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Abstract: Due to the particularity of the structure, the dynamic properties of multiunit articulated
rubber-wheel autonomous rail rapid transit system are very complex, which increases the difficulty
of studying its braking stability. In this paper, a dynamic analysis model for the emergency braking
of a multiunit articulated rubber-wheel autonomous rail rapid transit system is established by
introducing the axle load transfer, suspension deformation compatibility equation, articulation force
relationship equations, etc. Based on an in-depth analysis of the risks of the lateral swing instability
and their formation mechanisms, an active control strategy for the multiunit articulated rubber-wheel
autonomous rail rapid transit system under emergency braking conditions is innovatively proposed
to ensure the stability of the vehicle, with the shortest braking distance as the optimization goal.
Through simulation and experimentation, the established dynamic model is confirmed to approach
the real vehicle well, and the feasibility of the active control strategy is proved.

Keywords: multiunit articulated rubber-wheel autonomous rail rapid transit system; emergency
braking; instability dynamic model; active control

1. Introduction

The multiunit articulated rubber-wheel autonomous rail rapid transit system (here-
inafter also referred to as multiunit vehicle) has various driving conditions that are relatively
special and its force model is different from that of any other type of vehicle. Compared to
a tram, the multiunit vehicle lacks lateral force constraint of the track on its wheels, which
may result in certain unstable conditions, such as swing and fold. Similarly, compared to a
trailer, the multiunit vehicle has more carriages that are more seriously affected by work-
shop forces, and the braking forces of each axle can be artificially distributed. Therefore,
the solution of various parameters in the emergency braking process of multiunit vehicle is
more complex. This poses a great challenge to the research on the dynamic model of the
multiunit vehicle.

Due to the increase in vehicle speeds and the increasingly complex driving conditions,
conventional braking strategies have been unable to meet the braking needs of the multiunit
vehicle, and emergency braking strategies have become important indicators for measuring
vehicle performance. When multiunit vehicle is in a braking process, conventional braking
cannot guarantee the braking stability of the vehicle and shorten the braking distance.
Therefore, the research of emergency braking strategies is particularly important at present.
Moreover, the large braking force allocated by the workshop force and emergency braking
strategy will make the tire adhesion of multiunit vehicle quickly approach the limit. Thus,
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multiunit vehicle is more likely to have unstable conditions during emergency braking,
such as tail flinging and folding. Therefore, emergency braking strategies, which are
suitable for the unstable operations of the multiunit vehicle, are imperative.

To solve the instability problem of the multiunit vehicle during the braking process,
some researchers have investigated the brake model building and conducted stability
analysis [1–4]. Some other researchers have put forward different approaches to improve
the braking stability of the train [5,6]. However, these studies are related to the air brake of
rail trains and rarely involve trackless rubber-wheel conditions.

Regarding the braking stability of rubber-wheel vehicles, Ataei et al. proposed an
integrated multi-objective controller to improve the overall stability of electric vehicles [7].
Termous et al. proposed a coordinated control strategy that was based on the coordi-
nation among differential braking, active steering, and active suspension systems [8].
Skotnikov et al. proposed a method that prevented the relative rotation of tractors by
maintaining the stability of articulated lorry during braking in straight lines and turns [9].
Gao et al. studied the differential braking characteristics of ECRA and proposed reasonable
differential braking control to improve the braking stability of the multiunit vehicle [10].
To improve the directional stability of an articulated rigid frame vehicle when driving
in a straight line, Dudziński and Skurjat proposed a method of braking the front wheels
separately [11]. Zhang et al. developed a control system to control the stability of an articu-
lated vehicle in a generic and reconfigurable manner [12]. Sharma and Kumar evaluated the
impact of coupler forces produced during train braking on the braking performance [13].
Saeedi proposed a system that combined the sliding mode control and active anti-roll
control to improve the vehicle handling as well as braking stability [14]. However, the
abovementioned studies have not investigated the braking dynamic model of articulated
rubber-wheel vehicles with three or more units. The braking stability analysis, braking
distance analysis [15] and vehicle running control based on the traditional dynamic model
will lead to great differences between the model and the actual operation of multiunit
vehicles, resulting in vehicle instability.

The present paper establishes a relatively accurate dynamic model for the braking
process in a multiunit vehicle by introducing the axle load transfer, suspension deformation
compatibility equation, articulation force relationship equations, etc. In addition, the gen-
eral formula for calculating articulation force, residual braking force, ground braking force,
braking deceleration and braking distance of multiunit vehicle during emergency braking
are derived. Based on the analysis of the instability characteristics and braking distance
model of the multiunit vehicle during emergency braking, the gradient descent method is
used to obtain the optimal braking force distribution coefficient. Then, an active control
strategy suitable for the emergency braking process of multiunit vehicles is proposed. This
strategy aims to facilitate complete braking in trains with the shortest braking distance
under the premise of ensuring stability. Finally, the feasibility and effectiveness of the
control strategy are verified by simulation and experiment.

2. Dynamic Analysis Model of the Emergency Braking of Multiunit Vehicle
2.1. Parametric Model Construction of Multiunit Vehicle

The multiunit articulated rubber-wheel autonomous rail rapid transit system does
not rely on steel rails and the construction cycle of an operating line takes only one year
and it can be put into use quickly. Figure 1 shows a multiunit articulated rubber-wheel
autonomous rail rapid transit system that has been put into operation. Figure 2 shows the
passenger compartment and articulated device of this vehicle. Figure 3 shows the structure
of a three-unit articulated rubber-wheel autonomous rail rapid transit system with six pairs
of rubber tires. Figure 4 is a working condition diagram of the normal driving process of
the multiunit vehicle.

When the multiunit vehicle brakes on the road, because of the influence of acceleration,
force between the carriages, road conditions, and other factors, the transfer of axle load is
inevitable. Therefore, the ground normal reaction forces of all the axles of the vehicle in the
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current state are different. When the multiunit vehicle applies a braking force, the wheel
pair with the smallest ground normal reaction is more likely to be locked; that is, the sum
of the braking force applied by the shaft and the hinged force of the carriage exceeds the
ground adhesion constraint. This results in serious abrasions of the wheel and even swinging
and folding. Therefore, the control of a vehicle’s ground normal reaction, articulation force,
braking force distribution coefficient, and articulation angle is very important to exert the
braking effect of the vehicle fully and to avoid unstable working conditions.
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2.2. Model of Braking Dynamics of the Multiunit Vehicle

When the multiunit vehicle is in the emergency braking process, the front and rear
wheel sets of each carriage will produce torque due to inertia, which will cause axle
load transfer. For each wheel set of the same carriage, the ground normal reaction force
is quite different. As the classic multiunit vehicle dynamics model is oversimplified in
the calculation process, the constraint force of the model is insufficient, the number of
independent equations is not enough during the force analysis, and the model is statically
indeterminate. Therefore, when simplifying the dynamical model of the multiunit vehicles,
some necessary constraints should be retained to make the model a static one so that
the model can be more effectively used for the force analysis of the multiunit vehicles.
Additionally, solving the frame as a rigid body in terms of the deformation compatibility
equation or as a flexible body to solve using the energy strategy is difficult.

According to the above reasons, this paper introduces an approximate solution strategy
for the multiunit vehicle load, that is, a multiunit vehicle emergency braking dynamic
model with the suspension deformation compatibility equation and articulation force
relationship equations, as shown in Figures 5 and 6. Suppose that a frame is regarded
as a constant rigid body, each suspension is reduced to a spring, and the stiffness is the
equivalent stiffness of the suspension. The deformation of the suspension is constrained
by the frame, and the suspension is forced, as shown in Figure 7. As the hinge disk at the
vehicle connection is a rubber part and to make the multiunit vehicle drive on a sloped road,
compared with the up and down swing angle generated by the load transfer when braking,
the angle of the hinge swinging up and down is larger, so the hinge is not considered when
braking. Therefore, each carriage is analyzed as a separate rigid body, and the force at the
articulation point is used to indicate the pressure or tension of the front and rear carriages.
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On the basis of the classical vehicle dynamics model and the front and rear hinges, the
vehicle force balance equation is obtained for the multiunit vehicle braking on horizontal
roads (Figure 5):

λMi
1 FMi

1Z + λMi
2 FMi

2Z − FMi
T1X = mMiaMi (1)

FMi
1Z + FMi

2Z + FMi
T1Z − FMi

T2Z = mMig (2)

For the multiunit vehicle in the braking process with axle load transfer, the vehicle
dynamics model considering front and rear articulated forces can be obtained through the
vehicle torque balance equation (Figure 6):

FMi
2Z · L

Mi = mMig · LMi
B1 + mMiaMi · HMi

B − FMi
T1X ·

(
HT − ∆ZMi

1

)
+ FMi

T2X

(
HT + ∆ZMi

2

)
+FMi

T1Z · Lt + FMi
T2Z ·

(
Lt + LMi

) (3)

FMi
1Z · L

Mi = mMig · LMi
B2 −mMiaMi · HMi

B + FMi
T1X ·

(
HT − ∆ZMi

1

)
− FMi

T2X ·
(

HT + ∆ZMi
2

)
−FMi

T1Z ·
(

Lt + LMi
)
− FMi

T2Z · Lt

(4)

In Equations (3) and (4), when i = 1, FMi
T1X = FMi

T1Z = 0. When i = n, FMi
T2X = FMi

T2Z = 0.
The independent force equation of the suspension due to load transfer is obtained

from the suspension force analysis (Figure 7):

FMi
1Z = ks · ∆ZMi

1 +
1
2

mMig (5)

FMi
2Z = −ks · ∆ZMi

2 +
1
2

mMig (6)

By analyzing the upper and lower deflection angles of the rear hinge of carriage Mi
and the front hinge of carriage Mi + 1 caused by load transfer, the geometric angle equation
of the rear hinge of carriage Mi can be obtained:

sinτMi
T2 =

1
LT

[(
∆ZMi

1 + ∆ZMi
2

LMi )(LMi − LMi
B1 + Lt) + (

∆ZMi+1
1 + ∆ZMi+1

2
LMi+1 )(LMi

B1 + Lt)] (7)

Force equation at the articulation:

FMi
T2Z

FMi
T2X

= tanτMi
T2 (8)

FMi
T2X = FMi+1

T1X (9)

FMi
T2Z = FMi+1

T1Z (10)

τMi
T2 = τMi+1

T1 (11)

2.3. Articulation Force Analysis Model for the Multiunit Vehicle

During the braking process of the multiunit vehicle, the braking deceleration of each
carriage is different due to the different distribution of braking force, so the force will be
generated at the articulation between carriages. Under the action of the articulated force,
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the braking deceleration of a single carriage is the same as the overall braking deceleration
of a multiunit vehicle. When the articulation force is too large, the carriage is subject to
lateral force due to the deflection angle, which is prone to instability; thus, it is important
to solve the force at the articulation.

The direction of travel is specified as the positive direction. Stipulate m ∈ [1, n], the
force balance equation of the whole vehicle in the X-axis direction is as follows:

Fµ =
n

∑
i=1

(λMi
1 FMi

1Z + λMi
2 FMi

2Z ) =
n

∑
i=1

mMia (12)

Taking i = m as an example, when solving FMm
T2X , the carriages form M1 to Mm are taken

as a whole, and the force balance equation in the direction of the X-axis is listed:

Fmµ
′ =

m

∑
i=1

(λMi
1 FMi

1Z + λMi
2 FMi

2Z ) =
m

∑
i=1

mMia′ (13)

The carriages from Mm + 1 to Mn behind are taken as a whole, and the X-axis direction
force balance equation is as follows:

Fmµ
′′ =

n

∑
i=m+1

(λMi
1 FMi

1Z + λMi
2 FMi

2Z ) =
n

∑
i=m+1

mMia′′ (14)

Calculate the hinge force of the X-axis at the Mm vehicle articulation FMm
T2X :

Fµ
′ + FMi

T2X =
m

∑
i=1

mMia (15)

FMi
T2X =

m

∑
i=1

mMia− Fµ
′ =

m

∑
i=1

mMi ·
(
a− a′

)
(16)

3. Analysis of Linear Emergency Brake Instability of the Multiunit Vehicle
3.1. Analysis of the Emergency Braking Instability Characteristics of the Multiunit Vehicle

When a multiunit vehicle brakes in an urgent situation, a large braking force is assigned
to achieve a better braking effect, but the lateral force that can be distributed by the tire is
very small. Under emergency braking conditions, the force on the tire can easily exceed the
maximum ground adhesion, resulting in serious instability conditions such as skidding,
tail swinging, and carriage folding. Therefore, the multiunit vehicles put forward higher
requirements for controlling the influencing factors that may cause instability, such as the
articulation force, the braking force distribution coefficient, the maximum lateral force
that the tire can withstand during braking, and the left and right swing angles at the
front and rear articulations. Moreover, when a certain section of a vehicle is affected by
instability factors, the tire produces lateral forces, and the front and rear articulations of the
vehicle may produce left and right declination angles. These are divided into three types:
Declination angles at the front articulation, at the rear articulation, and at both the front
and rear articulations. The first two cases are more common, and the third situation is used
as the main analysis model.

3.2. Modeling of Emergency Braking Instability Conditions of the Multiunit Vehicle

According to Section 3.1, the corresponding dynamic model is established according to
the analysis of the characteristics of the emergency braking instability of the multiunit vehicle.

The force balance equation of a single carriage can be obtained by analyzing the
dynamic models of the emergency braking instability of the three kinds of the multiunit
vehicles described above (Figures 8–10).

λMi
1 FMi

1Z + λMi
2 FMi

2Z − FMi
T1X = mMiaMi (17)

FMi
1Y − FMi

2Y + FMi
T1Y + FMi

T2Y = 0 (18)
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angles at both the front and rear articulations.

Single-carriage torque balance equations:

FMi
1Y · L

Mi
B1 + FMi

2Y · L
Mi
B2 − FMi

T1Y · (LMi
B1 + Lt +

1
2

LT)− FMi
T2Y · (LMi

B2 + Lt +
1
2

LT) = 0 (19)

FMi
1Y · (Lt +

1
2

LT)− FMi
2Y · (Lt +

1
2

LT + LMi) + FMi
T2Y · (LT + 2Lt + LMi) = 0 (20)

FMi
2Y · (Lt +

1
2

LT)− FMi
1Y · (Lt +

1
2

LT + LMi) + FMi
T1Y · (LT + 2Lt + LMi) = 0 (21)

Tire force balance equations:

(λMi
1 FMi

1Z )
2
+ (FMi

1Y )
2
= (µp · FMi

1Z )
2

(22)

(λMi
2 FMi

2Z )
2
+ (FMi

2Y )
2
= (µp · FMi

2Z )
2

(23)
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Equation of force relationship at the articulation:

FMi
T1Y

FMi
T1X

= tanηMi
T1 (24)

FMi
T2Y

FMi
T2X

= tanηMi
T2 (25)

3.3. Critical Conditions for the Emergency Braking Instability of the Multiunit Vehicle

In the process of emergency braking, the multiunit vehicle is prone to angle changes
and body oscillations that result in lateral forces. Therefore, calculating the maximum value
of the lateral force of each axle tire corresponding to this acceleration case is necessary.
FMi

Ymax is the critical condition of instability and relates to angle η and braking acceleration a.
Thus, it is necessary to find the relational equation between them for optimization.

From Formulas (13) and (16), we can obtain Formulas (26) and (27). The following
shows the force equations for FMm−1

T2X of the articulation of the carriage Mm−1 and FMm
T2X of

the articulation of the carriage Mm:

FMm−1
T2X =

m−1

∑
i=1

mMia−
m−1

∑
i=1

(λMi
1 FMi

1Z + λMi
2 FMi

2Z ) (26)

FMm
T2X =

m

∑
i=1

mMia−
m

∑
i=1

(λMi
1 FMi

1Z + λMi
2 FMi

2Z ) (27)

The hinge point for the carriage Mm − 1 T2 and that for the carriage Mm T1 refer to
the same articulation point:

FMm
T1X = FMm−1

T2X =
m−1

∑
i=1

mMia−
m−1

∑
i=1

(λMi
1 FMi

1Z + λMi
2 FMi

2Z ) (28)

When a vehicle is subjected to the force at the articulation, the force in the direction of
the Y-axis is caused by the pendulum angle:

FMi
T1Y = FMi

T1X · tanηMi
T1 (29)

FMi
T2Y = FMi

T2X · tanηMi
T2 (30)

Equations (18)–(21) are used to obtain the magnitude of the lateral force of the tire
caused by the Y-axis force at the articulation of the carriage Mi:

FMi
1Y =

LT + 2Lt

2LMi · FMi
T1Y +

LT + 2Lt + 2LMi

2LMi · FMi
T2Y (31)

FMi
2Y =

LT + 2Lt

2LMi · FMi
T2Y +

LT + 2Lt + 2LMi

2LMi · FMi
T1Y (32)

The following are the general calculation formulas for the lateral forces on the front
and rear axle tires of the carriage Mi:

FMi
1Y = LT+2Lt

2LMi ·
[

m−1
∑

i=1
mMia−

m−1
∑

i=1

(
λMi

1 FMi
1Z + λMi

2 FMi
2Z
)]

tanηMi
T1

+ LT+2Lt+2LMi

2LMi ·
[

m
∑

i=1
mMia−

m
∑

i=1

(
λMi

1 FMi
1Z + λMi

2 FMi
2Z
)]

tanηMi
T2 , m ∈ [1, n]

(33)

FMi
2Y = LT+2Lt

2LMi ·
[

m
∑

i=1
mMia−

m
∑

i=1

(
λMi

1 FMi
1Z + λMi

2 FMi
2Z
)]

tanηMi
T2

+ LT+2Lt+2LMi

2LMi ·
[

m−1
∑

i=1
mMia−

m−1
∑

i=1

(
λMi

1 FMi
1Z + λMi

2 FMi
2Z
)]

tanηMi
T1 , m ∈ [1, n]

(34)
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According to the maximum braking force that can be provided by the ground adhesion
coefficient and the distribution of the braking force on each axle, the maximum value of the
lateral force that can be provided by the tires of each axle is determined:

(FMi
X )

2
+ (FMi

Y )
2
= (µp · FMi

Z )
2

(35)

FMi
X = λMi · FMi

Z (36)

Thus, the maximum lateral forces of the front and rear axle tires of carriage Mi are
as follows:

FMi
1Ymax =

√
(µp · FMi

1Z )
2 − (λMi

1 · FMi
1Z )

2 (37)

FMi
2Ymax =

√
(µp · FMi

2Z )
2 − (λMi

2 · FMi
2Z )

2 (38)

According to Formulas (33), (34), (37) and (38), the conditions for determining instabil-
ity during the emergency braking conditions of the multiunit vehicles are as follows:

FMi
1Y = LT+2Lt

2LMi ·
[

m−1
∑

i=1
mMia−

m−1
∑

i=1

(
λMi

1 FMi
1Z + λMi

2 FMi
2Z
)]

tanηMi
T1 + LT+2Lt+2LMi

2LMi

[
m
∑

i=1
mMia−

m
∑

i=1

(
λMi

1 FMi
1Z + λMi

2 FMi
2Z
)
]tanηMi

T2 ≤
√
(µp · FMi

1Z )
2 − (λMi

1 · FMi
1Z )

2
(39)

FMi
2Y = LT+2Lt

2LMi · [
m
∑

i=1
mMia−

m
∑

i=1

(
λMi

1 FMi
1Z + λMi

2 FMi
2Z
)
]tanηMi

T2 + LT+2Lt+2LMi

2LMi

[
m−1
∑

i=1
mMia−

m−1
∑

i=1

(
λMi

1 FMi
1Z + λMi

2 FMi
2Z
)
]tanηMi

T1 ≤
√
(µp · FMi

2Z )
2 − (λMi

2 · FMi
2Z )

2
(40)

4. Active Control Strategies for the Linear Emergency Braking of the Multiunit Vehicle

4.1. Solution of the Ground Braking Force of the Multiunit Vehicle

Braking deceleration is the derivative of the vehicle speed to time during braking (i.e., dv
dt ).

It reflects the amount of ground braking force and is therefore related to the braking force
(when the wheel is rolling) and adhesion (when the wheel is locked and dragged).

On different pavements, the ground braking force is

Fµ =
n

∑
i=1

FMi
µ =

n

∑
i=1

(
λMi

1 · FMi
1Z + λMi

2 · FMi
2Z

)
, i ∈ [1, n] (41)

Therefore, the deceleration (m/s2) that the vehicle can achieve is

a = Fµ/m =
n

∑
i=1

(
λMi

1 · FMi
1Z + λMi

2 · FMi
2Z

)
/

n

∑
i=1

mMi (42)

If the front and rear wheels are locked at the same time, then

as = Fµs/m =
n

∑
i=1

(
µMi

s1 · FMi
1Z + µMi

s2 · FMi
2Z

)
/

n

∑
i=1

mMi (43)

If there is an ideal brake antilock device to control the vehicle brake, then

ap = Fµp/m =
n

∑
i=1

(
µMi

p1 · FMi
1Z + µMi

p2 · FMi
2Z

)
/

n

∑
i=1

mMi (44)

The braking distance of the multiunit vehicles is closely related to driving safety.
Before its calculation, it is necessary to understand the deceleration of the brake and the
relationship between the braking force of the brake and the braking time. The linear
function of the braking force over time is as follows:



Sustainability 2022, 14, 14531 10 of 21

Fµ =



0 0 < t < t1

k1(t2 − t1) t1 ≤ t < t2

Fµ(t) t2 ≤ t < t4

Fµ2 t4 ≤ t < t5

k3(t6 − t5) t5 ≤ t < t6

Fµ3, t6 ≤ t < t7

(45)

As shown in Figure 11, 0 ∼ t1 is the reaction time of the brakes. At time t1, the brakes
begin to act. Over time t1 ∼ t2, the braking force Fµ continues to grow at a slope of k1.
When the time point t2 is reached, the growth rate of Fµ begins to decrease because of the
impact of the shaft core shift on each vehicle. As the braking deceleration increases with
the continuous increase in braking force, the vehicle may be in danger of side-slipping
at the time point t3. Therefore, at this time, the braking force is appropriately reduced to
avoid danger. At time t4 ∼ t5, the braking force Fµ is in a stable state. When the speed
drops to 10 km/h, the vehicle begins to hug (i.e., at time t5 ∼ t6), until it reaches t6 (when
the vehicle is all hugged), slowing down smoothly to stop at Fµ3 when µ3 is the sliding
attachment coefficient µs.
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4.2. Construction of a Multiunit Vehicle Braking Distance Model

The solution for acceleration is simplified because the braking force is subject to small
changes in magnitude and short time due to axle load transfer and safety considerations.
The relation curve between deceleration and time is shown in Figure 12.
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0 ∼ t1 is the reaction time of the brake, is the time taken as the braking deceleration
increases with the braking force, and t3 ∼ t5 is the braking duration. When the speed
drops to 10 km/h, the vehicle starts to lock. At time point t5, the speed is 10 km/h. At the
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time point t6, the entire vehicle is locked. t6 ∼ t7 is the time required for the vehicle to
hold and drag to a stop.

During t1 ∼ t3,

kc = −
a− 0

t3 − t1
(46)

dv
dt

= kc · t (47)

Integrate over time because it is in time t1, v = v1, so

v =
ds
dt

= v1 +
1
2

kct2 (48)

Integrate again:

s = v1t +
1
6

kct3 (49)

Therefore, the speed in time point t3 is v3

v3 = v1 −
1
2

a(t3 − t1) (50)

t3 − t1 =
2(v1 − v3)

a
(51)

Thus, obtained using Equations (46) and (49), the braking distance in time t1 ∼ t3 is

s1 = v1(t3 − t1)−
1
6

a(t3 − t1)
2 (52)

Substitute Formula (51) into Formula (52),

s1 =
4v1

2 − 2v1v3 − 2v1
2

3a
=

3
(
v1

2 − v3
2)+ (v1 − v3)

2

3a
(53)

In the t3 ∼ t5 continuous stage, the constant deceleration is unchanged, the initial
speed is v3, and the final speed is v5 = 10 km/h. Therefore,

s2 =
v3

2 − v5
2

2a
(54)

At time t1 ∼ t3, the deceleration continues to increase, and the distance within the
same time t1 ∼ t3 can be solved:

s3 =
3
(
v5

2 − v6
2)+ (v5 − v6)

2

3(as − a)
(55)

In the continuous stage t6 ∼ t7, the constant deceleration as is unchanged, the initial
speed is v6, and the final speed is 0. Therefore,

s4 =
v6

2

2as
(56)

Thus, the total braking distance is

s = s1 + s2 + s3 + s4 (57)

Substitute Formulas (53)–(56) into Formula (57)

s =
3
(
v1

2 − v3
2)+ (v1 − v3)

2

3a
+

v3
2 − v5

2

2a
+

3
(
v5

2 − v6
2)+ (v5 − v6)

2

3(as − a)
+

v6
2

2as
(58)

As the times t1 ∼ t3 and t1 ∼ t3 are very short, i.e., v1 ≈ v3 and v5 ≈ v6. Therefore,
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s =
v3

2 − v5
2

2a
+

v5
2

2as
(59)

Substitute Formula (50) into Formula (59) and v1 equals the initial velocity v0,

s =
v0

2

2a
− v0(t3 − t1)

2
+

a(t3 − t1)
2

8
+

v5
2

2a
+

v5
2

2as
(60)

4.3. Emergency Braking Control Strategy for the Multiunit Vehicle

Using the relationship between the speed and braking distance that has been solved,
the emergency braking control strategy of a multiunit vehicle can be judged and selected to
ensure driving safety. The braking process can be controlled according to the workflow
shown in Figure 13.
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5. Simulation of the Emergency Braking Control Process of Three-Unit Vehicle
5.1. Simulation Model Establishment

In this paper, the establishment of the dynamic model of emergency braking and the
construction of the dynamic simulation platform for three-unit vehicle was based on the
MATLAB/Simulink platform. Simulink is a visual simulation tool in MATLAB and is one
of the most famous simulation integration environments in the field of dynamic system
simulation. Users can quickly build their own dynamic system simulation models in this
environment. For this simulation analysis, the Simulink operation is simple and intuitive as
a complex system can be constructed by simply dragging and dropping modules. Given the
above characteristics of MATLAB/Simulink, it was selected as the platform environment
for modeling and simulation in this study.

The simulation model of the emergency braking control process of the three-unit
vehicle in this paper mainly consists of these four parts:



Sustainability 2022, 14, 14531 13 of 21

(1) Emergency vehicle condition determination module. This module includes a longi-
tudinal safety distance determination module and a braking speed determination
module. When a vehicle is located directly in front of the self-driving vehicle, the
latter mainly determines whether there is a risk of collision by using the longitudinal
relative distance and longitudinal relative speed of the two combined with the driving
speed of the self-driving vehicle. When the vehicle receives a braking signal, the
emergency vehicle condition determination module receives real-time information on
the vehicle’s operating conditions and the surrounding obstacle vehicles obtained by
the on-board sensor. It then obtains a certain amount of information that can indicate
the degree of danger according to the calculation strategy designed in advance. The
degree of danger is determined after comparing the obtained information with the set
threshold, which then determines whether the emergency braking program should be
activated. The entire module eventually outputs zero or one depending on the value
of the input signal. When the module outputs one, the emergency braking system
can be triggered. Otherwise, it makes the vehicle brake according to the conventional
braking strategy.

(2) Vehicle dynamics module. This module analyzes the ground braking force, ground
lateral reaction force, ground normal reaction force, and the X-, Y-, and Z-direction
forces at the articulation of the multiunit vehicles during emergency braking. This is
done by introducing the suspension deformation compatibility equation, the articula-
tion force relationship equation, the tire force balance equation, and so on. Thus, the
vehicle braking force, braking deceleration, and braking distance corresponding to
the different braking force distribution coefficients of the vehicle are obtained. This
paper examined the braking process of the multiunit vehicles in an ideal state so that
the sum of the braking force distribution coefficients of each vehicle’s front and rear
axles is one.

(3) Stability discriminant module. By analyzing the emergency braking instability charac-
teristics of the multiunit vehicles, this module mainly examines the tire lateral forces
of the front and rear axles in the case of left and right declination angles at the front
and rear articulations, as well as the stability of the vehicle. With the maximum tire
lateral force, the vehicle remains stable when the tire lateral force is less than the
maximum tire lateral force; otherwise, the vehicle is unstable. The ultimate goal of
this paper is to obtain an emergency brake control model that enables the multiunit
vehicles to achieve braking at the shortest braking distance while maintaining stability
and to output the optimal braking force distribution coefficient at this time. Therefore,
stability discrimination for the multiunit vehicles is particularly important.

(4) Gradient descent control module. This paper mainly studies the emergency braking
control process of three-unit vehicles. Thus, it features the multiple parameters of
the braking force distribution coefficient of three-unit vehicles. Considering the
optimization problem of multiple parameters is necessary to achieve optimal braking
for the multiunit vehicles, that is, to achieve the braking force distribution coefficient
with the shortest braking distance while ensuring stability. Gradient descent is the
simplest and most effective algorithm to solve convex optimization problems and
has important applications in engineering practice, such as parameter identification,
machine learning, and optimization control. By using the gradient descent strategy,
the module obtains a braking force distribution coefficient that can achieve optimal
braking and is sent to the brake controller so that each shaft distributes the braking
force according to the partition coefficient, thereby completing the braking.

Figure 14 shows the simulation model of the emergency braking of the three-unit
vehicle, of which the four rectangles with cutting edges represent the four main modules of
the simulation model discussed above.
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5.2. Simulation Parameter Settings

With the autonomous rail rapid transit as the prototype, and a simulation environment
of dry asphalt or concrete pavement, the emergency braking simulation model of a three-
unit articulated rubber-wheel train is established. Relevant parameter settings are shown
in Table 1, in which the center of the mass of each carriage is under the condition of no load
of the vehicle.

Table 1. Relevant parameter settings of the simulation model.

Relevant Simulation Parameters Numeric Value

Mass of each carriage mMi (kg) 15,000
Equivalent stiffness of the axle suspension ks (N/m) 124,000
Maximum ground adhesion coefficient µp 0.75
Rolling attachment coefficients µs 0.5
Horizontal distance between the two axles of each vehicle LMi (m) 6
Horizontal distance from the center of mass of carriage M1 to the front axle LM1

B1 (m) 2.7
Horizontal distance from the center of mass of carriage M1 to the rear axle LM1

B2 (m) 3.3
Horizontal distance from the center of mass of carriage M2 to the front axle LM2

B1 (m) 3
Horizontal distance from the center of mass of carriage M2 to the rear axle LM2

B2 (m) 3
Horizontal distance from the center of mass of carriage M3 to the front axle LM3

B1 (m) 3.3
Horizontal distance from the center of mass of carriage M3 to the rear axle LM3

B2 (m) 2.7

5.3. Simulation of the Emergency Braking Control Process of Three-Unit Vehicle

The simulation part of this study is mainly divided into three parts. First, the influence
of the braking force distribution coefficient of the front and rear axles on the braking
performance is studied. Second, the relationship between the deformation of the front and
rear axle suspension and the braking performance is studied. Finally, the influence of the
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position of the carriage’s center of mass on the braking performance is studied. As there are
too many parameters, the change curve of braking performance in the first two parts of the
simulation, is visually simulated by setting some of the parameters as equal, as discussed
in detail below.

The braking force distribution coefficient of each carriage of a multiunit vehicle can be
distributed artificially. The relationship between the braking performance and the braking
force distribution coefficient of the front and rear axles of each carriage is determined by
performing the following simulations. The initial speed of the vehicle is set at 30 km/h,
and emergency braking is activated. The braking force distribution coefficient of carriages
M2 and M3 (λM2

1,2 , λM3
1,2 ) is set as a certain constant to reflect the above relationship more

intuitively. The variation curves of braking deceleration a and braking distance s with
respect to the braking force distribution coefficient of the front axle of carriage M1 (λM1

1 ) can
be obtained, as shown in Figure 15. Similarly, we can obtain the variation curves of braking
deceleration a and braking distance s concerning the braking force distribution coefficient
of the front axle of carriage M1 (λM2

1 ) when the braking force distribution coefficient of
carriages M1 and M3 (λM1

1,2 , λM3
1,2 ) is set as a certain constant, as shown in Figure 16.
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As shown in Figure 15, when λM2
1,2 , λM3

1,2 are fixed as constants, the braking distance
decreases roughly with the increase in λM1

1 under the condition of ensuring vehicle stability
within a certain range (0.15–0.72), and the corresponding braking deceleration gradually
increases. As shown in Figure 16, the braking distance decreases roughly with the increase
of λM2

1 under the condition of ensuring vehicle stability within a certain range (0.25–0.63)
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when λM1
1,2 , λM3

1,2 are fixed as constants. Here, the corresponding braking deceleration

gradually increases. When λM1,2
1 exceed the above range and increase continuously, the

vehicle becomes unstable, which in turn affects the braking performance of the vehicle.
Thus, this control model can be used to obtain the braking force distribution coefficient that
allows the vehicle to be brake at the shortest distance while maintaining stability.

When a multiunit vehicle is in the process of emergency braking, the braking force
distribution coefficient of the front and rear axles of each carriage (λMi

1,2 ) and the suspension
deformation of the front and rear axles of each vehicle (∆ZMi

1,2 ) are in a one-to-one correspon-
dence. That is, when λMi

1,2 is determined, the ∆ZMi
1,2 is also determined. Therefore, studying

the relationship between the braking distance, braking deceleration, and ∆ZMi
1,2 is also

possible. For a more intuitive reflection of this relationship, the suspension deformations
of the front axle of the carriages M1 and M2 can be made equal (i.e., ∆ZM1

1 = ∆ZM2
1 ),

we can obtain the optimal braking parameters under the condition of ∆ZM1
1 = ∆ZM2

1 by
constantly changing the amount of suspension deformation of the carriage M3, i.e., ∆ZM3

1 .
The shortest braking distance change curve and braking deceleration change curve are
obtained, as shown in Figure 17. Similarly, we can equal the suspension deformations of
the front axles of carriages M2 and M3, i.e., ∆ZM2

1 = ∆ZM3
1 . The suspension deformation of

the front axle of carriage M1, i.e., ∆ZM1
1 is constantly changed to seek the optimal braking

parameters at this time and obtain the change curves of the shortest braking distance and
braking deceleration, as shown in Figure 18. The parameters are set as follows: The initial
speed of the vehicle is 30 km/h, and the center of mass of each vehicle does not shift
forward and backward.

From Figure 17 we can observe that the optimal braking parameters can be obtained
by continuously changing ∆ZM3

1 with the condition of ∆ZM1
1 = ∆ZM2

1 , the shortest braking
distance decreases with the increase in ∆ZM1

1 , ∆ZM2
1 within a certain range (0.223–0.262),

and the braking deceleration increases with the increase in ∆ZM1
1 , ∆ZM2

1 within a certain
range (0.223–0.262). However, when ∆ZM1

1 , ∆ZM2
1 exceeds a certain critical value, the

vehicle becomes prone to instability because of the excessive suspension deformation,
which in turn affects the braking effect. As shown in Figure 18, the shortest braking distance
under the condition of ∆ZM2

1 = ∆ZM3
1 decreases with the increase in ∆ZM2

1 , ∆ZM3
1 within

a certain range, and the braking deceleration increases with the increase in ∆ZM2
1 , ∆ZM3

1
within a certain range. Through the above simulation experiments, the relationship between
the braking distance, braking deceleration, and suspension deformation is obtained, and a
certain relationship between the braking distance, braking deceleration, and braking force
distribution coefficient is obtained.
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Due to the inertia of multiunit vehicles during emergency braking and the uneven
distribution of passengers in carriages, the position of the centroid of each vehicle is not
fixed, which is mainly manifested in the centroid forward or backward. When the position
of the center of mass changes, the braking effect achieved under the same braking force
distribution coefficient conditions is different, and the stability performance of the vehicle
will also be different. Thus, the emergency braking situation of a vehicle must be studied
under different center of mass positions. The best braking force distribution coefficient
for braking with the shortest braking distance while ensuring the stability of the vehicle
can be obtained using the gradient descent strategy. When the vehicle centroid position
moves forward or backward, the changes in the braking distance and braking deceleration
obtained from the simulation model to achieve optimal braking are shown in Table 2.

Table 2. Optimal braking experimental results with changes in the centroid position.

Changes in the Centroid Position (m) Braking Distance (m) Braking Deceleration (m/s2)

Move forward 0.05 4.77 5.62
Move forward 0.08 4.91 5.51

Unchanged 4.58 5.78
Move back 0.08 4.37 5.97
Move back 0.10 4.31 6.03
Move back 0.15 4.34 6.01

As shown in Table 2, when the centroid is in different positions, the vehicle can achieve
the shortest braking distance and deceleration while ensuring stability, which is roughly
S f ront

min ≥ S0
min ≥ Sback

min , S f ront
min , Sback

min and S0
min, respectively, indicate that the vehicle centroid

moved forward, moved backward, and remained unchanged. While the center of mass
can be moved backward to a certain extent and the braking distance can be reduced, the
distance between the front and back movement of the vehicle’s center of mass cannot be
too large. Otherwise, the vehicle is prone to instability during emergency braking, which
is also an important parameter that must be considered when designing the vehicle. In
addition, the braking distance decreases roughly with an increasing front axle braking
force distribution coefficient. At the same time, the impact of braking force distribution
coefficient on the stability of the vehicle must be considered, and the braking must be
achieved while ensuring stability.
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6. Experiments

Emergency braking and control experiments are conducted using a three-unit articu-
lated rubber-wheel autonomous rail rapid transit system at an initial speed of 30 km/h and
60 km/h to verify the brake dynamics model and the effect of the active control strategy.
Figure 19 shows the braking curves at an initial speed of 30 km/h, whereas Figure 20 shows
the braking curves at an initial speed of 60 km/h. As shown in Figure 19a, after a short
braking reaction time, the braking deceleration changed rapidly and linearly with time.
The speed dropped to below 4 km/h in 1.56 s, which then gently and gradually changed to
zero. At that time, the system stopped after braking. Moreover, the braking curve showed
no obvious instability. From Figure 19b, the braking distance increased rapidly in the early
stage and flattened out after 1.5 s. Finally, the optimal braking distance under active control
gradually stabilized at about 9 m. As shown in Figure 20, the braking curve at an initial
speed of 60 km/h is similar to that at an initial speed of 30 km/h, except that the braking
distance and braking time become larger.
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(a) Braking speed change curve; (b) braking distance change curve.
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Figure 20. Variation curve of braking performance with time when the initial velocity is 60 km/h:
(a) Braking speed change curve; (b) braking distance change curve.

The real vehicle experiments show that the dynamics model can reflect the multiunit
articulated rubber-wheel autonomous rail rapid transit system’s brake instability well, and the
braking effect of the active control strategy also meets the needs of engineering applications.
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7. Conclusions

In this paper, the dynamic model of a multiunit articulated rubber-wheel autonomous
rail rapid transit system under emergency braking condition is built, and the active control
strategy of emergency braking is proposed by the stability analysis.

The simulation results show that the brake force distribution coefficient and the
suspension deformation have an influence on the braking performance. Within a certain
range, the braking distance generally decreases with the increase in the front axle brake
force distribution coefficient and the suspension deformation. However, when the braking
force distribution coefficient of the front axle and the suspension deformation continue
to increase, the stability of the vehicle will be affected in turn, and then the braking
performance will be affected. In addition, the position of the center of mass of the vehicle’s
carriage also has an impact on the braking performance. Proper back movement of the
center of mass can improve the braking performance of the vehicle, which is also an
important factor that must be considered in the body design. At the same time, the control
of vehicle’s body posture is the key to shorten the braking distance.

The experimental results show that the emergency braking dynamic model can ap-
proximate the actual braking process of the multiunit articulated rubber-wheel autonomous
rail rapid transit system well. The braking distance and braking time also show that the
proposed control strategy is feasible.

This paper presents an accurate dynamic model and a suitable active control strategy
for the emergency braking process in a multiunit articulated rubber-wheel autonomous
rail rapid transit system. Additionally, it can also provide useful information to avoid the
instability risk of the multiunit vehicle, ensure the safety of passengers, and develop the
urban transportation system. In the future, the dynamic characteristics of the nonlinear
region of the tire will be further considered, combined with the impact of the squeeze pres-
sure between the carriages on the vehicle’s body posture, to achieve a more comprehensive
braking strategy design.
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Abbreviations

mMi Carriage Mi mass (kg);
g Acceleration due to gravity (m/s2);
aMi Carriage Mi braking deceleration (m/s2);
a Average braking deceleration (m/s2) of the carriages from M1 to Mn;
a′ Average braking deceleration (m/s2) of the carriages from M1 to Mm;
a′′ Average braking deceleration (m/s2) of the carriages from Mm+1 to Mn;

FMi
1X , FMi

2X Ground braking force (N) on the front and rear axles of the carriage Mi;

FMi
1Y , FMi

2Y Ground lateral reaction force (N) on the front and rear axles of the carriage Mi;

FMi
1Z , FMi

2Z Ground normal reaction force (N) on the front and rear axles of the carriage Mi;

FMi
T1X, FMi

T2X X-directional force (N) at the front and rear articulations of the carriage Mi;

FMi
T1Y, FMi

T2Y Y-directional force (N) at the front and rear articulations of the carriage Mi;

FMi
T1Z, FMi

T2Z Z-directional force (N) at the front and rear articulations of the carriage Mi;

Fµ Total ground braking force (N) of the carriages from M1 to Mn;
F′mµ, F′′mµ Total braking force (N) of the carriages from M1 to Mm and the carriages from

Mm+1 to Mn;
τMi

T1 , τMi
T2 Front and rear hinges of the carriage Mi with a horizontal angle (◦);

ηMi
T1 , ηMi

T2 Front and rear hinges of the carriage Mi with left and right angles to a horizontal
plane (◦);

λMi
1 , λMi

2 Braking force distribution coefficient for the front and rear axles of the carriage Mi;
µS Rolling attachment coefficient;
µP Maximum ground adhesion coefficient;
kS Equivalent stiffness of the axle suspension (N/m);

LMi Horizontal distance between the two axles of the carriage Mi (m);
LMi

B1 , LMi
B2 Horizontal distance from the center of mass to the front and rear axle centerlines

of the carriage Mi (m);
LT Length of hinges between vehicle carriages (m);
Lt Articulation to the nearest adjacent axis (m);
HMi

B Distance from the center of mass of the carriage Mi to the ground (m);

HT Distance from the front articulation to the ground and from the rear articulation
to the ground (m);

∆ZMi
1 , ∆ZMi

2 Amount of deformation of the front and rear axle suspensions of the carriage
Mi (m).
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