10−1 9.72 4.51 × 101 2.02 7.53 × 10−7 4.36 × 101 1.23 × 10−10 0
Std 1.24 × 101 2.45 × 10−1 2.18 2.21 × 10−1 2.50 × 10−1 7.96 × 10−7 2.83 × 101 1.34 × 10−10 0

F5 Mean 1.43 × 101 3.70 1.74 × 10−6 1.19 × 10−5 2.53 8.01 × 10−1 4.07 × 10−1 8.97 × 10−6 5.48 × 10−7

Std 1.31 × 101 4.38 × 10−1 2.18 × 10−6 2.22 × 10−5 1.00 3.76 × 10−1 2.14 × 10−1 6.48 × 10−6 1.12 × 10−6

F6 Mean 7.04 × 10−2 2.73 × 10−3 1.72 × 10−1 2.54 × 10−2 1.60 × 101 1.91 × 10−3 3.27 × 10−3 1.34 × 10−3 1.02 × 10−5

Std 7.33 × 10−2 1.97 × 10−3 8.20 × 10−2 8.93 × 103 1.50 × 101 1.02 × 10−3 4.12 × 10−3 8.36 × 10−4 1.26 × 10−5

F7 Mean −3.72 × 103 −5.71 × 103 −7.53 × 103 −9.87 × 103 −6.59 × 10−3 −6.13 × 103 −1.06 × 104 −8.84 × 103 −1.24 × 104

Std 2.96 × 102 6.18 × 102 6.39 × 102 4.99 × 102 1.26 × 103 8.72 × 102 1.92 × 103 7.10 × 102 2.82 × 102

F8 Mean 4.65 × 101 1.17 × 101 5.69 × 101 5.13 × 101 1.68 × 102 3.45 3.79 × 10−15 1.89 × 10−15 0
Std 4.79 × 101 1.19 × 101 1.71 × 101 2.06 × 101 3.24 × 101 3.51 1.44 × 10−14 1.03 × 10−14 0

F9 Mean 1.69 × 101 2.00 × 101 2.85 1.73 2.57 1.04 × 10−13 4.44 × 10−15 8.59 × 10−15 8.88 × 10−16

Std 7.33 3.15 × 10−2 8.67 × 10−1 5.35 × 10−1 5.33 × 10−1 1.58 × 10−14 2.29 × 10−15 2.30 × 10−15 0
F10 Mean 1.08 2.05 × 10−2 1.93 × 10−2 2.49 × 10−2 1.24 × 10−1 9.72 × 10−4 1.32 × 10−2 3.29 × 10−4 0

Std 5.57 × 10−1 3.45 × 10−2 1.38 × 10−2 2.98 × 10−2 4.65 × 10−2 3.83 × 10−3 4.25 × 10−2 1.80 × 10−3 0
F11 Mean 1.44 × 104 4.69 × 10−1 7.16 5.20 × 10−1 4.04 × 10−2 4.89 × 10−2 2.27 × 10−2 4.60 × 10−7 2.35 × 10−8

Std 5.90 × 104 1.82 × 10−1 3.72 7.08 × 10−1 2.44 × 10−2 2.56 × 10−2 1.45 × 10−2 3.58 × 10−7 2.65 × 10−8

F12 Mean 1.54 4.06 × 10−3 4.07 2.19 × 10−4 6.01 7.29 × 10−4 2.16 × 10−39 2.73 × 10−24 0
Std 3.19 1.24 × 10−2 2.22 4.02 × 10−4 2.90 7.62 × 10−4 1.18 × 10−38 4.45 × 10−24 0

F13 Mean 9.79 × 10−4 9.79 × 10−4 1.33 × 10−3 3.08 × 10−3 8.97 × 10−4 9.73 × 10−3 6.49 × 10−4 2.35 × 10−3 3.56 × 10−4

Std 3.24 × 10−4 3.24 × 10−4 5.16 × 10−4 6.91 × 10−3 1.30 × 10−4 1.31 × 10−2 4.45 × 10−4 6.11 × 10−3 8.45 × 10−5

F14 Mean −2.6931 −1.6733 −7.8901 −5.9683 −8.0397 −9.3935 −8.2692 −8.1255 −10.1532
Std 1.9152 1.6798 3.112 3.5485 2.739 2.0068 2.7214 2.77 5.79 × 10−15

F15 Mean −4.0105 −3.6312 −9.1095 −6.6698 −8.9849 −10.2252 −8.2252 −9.3623 −10.4028
Std 1.6975 1.9582 2.6852 3.8057 2.9115 0.97032 3.1739 2.4134 1.04 × 10−15

F16 Mean −4.7637 −4.4468 −8.0623 −7.8211 −9.5646 −9.9948 −7.1163 −9.682 −10.5363
Std 2.2925 1.6923 3.3784 3.6619 2.2428 2.0586 3.5352 2.2541 2.06 × 10−15
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As seen from Table 4, for the continuous unimodal test functions F1~F4, the IEO can
locate its theoretical optimal value and the standard deviation is 0, which proves that the
algorithm has excellent stability. For functions F5 and F6, although the theoretical optimal
value has not been found, the average value and stability are superior to those of the other
eight algorithms. IEO can also obtain high-precision solutions for complex multimodal
test functions. Especially for functions F8, F10, and F12, the IEO has successfully located
the theoretical optimal value. For functions F7, F9, and F11, although IEO could not locate
the theoretical optimal value, the solution accuracy was better than that of the other eight
algorithms, which proves that IEO has a superior ability to escape the local extreme value.
For the fixed low-dimensional test functions (except for F13), the IEO algorithm can also
locate the theoretical optimal value.

4.2. Convergence Analysis

To intuitively compare the optimization performance of the proposed algorithm with
other algorithms, the advantages of the IEO algorithm will be highlighted. Figure 2
shows the average convergence curve of partial benchmark functions, where the abscissa
represents the number of iterations, and the ordinate represents the logarithm of the average
optimal value of the function. As seen from Figure 2, the convergence accuracy of the IEO
algorithm is significantly higher than other algorithms, indicating that the golden sine
strategy can effectively improve the problem of the candidate solution relying too much on
the equalization pool. Figure 2a−f show the convergence curves of the single-peak and the
multi-peak test functions. Figure 2 show that the convergence speed of the IEO algorithm is
significantly faster than that of the other algorithms. It is worth noting that functions F1, F2,
F3, and F12 can quickly converge to the theoretical optimal value under the same number
of iterations. This indicates that the chaotic equilibrium pool leading strategy corrects the
blind movement direction of the population and avoids ineffective searches. Figure 2g,h
are the fixed multi-peak test functions. It can be seen from these figures that the number of
stagnations of the IEO algorithm is significantly less than that of other algorithms. Even if
it falls into a local extremum for a short time, it can quickly jump out of the local extremum.
The improved nonlinear dynamic generation mechanism can effectively balance global
search and local exploitation. Based on the above analysis, the IEO algorithm has higher
solution accuracy and convergence speed than other algorithms, proving its effectiveness
and superiority.
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4.3. Comparison with Other Improved EO Algorithms

To highlight the competitiveness of the proposed algorithm, the proposed EO algo-
rithm is compared with the latest improved EO algorithm, including m-EO [37], AEO [38],
OB-L-EO [39], and HEO [40]. To achieve fairness of the comparison, the number of iter-
ations of all algorithms is 500, the population size is 30, the search dimensions of each
function (except for the fixed low-dimensional test functions F13~F16) are 30/100/500,
and each algorithm is run 30 times independently. The comparison results are shown in
Tables 5 and 6, where “-” represents missing data in the literature.
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Table 5. Results of comparison with other improved algorithms in different dimensions.

Fun No. Dim
m-EO [37] AEO [38] OB-L-EO [39] HEO [40] IEO

Mean Std Mean Std Mean Std Mean Std Mean Std

30 0 0 1.62 × 10−104 7.47 × 10−104 6.76 × 10−212 0 5.60 × 10−196 0 0 0
F1 100 1.53 × 10−304 0 1.47 × 10−97 4.93 × 10−97 0 0 - - 0 0

500 0 0 3.56 × 10−78 1.48 × 10−77 - - - - 0 0
30 3.93 × 10−167 0 1.38 × 10−56 3.65 × 10−56 1.93 × 10−108 8.00 × 10−108 0 2.75 × 10−94 0 0

F2 100 3.09 × 10−161 1.58 × 10−160 1.99 × 10−52 3.36 × 10−52 0 0 - - 0 0
500 1.36 × 10−160 5.90 × 10−160 3.70 × 10−43 9.08 × 10−43 - - - - 0 0
30 2.71 × 10−306 0 4.24 × 10−38 2.30 × 10−37 6.93 × 10−187 0 6.44 × 10−198 3.09 × 10−106 0 0

F3 100 8.50 × 10−297 0 4.01 × 10−9 1.99 × 10−8 0 0 - - 0 0
500 4.63 × 10−293 0 2.64 × 102 7.78 × 102 - - - - 0 0
30 2.31 × 10−159 1.17 × 10−158 1.94 × 10−46 9.14 × 10−46 4.73 × 10−103 1.60 × 10−102 1.22 × 10−96 2.02 × 10−95 0 0

F4 100 2.83 × 10−157 9.04 × 10−157 4.53 × 10−42 1.42 × 10−41 0 0 - - 1.52 × 10−314 0
500 1.48 × 10−154 7.46 × 10−154 5.05 × 10−28 2.35 × 10−27 - - - - 7.39 × 10−307 0
30 9.23 × 10−5 4.18 × 10−5 6.45 × 10−6 4.98 × 10−6 9.09 × 10−5 5.98 × 10−5 1.11 × 10−3 1.34 × 10−3 5.48 × 10−7 1.12 × 10−6

F5 100 5.28 × 10−3 4.24 × 10−3 3.49 7.01 × 10−1 1.53 × 10−1 2.05 × 10−1 - - 9.17 × 10−4 4.50 × 10−4

500 4.92 × 10−2 5.50 × 10−2 8.99 × 101 2.30 × 10−3 - - - - 3.46 × 10−3 1.91 × 10−3

30 2.47 × 10−4 2.23 × 10−4 1.10 × 10−3 5.87 × 10−4 4.70 × 10−4 3.05 × 10−4 1.18 × 10−5 7.32 × 10−5 1.02 × 10−5 1.26 × 10−5

F6 100 3.47 × 10−4 2.50 × 10−4 2.30 × 10−3 8.46 × 10−4 1.47 × 10−4 1.22 × 10−4 - - 1.25 × 10−4 1.12 × 10−4

500 5.11 × 10−4 3.90 × 10−4 4.80 × 10−3 2.30 × 10−3 - - - - 2.02 × 10−4 1.66 × 10−4

30 −1.22 × 104 1.02 × 103 −8.91 × 103 6.21 × 102 −9.06 × 103 9.28 × 102 - - −1.24 × 104 2.82 × 102

F7 100 −4.19 × 104 9.63 −2.58 × 104 1.34 × 103 −2.85 × 104 2.09 × 103 - - −4.19 × 104 1.63
500 −2.09 × 105 1.87 × 102 −7.62 × 104 5.92 × 103 - - - - −1.96 × 105 1.13 × 102

30 0 0 0 0 0 0 0 0 0 0
F8 100 0 0 0 0 0 0 - - 0 0

500 0 0 0 0 - - - - 0 0
30 8.88 × 10−16 0 5.98 × 10−15 1.79 × 10−15 8.88 × 10−16 4.01 × 10−31 8.88 × 10−16 0 8.88 × 10−16 0

F9 100 8.88 × 10−16 0 6.81 × 10−15 1.70 × 10−15 8.88 × 10−16 8.88 × 10−16 - - 8.88 × 10−16 0
500 8.88 × 10−16 0 7.52 × 10−15 2.03 × 10−15 - - - - 8.88 × 10−16 0
30 0 0 0 0 0 0 0 0 0 0

F10 100 0 0 0 0 0 0 - - 0 0
500 0 0 0 0 - - - - 0 0
30 6.26 × 10−6 3.92 × 10−6 5.22 × 10−7 5.00 × 10−7 6.29 × 10−6 4.35 × 10−6 1.79 × 10−5 5.06 × 10−5 2.35 × 10−8 2.65 × 10−8

F11 100 2.18 × 10−5 1.78 × 10−5 3.45 × 10−2 8.20 × 10−3 5.83 × 10−4 1.14 × 10−3 - - 8.00 × 10−3 3.54 × 10−3

500 1.98 × 10−5 2.25 × 10−5 6.44 × 10−1 3.48 × 10−2 - - - - 9.75 × 10−2 1.75 × 10−2

30 1.65 × 10−165 0 - - - - - - 0 0
F12 100 1.65 × 10−164 0 - - - - - - 0 0

500 5.61 × 10−160 0 - - - - - - 0 0
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Table 6. Results of comparison with other improved algorithms under fixed low dimension (dim = 4).

Fun No.
m-EO [37] AEO [38] OB-L-EO [39] HEO [40] IEO

Mean Std Mean Std Mean Std Mean Std Mean Std

F13 1.55 × 10−1 4.93 × 10−1 1.10 × 10−2 3.70 × 10−3 4.61 × 10−4 3.47 × 10−4 1.02 3.87 3.56 × 10−4 8.45 × 10−5

F14 −9.33 2.23 −8.45 2.44 −1.02 × 101 9.12 × 10−6 - - −1.02 × 101 5.79 × 10−15

F15 −1.01 × 101 1.35 −9.47 2.13 −1.04 × 101 7.99 × 10−6 - - −1.04 × 101 1.04 × 10−15

F16 −1.03 × 101 9.87 × 10−1 −9.82 1.87 −1.02 × 101 1.36 - - −1.05 × 101 2.06 × 10−15

As seen from Tables 5 and 6, for single-peak functions F1~F3, IEO can effectively obtain
the theoretical optimal value when solving functions with 30, 100 and 500 dimensions,
while the other four algorithms have decreased accuracy and stability with increasing
dimensions. For function F4, although IEO is slightly inferior to the OB-L-EO algorithm
in the case of 100 dimensions, IEO is better than the other four algorithms in 30 and 500
dimensions. For functions F5 and F6, IEO is superior to the other four algorithms in all
dimensions, although it fails to obtain the theoretical optimal value. For the F7 function,
although the solution accuracy of IEO in 500 dimensions is slightly inferior to that of m-EO,
the standard deviation is better than that of m-EO and the other three algorithms. For
function F11, IEO is slightly inferior to m-EO in 100 and 500 dimensions, which shows that
IEO still needs to be improved in performance when solving high-dimensional multimodal
optimization problems. It is worth mentioning that for functions F12~F16, IEO still has
excellent solution accuracy and stability, while the four algorithms have low solution
accuracy and poor stability. Therefore, it can be concluded that the performance of the
IEO algorithm has more significant advantages compared with the improved m-EO, AEO,
OB-L-EO, E-SFDBEO, and HEO.

4.4. Wilcoxon Rank Sum Test

In the simulations described above, the experimental results are not compared inde-
pendently each time. To reflect the performance of the algorithm more comprehensively,
this paper uses the Wilcoxon rank sum test, verifying whether the results of each run of
IEO are statistically significantly different from those of the other algorithms. The rank sum
test is carried out at the significance level of p = 5%. If the p value is less than 5%, the H0
hypothesis is rejected, which indicates that the two comparison algorithms are significantly
different. Otherwise, the H0 hypothesis is accepted, which indicates that the optimization
results of the two algorithms are the same [41].

Table 7 presents the rank sum test p values of IEO and the other algorithms including
SCA, ChOA, SSA, MA, PSO, GWO, WOA, and EO, on the 16 test functions. In the table, “R”
represents the significance judgement result, and the symbols “+”, “=”, and “−” represent
that the rank and statistical results of the IEO algorithm, being superior, equal and inferior
to the other algorithms, respectively. As seen from Table 7, all p values are much less than
5%, which indicates that there is a significant difference between the IEO algorithm and the
other eight algorithms, and IEO is significantly excellent.

4.5. Experimental Analysis of CEC2014 Test Function

Most of the CEC2014 test functions [42] are composed of the weights of multiple basic
optimization test functions, making the characteristics of the test functions more complex.
In this paper, the proposed IEO is tested against these complex test functions. On the one
hand, these functions can effectively reflect the superior performance of IEO for complex
function optimization. On the other hand, the combinatorial optimization of multiple
test functions reflects the applicability of IEO to different complex optimization problems.
Therefore, to further test the performance of IEO, this paper selects the CEC2014 single-
objective optimization function for solution analysis, including unimodal, multimodal,
Hybrid and composition type functions. Table 8 shows the relevant information of CEC2014
functions. This study compares IEO with eight algorithms including SCA, ChOA, SSA,
GWO, WOA, AOA, PSO and EO. To ensure fairness of the algorithm comparison, the
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population size N = 30, the maximum iterations Tmax = 1000, the dimension dim = 30, is set
to the same values in each algorithm, which is run 30 times independently, and the mean
and standard deviation are recorded. The results are shown in Table 9.

Table 9 shows that IEO has obtained good results on 25 test functions. Especially on
functions CEC07, CEC13 and CEC14, the IEO basically converges to the theoretical optimal
value. For function CEC05, the average value of IEO is slightly inferior to the SSA, but the
standard deviation is superior to the other eight algorithms, which indicates that IEO has
better stability. For functions CEC11, CEC23, CEC26 and CEC29, the solution accuracy of
IEO is slightly inferior to GWO, AOA, SSA and PSO. Generally, the proposed algorithm
has more prominent advantages in the CEC2014 test function compared with the other
eight algorithms.
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Table 7. Wilcoxon rank sum test results.

Fun No.
SCA ChOA SSA MA PSO GWO WOS EO

p Value R p Value R p Value R p Value R p Value R p Value R p Value R p Value R

F1 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20+ 3.31 × 10−20 +
F2 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 +
F3 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 +
F4 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 +
F5 7.07 × 10−18 + 7.07 × 10−18 + 1.11 × 10−2 + 3.26 × 10−13 + 7.07 × 10−18 + 7.07 × 10−18 + 7.07 × 10−18 + 7.49 × 10−16 +
F6 7.07 × 10−18 + 8.19 × 10−12 + 7.07 × 10−18 + 7.07 × 10−18 + 7.07 × 10−18 + 1.01 × 10−17 + 1.17 × 10−15 + 1.43 × 10−16 +
F7 7.07 × 10−18 + 7.07 × 10−18 + 7.07 × 10−18 + 7.07 × 10−18 + 7.07 × 10−18 + 7.07 × 10−18 + 2.44 × 10−11 + 3.15 × 10−12 +
F8 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 6.50 × 10−3 + 1.23 × 10−2 +
F9 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 2.85 × 10−20 + 1.54 × 10−11 + 1.03 × 10−22 +

F10 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 6.25 × 10−21 + 1.80 × 10−3 + 2.30 × 10−2 +
F11 7.07 × 10−18 + 3.21 × 10−17 + 7.07 × 10−18 + 7.07 × 10−18 + 7.07 × 10−18 + 7.07 × 10−18 + 7.07 × 10−18 + 1.60 × 10−16 +
F12 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 +
F13 3.23 × 10−17 + 7.07 × 10−18 + 2.07 × 10−17 + 1.26 × 10−6 + 1.21 × 10−17 + 6.10 × 10−3 + 8.59 × 10−12 + 1.55 × 10−8 +
F14 3.31 × 10−20 + 3.31 × 10−20 + 3.75 × 10−7 + 3.68 × 10−10 + 3.31 × 10−20 + 3.31 × 10−20 + 3.31 × 10−20 + 1.89 × 10−20 +
F15 3.31 × 10−20 + 3.31 × 10−20 + 3.69 × 10−6 + 2.57 × 10−20 + 1.76 × 10−6 + 3.31 × 10−20 + 3.31 × 10−20 + 4.38 × 10−21 +
F16 3.31 × 10−20 + 3.31 × 10−20 + 3.23 × 10−5 + 1.32 × 10−20 + 3.80 × 10−7 + 3.31 × 10−20 + 3.31 × 10−20 + 1.76 × 10−20 +

+/=/− 16/0/0 16/0/0 16/0/0 16/0/0 16/0/0 16/0/0 16/0/0 16/0/0

+ in the table indicates that the ranking and statistical results of the IEO algorithm are better than other algorithms.

Table 8. CEC2014 test function.

Fun No. Function type Function Name Optimal Value

CEC01
Unimodal Function

Rotated High Conditioned Elliptic Function 100
CEC02 Rotated Bent Cigar Function 200
CEC03 Rotated Discus Function 300
CEC04

Multimodal Function

Shifted and Rotated Rosenbrock’s Function 400
CEC05 Shifted and Rotated Ackley’s Function 500
CEC06 Shifted and Rotated Weierstrass Function 600
CEC07 Shifted and Rotated Griewank’s Function 700
CEC08 Shifted Rastrigin’s Function 800
CEC09 Shifted and Rotated Rastrigin’s Function 900
CEC10 Shifted Schwefel’s Function 1000
CEC11 Shifted and Rotated Schwefel’s Function 1100
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Table 8. Cont.

Fun No. Function type Function Name Optimal Value

CEC12 Shifted and Rotated Katsuura Function 1200
CEC13 Shifted and Rotated HappyCat Function 1300
CEC14 Shifted and Rotated HGBat Function 1400
CEC15 Shifted and Rotated Expanded Griewank’s plus Rosenbrock’s Function 1500
CEC16 Shifted and Rotated Expanded Scaffer’s F6 Function 1600
CEC17

Hybrid Function

Hybrid Function 1 (N = 3) 1700
CEC18 Hybrid Function 2 (N = 3) 1800
CEC19 Hybrid Function 3 (N = 4) 1900
CEC20 Hybrid Function 4 (N = 4) 2000
CEC21 Hybrid Function 5 (N = 5) 2100
CEC22 Hybrid Function 6 (N = 5) 2200
CEC23

Composition Function

Composition Function 1 (N = 5) 2300
CEC24 Composition Function 2 (N = 3) 2400
CEC25 Composition Function 3 (N = 3) 2500
CEC26 Composition Function 4 (N = 5) 2600
CEC27 Composition Function 5 (N = 5) 2700
CEC28 Composition Function 6 (N = 5) 2800
CEC29 Composition Function 7 (N = 3) 2900
CEC30 Composition Function 8 (N = 3) 3000

Table 9. CEC2014 function optimization comparison.

Fun No. Index SCA ChOA SSA GWO WOA AOA PSO EO IEO

CEC01 Mean 4.193 × 108 5.988 × 108 2.376 × 107 8.936 × 107 8.553 × 107 1.362 × 109 7.423 × 106 7.740 × 106 5.473 × 106

Std 1.085 × 108 1.080 × 108 1.168 × 107 6.043 × 107 5.417 × 107 3.235 × 108 3.835 × 106 3.691 × 106 3.216 × 106

CEC02 Mean 2.651 × 1010 4.381 × 1010 1.302 × 104 2.464 × 109 3.427 × 109 7.125 × 1010 4.245 × 105 2.111 × 104 2.862 × 103

Std 4.297 × 109 6.867 × 109 1.066 × 104 2.541 × 109 3.135 × 109 1.117 × 1010 2.267 × 105 1.195 × 104 5.698 × 103

CEC03 Mean 5.876 × 104 8.265 × 104 7.365 × 104 4.529 × 104 4.585 × 104 8.101 × 104 1.267 × 104 8.549 × 103 3.657 × 103

Std 1.192 × 104 8.024 × 103 1.941 × 104 1.216 × 104 1.056 × 104 8.235 × 103 8.234 × 104 4.531 × 103 2.577 × 103

CEC04 Mean 2.547 × 103 3.335 × 103 5.315 × 102 6.967 × 102 6.616 × 102 1.226 × 104 5.168 × 102 5.129 × 102 5.074 × 102

Std 7.605 × 102 1.430 × 103 4.515 × 101 1.216 × 102 5.316 × 101 3.527 × 103 2.935 × 101 3.320 × 101 2.681 × 101
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Table 9. Cont.

Fun No. Index SCA ChOA SSA GWO WOA AOA PSO EO IEO

CEC05 Mean 5.211 × 102 5.211 × 102 5.201 × 102 5.210 × 102 5.211 × 102 5.209 × 102 5.209 × 102 5.209 × 102 5.207 × 102

Std 5.832 × 10−2 5.332 × 10−2 9.926 × 10−2 5.761 × 10−2 5.325 × 10−2 6.787 × 10−2 9.917 × 10−2 1.260 × 10−1 4.640 × 10−2

CEC06 Mean 6.365 × 102 6.364 × 102 6.232 × 102 6.163 × 102 6.157 × 102 6.392 × 102 6.207 × 102 6.105 × 102 6.098 × 102

Std 2.705 2.021 3.635 3.113 2.646 1.982 3.647 3.226 1.081
CEC07 Mean 9.172 × 102 1.178 × 103 7.021 × 102 7.226 × 102 7.231 × 102 1.352 × 103 7.006 × 102 7.001 × 102 7.000 × 102

Std 3.107 × 101 8.536 × 101 1.456 × 10−2 1.897 × 101 1.949 × 101 1.113 × 101 1.663 × 10−1 1.543 × 10−2 1.384 × 10−2

CEC08 Mean 1.073 × 103 1.067 × 103 9.572 × 102 8.878 × 102 8.892 × 102 1.151 × 103 9.242 × 102 8.614 × 102 8.552 × 102

Std 2.538 × 101 2.213 × 101 4.215 × 101 2.445 × 101 2.088 × 101 3.074 × 101 2.338 × 101 1.554 × 101 1.213 × 101

CEC09 Mean 1.205 × 103 1.187 × 103 1.062 × 103 1.005 × 103 1.023 × 103 1.219 × 103 1.045 × 103 9.883 × 102 9.680 × 102

Std 2.349 × 101 2.147 × 101 4.244 × 101 2.038 × 101 3.805 × 101 2.791 × 101 2.769 × 101 2.784 × 101 1.960 × 101

CEC10 Mean 7.670 × 103 7.801 × 103 4.780 × 103 3.595 × 103 3.564 × 103 7.274 × 103 4.258 × 103 2.873 × 103 2.814 × 103

Std 4.632 × 102 9.379 × 102 7.847 × 102 7.425 × 102 5.144 × 102 6.115 × 102 4.678 × 102 6.086 × 102 4.535 × 102

CEC11 Mean 8.682 × 103 8.937 × 103 5.050 × 103 4.265 × 103 4.481 × 103 7.717 × 103 4.505 × 103 5.093 × 103 4.862 × 103

Std 3.155 × 102 2.901 × 102 7.846 × 102 6.525 × 102 1.219 × 103 5.136 × 102 5.789 × 102 7.821 × 102 8.284 × 102

CEC12 Mean 1.203 × 103 1.203 × 103 1.201 × 103 1.202 × 103 1.203 × 103 1.202 × 103 1.202 × 103 1.202 × 103 1.201 × 103

Std 3.934 × 10−1 4.052 × 10−1 4.315 × 10−1 1.214 1.104 4.557 × 10−1 6.887 × 10−1 3.582 × 10−1 3.486 × 10−1

CEC13 Mean 1.304 × 103 1.304 × 103 1.301 × 103 1.301 × 103 1.301 × 103 1.307 × 103 1.301 × 103 1.300 × 103 1.300 × 103

Std 2.691 × 10−1 5.682 × 10−1 1.538 × 10−1 3.385 × 10−1 5.589 × 10−1 9.561 × 10−1 1.316 × 10−1 9.216 × 10−2 7.381 × 10−2

CEC14 Mean 1.474 × 103 1.556 × 103 1.401 × 103 1.407 × 103 1.407 × 103 1.639 × 103 1.401 × 103 1.400 × 103 1.400 × 103

Std 1.115 × 101 3.481 × 101 2.232 × 10−1 8.419 9.241 3.676 × 101 1.764 × 10−1 1.406 × 10−1 1.226 × 10−1

CEC15 Mean 1.854 × 104 1.258 × 105 1.514 × 103 1.799 × 103 1.800 × 103 2.964 × 105 1.515 × 103 1.509 × 103 1.508 × 103

Std 1.139 × 104 9.523 × 104 4.705 5.662 × 102 7.871 × 102 1.126 × 105 2.048 3.235 2.926
CEC16 Mean 1.613 × 103 1.613 × 103 1.613 × 103 1.612 × 103 1.612 × 103 1.613 × 103 1.613 × 103 1.612 × 103 1.611 × 103

Std 2.372 × 10−1 2.239 × 10−1 7.115 × 10−1 6.959 × 10−1 7.963 × 10−1 3.641 × 10−1 4.339 × 10−1 6.615 × 10−1 1.373 × 10−1

CEC17 Mean 1.385 × 107 3.290 × 107 1.265 × 106 2.747 × 106 2.720 × 106 8.805 × 107 6.051 × 105 8.126 × 105 5.846 × 105

Std 7.717 × 106 1.947 × 107 8.693 × 105 2.881 × 106 2.547 × 106 3.984 × 107 5.482 × 105 8.573 × 105 4.147 × 105

CEC18 Mean 3.134 × 108 9.120 × 108 1.094 × 104 2.202 × 107 1.692 × 107 2.339 × 109 4.065 × 103 4.932 × 103 3.767 × 103

Std 1.335 × 108 9.997 × 108 7.508 × 103 4.057 × 107 2.724 × 107 1.625 × 109 2.656 × 103 3.687 × 103 2.333 × 103

CEC19 Mean 2.033 × 103 2.163 × 103 1.920 × 103 1.950 × 103 1.970 × 103 2.250 × 103 1.915 × 103 1.912 × 103 1.909 × 103

Std 3.652 × 101 1.070 × 102 1.780 × 101 3.450 × 101 4.450 × 101 1.155 × 102 3.201 1.511 × 101 2.194
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Table 9. Cont.

Fun No. Index SCA ChOA SSA GWO WOA AOA PSO EO IEO

CEC20 Mean 4.452 × 104 1.084 × 105 3.280 × 104 3.057 × 104 2.486 × 104 2.205 × 105 1.761 × 104 1.460 × 104 1.246 × 104

Std 2.328 × 104 3.923 × 104 1.675 × 104 1.265 × 104 6.620 × 104 8.616 × 104 6.945 × 103 5.620 × 103 4.175 × 103

CEC21 Mean 4.066 × 106 1.130 × 107 4.137 × 105 8.915 × 105 1.334 × 106 2.428 × 107 3.351 × 105 4.266 × 105 3.056 × 105

Std 2.341 × 106 3.245 × 106 3.892 × 105 2.086 × 106 2.125 × 106 2.126 × 107 2.665 × 105 4.378 × 105 2.319 × 105

CEC22 Mean 3.260 × 103 3.177 × 103 2.794 × 103 2.673 × 103 2.61 × 103 4.971 × 103 3.045 × 103 2.658 × 103 2.588 × 103

Std 2.169 × 102 2.647 × 102 2.090 × 102 2.054 × 102 2.762 × 102 2.105 × 103 2.926 × 102 2.045 × 102 2.022 × 102

CEC23 Mean 2.716 × 103 2.745 × 103 2.639 × 103 2.641 × 103 2.644 × 103 2.511 × 103 2.614 × 103 2.616 × 103 2.615 × 103

Std 1.951 × 101 4.447 × 101 1.235 × 101 1.272 × 101 1.045 × 101 6.233 × 101 4.451 × 10−2 4.481 × 10−4 7.714 × 10−2

CEC24 Mean 2.611 × 103 2.600 × 103 2.642 × 103 2.600 × 103 2.600 × 103 2.600 × 103 2.624 × 103 2.600 × 103 2.600 × 103

Std 1.953 × 101 4.626 × 10−2 7.915 1.347 × 10−2 1.094 × 10−2 8.515 × 10−2 6.836 4.430 × 10−3 3.170 × 10−3

CEC25 Mean 2.741 × 103 2.712 × 103 2.719 × 103 2.712 × 103 2.713 × 103 2.700 × 103 2.175 × 103 2.702 × 103 2.700 × 103

Std 1.191 × 101 1.369 × 101 6.265 4.859 5.356 0 4.658 3.651 0
CEC26 Mean 2.703 × 103 2.796 × 103 2.701 × 103 2.738 × 103 2.741 × 103 2.782 × 103 2.777 × 103 2.737 × 103 2.720 × 103

Std 5.079 × 10−1 4.839 × 101 1.473 × 10−1 5.968 × 101 4.956 × 101 3.367 × 101 4.289 × 101 4.885 × 101 4.784 × 101

CEC27 Mean 3.864 × 103 3.923 × 103 3.573 × 103 3.377 × 103 3.384 × 103 3.832 × 103 3.560 × 103 3.384 × 103 3.309 × 103

Std 2.728 × 102 2.002 × 102 2.062 × 102 1.288 × 102 1.498 × 102 5.433 × 102 2.390 × 102 1.113 × 102 1.030 × 102

CEC28 Mean 5.593 × 103 5.745 × 103 4.270 × 103 4.190 × 103 4.205 × 103 4.970 × 103 6.778 × 103 3.846 × 103 3.813 × 103

Std 4.547 × 102 2.475 × 102 4.646 × 102 4.412 × 102 3.744 × 102 2.700 × 103 8.031 × 102 2.422 × 102 1.592 × 102

CEC29 Mean 3.026 × 107 5.153 × 107 4.547 × 106 3.430 × 106 1.248 × 107 3.318 × 108 4.657 × 103 2.44 × 106 1.716 × 106

Std 1.490 × 107 3.314 × 107 7.902 × 106 7.411 × 106 8.591 × 106 2.614 × 108 1.894 × 103 4.13 × 106 3.348 × 106

CEC30 Mean 4.652 × 105 8.103 × 105 3.876 × 104 8.482 × 104 8.637 × 104 5.306 × 106 7.785 × 103 8.451 × 103 7.306 × 103

Std 1.775 × 105 2.142 × 105 2.146 × 104 5.220 × 104 5.851 × 104 3.825 × 106 3.215 × 103 6.567 × 103 2.764 × 103
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5. Application to Solve the OPF Optimization Problem

To validate the effectiveness and feasibility of the IEO algorithm in solving OPF
problems, this paper was tested on a standard IEEE 30-bus test system. The IEEE 30-bus
system model consists of six generator units, four transformers and nine reactive power
compensation buses. The locations of the generators are at buses 1, 2, 3, 8, 11, and 13. The
transformers are in lines 6–9, 6–10, 4–12, and 28–27. The reactive power compensations are
at buses 10, 12, 15, 17, 20, 21, 23, 24, and 29. It is worth mentioning that the total real and
reactive power of this system demand are 2.834 p.u. and 1.262 p.u., respectively, at the base
MVA of 100. Figure 3 shows the single line diagram of the IEEE 30-bus system, in which
bus 1 is the balance bus, buses 2, 5, 8, 11, and 13 are PV buses, and the remaining buses
are PQ buses. The maximum number of experiments in this section is set to 500 iterations
and the comparative analysis was carried out for each case of the selected targets. The
details are described in the forthcoming subsections. The optimal settings of the controlling
parameters for the proposed method are also detailed in Table 10.

Table 10. The controlling parameters of the IEEE 30-bus system for cases 1 to 3 using the IEO based
optimization method.

Parameters
Selective Objective

FC APL VD

Pg1 (MW) 177.0567 51.2493 176.3369
Pg2 (MW) 48.6972 80.0000 48.9664
Pg3 (MW) 21.3043 50.0000 21.6539
Pg4 (MW) 21.0814 35.0000 22.0081
Pg5 (MW) 11.8842 30.0000 12.2721
Pg6 (MW) 12.0000 40.0000 12.0000
V1 (p.u.) 1.1000 1.1000 1.0391
V2 (p.u.) 1.0879 1.0976 1.0227
V3 (p.u.) 1.0617 1.0799 1.0156
V4 (p.u.) 1.0694 1.0869 1.0051
V5 (p.u.) 1.1000 1.1000 1.0245
V6 (p.u.) 1.1000 1.1000 0.9951
T11(6–9) 1.0447 1.0546 1.0403
T12(6–10) 0.9000 0.9000 0.9000
T15(4–12) 0.9863 0.9841 0.9506
T36(28–27) 0.9657 0.9727 0.9691

QC1 (MVAR) 5.0000 5.0000 4.8490
QC2 (MVAR) 5.0000 5.0000 0.3485
QC3 (MVAR) 5.0000 4.9996 4.9997
QC4 (MVAR) 5.0000 5.0000 0.0048
QC5 (MVAR) 5.0000 4.8218 5.0000
QC6 (MVAR) 5.0000 5.0000 4.9999
QC7 (MVAR) 3.8491 3.6385 5.0000
QC8 (MVAR) 5.0000 5.0000 4.9997
QC9 (MVAR) 2.7434 2.5216 2.6104

Fuel Cost ($/h) 799.0680 999.9988 803.6371
APL (MW) 8.6245 2.8506 9.9343

VD 1.8583 2.0489 0.0944

5.1. Case 1: Fuel Cost Minimization (FC)

To verify the effectiveness of IEO in solving OPF problems, the fuel cost of each gener-
ating unit was considered for optimization as the objective function. The simulation results
of the IEO for case 1 are compared with those of the marine predator algorithm (MPA) [13],
slime mould algorithm (SMA) [15], modified sine–cosine algorithm (MSCA) [43], grasshop-
per optimization algorithm (GOA) [44], multi-verse optimization (MVO) [44], improved
particle swarm optimization (IPSO) [45], and Harris hawks optimization (HHO) [46], as
shown in Table 11.
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Table 11. Comparison of the IEO with other algorithms for case 1.

Parameter Fuel Cost (FC)

IEO EO MPA [13] SMA [15] MSCA [43] GOA [44] MVO [44] IPSO [45] HHO [46]

Pg1 (MW) 177.0567 176.8497 177.032 176.2134 177.401 - - 177.0431 176.97
Pg2 (MW) 48.6972 48.9155 48.688 48.8501 48.632 48.0194 51.189 49.209 48.88
Pg3 (MW) 21.3043 21.7782 21.305 21.5222 21.2376 20.9145 21.311 21.5135 21.42
Pg4 (MW) 21.0814 18.8509 21.081 22.1311 20.8615 20.2342 21.173 22.648 22.02
Pg5 (MW) 11.8842 13.8211 11.912 12.2063 11.9385 15.726 22.699 10.4146 12.29
Pg6 (MW) 12.0000 12.1079 12.004 12.0000 12 13.5828 16.587 12 11.21
V1 (p.u.) 1.1000 1.0998 1.100 1.0500 1.1 1.09356 1.0813 1.05 -
V2 (p.u.) 1.0879 1.0796 1.088 1.0381 1.0867 1.040936 1.0689 1.0462 -
V3 (p.u.) 1.0617 1.0345 1.062 1.0110 1.0604 0.969193 1.0406 1.0459 -
V4 (p.u.) 1.0694 1.0452 1.069 1.0194 1.0923 0.987262 1.0442 1.0417 -
V5 (p.u.) 1.1000 1.0996 1.100 1.1000 1.1 1.029317 1.0748 0.9523 -
V6 (p.u.) 1.1000 1.0955 1.100 1.0999 1.1 1.001084 1.0111 1.05 -
T11(6–9) 1.0447 0.9940 1.045 0.9973 1.0439 1.066983 1.0525 1.01 -
T12(6–10) 0.9000 0.9136 0.900 0.9000 0.9144 1.084914 0.9602 0.98 -
T15(4–12) 0.9863 0.9619 0.987 1.0157 1.03 0.910429 0.9486 1.01 -
T36(28–27) 0.9657 0.9325 0.967 0.9403 0.9913 0.973125 0.9852 1.02 -

QC1 (MVAR) 5.0000 4.6748 5.000 20.8943 0.0246 02.2169 2.4893 27.27 -
QC2 (MVAR) 5.0000 0.3082 5.000 - 2.56 0.5252 1.3383 - -
QC3 (MVAR) 5.0000 0.0725 5.000 - 4.586 4.522 1.8017 - -
QC4 (MVAR) 5.0000 0.6951 5.000 - 2.4098 0.3904 0.1313 - -
QC5 (MVAR) 5.0000 4.6283 5.000 - 4.6378 2.5788 3.345 - -
QC6 (MVAR) 5.0000 1.8789 5.000 - 0.3635 0.7132 0.482 - -
QC7 (MVAR) 3.8491 4.1374 3.661 - 3.1475 2.2812 0.9994 - -
QC8 (MVAR) 5.0000 0.1959 5.000 20.9865 4.8426 4.3131 3.2872 22.43 -
QC9 (MVAR) 2.7434 3.6316 2.995 - 3.9411 1.1918 0.0411 - -

Fuel Cost ($/h) 799.0680 800.3361 799.072 802.5449 799.31 809.741 810.9011 801.97 801.829
APL (MW) 8.6245 8.9235 8.622 9.5232 8.7327 10.09 7.68 13.39 9.387

VD 1.8583 1.5860 1.852 - 1.4246 0.7165 0.3751 - -

As seen from Table 11, the IEO algorithm shows the global optima value at 799.068 $/h
for fuel cost. The IEO algorithm succeeded in obtaining fuel costs lower than the basic
EO algorithm by 0.16%. It is significantly better than other metaheuristic methods and
improved metaheuristic methods in the literature. Therefore, from the numerical results, it
can be seen that the proposed IEO algorithm provides excellent results for reducing fuel
costs of generators among other reported studies in the literature.



Sustainability 2022, 14, 4992 24 of 27

5.2. Case 2: Minimization of Active Power Transmission Loss (APL)

In this case, to verify the effectiveness of the IEO algorithm in solving OPF problems,
the active power transmission loss was considered for optimization as an objective function.
The simulation results of the IEO algorithm for case 2 are compared with those of MPA [13],
MSCA [43], black-hole-based optimization (BHBO) [47], multi-objective harmony search
algorithm (MOHS) [48], grey wolf optimization (GWO) [49] differential evolution algorithm
(DE) [49], and faster evolutionary algorithm (FEA) [50], as given in Table 12.

Table 12. Comparison of the IEO with the algorithm for case 2.

Parameter Active Power Transmission Loss (APL)

IEO EO MPA [13] MSCA [43] BHBO [47] MOHS [48] GWO [49] DE [49] FEA [50]

Pg1 (MW) 51.2493 51.5220 51.250 52.08 67.3549 66.2759 51.81 51.82 59.3216
Pg2 (MW) 80.0000 80.0000 80 79.28 72.8998 79.6413 80.00 79.99 74.8132
Pg3 (MW) 50.0000 50.0000 50 50.00 48.1774 46.8835 50.00 49.99 49.8547
Pg4 (MW) 35.0000 35.0000 35 35.00 33.3057 34.8880 35.00 35.00 34.9084
Pg5 (MW) 30.0000 30.0000 30 30.00 27.6854 29.1213 30.00 29.98 28.1099
Pg6 (MW) 40.0000 39.9702 40 39.97 37.4807 30.0558 40.00 40.00 39.7538
V1 (p.u.) 1.1000 1.0520 1.100 1.10 1.0689 1.0774 1.1000 1.0288 1.0547
V2 (p.u.) 1.0976 1.0467 1.098 1.07 1.0622 1.0638 1.0826 1.0537 1.0418
V3 (p.u.) 1.0799 1.0254 1.080 1.08 1.0426 1.0365 1.0686 0.9782 1.0247
V4 (p.u.) 1.0869 1.0334 1.087 1.10 1.0507 1.0497 0.9656 1.0056 1.0335
V5 (p.u.) 1.1000 1.0995 1.100 1.10 1.0456 1.0955 1.0397 0.9518 1.0229
V6 (p.u.) 1.1000 1.0997 1.100 1.10 1.0689 1.0979 1.0412 0.9642 1.0776
T11(6–9) 1.0546 0.9673 1.057 1.05 0.9907 0.9965 0.9625 0.9750 1.0125
T12(6–10) 0.9000 0.9063 0.900 0.95 0.9736 0.9124 0.9250 0.9000 0.9125
T15(4–12) 0.9841 0.9608 0.984 1.01 1.0144 0.9798 0.9500 0.9375 1.0125
T36(28–27) 0.9727 0.9356 0.973 0.99 0.9822 0.9499 0.9250 0.9250 1.0125

QC1 (MVAR) 5.0000 4.8758 5.000 3.15 2.8915 0.0067 1.9463 4.9399 0.04
QC2 (MVAR) 5.0000 4.9280 5.000 0.81 2.5199 0.0019 3.2861 4.9730 0.02
QC3 (MVAR) 4.9996 3.5513 4.999 4.49 3.5486 0.0461 1.3935 4.9169 0.05
QC4 (MVAR) 5.0000 5.0000 5.000 2.40 2.0410 0.0278 2.0929 4.9955 0.01
QC5 (MVAR) 4.8218 3.3086 4.999 1.48 3.1853 0.0468 4.4512 4.3191 0.05
QC6 (MVAR) 5.0000 1.9816 5.000 4.64 2.7309 0.0417 4.9324 4.9790 0.00
QC7 (MVAR) 3.6385 0.1478 3.713 3.17 3.1663 0.0050 5.0000 3.2145 0.02
QC8 (MVAR) 5.0000 4.9375 5.000 4.69 3.3136 0.0208 4.8290 4.9843 0.05
QC9 (MVAR) 2.5216 3.0386 2.540 1.80 1.8528 0.0267 1.1166 2.2067 0.02

Fuel Cost ($/h) 999.9988 967.5659 999.845 965.648 932.8176 928.5099 968.38 968.23 952.3785
APL (MW) 2.8506 3.0924 2.8513 2.9334 3.5035 3.5165 3.41 3.38 3.3541

VD 2.0489 1.5225 2.048 1.5987 0.7993 - - - -

According to the results of Table 12, the IEO algorithm shows a global optimal value of
2.8506 MW for active power transmission loss. The IEO algorithm succeeded in obtaining
active power transmission loss lower than the basic EO algorithm by 7.82%. Judging
from the results in the literature, the IEO algorithm significantly outperforms other al-
gorithms. Thus, it can be concluded that the IEO is superior for reducing active power
transmission loss.

5.3. Case 3: Voltage Deviation (VD)

In this case, the minimization of voltage deviation was considered as a third objective
function. Table 13 depicts the comparison results of the IEO algorithm with other algorithms
in the literature, including MPA [13], MSCA [43], Harris hawks optimization (HHO) [44],
BHBO [47], multi-objective Jaye algorithm (MOJA) [51], teaching—earning-based optimiza-
tion (TLBO) [52], and multi-objective backtracking search algorithm (MOBSA) [53].

According to the statistics of Table 13, the IEO algorithm shows a global optimal
value of 0.0944 for voltage. Compared with other optimization algorithms in the literature,
the proposed IEO algorithm shows the best global results. The IEO algorithm succeeded
in obtaining lower voltage deviations than the basic EO algorithm by 28.6%. Therefore,
the IEO algorithm has certain practicability for reducing the voltage deviation problem.
Through the analysis of the results of the above three cases, it can be concluded that the
IEO algorithm has excellent performance in OPF problems.
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Table 13. Comparison of the IEO with the algorithm for case 3.

Parameter Voltage Deviation (VD)

IEO EO MPA [13] MSCA [43] HHO [44] BHBO [47] MOJA [51] TLBO [52] MOBSA [53]

Pg1 (MW) 176.3369 177.0716 175.172 112.585 - 172.0275 89.0808 176.7551 -
Pg2 (MW) 48.9664 49.0630 48.703 79.76 56.607 48.0936 78.6206 48.8437 47.645
Pg3 (MW) 21.6539 21.9624 21.515 22.25 23.951 21.8736 49.8306 21.5128 19.886
Pg4 (MW) 22.0081 21.2153 22.328 25.09 14.786 20.8257 34.6289 21.9212 21.265
Pg5 (MW) 12.2721 11.4725 12.300 29.95 17.467 20.8257 23.9941 12.2860 13.448
Pg6 (MW) 12.0000 12.4194 13.184 20.85 19.229 15.2725 12.0077 12.0007 12.007
V1 (p.u.) 1.0391 1.0404 1.035 1.01 1.0259 1.0338 1.0248 1.0429 1.0570
V2 (p.u.) 1.0227 1.0227 1.019 0.99 1.0157 1.0170 1.0143 1.0259 1.0339
V3 (p.u.) 1.0156 1.0076 1.010 1.02 1.0076 1.0116 1.0127 1.0148 1.0024
V4 (p.u.) 1.0051 1.0038 1.010 1.05 1.0107 1.0027 1.0071 1.0071 1.0071
V5 (p.u.) 1.0245 1.0530 1.062 1.05 1.0007 1.0435 1.0441 1.0253 0.9500
V6 (p.u.) 0.9951 1.0094 0.997 0.99 1.0068 1.0141 1.0004 0.9876 1.0102
T11(6–9) 1.0403 1.0365 1.083 1.04 0.97984 1.0236 1.0646 1.0425 0.9663
T12(6–10) 0.9000 0.9050 0.909 0.95 0.96271 0.9250 0.9010 0.9000 0.9000
T15(4–12) 0.9506 0.9695 0.956 0.96 1.0038 0.9786 0.9574 0.9376 0.9941
T36(28–27) 0.9691 0.9473 0.969 0.95 0.96339 0.9633 0.9699 0.9702 0.9750

QC1 (MVAR) 4.8490 3.4111 5.000 4.75 4.9891 2.9696 4.4080 0.0000 1.8465
QC2 (MVAR) 0.3485 0.9139 0.855 4.13 4.6581 2.3947 0.0000 0.0000 4.9147
QC3 (MVAR) 4.9997 4.7409 5.000 4.87 4.989 3.1905 4.8290 0.0000 5.0000
QC4 (MVAR) 0.0048 0.3340 2.300 3.16 4.9891 3.0773 0.0773 0.0000 4.8485
QC5 (MVAR) 5.0000 5.0000 5.000 4.93 3.4195 4.0279 4.9988 0.0000 5.0000
QC6 (MVAR) 4.9999 3.2971 5.000 4.91 4.9891 3.8901 4.8611 0.0000 5.0000
QC7 (MVAR) 5.0000 2.3523 5.000 5.00 4.9891 3.7811 4.9784 0.0000 4.3718
QC8 (MVAR) 4.9997 1.2541 5.000 4.93 3.4275 3.7777 4.9206 0.0000 5.0000
QC9 (MVAR) 2.6104 0.6831 2.722 0.39 2.9353 2.3794 2.5858 0.0000 5.0000

Fuel Cost ($/h) 803.6371 803.3426 803.9062 8.49.281 849.8061 804.5975 907.2475 803.7871 803.194
APL (MW) 9.9343 9.9022 9.8005 7.0828 5.79 9.5778 4.7626 9.8641 -

VD 0.0944 0.1323 0.0992 0.1030 0.1494 0.1262 0.0935 0.0945 0.1280

6. Conclusions

To reduce operation fuel costs, transmission power losses and voltage deviation in
power systems, an improved equilibrium optimizer termed IEO is proposed. It combines
a chaotic equilibrium pool, nonlinear generation mechanism and the idea of the golden
sine to better solve OPF problems and alleviate the contradiction between resource supply
and socio-economic development. Sixteen benchmark test functions with different charac-
teristics, Wilcoxon rank sum test and 30 CEC2014 complex test functions are tested, and
the results are compared with other metaheuristic algorithms and improved algorithms.
The experimental results demonstrate that the improved IEO algorithm has better stability
and optimization performance than other algorithms. Finally, the improved IEO algorithm
is applied to the standard IEEE 30-bus test system to demonstrate the effectiveness of
the improved algorithm in solving OPF problems. Three case studies are developed to
evaluate the performance of the improved algorithm, and the results are compared with
other algorithms in the literature. The improved IEO algorithm succeeded in obtaining a
minimum fuel cost in case 1, and the cost was lower than that of the basic EO algorithm
by 0.16%. In addition, in case 2 and case 3, the improved IEO algorithm had excellent
results compared with the other algorithms in the literature. Therefore, the improved IEO
algorithm is verified as a high-performance algorithm for solving OPF problems. In future
work, the improved IEO algorithm will be applied to solve the multi-objective OPF problem
to further improve the performance of the power system from multiple aspects.
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