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Abstract: Today, the use of numerical modeling for characterizing properties of porous media and
related concepts has been widely extended, especially in subsurface flow issues such as geological CO,
storage and petroleum recovery. Therefore, in this study, the fundamental problem of laminar fluid
flow through uniform or non-uniform and periodic array of cylinders was functionally investigated
using the smoothed particle hydrodynamics (SPH) method as a modern and applied method of
modeling in order to develop the past studies and introduce a complementary numerical tool
alongside laboratory methods. All modeling processes were performed in the form of dimensionless
processes for generalization and applicability at different scales. The results were used to characterize
properties of porous media and to investigate basic properties such as fluid velocity, permeability,
streamlines, and hydraulic tortuosity. Accuracy of modeling was shown in comparison with the
results obtained in the literature. In this study, the potential of the method has been investigated
in order to show the ability in modeling characteristic laboratory experiments of porous media
and the possibility of using it instead of them. For this purpose, three periodic models of uniform
and randomly distributed non-uniform porous media with arrays of circular, square, and diamond-
shaped cylinders in a porosity range of 30-95%, with different types of cylinder distribution at the
pore scale, were investigated. New equations were proposed for permeability as a function of porosity.
Moreover, the method of tortuosity calculation was investigated directly through the time history
of properties in the SPH method, and shape factors were obtained for the studied porous media
models. The results showed that the geometry of a square cylinder with distribution in a square grid
led to a higher permeability than circular and diamond-shaped grids. In contrast, diamond-shaped
geometry with distribution in a hexagonal grid led to higher permeability than the other two models.
Furthermore, diamond-shaped geometry had higher tortuosity, and circular and square geometries
had almost identical tortuosity. Increasing the size of the modeling domain and decreasing the size of
cylinders (i.e., decreasing resolution) reduces effects of the shape and the geometry of cylinders and
achieves the same results. Random and non-uniform distribution of cylinders within porous media
reduces fluid velocity, permeability, tortuosity, and shape factor (p) compared to the uniform models.

Keywords: periodic uniform and non-uniform porous media; smoothed particle hydrodynamics;
permeability; streamlines; hydraulic tortuosity

1. Introduction

Fluid flow through porous media and characterizing properties of porous media,
such as permeability, fluid velocity, streamlines, and tortuosity, are important to study
flow physics in various fields such as subsurface flow, CO, sequestration, oil and gas
recovery, and thermal reservoirs. Permeability is a well-known and important property
that can be used in Darcy’s fluid flow equation in underground structures. In other words,
permeability expresses formation transmissibility with fluid flowing inside it. On the other
hand, tortuosity as a property indicates heterogeneity in the geometry of the structure
and deviation of the actual path of fluid flow relative to a straight path. Of course, there
are different types of tortuosity, such as hydraulic, diffusive, dispersive, and electrical

Sustainability 2022, 14, 14320. https:/ /doi.org/10.3390/su142114320

https:/ /www.mdpi.com/journal/sustainability


https://doi.org/10.3390/su142114320
https://doi.org/10.3390/su142114320
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/sustainability
https://www.mdpi.com
https://orcid.org/0000-0003-0728-8599
https://doi.org/10.3390/su142114320
https://www.mdpi.com/journal/sustainability
https://www.mdpi.com/article/10.3390/su142114320?type=check_update&version=1

Sustainability 2022, 14, 14320

20f22

tortuosity, among which the hydraulic type is very important in characterizing properties
of porous media, and herein, the focus is on this type of tortuosity [1]. Today, computational
modeling is used as a high-precision method to study the dynamic behavior of fluids in
a porous media. Computational modeling is generally divided into two categories: grid-
based and particle-based methods. Grid-based methods such as FDM and FEM have not
shown much success compared to particle-based methods such as the smoothed particle
hydrodynamics (SPH) method due to geometry and the complex contact surfaces of fluid
flow in porous media [2]. Many pore-scale modeling studies have been performed so far
using the general method of digital construction of porous media geometry, solving the
Navier-Stokes equation, and calculating properties.

Matyka et al. investigated tortuosity through 2D random overlapping mono-sized
squares using the lattice Boltzmann (LB) method and provided an algebraic relationship for
tortuosity depending on hydraulic radius and specific surface area [3]. Duda et al. modeled
fluid flow through 2D freely overlapping squares aimed at investigating tortuosity and
presenting the tortuosity—porosity relationship in a porosity range of 36.7-99%. They
showed that the tortuosity—porosity relationship can be calculated as a function of porosity
with the following equation: T = 1 + p(1 — $)!/2, where p is a coefficient dependent
on the geometry of porous media and influenced by solid particle size [4]. Latief and
Fauzi modeled fluid flow inside a sample containing spherical and non-spherical 3D solid
particles in a porosity range of 5-55% using LB. They investigated permeability calculation
and compared it with the Kozeny—Carman model. They also presented a computational
method for tortuosity using LB modeling [5]. Hyman et al. experimentally studied fluid
flow in sand pack, sandstones, and carbonates in a porosity range of 43-60%, aimed at
characterizing permeability and tortuosity in the laboratory. They also developed digital
models related to the media under study. They also used a pore network and computational
fluid dynamics (CFD) to model porous media in a 35-60% porosity range and investigated
power laws for permeability [6]. Ebrahimi et al. used LB to model 2D staggered cylinders
and 3D body-centered cubic spheres in a porosity range of 25-98%. They proposed algebraic
relationships for permeability through modeling and worked on improving the Kozeny-
Carman relationship [7]. Allen and Sun recently investigated properties of fluid flow and
transfer such as permeability, tortuosity, and diffusion of computer-generated porous media.
They studied three types of in-line arrays of uniform shapes, a staggered-array of squares,
and randomly distributed square porous media using the staggered-grid finite-difference
method. They mostly focused on diffusion and tortuosity [8]. A review of the literature
showed that most of grid-based CFD methods have limitations in their application due to
complex formulation, the need for more initial parameters for modeling, and complexity
regarding application of the tracking algorithm for direct calculation of tortuosity.

The SPH method was first proposed by Lucy [9], as well as Gingold and Mon-
aghan [10], and then it was modified in order to be used in modeling problems of fluid
mechanics [11,12]. Finally, it was introduced as a valuable candidate for modeling fluid
problems [13]. The SPH method has been developed in recent years to model pore scale
and porous media under laminar flow conditions [14-17]. Zhu et al. introduced the SPH
method as a formulation with the potential to predict mesoscopic and microscopic prop-
erties of pores in fluid flow modeling studies in a porous media [15]. Holmes et al. [18]
and Pereira et al. [19] studied implementation of the SPH method to model fluid flow
with a low Reynolds number in uniform porous media made of a 2D and 3D array of
cylinders. They proposed a method for performing the friction coefficient and permeability
calculations using the SPH method. In SPH studies, limitations of other computational
methods have been reduced due to the simplicity of formulation that has made the method
to be introduced one of options for modeling the flow of fluids at pore scale and providing
the possibility of modeling the flow of fluid in porous media of the reservoir [20,21]. As
mentioned before, a particle-based scheme is a key advantage of the SPH method, making
it possible to extract particle time history and directly calculate system transfer with a
particle-tracking algorithm. The simplicity of the formulation based on statistical mechan-
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ics, the ability to model complex systems, the lack of need for a contact surface tracking
algorithm, and the possibility of a combinational application at multiple scales are other
advantages of the SPH method [22].

To the best of our knowledge, most of the studies based on the SPH method have
been focused on permeability calculation. Although the SPH method has been used widely
to study the flow problems (particularly, multiphase flows) in porous media [23-27], we
tried in this work to study streamlines and tortuosity using SPH. It can be considered
as an added value and illustrate its capabilities. Recently, Wu et al. investigated the
characterization of porous media in interior and exterior flow fields with free surfaces;
however, their study does not include flow issues related to underground layers without
free boundaries [28]. Jarrar et al. investigated the geometric tortuosity in saturated porous
media using a 3D synchrotron microcomputed tomography imaging method and showed
a laboratory method to extract the geometric tortuosity [29]. The main goal of this study
is to investigate the potential of SPH in modeling and to characterize porous media and
the possibility of using the SPH method as a complementary numerical tool alongside
laboratory methods, as in the studies presented by Jarrar et al. [29]. On the other hand, it is
possible to use the method for either extracting the hydraulic tortuosity of porous media
produced by X-ray computed tomography (CT) images or characterizing packed systems
made by particles with a specific geometric shape. It is noteworthy that we conducted
a study to investigate SPH to characterize properties of porous media and to investigate
basic properties, such as fluid velocity, permeability, streamlines, and tortuosity, in three
models of uniform and randomly distributed non-uniform periodic porous media with
an array of circular, square, and diamond-shaped cylinders in different distributions on
the pore scale. The application of the SPH method to study fluid flow modeling through
porous media with uniform and non-uniform, simple, and complex geometries is shown,
and its characterization based on SPH formulation is investigated. Given the particle-based
scheme of the SPH method, it allows to extract the time history for particles and calculate
the system transfer rate. Interesting results were observed in relation to the effect of cylinder
geometry on velocity profiles and streamlines. They show the possibility of using the SPH
method to conduct dynamic characterization studies of underground flow. In this regard,
the results were evaluated to provide practical relationships.

2. Smoothed Particle Hydrodynamics Method
2.1. Basics and Formulation

The original and classic formulation of the SPH method has been proposed for use by
Monaghan to study fluid dynamics [11]. The simulation domain in the SPH is represented
by a discrete set of particles. Based on the SPH method, properties of each particle are
approximate and values of their functions and derivatives in discrete formulation are
determined based on the information of neighboring particles [30]. For further details,
see Appendix A. In general, in this study, the formulation used in the studies by Tar-
takovsky and Meakin [2] and especially Holmes et al. [18], presented to model flows with
low Reynolds numbers in a porous media using the SPH method, was applied. In this
study, incompressible fluid flow is considered by using a linear equation of state (EOS)
as Equation (1), proposed by Morris et al. [14] to determine pressure at each particle and
time step:

P; = c*(p; — o) 1)

where p) is the reference density and c is the artificial sound speed. Morris et al. proposed
that the artificial sound speed term, c, should be chosen according to desired maximum
density fluctuation, generally around 1% [14]. It means that c can show the degree of
incompressibility that is scaled for the system. The Navier-Stokes equations are the basis
of CFD studies on incompressible fluid flow, and in this study, the discrete momentum
equations used are defined as Equation (2) with respect to symmetric property:
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where m is mass, U is velocity, N is the total number of particles, P is pressure, n is particle
number density, W is the kernel function, u is viscosity, r is position, g is gravitational
acceleration, f is the applied external force, and i and j are indices of neighboring particles
and particles, respectively. The concept of placing a certain average number of particles
within smoothing area is another problem related to the formulation, which in this study,
was used as a smoothing length by distributing it in a uniform hexagonal grid and taking
into account the area radius [31,32]. The Cubic B-spline kernel function was used as the
most widely used kernel function in SPH studies [33]:

oo [3-REHIRT 0<R<1
W(R,h)zﬁ 12 -Rr)® 1<R<2 3)
™ o R>2

where R is dimensionless relative distance, h is smoothing length, and &4 is also the kernel
function constant. Moreover, cell-linked list (CCL) was used to implement the neighboring
particle search algorithm and the explicit velocity-Verlet integration algorithm was used to
perform time iteration calculations of the formulation [34]. With this method, the position
of each particle updates during simulation, and the time evolution of the system can be
observed. The calculated time step, At, should satisfy the following conditions to obtain a
stable solution [2,15]:

oh? h ' h \05
At < 0.125— and At < 0.25— and At < 0.25min 4)
i 3¢ 3|F|

where | F;| is the magnitude of force acting on particle i. For creating a periodic porous
media, periodic boundary conditions were utilized in all modeling processes. For applying
no-slippage boundary conditions on solid walls, the concept of artificial velocity of solid
particles proposed by Holmes et al. [18] was used. Considering the possibility of the effects
of creating tensile instability as a result of fluid flow through the solid geometry investigated
in this study, the concept of artificial pressure presented in the study by Monaghan [35] was
therefore used to eliminate the effects of tensile instability. Furthermore, all the equations
of properties in the modeling performed in this study were used for generalization and
applicability in a variety of dimensionless scales according to Table 1.

Table 1. Dimensionless parameters.

XD yD Re UD APD tD kD
x/D y/D Umax X p X D/p U/Unmax AP/Uavg? X p t X Umax/D  k/D?

In all modeling processes, water fluid with the properties of surface density of
1000 (kg/ m?), viscosity of 1 (cP), and artificial sound speed of 0.0024 (m/s) in a symmetric
system of particles in a hexagonal grid with 10,000 particles, with the same distribution
in both directions of the modeling domain with dimensions of Lyp = Lyp = 1.0, was used.
Since fluid flow inside porous media is generally of laminar type, all modeling processes
were performed under laminar flow conditions with Re < 30. To compare obtained re-
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sults from SPH and exact values, the square relative error norm has been used based on
Equation (5):

YN (Vepn (i) — Vexact (i)
YN Viac (i)

LyRelative Error Norm =

©)

2.2. Testing and Verification: Fluid Flow around a Circular Cylinder

Although fluid flow modeling through a capillary tube is often used as the main perfor-
mance test of SPH formulation associated with viscous and gravitational forces [14,36,37],
fluid flow around a circular cylinder is one of fundamental issues in the study of viscosity
force and fluid flow performance, which has been studied by various researchers such as
Morris et al. [14] and Pereira et al. [19]. This problem was first proposed and modeled using
the SPH method by Morris et al. [14], as represented in Figure 1. In this study, the problem
of fluid flow around a circular cylinder with the geometry presented in Figure 1 was made.
A total of 9000 fluid particles at dimensions of Lyp = Lyp = 1.0 inside the modeling domain,
with a diameter of dp = 0.2 for the circular cylinder, were considered. A constant pressure
difference of APp = 105 was applied to all fluid particles in order to create a fluid flow
in steady-state conditions. According to most studies, average particles of 36 and 64 are
selected in the smoothing area [38]. Modeling was performed up to 25,000 time steps.

dp=(d/D)=0.2

PP
Lyp=(Ly/D)=1.0

LxDz(Lx/D)zl.O

Figure 1. Fluid flow problem around a single circular cylinder.

Figure 2 shows the particle position and velocity distribution profile in four consec-
utive time steps (tp = 3.32, 6.65, 9.97, and 27.70). There was a good agreement between
our results and those obtained by Pereira et al. [19]. Particle distribution indicates kinetic
evolution of particles and achievement of stable and, of course, disordered conditions due
to performance of the viscosity force. Moreover, performance of the concept of artificial
pressure to eliminate the effects of tensile instability created in transient stages of the system,
due to the presence of a circular cylinder in center of flow domain, observed in the time step
of 3000, was shown. The velocity profile showed the presence of a low-velocity area close to
zero in the central section of the flow and around a circular cylinder due to friction between
the fluid and solid walls and occurrence of a no-slippage boundary phenomenon on solid
walls. Furthermore, an increase in velocity of the fluid particles while passing through
the cross section of xp = 0.5 was observed due to shrinkage of the fluid cross section. For
quantitative comparison, velocity of particles in two cross sections of xp = 0.5 and xp = 1.0,
according to Figure 3, for average particle numbers of 36 and 64 in the smoothing area was
extracted and compared with the results obtained by Morris et al. [14]. Consistency of the
results as well as correct performance of the calibration method showed little effect on the
selection of parameters dependent on the kernel function, such as smoothing length and
number of particles within smoothing radius.



Sustainability 2022, 14, 14320

6 of 22

[TD ( [Tx / ITmax )

Figure 2. Dimensionless position (1) and velocity (2) for fluid flow around a circular cylinder (Test 2)
at four consecutive time steps, (a) tp = 3.32, (b) tp = 6.65, (c) tp =9.97, (d) tp = 27.70.

--- SPH Solution at xD = 1/2 12 --- SPH Solution at xD = 1/2
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Figure 3. Comparison of dimensionless velocity profile in SPH solution and Morris et al. [14] at
two vertical cross sections with (a) 36 particles in the smoothing area and (b) 64 particles in the
smoothing area.

The coefficient of friction, showing the resistance of porous media to flow, can be
extracted in dimensionless form. The drag force is calculated simultaneously with modeling
as net force is applied by fluid particles to the cylinder grid using K = F4 ,4mruU. For further
investigation, modeling fluid flow around a circular cylinder was repeated in various
diameters in the 0.25-0.94. Table 2 shows a comparison made between computational
values obtained in this study and the results obtained in the study by Holmes et al. [18].
The results showed a good agreement with the main study related to the formulation used

in this study. In addition, the calculated square relative error norm for all modeling is about
4.25%, below 5%.
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Table 2. Comparison of friction coefficient (K).
dp Holmes et al. [18] Present Results Relative Error
0.25 1.25 1.29 2.93%
0.36 2.00 2.02 0.91%
0.50 4.12 4.12 0.10%
0.62 8.24 8.28 0.55%
0.71 17.25 17.51 1.49%
0.80 41.94 42.82 2.09%
0.87 140.48 142.44 1.40%
0.94 1066.83 1021.08 4.29%

3. Investigation of Fluid Flow through Periodic Uniform Porous Media

For characterizing porous media and investigating basic properties, such as fluid
velocity, permeability, streamlines, and tortuosity using the SPH method, three models of
uniform periodic porous media with an array of circular, square, and diamond-shaped
cylinders in three different distributions at the pore scale were used, as presented in Figure 4.
As mentioned above, the use of periodic boundary conditions allows the modeling of a
single cell from a periodic porous media, and then, it should be extended to the entire
periodic porous media. The cylinders were distributed in models No. 1 and 2 in a square
grid and model No. 3 in a hexagonal grid. The parameters provided above were used for
all models to achieve better comparison.

Circular Array Square Array Diamond-Shaped

/ of Cylinders of Cylinders Array of Cylinders
Unit Cell

M

Direction
of Flow

@)

Lyp=1.0

Figure 4. Modeling domains as periodic uniform porous media based on an array of cylinders:
(a) circular, (b) square, (c) diamond-shaped (Model 1: distribution of cylinders in a square grid and
positioned periodic center as center of cylinder; Model 2: distribution of cylinders in a square grid
and positioned periodic center as center of pore; Model 3: distribution of cylinders in a hexagonal
grid and positioned periodic center as center of cylinder).

The array of cylinders was considered to be in the porosity range of 30-95%. All prop-
erties, such as porosity, mean apparent velocity (weighted average with particle density),
and streamlines (using particle history and tracking algorithm) were calculated directly
using statistical mechanics. Real velocity was calculated from the following equation:
u = ¢U. Permeability was obtained from the Darcy’s law k = —pu/VP. For measuring
tortuosity, a direct calculation equation presented in the study by Duda et al. [4] in the form
of Equation (6) was used:

l % Zi\l Al X W
L YN wi

where A represents length of the streamline and w is the weighted average index. In this
study, indices including w = 1 (arithmetic average), w = 1/t (weighted average type 1)—

T =

©)
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where t is the time spent by particle on streamline—and w = U/A (weighted average type
2)—where U is average velocity in streamline—were used.

3.1. Fluid Flow through Uniform Circular Array of Cylinders

Fluid flow through the uniform circular array of cylinders was modeled using a time-
step size of Atp = 6 x 10~* in 25,000 time steps under laminar conditions (i.e., Re < 17).
Table 3 presents the characterization and related properties of fluid flow, such as time
to reach steady -tate condition, average apparent and actual velocities, permeability, and
tortuosity for the circular array of cylinders in a porosity range of 30-95%. Models No. 1 and
2 differ from each other only in tortuosity due to the existence of different flow paths, and
other properties have the same characterization. Model No. 3 shows lower permeability
and higher tortuosity despite reaching fast stable conditions compared to models No.
1 and 2. Permeability in models No. 1 and 2 is almost two times the permeability of
model No. 3 at the same porosity. According to the results, tortuosity with an arithmetic
mean is calculated by more than two weighted average methods that are almost identical.
Distribution in a hexagonal grid halves permeability and increases non-linear tortuosity
relative to square distribution in flow through a circular array of cylinders.

Table 3. Flow characterization of uniform circular array of cylinders.

¢ Re tp,ss Upapp ®  Upreat ® kb o @ ) s ©

Model 1 of Uniform Circular Array of Cylinders

95% 16.51 3.30 0.59169 0.56205 0.06188 1.01966 1.01324 1.01302
90% 12.55 2.82 0.52375 0.47137 0.03945 1.02879 1.01730 1.01701
80% 8.18 2.05 0.44222 0.35399 0.01931 1.04568 1.02051 1.02024
70% 5.40 1.62 0.38137 0.26700 0.00961 1.05055 1.02088 1.02071
60% 343 1.37 0.33139 0.19863 0.00455 1.03920 1.01992 1.01984
50% 2.02 1.01 0.27682 0.13841 0.00186 1.03699 1.01952 1.01949
40% 1.01 0.60 0.20842 0.08329 0.00056 1.02451 1.01668 1.01666
30% 0.29 0.43 0.13544 0.04062 0.00008 1.03122 1.02233 1.02231

Model 2 of Uniform Circular Array of Cylinders

95% 16.50 3.30 0.59179 0.56214 0.06182 1.02415 1.01608 1.01575
90% 12.55 2.82 0.52394 0.47154 0.03945 1.03414 1.01798 1.01761
80% 8.18 2.05 0.44201 0.35383 0.01930 1.03867 1.01651 1.01625
70% 5.40 1.62 0.38055 0.26643 0.00959 1.03098 1.01583 1.01570
60% 343 1.37 0.33139 0.19863 0.00455 1.02830 1.01570 1.01560
50% 2.02 1.01 0.27683 0.13841 0.00186 1.02624 1.01203 1.01200
40% 1.01 0.60 0.20842 0.08329 0.00056 1.03188 1.01610 1.01565
30% 0.30 0.44 0.13187 0.03955 0.00008 1.01903 1.01607 1.01604

Model 3 of Uniform Circular Array of Cylinders

95% 6.68 1.34 0.73748 0.70016 0.03116 1.05311 1.05174 1.05172
90% 4.80 1.20 0.69245 0.62307 0.01995 1.08405 1.08295 1.08293
80% 2.90 0.87 0.62406 0.49925 0.00965 1.13608 1.13326 1.13322
70% 1.94 0.78 0.53670 0.37526 0.00486 1.17775 1.17435 1.17434
60% 1.25 0.75 0.46157 0.27703 0.00231 1.20804 1.20606 1.20606
50% 0.72 0.51 0.39743 0.19871 0.00096 1.23558 1.23098 1.23092
40% 0.37 0.29 0.30046 0.12024 0.00029 1.26147 1.26004 1.26001
30% 0.12 0.18 0.16637 0.04988 0.00004 1.28034 1.27546 1.27546

@ tp ss—dimensionless steady-state time. @ Up,app—dimensionless apparent velocity. ®) Up,reai—dimensionless
real velocity. ) 1;—tortuosity calculated with w = 1 (arithmetic average). ) T)—tortuosity calculated with
w =1/t (weighted average). ©) T3—tortuosity calculated with w = U/A (weighted average).
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Figure 5 shows the spatial profile along with streamlines and particle velocities in time
step 25,000 for the models of the circular array of cylinders in a porosity interval of 70% at
the pore scale. Nearly zero velocities were observed at the contact surface of the fluid and
solid wall. Streamlines are obtained using time history and particle-tracking algorithms
as a measure of identifying low or high tortuosity. Model No. 1 represents a pore throat,
and model No. 2 represents a pore. The increase in velocity when the fluid particle enters
throat and the decrease in velocity when entering the pore are quite evident. Convergence
of streamlines by increasing velocity along with their divergence by decreasing velocity is
also observed. Model No. 3 shows simultaneous flow in the pore and throat and a uniform
velocity distribution with the same relative distance between streamlines along the pore
and throat.

Figure 5. Dimensionless position (1) and velocity (2) for flow through uniform circular array of
cylinders at time step 25,000; (a) Model 1, (b) Model 2, (c) Model 3.

3.2. Fluid Flow through Uniform Square Array of Cylinders

Fluid flow through the uniform square array of cylinders was modeled like the pre-
vious array with a time-step size of Atp = 6 x 10~% in 25,000 time steps under laminar
conditions (i.e., Re < 17). Table 4 shows the characterization and related properties of fluid
flow for the square array of cylinders in a porosity range of 30-95% for models No. 1 and
2 and in a range of 60-95% for model No. 3. Again, models No. 1 and 2 show similar
characterization properties, except for tortuosity, due to different flow paths. Comparing
the results at identical porosities showed the effect of the reduction of sharp edges on per-
meability along with an increase in tortuosity in model No. 3. Moreover, in models No. 1
and 2, an increase in average velocity (apparent and real) and permeability is observed due
to the presence of sharp edges in the square array of cylinders compared to the circular
array of cylinders. However, tortuosity is also decreased due to the stagnation of most fluid
particles in places outside flowing paths. In model No. 3, a decrease in average velocity
and permeability is observed simultaneously with an increase in tortuosity.

Figure 6 shows the spatial profile along with streamlines and particle velocities in time
step 25,000 for the square array of cylinders in 70% of the porosity range for models No. 1
and 2, and 80% of the porosity range for model No. 3. Return flow paths are observed in
model No. 1. More inclination of flow paths to direct path is observed in models No. 1 and
2 than the circular array of cylinders. Model No. 3 also reduces the intensity of uniform
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velocity distribution in the pore and throat. The effects of the sharp edges of the square
cylinder on the decrease in velocity and immobility of particles are quite evident.

Table 4. Flow characterization of uniform square array of cylinders.

¢ Re tD,ss Up,app Up Real kp T T2 T3

Model 1 of Uniform Square Array of Cylinders

95% 16.19 3.24 0.58931 0.56014 0.06046 1.01726 1.01237 1.01216
90% 11.85 2.67 0.52042 0.46796 0.03697 1.02735 1.01540 1.01511
80% 7.56 1.89 0.46734 0.37584 0.01894 1.03637 1.01361 1.01340
70% 4.90 1.47 0.43437 0.30653 0.01002 1.02805 1.00917 1.00845
60% 2.93 1.17 0.40192 0.23858 0.00466 1.01432 1.00683 1.00680
50% 1.97 0.98 0.39472 0.19992 0.00262 1.00999 1.00527 1.00525
40% 1.04 0.62 0.37182 0.14706 0.00102 1.00856 1.00458 1.00457
30% 0.55 0.83 0.35348 0.10555 0.00039 1.01025 1.00541 1.00539
Model 2 of Uniform Square Array of Cylinders
95% 16.20 3.24 0.58958 0.56040 0.06052 1.02498 1.01534 1.01503
90% 11.84 2.66 0.52070 0.46821 0.03697 1.03349 1.01528 1.01493
80% 7.56 1.89 0.46735 0.37584 0.01894 1.02939 1.01022 1.01006
70% 4.90 1.47 0.43437 0.30653 0.01002 1.01878 1.00755 1.00747
60% 2.93 1.17 0.40192 0.23858 0.00466 1.01088 1.00585 1.00582
50% 1.97 0.98 0.39472 0.19992 0.00262 1.01160 1.00510 1.00508
40% 1.04 0.62 0.37182 0.14706 0.00102 1.00887 1.00363 1.00362
30% 0.55 0.82 0.35545 0.10614 0.00039 1.00798 1.00357 1.00355
Model 3 of Uniform Square Array of Cylinders
95% 6.41 1.28 0.73670 0.70016 0.02991 1.05391 1.05241 1.05239
90% 4.45 1.11 0.67884 0.61163 0.01813 1.08602 1.08227 1.08224
85% 3.25 0.97 0.59678 0.50488 0.01093 1.12248 1.11604 1.11600
80% 2.55 1.02 0.52875 0.42215 0.00717 1.14746 1.13928 1.13924
75% 1.98 1.19 0.44771 0.33328 0.00439 1.17399 1.16324 1.16323
70% 1.60 1.12 0.39805 0.28158 0.00301 1.18119 1.17167 1.17164
65% 1.16 0.93 0.30833 0.20085 0.00156 1.20297 1.19375 1.19374
60% 0.83 1.24 0.25046 0.15238 0.00084 1.22267 1.20122 1.20110

Figure 6. Dimensionless position (1) and velocity (2) for flow through uniform square array of
cylinders at time step 25,000; (a) Model 1, (b) Model 2, (c) Model 3.
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3.3. Fluid Flow through Uniform Diamond-Shaped Array of Cylinders

Fluid flow through the uniform diamond-shaped array of cylinders was modeled
with modeling parameters similar to the previous arrays, i.e., with a time-step size of
Atp =6 x 10~%1in 25,000 time steps under laminar conditions (i.e., Re < 17). Table 5 shows
the characterization and related properties of fluid flow for the diamond-shaped array
of cylinders in 60-95% of porosity range for models No. 1 and 2 and 30-95% of porosity
range for model No. 3. In models No. 1 and 2, the diamond-shaped array of cylinders
shows a decrease in characterization properties, such as average velocity, permeability, and
tortuosity, compared to the circular and square arrays of cylinders. However, the increase
in average velocity, permeability, and tortuosity is observed in model No. 3 compared to
the circular array of cylinders as opposed to the square array of cylinders. There is also
a high difference between average velocity, permeability, and tortuosity in model No. 3
compared to the square array of cylinders.

Table 5. Flow characterization of uniform diamond-shaped array of cylinders.

¢ Re tp,ss Up,app Up,Real kp T T2 T3
Model 1 of Uniform Diamond-Shaped Array of Cylinders
95% 16.00 3.20 0.57287 0.54445 0.05808 1.02133 1.01511 1.01489
90% 11.85 2.67 0.49091 0.44231 0.03493 1.03545 1.02094 1.02060
85% 9.24 2.31 0.42686 0.36347 0.02239 1.04866 1.02583 1.02551
80% 7.14 2.14 0.36689 0.29292 0.01393 1.06195 1.03042 1.03012
75% 5.51 2.20 0.32222 0.24215 0.00889 1.07542 1.03420 1.03396
70% 4.25 2.12 0.26636 0.18637 0.00528 1.07833 1.03648 1.03634
65% 3.16 1.90 0.21214 0.13819 0.00291 1.07239 1.03641 1.03635
60% 2.01 3.02 0.16042 0.09617 0.00129 1.08525 1.04001 1.03978
Model 2 of Uniform Diamond-Shaped Array of Cylinders
95% 15.99 3.20 0.57323 0.54480 0.05806 1.02677 1.01771 1.01742
90% 11.84 2.66 0.49104 0.44242 0.03493 1.03593 1.02118 1.02081
85% 9.24 2.31 0.42687 0.36348 0.02239 1.04112 1.02249 1.02214
80% 7.14 2.14 0.36685 0.29290 0.01393 1.04877 1.02366 1.02342
75% 5.51 2.20 0.32222 0.24215 0.00889 1.04674 1.02441 1.02421
70% 4.25 2.12 0.26636 0.18637 0.00528 1.05192 1.02678 1.02670
65% 3.16 1.90 0.21214 0.13819 0.00291 1.05235 1.02828 1.02820
60% 2.01 3.02 0.16046 0.09620 0.00129 1.05387 1.03187 1.03174
Model 3 of Uniform Diamond-Shaped Array of Cylinders
95% 6.63 1.33 0.72270 0.68613 0.03033 1.05681 1.05600 1.05598
90% 4.76 1.19 0.67189 0.60524 0.01919 1.09385 1.09250 1.09248
80% 291 0.87 0.60760 0.48730 0.00944 1.15462 1.15205 1.15204
70% 1.85 0.74 0.56856 0.39969 0.00494 1.20294 1.20223 1.20223
60% 1.17 0.70 0.53429 0.31886 0.00249 1.24576 1.24433 1.24433
50% 0.73 0.51 0.51904 0.26108 0.00128 1.27634 1.27611 1.27611
40% 0.40 0.32 0.50609 0.20213 0.00054 1.30520 1.30383 1.30383
30% 0.22 0.34 0.47586 0.14409 0.00021 1.33775 1.33520 1.33520

Figure 7 shows the spatial profile along with streamlines and particle velocities in
time step 25,000 for the diamond-shaped array of cylinders in a porosity range of 80% for
models No. 1 and 2 and a porosity range of 70% for model No. 3. The tendency of more
flow paths to the direct path is reduced in models No. 1 and 2 compared to the square array
of cylinders, and a behavior similar to that of the circular array of cylinders can be observed.
The intensity of uniform velocity distribution in the pore and throat and maintaining the
distance between streamlines in model No. 3 is increased compared to the circular array of
cylinders. The effects of the sharp edges of the diamond-shaped cylinder on reducing the
velocity and immobility of the particles were reduced, and the volume of fluid particles at
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rest state was also reduced. Convergence behavior of streamlines by increasing velocity
along with their divergence by decreasing velocity is also observed.

Figure 7. Dimensionless position (1) and velocity (2) for flow through uniform diamond-shaped
array of cylinders at time step 25,000; (a) Model 1, (b) Model 2, (c) Model 3.

4. Investigation of Fluid Flow through Periodic Non-Uniform Porous Media

After investigation of fluid flow through uniform porous media, characterization of
fluid flow through non-uniform porous media was made by randomly distributing circular,
square, and diamond-shaped cylinders at pore-scale was performed. For characterizing
non-uniform porous media and investigating its properties using the SPH method, three
models of non-uniform periodic porous media with random distributions of the circular,
square, and diamond-shaped arrays of cylinders at the pore scale were made and used
as presented in Figure 8. For the creation of non-uniformly porous media models, three
types of single-size cylinders were randomly distributed within a unit cell as a modeling
domain. The mono-diameter probability distribution function was used. Cylinders with
radius rp = 0.0126 for the creation of porous media with an array of circular cylinders
and also cylinders with xp = 0.0112 to create an array of square and diamond-shaped
cylinders were used. The array of cylinders was considered in the porosity range of
48-95% and eight models. Other parameters, modeling conditions, and formulas for
properties calculations are considered to be the same, with uniform models for better
results comparison. Moreover, to better compare, the location of cylinders is considered the
same in all non-uniform models.

Fluid flow through the non-uniform array of cylinders was modeled using a time-
step size of Atp = 6 x 10~# in 25,000 time steps under laminar conditions (i.e., Re < 5).
Table 6 presents the characterization and related properties of fluid flow, such as the time
to reach steady-state condition, average apparent and actual velocities, permeability, and
tortuosity for three types of non-uniform arrays of cylinders in a porosity range of 48-95%.
According to the results, increasing the size of the modeling domain and decreasing the
size of cylinders (i.e., decreasing resolution) reduces the effects of the shape and geometry
of cylinders and achieves the same results. As shown in Table 6, characteristic values for
steady-state time, fluid flow velocity, permeability, and tortuosity for all sets of circular,
square, and diamond-shaped arrays of cylinders are similar. However, this difference
was evident for uniform models with high-resolution. There is also a trend of non-linear
changes for characterization parameters relative to porosity. Permeability changes occur
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at very high porosities. Therefore, the tortuosity changes and increases sharply in low
porosity, and the flow path becomes very tortuous. Again, it is seen in the uniform models
that tortuosity with arithmetic mean is calculated by more than two weighted averages
with almost identical methods. A comparison of the results obtained for non-uniform
models with model No. 3 of uniform models shows that the random and non-uniform
distribution of cylinders reduces fluid velocity and permeability in non-uniform models
compared to uniform models. Moreover, the tortuosity in uniform models is larger than its
values in non-uniform models in corresponding porosities.

Circular Square Diamond-Shaped
. Cylinders Cylinders Cylinders
Unit Cell Y y y
=3 >
= & 3 &
Il = =] =
a Q u Q
9 . S A
L =1.0 - - -
e e e
< = <
u Q Q
< < A
= S =
u Q Q
- A -
(a) (b) (©
Figure 8. Modeling domains as periodic non-uniform porous media based on the array of cylinders
in three desired porosities in the range of 48-95%; (a) circular, (b) square, (c) diamond-shaped.
Table 6. Flow characterization of non-uniform porous media made by circular array of cylinders.
¢ Re tDss Up,app Up,Real kp T T2 T3
Model (a) of Non-Uniform Circular Array of Cylinders
95% 4.75 0.95 0.51933 0.49331 0.01562 1.03202 1.03021 1.03017
91% 291 0.66 0.39217 0.35590 0.00692 1.05852 1.05304 1.05299
82% 1.33 0.33 0.36332 0.29643 0.00263 1.13712 1.13208 1.13207
73% 0.82 0.24 0.29764 0.21698 0.00118 1.17651 1.15644 1.15644
65% 0.49 0.20 0.21903 0.14303 0.00047 1.14191 1.12003 1.12011
59% 0.48 0.24 0.15894 0.09327 0.00030 1.08718 1.07907 1.07890
53% 0.44 0.26 0.12714 0.06707 0.00020 1.21133 1.12599 1.13273
48% 0.31 0.47 0.15696 0.07503 0.00016 1.17816 1.12599 1.13779
Model (b) of Non-Uniform Square Array of Cylinders
95% 4.66 0.93 0.52255 0.49668 0.01544 1.03150 1.03012 1.03009
91% 2.81 0.63 0.39027 0.35417 0.00662 1.05940 1.05293 1.05287
82% 1.28 0.32 0.35005 0.28533 0.00243 1.15049 1.14087 1.14089
73% 0.75 0.23 0.30683 0.22377 0.00113 1.18518 1.16411 1.16411
65% 0.51 0.20 0.20707 0.13447 0.00045 1.15358 1.12106 1.12105
59% 0.49 0.24 0.15116 0.08895 0.00029 1.08413 1.07645 1.07644
53% 0.46 0.27 0.12284 0.06500 0.00020 1.18030 1.11890 1.11894
48% 0.32 0.48 0.15109 0.07290 0.00016 1.24735 1.20921 1.17503
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Table 6. Cont.
¢ Re tD,ss Up,app Up,Real kp T1 T2 T3
Model (c) of Non-Uniform Diamond-Shaped Array of Cylinders
95% 4.72 0.94 0.51235 0.48688 0.01531 1.03328 1.03145 1.03142
91% 2.90 0.65 0.38329 0.34806 0.00672 1.06197 1.05582 1.05576
82% 1.34 0.34 0.35095 0.28659 0.00256 1.14407 1.13522 1.13520
73% 0.84 0.25 0.27389 0.20018 0.00112 1.19193 1.16428 1.16427
65% 0.47 0.19 0.21220 0.13835 0.00043 1.12501 1.11656 1.11617
59% 0.46 0.23 0.15784 0.09253 0.00028 1.09028 1.08370 1.08401
53% 0.40 0.24 0.12520 0.06603 0.00018 1.30476 1.16190 1.18198
48% 0.30 0.45 0.14739 0.07047 0.00014 1.18310 1.12349 1.13102

Figures 9 and 10 show spatial profiles along with streamlines and particle velocities
in time step 25,000 for three models of circular, square, and diamond-shaped arrays of
cylinders in two porosities of 73 and 90% at the pore scale. An increase in velocity when
fluid particles enter into pore throats and a decrease in velocity when particles enter into
pores are quite evident, as is the case in the uniform models. The convergence of streamlines
by increasing velocity and their divergence by decreasing velocity is also observed. The
model shows a simultaneous flow in the pore and throat and a uniform velocity distribution
with the same relative distance between the streamlines along the pore and throat. The
effects of the sharp edges of the square and diamond-shaped cylinders on velocity reduction
and immobility of particles are quite evident. According to Figures 9 and 10, for three
non-uniforms made by an array of circular, square, and diamond-shaped cylinders, changes
in the trend of streamlines, convergence, and divergence of streamlines due to velocity
fluctuations, and the same velocity profiles, are observed. Moreover, the change in flow
direction is quite obvious by increasing the number of cylinders and decreasing porosity.
Due to the random distribution of a cylinder in the fluid flow path, the possibility of flow
blocking and strong effects on tortuosity are observed.

Figure 9. Dimensionless position (1) and velocity (2) for flow through a randomly distributed
non-uniform circular array of cylinders with ¢ = 0.9 at time step 25,000; (a) circular, (b) square, (c)
diamond-shaped.



Sustainability 2022, 14, 14320

15 of 22

Permeability - k

o

(Dimensionless)

Figure 10. Dimensionless position (1) and velocity (2) for flow through a randomly distributed
non-uniform circular array of cylinders with ¢ = 0.73 at time step 25,000; (a) circular, (b) square,
(c) diamond-Shaped.

5. Permeability—Porosity Relationships

The results of each study should be applicable to different problems. Therefore, in
characterizing fluid flow through porous media, permeability—porosity relationships are
of special importance for application in problems. Figure 11 shows a porosity-based
permeability diagram for all the uniform and non-uniform modeled cylinder arrays. As
shown in Figure 11, permeability changes nonlinearly by increasing porosity for both
uniform and non-uniform cases.
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Figure 11. Dimensionless permeability vs. porosity for circular, square, and diamond-shaped array

Porosity - ¢ (Percentage)

of cylinders; (a) uniform, (b) non-uniform.

In this study, an attempt was made to extract and present permeability—porosity
relationships related to the results of characterizing fluid flow through uniform and non-
uniform periodic porous media with the circular, square, and diamond-shaped arrays of
cylinders for practical usage. For this purpose, a curve-fitting method with a quadratic
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polynomial function according to Equation (7) was used. Table 7 shows the coefficients of
the polynomial function for the permeability of the porous media as a function of porosity.
Reinvestigation showed that relationships regarding the permeability of the porous media
are calculated with a square relative error norm of less than 1%:

kp = agp* + az¢® + axp? +ar¢ + ap (7)

Table 7. Coefficients for permeability—porosity relationship.

as as az al a0

(a)—Model 1 0.71426 —1.35433 0.99922 —0.32041 0.03709
(a)—Model 2 0.71557 —1.35669 1.00057 —0.32069 0.03711
(a)—Model 3 0.38405 —0.73688 0.54734 —0.17630 0.02048
(b)—Model 1 0.66189 —1.24721 0.90900 —0.28523 0.03249
(b)—Model 2 0.66154 —1.24646 0.90841 —0.28503 0.03246
(b)—Model 3 3.99710 —11.33184 12.12907 —5.77380 1.02836
(c)—Model 1 7.73145 —21.87268 23.35105 —11.08091 1.96604
(c)—Model 2 7.72011 —21.83951 23.31490 —11.06351 1.96292
(c)—Model 3 0.38964 —0.75458 0.56046 —-0.17915 0.02077

(d) 0.4801 —1.1419 1.0285 —0.4125 0.0620

(e) 0.5534 —1.3462 1.2362 —0.5042 0.0769

) 0.4357 —1.0248 0.9134 —0.3628 0.0541

(a)—Uniform circular array of cylinders. (b)—Uniform square array of cylinders. (c)—Uniform diamond-shaped
array of cylinders. (d)—Non-uniform circular array of cylinders. (e)—Non-uniform square array of cylinders.
(f)—Non-uniform diamond-shaped array of cylinders.

6. Tortuosity—Porosity Relationships

In this study, the direct calculation equation proposed by Duda et al. [4] in the form of
Equation (6) was used based on three indices (w = 1, 1/t, U/A as mentioned before). Here,
it was tried to investigate the performance of indicators in the calculation of tortuosity.
The calculated results showed that computational values of the two types of weighted
averages are almost the same. Allen and Sun [8] in recent modeling investigated the
tortuosity of fluid flow through uniform circular and square arrays of cylinders using CFD.
For evaluating the computational performance of the indices, tortuosity in the fluid flow,
through uniform circular and square arrays of cylinders, in this study was compared with
the results obtained in the study by Allen and Sun [8]. Figure 12 shows a comparison of
tortuosity as a function of porosity. According to Figure 12, arithmetic averaging provides
larger values than the weighted average. There was an agreement between the results of
the weighted average and those obtained in the study by Allen and Sun [8]. It can be said
that using a weighted average (with time or velocity) (Equation (6)) provides better results
than arithmetic averaging.

As mentioned earlier, several studies have investigated and presented tortuosity—
porosity relationships in fluid flow through uniform and non-uniform porous media. First,
Koponen et al. presented a simple linear relationship (t =1 + 0.8(1 — ¢)) for calculating
tortuosity in the 50-100% porosity range [39]. Then, Duda et al. [4] modeled fluid flow
through free and randomly distributed overlapping squares aimed at investigating tortuos-
ity and presenting a tortuosity—porosity relationship (t =1+ p(1 — $)'/?) with the shape
factor (p) in the porosity range of 36.7-99%. They showed that tortuosity can be calculated
by a non-linear equation, where the coefficient p is dependent on the geometry of porous
media and influenced by solid particle size. Distribution of cylinders according to model
No. 3 in the uniform porous media investigated in this study can represent a porous media.
Moreover, there is a randomly distributed non-uniform periodic array of cylinders close to
the real porous media that can be used to investigate the tortuosity—porosity relationship.
The results showed that the tortuosity—porosity relationship was never linear.
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Figure 12. Comparison of tortuosity in models 1 and 2 of a circular and square array of cylinders
with [8].

Figure 13 shows a comparison of tortuosity in model No. 3 of the uniform circular,
square, and diamond-shaped arrays of cylinders with linear and non-linear equations with
p = 0.5. Non-linear behavior of tortuosity is observed as a function of porosity. The values
also showed that tortuosity in the circular and square arrays of cylinders is almost the same.
On the other hand, the same trend is observed in computational tortuosity with the SPH
method in model No. 3 of the circular, square, and diamond-shaped arrays of cylinders
along with a non-linear equation. Therefore, in this study, the correlation of tortuosity
with a non-linear equation was investigated and the shape factor (p), depending on the
geometry of the porous media for model No. 3 of the circular, square, and diamond-shaped
arrays of cylinders, was determined. Using a curve-fitting method, the shape factor (p) can
be determined in accordance with modeling performed in this study. Thus, a value of 0.32
was obtained for the circular and square arrays of cylinders, and 0.38 was achieved for the
diamond-shaped array of cylinders with an average relative square error of less than 1%.
Figure 14 shows a comparison between computational tortuosity with the SPH method in
model No. 3 of the uniform circular, square, and diamond-shaped arrays of cylinders with
a non-linear equation and the values obtained for the shape factor (p).

Figure 15 shows a comparison between computational tortuosity with the SPH method
in the non-uniform randomly distributed circular, square, and diamond-shaped arrays of
cylinders with a non-linear equation and the average obtained for the shape factor (p) of
about 0.2 for all cases. As mentioned earlier, by increasing the size of the modeling domain
and decreasing the size of cylinders (i.e., decreasing resolution), shape effects of various
cylinders are reduced and the tortuosity and shape factor (p) results are closer to each other.
Figure 15 shows it can be concluded that it is not possible to fit the curve with a square
relative error norm of less than 1% due to data scatter. However, a reasonable range of
shape factors (p) with a square relative error norm of less than 5% can be obtained for all
cases of circular, square, and diamond-shaped arrays of cylinders. The calculated shape
factor (p) range for all the non-uniform models is 0.15-0.25. The shape factor (p) 0.2 has
a minimum squared relative error norm. By comparing the results between two models,
it can be concluded that tortuosity and shape factor (p) in non-uniform models are less
than in uniform models. Moreover, both properties tend to be small by reducing the size
of cylinders.
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Figure 13. Comparison of tortuosity in model 3 of the array of cylinders with linear and non-
linear equations.
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Figure 14. Curve fitting of tortuosity with proportional shape factor for the uniform array of cylinders;
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Figure 15. Curve fitting of tortuosity with proportional shape factor for the randomly distributed
non-uniform array of cylinders; (a) circular, (b) square, (c) diamond-shaped.
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7. Conclusions

Characterization of fluid flow through uniform and periodic porous media from the
circular, square, and diamond-shaped arrays of cylinders using SPH modeling, mostly
aimed at developing the study performed by Holmes et al. [18], once again demonstrates
key advantages of the SPH method including its simple formulation based on statisti-
cal mechanics and the ability to extract results directly, the simplicity of applying the
particle-tracking algorithm, the possibility of performing calculations of properties during
modeling, the high adaptability of the method in a variety of conditions, and the ability to
model complex systems. The results showed that it is possible to use the SPH method to
characterize ideal porous media produced by the packing method of regular particles or
real media extracted by X-ray computed tomography (CT) images without conducting any
flow experiments. The SPH method can be used for the primary characterization of the
new porous media and the calculation of permeability and tortuosity for other applications.
Through using dimensionless variables, the dependence of SPH formulation on the selec-
tion of numerical modeling factors, such as smoothing length, distance between particles,
and the number of particles within the smoothing radius, was reduced. Non-linear behav-
ior for all characterization parameters versus porosity is observed in all models. Using
weight averaging to calculate direct tortuosity is better than applying the time history of
SPH particles.

SPH can also be used to model pore and throat flow behavior with complex geometries
and to derive relationships of characteristic properties such as permeability—porosity,
tortuosity—porosity, and proportional shape factor (p). Increasing the modeling domain
size and decreasing the size of cylinders (i.e., decreasing resolution) reduces the effects
of the shape and geometry of cylinders and achieves the same results. According to the
results of flow modeling through the uniform circular, square, and diamond-shaped arrays
of cylinders, despite solid particles distributed in a square grid within porous media, the
geometry of solid particles is suggested to be similar to a square cylinder. However, the
geometry of solid particles is recommended to be similar to diamond-shaped cylinders
for distributing solid particles in a hexagonal grid. The distribution of solid particles in
a hexagonal grid within porous media halves permeability (transmissibility of porous
media) and increases tortuosity exponentially. Tortuosity in diamond-shaped geometry
is more than in circular and solid geometries and has a high shape factor. The results of
flow modeling through randomly distributed non-uniform models showed that it is easy
to use SPH to study fluid flow through porous media with complex geometry. Moreover,
the random and non-uniform distribution of cylinders within porous media reduces fluid
velocity, permeability, tortuosity, and shape factor (p) compared to the uniform models.
Permeability changes in mediums with higher porosity are evident exponentially, and
the intensity of the changes decreases with porosity reduction. In addition, tortuosity in
uniform models is larger than its values in non-uniform models at corresponding porosities.
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Appendix A

SPH approximations for field quantities such as density and velocity develop from the
exact integral interpolant of a field:

A(r) :/ A(r)o(r— r)dr (A1)
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where A(r) is a field quantity determined at the position 1, 8 is the Dirac delta function, and
(r — 1’) is the relative distance R around position r. Equation (A1) defines a value at some
specific location, 1, as being a singularity on a known continuous field. Equation (A1) can
be approximated by:

Ar) = / A(Y)W(R, h)dr’ (A2)

where W(R/h) is a smoothing function. Now, field quantity A(r) is determined through
a weighted interpolation of surrounding field values. This weighting is characterized by
the smoothing length h. The kernel W must approximate a Gaussian satisfying condition,
as follows:

/ W(R h)dR' = 1and imW(R,h) = §(R) (A3)

Moreover, the contribution of field values outside of some finite support domain
tends toward zero due to the nature of a normal function such as Gaussian. For numerical
efficiency, it is convenient to impose a compact support on the smoothing function where
only values within some specified bound are considered to have non-negligible effect:

W(R,h) = 0when |R| > kh (A4)

The parameter k depends on the type of smoothing function and is chosen to ensure
that an adequate proportion of the function resides in each support domain, to ensure the
error associated with such an assumption is small. By discretizing the fluid volume into a
finite number of particles, Equation (A2) can be approximated by the summation interpolant:

.
M= M) = £ DA en = £, a0

where smoothing length h is generally set as the initial particle spacing, m; and p; are
the mass and density of particle j at position rj, and the fraction m;/p; accounts for the
approximate volume of space each particle represents to maintain consistency between
the continuous Equation (A2) and the discrete Equation (A5) forms of the field expression.
Correspondingly, the gradient of A is given:

N Iy N m;
VA = Zj:l ?]]A]VW(I'I — I‘j,h) = Z":l ?]]A]VWU (A6)

Authors such as Tartakovsky and Meakin [2] have suggested a variation to Equations
(A5) and (A6), where a particle number density term, n;, is used in place of fraction p;/m;,
where

Pi
L= ML A7
m= (A7)
N A
A=Y, ;’wij (A8)
j
N A
VA =Y YW; (A9)
=5 o,

Thus, the field quantity of density for each particle in r; position is calculated by the
particle approximation method:

_yN Iy
pi = 2“:1 ?]p] Z‘ 1 10y 1] = mj 2‘ 1 1] = mj-n (A10)

Equation (A10) conserves mass exactly, much like the summation density approach
of conventional SPH. Use of a particle number density variant of the SPH formulation
is typically motivated by the need to accommodate multiple fluid phases of significantly
differing densities [2,22,40]. According to Equation (A10), the particle number density is
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equal to the inverse of the volume occupied by each particle. Therefore, the volume of
each particle and, consequently, the particle number density are part of the modeling input

information.
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