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Abstract: Circular tubes are widely used in daily life and manufacture under bending load.
The structural parameters of a circular tube, such as its wall thickness, number and shapes of
ribs, and supporting flanges, are closely related to the tube’s bending rigidity. In this study,
a tube with eight ribs and a flange was optimized, in order to obtain the lowest weight, through
comprehensive structural optimization. We obtained the optimal structural parameters of
the tube and the influence of the structural parameters on the tube’s weight. The structural
parameters of tubes with different numbers of ribs were optimized. The tube with different
number of ribs had the same inner diameter, bending load, and length as the tube with eight ribs.
We conducted an experiment to verify the structural optimization simulation. Different tube
sizes were subsequently optimized. The optimized tube with four trapezoidal ribs and a flange
reduced the weight by more than 73% while maintaining the same deformation. The weight of the
optimized tube with a flange reached a stable value after four trapezoidal ribs were added. When
the number of ribs was two, the weight was the largest. The analysis results were consistent with
the numerical results. A new AWATR (appropriate width and thickness of ribs can improve the
bending rigidity of the tubes) formula was proposed, which can effectively improve the bending
rigidity of tubes. Different shapes of tubes were optimized and compared. The optimized tube
with four trapezoidal ribs and a flange was the lightest and easy to manufacture.

Keywords: circular tube; multiple variable parameters; optimization; finite element analysis;
trapezoidal ribs; AWATR

1. Introduction

Circular tubes are widely used as components in various applications, including
buckets, columns for buildings, shafts, poles, and oil storage tanks. Many researchers
have studied circular tubes, in an attempt to increase their strengths and lowering the
associated waste by improving the structures of tubes [1–7]. These structures comprised
sandwiched sinusoidal lateral corrugated tubes and circular braided composite tubes,
among others. Studies on the structure of circular tubes have been carried out, in order
to increase their strength. Hui et al. studied the behaviors of circular concrete filled dou-
ble steel tubular slender columns and beams. They established a finite element model,
in which the parameters were hollow ratio, eccentric ratio, and material strength. The
model predicted load-bearing capacities and load–deflection developments of slender
columns and beams, under the efficient structure [8]. Jin et al. built a finite element
model to analyze the mechanical properties of tubes under combined axial compres-
sion and bending loads. They studied the effects of the diameter by thickness ratio
and eccentricity by diameter ratio on the structure’s strength and buckling strain [9].
Baroutaji et al. designed a new circular tube with perimetrical thickness gradient under
lateral loading. The circular tubes were optimized and the optimal thickness gradient
parameters were determined, satisfying the condition of best crashworthiness [10].
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Xiao et al. introduced novel sandwiched sinusoidal lateral corrugated tubes. The
energy absorption was increased up to 35.6%, compared to the sum of the values of
the constituent tubes under axial compression [11]. Rotich et al. studied the improved
mechanical properties of four-step three-dimensional (3D) circular braided composite
tubes under axial compression loading. They found that the unit cells in the inner and
outer parts were stiffer than those in the middle part. These results may aid in the de-
sign of optimized 3D circular braided composite tube structures [12]. Wen et al. studied
the effect of the size of circular concrete-filled steel tubes with different diameters and
tube-diameter-to-steel thickness ratios on the bearing capacity. Under different ratios, a
size-related model was established, which can estimate the bearing capacity of large-
sized circular concrete-filled steel tubes [13]. Jordana et al. employed various numerical
techniques to obtain the non-linear static equilibrium path of a cylindrical panel using
structural stability analysis. They concluded that the value of the critical load was
strongly dependent on the sign of the amplitude of the geometrical imperfection [14].
Ngoc et al. proposed a new tubular corrugated configuration mimicking a coconut tree
profile, which showed potential for the design of an efficient energy absorber [15]. The
above research mainly focused on the analysis of structural vibration and anti-damage
when the direction of force was certain and the number of variable parameters was at
most three, such as the diameter, thickness, and eccentricity ratio of the tube [16–18].
On the basis of the existing research, in this work, we increased the number of variable
parameters of the tube to nine and set the force direction to be arbitrary. If there are
too many structural parameters, the constraints and conditions need to be increased
while, at same time, there will be no definite formula. In the case of there being too
many variable parameters (such as the nine variable parameters, including the wall
thickness, flange diameter, flange thickness, rib shapes, and number of ribs), there are
no definite formulas, which leads to a higher calculation time, calculation difficulty,
and increases risk. In the case of the bending force direction changing, we need to
fully consider the forces of different conditions, in order to meet the deformation of
the structure. The study of tubes with uncertain bending force direction and more
variable parameters poses a great challenge. However, circular tubes with uncertain
bending force direction and many variable parameters can be seen everywhere, in both
manufacture and daily life.

Many forces are applied to circular tubes with unknown bending directions,
such as rotating beams, street lamps, and beams on buildings. When designing a
complicated circular tube, there exist no accurate methods for obtaining the multiple
design parameters, such as the wall thickness, flange diameter, flange thickness, rib
shapes, and number of ribs. These parameters are directly related to the deformation
of the circular tube and other properties. Thus, they are quite important. In production,
engineers design complicated circular tubes based on actual production requirements
and previous experience.

With scientific and technological development, structural precision demands are
growing to fully guarantee the strength of structures. Under the increasingly rigorous
environmental protection regulations and the depletion of energy sources, applying
lighter tubes has been confirmed to be efficient energy reduction and environmental
protection measures in automobile, transportation, aerospace, and civil engineering
applications. For example, aerospace instruments, medical equipment, electronic
equipment, machine tools, and optical instruments have high precision requirements
for key components, where circular tubes with high precision requirements and low
weight under bending moments are commonly used [19–25].

Based on the above unresolved practical requirements (such as multivariable
parameters, uncertain direction of force, and lightweight optimization tube structure),
problems (e.g., there is no formula for structural layout design, engineers do not know
which structural layout is optimal, those structural layouts may waste materials, and
there is no basis for regular structural layout), and requirements for the sustainable
development of circular tube design, in this study, multiple parameters of circular
tubes with eight or other numbers of ribs under unknown bending moment directions
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were optimized using the proposed flowchart. This flowchart showed how to use
CAD (computer-aided design) and CAE (computer-aided engineering) to optimize a
structure. Through the optimized results of the structure, we found that, when the
number of ribs was smaller than four, the weight of the optimized tube was heavier.
When the number of ribs was higher than four, the weight of the optimized tube
reached stable values. Thus, an innovative tube with four trapezoidal ribs and a
flange was proposed under unknown bending moment directions. The weight of the
optimized tube with four trapezoidal ribs and a flange was 15.8–73.2% lighter than
existing optimized tubes, while maintaining the same deformation. A new formula
for AWATR was established, in order to improve the tube bending rigidity through
analysis of the optimized tube with one and two ribs.

2. Methodology
2.1. Principle of Finite Element Analysis in ANSYS Software

For a tube, the increase of any element that constitutes tube’s geometry can
cause tube’s volume to increase. The elements that constitute tube’s geometry can be
expressed by4x,4y,4z, and4ν = 4x · 4y · 4z. The tube weight can be expressed
as follows:

M = ρ · g ∑(4x · 4y · 4z). (1)

Thus, if4x,4y, and4z increase, the mass of the tube increases. M is the weight,
ρ is density, g is the gravitational acceleration,4ν is the increment of volume,4x is the
increment of length in the x direction,4y is the increment of length in the y direction,
and 4z is the increment of length in the z direction (as shown in Figure 1). As the
thickness of tube increases near the fixed end, the amount of bending decreases and the
weight increases. However, if the thickness is too large, the deformation is larger due to
the material properties and the greater weight. Far from the fixed position, the thinner
the tube is, the smaller the bending deformation is and the lighter the tube is. However,
if the thickness of the tube far from the fixed position is too thin, the deformation would
be larger due to the material properties and lighter weight. Therefore, it is urgent
to combine the structural parameters reasonably to find the lightest structure under
certain deformation.

Some simple structures may have formulas, while complex structures generally
do not. For example, the complex tube deformation was a function of nine independent
variables: tubede f ormation = f (tL1, wide, t f lange, tL2, tL1L2, larib, lerib, trib, Number
of ribs), as summarized in Table 1. There was no equation that related the dependent
variable to these nine independent variables. For simple structures, the existing bending
deformation formula can be used. For complex structures, the deformation of circular
tube can be determined by changing the nine independent variables and loads using
the finite element method.

Figure 1. Three-dimensional preliminary structure of the tube.
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Table 1. Assigned variable parameters.

Variable Parameters of Tube Assigned Symbols Ranges (mm)

Wall thickness of tube at L2 tL2 1–6
Wall thickness of junction of L1 and L2 tubes tL1L2 1–6

Wall thickness of tube at L1 tL1 1–6
Difference between outer radii of flange and tube wide 15–45 (depending on Minimum size of

tube and flange mounting screw space)
Wall thickness of flange tflange 1–6

Length of end of rib lerib 0–45
Axial length of rib larib 0–300

Thickness of rib trib 1–6

The complex structures were divided into many finite 3D elements (as shown in
Figure 2) using finite-element analysis software (ANSYS). A mesh containing tetrahe-
dral elements was generated to represent the tube, as shown in Figure 2. The stiffness
matrix for each element of the tube is given as follows:

{P}e = [k]e{δ}e. (2)

{P}e = [P1, P2, · · · Pi · · · Pk]
T represents the loads of all k nodes on a element, where

Pi = [Xi, Yi, Zi]
T are nodal loads in the x, y, and z directions of this element at node i

(i = 1 · · · k). [k]e is defined as follows:

k11 k12 k13 · · · k1i · · · k1j · · · k1m
k21 k22 k23 · · · k2i · · · k2j · · · k2m
· · · · · · · · · · · · · · · · · · · · · · · · · · ·
ki1 ki2 ki3 · · · kii · · · kij · · · kim
· · · · · · · · · · · · · · · · · · · · · · · · · · ·
km1 km2 km3 · · · kmi · · · kmj · · · kmm

,

where kij (i = 1 · · ·m, j = 1 · · ·m) is the ith nodal force of the element caused by unit
deformation of the jth degree of freedom of the element. kij is related to E (elastic
modulus of the material) and µ (Poisson ratio). The displacements generated at k nodes
are as follows:

{δ}e = [δ1, δ2 · · · δi · · · δk]
T , (3)

where {δi} = [ui, vi, wi]
T , and ui, vi, and wi are the displacement of the node i (i =

1 · · · k) in the x, y, and z directions, respectively, as shown in Figure 3.
Each element contains nodes, and adjacent elements have several common nodes.

The equilibrium equation of the tube is constructed based on these equilibrium con-
ditions. The equations of these elements that are generated around each node at
these junctions:

{P} = [K]{δ}, (4)

where {P} = [P1, P2, · · · Pn]T are the nodal loads on the overall structure. The loads
on the tube are due to its own weight and an external load (e.g., forces in different
directions). The whole structure has n nodes. {δ} = [δ1, δ2 · · · δn]T are the nodal
displacements of the overall structure. The displacements of the nodes represent
the deformation of the tube. According to the correspondence between each stiffness
coefficient of a element and each stiffness coefficient of the overall structure, the stiffness
coefficients of all the elements are superimposed to form the corresponding overall
stiffness coefficient, and the overall stiffness coefficient matrix is obtained as follows:

Krs = ∑
e

kij, (5)

where Krs is the rth nodal force caused by the unit deformation of the sth degree of
freedom of the entire structure [26,27].
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Figure 2. Meshed overall structure.

Figure 3. Tetrahedral element.

2.2. Optimization Analysis

The basic principle of the design optimization was to obtain the extreme value
of the objective function and the optimal design scheme using various optimization
methods, constructing the optimization model, and performing an iterative calculation
based on the requirements of the design.

The mathematical model of the optimization problem can be expressed as follows:
Fm(X) = F(x1, x2, · · · xn)
G(X) = G(x1, x2, · · · xn), i = 1, 2, · · · n
X = (x1, x2, · · · xn)T

, (6)

where Fm(X) is the objective function of the design variable, X is the design variable,
and G(X) is the state variable [28]. For the following tube, tL1, wide, tflange, tL2,
tL1L2, larib, lerib, trib, and the number of ribs were the design variables (x1, x2, · · · xn)T ,
for which upper and lower limits were specified, as shown in Table 1. The deformation
of the tube was the state variable G(x1, x2, · · · xn), which had an upper limit of 0.01 mm.
The weight of the tube was the objective function F(x1, x2, · · · xn), which was to be
minimized.

The optimization result was obtained by changing the values of the design vari-
ables using various optimization methods. There are many optimization methods,
such as screening, MOGA (multi-objective genetic algorithm), and NLPQL (non-
linear programming by quadratic Lagrangian). MOGA is an improvement based
on the non-dominated sorting genetic algorithm II. It supports multiple goals and
constraints. It requires an input of continuous parameters and provides greater ac-
curacy than the screening and NLPQL methods, which is ideal for calculating global
maximum/minimum values while avoiding local optimal traps. Thus, MOGA was
used in this study. The MOGA procedure is as follows. First, a population of a group of
individuals is generated. Each individual represents a potential solution to the problem.
Second, each individual’s fitness is evaluated, and individuals with high fitness values
are selected. Third, the individuals chosen are crossed and mutated, producing new
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groups. The second and third steps are repeated. After several generations, certain
convergence conditions are satisfied, and the optimal or approximate optimal solution
is obtained [29,30]. The minimum value of the weight of the tube was achieved using
MOGA with finite element analysis software.

2.3. Modeling and Optimization Based on CAD and CAE

CAD was used to model the tube structure in three dimensions and set the param-
eter values. The parameterized 3D model built using CAD software was imported into
finite element analysis software [31]. In ANSYS, the extreme value of the deformation
was set, and ranges of the structural parameters were selected. The design variables
were structural parameters. In ANSYS, the MOGA optimization method was selected
to design a tube such that its weight was minimized and the deformation met specific
requirements [32,33]. Finally, the structure was optimized by finite element analysis.
The specific process is shown in Figure 4.

For mechanical structures under a constant external force and with specified de-
formation constraints, this specific process can be used to achieve the lightest-weight
optimization target. The ranges of mechanical structural variables were set, and the
optimal combinations of these mechanical structural variables were obtained by simu-
lation analysis and optimization. This process can be used for the other constraints and
the mechanical structural variables as well.

2.4. Model of Tube with Eight Ribs

Circular tubes with ribs arranged around the outside are universal in production,
such as mirror tubes [34,35] and beams. At the beginning of modeling a tube structure,
the number of ribs which is most suitable is unknown. Too many ribs will increase the
calculation time of ANSYS, the processing time, and the difficulty of processing the
tube. According to general production practice, the number of ribs ranges from 0 to
20. In this range, a tube with eight ribs was selected, in order to optimize its structure,
in this study. The length of the tube and the size of its inner circumference were fixed
based on the requirements of the parts that are usually held by the tube. The structural
parameters that could be changed are as follows: the wall thickness of the tube, the
thickness of the flange, the diameter of the outer circle of the flange, the length of the
other end of the rib, the length of the rib in the axial direction of the tube, the thickness
of the rib, and the number of ribs around the tube.

A tube is used to support the two different circular parts. For simple processing
and assembly and to reduce the cost, tubes are typically circular. There is a flange at
the front of the tube and ribs around the outside of the tube. The flange is used to fix
the tube to another support flange.

In this study, the number of ribs was set to eight. These ribs were evenly distributed
in the circumference direction of the tube and were used to improve the tube’s bending
rigidity. Since many tubes are used in spaceflight, aviation, and green production, it is
increasingly important that the parts required are as light as possible. Many tubes in
precision equipment require high operating accuracies. Thus, tubes must be as light as
possible, and, in this study, the deformation of the tubes was required to be controlled
to ≤0.01 mm.
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Figure 4. Flowchart for structure optimization.

2.4.1. Definition of Fixed and Variable Parameters

The overall structure of the tube was obtained based on the sizes of the circular
parts held in the tube and its part length or working path, as shown in Figure 5. The
inner diameters of the tube were D1 = 30 mm and D2 = 20 mm. The tube lengths
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were L1 = 62.9 mm and L2 = 243.4 mm. The tube was constructed from aluminum
alloy 6061. The properties of the material were follows: density= 2.68× 10−6 kg/mm3,
Young’s modulus = 68.2× 103 MPa, Poisson’s ratio = 0.332, yield strength = 55 MPa,
tensile ultimate strength = 310 MPa, and shear modulus = 25,601 MPa. These were
fixed values, and the remaining structural parameters were variable.

Figure 5. Constant structural parameters of the tube.

The modeling was performed using CAD software (e.g., SolidWorks), and the
parametric design of the tube was carried out. The thicknesses of the two walls of the
tubes and the step connected thereto were regarded as three parameters. The thickness
of the flange at the front of the tube was the fourth parameter. The outer diameter of
the flange was the fifth parameter. The front of the rib was connected to the outermost
contour of the flange. The length of the end of the rib, the length of the rib in the axial
direction of the tube, the thickness of the rib, and the number of ribs were the sixth,
seventh, eighth, and ninth parameters, respectively. The preliminary structure of the
tube is shown in Figure 1. The variable parameters of the tube were assigned, as shown
in Table 1 and Figure 6.

Figure 6. Variable parameters of the tube.

2.4.2. Work and Constraint Setting and Parameterization

After defining the parameters, the 3D model built in SolidWorks was imported
into the finite element analysis software. The tube material was set, and the mesh was
generated based on the quality requirements of the analysis. When the analysis results
no longer changed with the size of the mesh, the mesh was no longer refined. The mesh
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quality was checked using the SKEWNESS function in ANSYS, with values between
0 and 1. SKEWNESS outputs 0 for the best mesh quality and 1 for the worst, and a
mesh quality of 0.95–1 is unacceptable. The result of this meshing structure is shown
in Figure 7. It met the mesh quality requirements for the computational analysis. The
bottom surface of the flange was fixed. In an actual design, the working load of the
structure under the worst conditions is taken as a fixed value for the design variables
of the structure. If this worst working condition is met, loads under other conditions
will also meet requirements of the structure. Based on the working force, the tube was
subjected to its own weight (the force was applied in the −y direction). In the worst
condition, the end of the tube was subjected to an external load of 23 N (in the −y
direction), as shown in Figure 8. The operating acceleration of the tube as well as the
buckling and torsion on the structure were neglected in this study. In other working
conditions, if the buckling and torsion effects are large, these loads can be added to
the structure and subsequently analyzed and optimized using the flowchart of the
structure optimization procedure shown in Figure 4. Appropriate size ranges for the
arguments based on the process and actual conditions were set to the values shown in
Table 1.

Figure 7. Meshed tube.

Figure 8. The tube is constrained and loaded.

These conditions and constraints were set, and the deformation analysis was
performed [36–38]. Next, the input variables, weight, and deformation were parameter-
ized. A two-dimensional curve of the variation of each input parameter with the output
parameter was plotted. Finally, the optimal combination and influence of various
parameters on the weight and deformation were obtained by optimization using the
finite element analysis software.
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3. Optimal Results and Analysis for Tube with Eight Ribs
3.1. Tube Deformation and Weight Change with Input Parameters and Avoidance of Worst
Input Parameters

Through finite element analysis, the relationship between the deformation of the
tube and the input parameters was obtained. For parameter tL1, within the range
of 1–6 mm, the variation of the deformation of the tube with the input parameters is
shown in Figure 9. At tL1 = 0.5 mm, the deformation had a maximum value of 0.5 mm.
At tL1 = 3 mm, the deformation was about 0.25 mm, and the deformation was also
large. Other parameters changed the deformation by <0.1 mm. There was no evident
variation trend, but the maximum deformation should be avoided. For parameters
wide, tflange, tL2, tL1L2, trib, larib, and lerib, the variation behaviors of the deformation
of the tube with the input parameters were similar to that of tL1. When wide = 15 mm,
tflange = 1 mm, tL2 = 1 mm, tL1L2 = 1 mm, larib = 100 mm, lerib = 0, and trib = 1 mm,
the deformation had a maximum value of 0.5 mm. There were no evident variation
trends, but maximum deformation should be avoided.

Figure 9. Variation of tube deformation with parameter tL1.

Based on the above analysis, there was no evident relationship between the input
parameters and deformation of the tube. However, tL1 = 0.5 mm, wide = 15 mm,
tflange = 1 mm, tL2 = 1 mm, tL1L2 = 1 mm, larib = 100 mm, lerib = 0, and trib = 1 mm
should be avoided because the deformation had a maximum value of 0.5 mm [39].
Large values of larib and lerib were desirable because the deformation was smaller.

3.2. Optimized Combination and Influence of Structural Parameters

For a deformation of ≤0.01 mm and the lightest weight constraint [40,41], a
decrease in the input parameters will reduce the weight. The amount of deformation
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may increase or decrease, but this is not known in advance. Based on the variation
ranges of the input parameters and the constraint requirements, the [42] finite element
analysis and optimization method can be used to obtain the optimal combination in
this range.

These parameters and the structure were optimized by a multi-objective genetic
algorithm. Based on the working performance requirement of the part held in the
tube path, the parameter ranges of the independent variables were set, and the con-
straint parameter deformation was set to a total deformation maximum of ≤ 0.01 mm.
For deformations of 0.01 mm or less, the working accuracy of the parts can be ensured.
To conserve material and reduce resource waste, the target parameter tube weight was
set to be minimized. The structure was subsequently optimized, and these optimization
results for eight ribs are shown in Table 2.

Table 2. Optimization results for eight ribs.

Parameters Optimization Results

tL1 (mm) 3.0835
wide (mm) 41.706

tflange (mm) 3.1258
tL2 (mm) 2.0547

tL1L2 (mm) 3.1845
larib (mm) 295.08
lerib (mm) 32.976
trib (mm) 1.6873

Geometry mass (kg) 0.64299
Total deformation maximum (mm) 0.0097804

A set of parameters optimized by the multi-objective genetic algorithm is shown.
Under the minimum weight constraint and the requirement that the deformation
was <0.01 mm, the parameter combinations were as follows: tL1 = 3.08 mm, wide =
41.71 mm, tflange = 3.13 mm, tL2 = 2.05 mm, tL1L2 = 3.18 mm, larib = 295.08 mm, lerib =
32.98 mm, and trib = 1.69 mm. Furthermore, the geometry mass = 0.643 kg and total
deformation maximum = 0.00978 mm.

As shown in Figure 10, the parameters that had a significant impact on the weight
were as follows: tL1, tL2, and trib. The less influential parameters were tflange and
tL1L2. The effects of the input parameters on the weight and deformation followed
similar trends.

Figure 10. Effect of input parameters on target parameters.

The above analysis yielded the optimal choice of the wall thickness and flange
parameters. The optimal choices of tflange (flange thickness), tL1 (the wall thickness
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of the tube at L1), and tL1L2 (the step thickness at the junction of the L1 and L2 tubes)
were close to 3 mm. The optimal value of tL2 (the wall thickness of the tube at the distal
end L2) had a smaller value of 2 mm. The optimal value of wide (the difference between
the outer radius of the flange and the outer radius of the tube) had a substantially
larger value of 42 mm. The optimal values of the structural parameters of the ribs were
obtained as follows. larib (the axial length of the rib) was 295.08 mm. The value of
295.08 mm was approximately 2% less than 301 mm (which was the value of L1 + L2).
lerib (the length of end of the rib) was 32.98 mm, and this value was close to the optimal
value of wide. trib (the thickness of the rib) was 1.69 mm, which was the minimum.

Evidently, the optimal dimensions of the tube cannot be selected based on intuition.
Some of the features of the optimal structure of the tube with eight ribs could be used
to evaluate whether other circular tube structures are reasonable overall.

4. Parameter Optimization under Different Rib Numbers
4.1. Parameter Optimization and Discussion

In the previous section, optimal parameters were obtained for a tube with eight
ribs. However, the number of ribs on the tube can also be varied. To address this
possibility, the number of ribs was varied from 0 to 20, and the other parameters were
adjusted based on the number of ribs. The unchanged parameters were the same as
those of the tube with eight ribs.

In the absence of ribs, the deformation of the tube was same when the tube with
the same structural parameters was subjected to the same bending moment at the fixed
point on its axis in any direction. For the case of one rib, the deformation of the tube
with the same structural parameters was minimal when the direction of the bending
moment and the weight were in the direction of lerib (parallel to the largest surface of
the rib), and it was subjected to the same bending moment at a fixed point on the axis,
as shown in Figures 11 and 12. However, in actual use, due to the rotation of the tube
or changes in the applied force, the force direction is sometimes in the direction of lerib,
whereas other times it is in the direction of the trib. To ensure that the deformation of the
tube meets the requirements during operation, it is necessary to analyze and calculate
the worst working force (the force acts in the trib direction). In other force directions,
the tube’s deformation will meet the requirements if the deformation of the tube is
≤0.01 mm under the worst working force. First, the tube had one rib when the force
was applied in the direction of trib, as shown in Figure 13. The optimized parameters
of the tube were obtained. Based on the analysis for one rib, the number of ribs was
subsequently incremented. These ribs were evenly distributed in the circumferential
direction of the tube. The tubes were analyzed, and the optimization parameters of the
tubes were obtained for different ribs bearing the same force.

Figure 11. Directions of forces in the lerib direction.
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Figure 12. Deformation of tube.

Figure 13. Direction of force in the trib direction.

Finally, the optimal results for the combination of input parameters with different
numbers of ribs are shown in Table 3. The optimal difference between the outer radii
of the flange and the tube was 15.1–43.2 mm. The axial length of the rib was 2–48.8%
lower than the maximum value (L1 + L2). The length of the end side of the rib was not
0 mm; rather, it was 2.4–45.5% shorter than the front of the rib. When the number of
ribs varied within the range of 0–20 for the same inner diameter and length, the weights
with 3–20 ribs were smaller when the deformation of the tube was less than 0.01 mm,
and the weight with two ribs was the largest. Beyond four ribs, the weight reached a
stable value, as shown in Figure 14. The weight with four ribs could be reduced by up
to 52.8% compared to the weight of the tube without ribs and up to 59.5% compared to
the weight of the tube with two ribs.

Figure 14. Effect of number of ribs on weight. The red points represent the weight with different
numbers of ribs obtained from the simulation. The * points represent the weight with different
numbers of ribs on the lines.

The structural performance without ribs or with two ribs was particularly poor.
However, using too many ribs would be inconvenient and increase the cost. Therefore,
it is necessary to select an appropriate number of ribs based on the optimization.
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4.2. Experiment

The simulation results were validated with a test piece. The test piece weighed
1.727 kg, which was approximately equal to the two-rib-optimized tube weight of
1.721 kg, as shown in Table 3. The test piece had the same dimensions and was
composed of the same material as the two-rib-optimized tube, as shown in Table 3.

Table 3. Optimal combination of parameters for different numbers of ribs.

Number
of Ribs

Parameters
tL1

(mm)
wide
(mm)

tflange
(mm)

tL2
(mm)

tL1L2
(mm)

larib
(mm)

lerib
(mm)

trib
(mm)

Weight
(kg)

Defor
Mation

Maximum
(mm)

0 16.6 15.1 9.1 13.8 6.5 - - - 1.476 0.01
1 14.1 21.5 5.1 14.9 9.04 154 12.6 5.54 1.52 0.01
2 14.5 34.5 6.2 14.2 9.6 168.2 20.9 7.8 1.721 0.01
3 5.8 39.8 3.3 2.7 6 274.2 36.2 4.2 0.699 0.01
4 5.9 39.8 3.5 2.7 2.7 274.2 35.8 3.1 0.697 0.00992
5 3.4 32.2 2.7 2.9 2.7 274.3 31.3 4.1 0.739 0.00995
6 2.3 40.9 3.1 4.1 5 294 24.4 2.5 0.718 0.00997
7 1.9 41 1.1 2.8 1.3 274.6 28 2.5 0.628 0.0099
8 3.1 41.7 3.1 2.1 3.2 295.1 33 1.7 0.643 0.00978
9 2.1 41.6 2.2 2.1 1.3 286 28.3 1.8 0.616 0.00999
10 1.4 40 3.1 3.5 0.7 292.7 24.1 1.7 0.707 0.00986
11 1.9 38.6 2.0 2.9 0.8 282.1 33.3 1.5 0.656 0.01
12 1.6 39.6 1.4 2.2 2.5 287.8 21.6 1.7 0.642 0.00994
13 1.1 43.5 1.6 2.6 2.9 272.4 37.8 1.1 0.603 0.00998
14 1.4 40.6 1.2 2.4 1.8 283.9 35 1.1 0.608 0.01
15 1.1 41.5 1.1 1.8 0.7 292.2 40.4 0.9 0.583 0.00993
16 1.5 41.1 1.1 2.4 1.9 272.3 40.1 0.9 0.608 0.00999
17 1.5 42.9 0.6 1.3 1.2 278.9 30.8 1.0 0.603 0.00999
18 1 41.8 0.95 2.8 0.6 283.9 37.1 0.8 0.6 0.00999
19 0.7 43.2 1.5 1.6 0.6 277.2 37.1 0.8 0.609 0.00982
20 0.7 43.2 1.5 1.5 0.6 277.5 37.1 0.8 0.605 0.00994

A test was conducted in which the tube was fixed on a large, stable working
platform, as shown in Figure 15. A micron gauge was placed at the end of the tube,
and a force of 23 N was applied perpendicular to the direction of the rotation axis of
the tube using a force gauge opposite to the micron gauge. After the measurement, the
end deformation of the tube was 0.0082 mm.

Figure 15. Method of fixing the tube.
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The measured values of the test method were about the same as the simulation
result, as shown in Figure 16, which satisfied the requirements. The simulation results
were reliable for this case.

Figure 16. Simulation of the tube.

5. Structural Optimization of Different Diameter Tubes and Different Ribs
5.1. Optimized Structure of Different Tube Diameters and Optimal Number of Ribs

Under the same maximum deformation of 0.01 mm and axial lengths of the tubes,
the positions and directions of the forces for tubes with different diameters were the
same as those in Figure 8, and the symbols for the various structural parameters were
the same as those in Table 1. The tubes were composed of the same material as the
two-rib-optimized tube, as shown in Table 3. The magnitude of the force was varied,
and the thickness range of the tubes was required to be 0.5–30 mm to be suitable for
actual production. Using the flowchart of the structure optimization procedure shown
in Figure 4, 63 sets of optimized structures with different sizes of the circular tubes and
different numbers of ribs were obtained. These sets are shown in Table 4.

Based on the optimized results in Tables 3 and 4, the optimal differences between
the outer radii of the flange and the tube were 26.9–195% of the outer radii of the tubes.
The difference between the length of the end side of the rib and the front of the rib
were 0.7–76.7% of the front of the rib. The axial length of the rib was 51.2–98.7% of the
maximum value (L1 + L2). The optimal shape of the rib was trapezoidal.

As shown in Figure 17, the weights of the tubes reached stable values after four
ribs were added. When the number of ribs was two, the weight was the largest.

Figure 17. Effect of number of ribs on the weight. The red points represent the weights with
different numbers of ribs obtained by the simulation. The other symbols represent the weights
with different number of ribs on the lines.
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Table 4. Optimal combination of parameters for different sizes of circular tubes.

Number of
Ribs

Parameters
tL1

(mm)
wide
(mm)

tflange
(mm)

tL2
(mm)

tL1L2
(mm)

larib
(mm)

lerib
(mm)

trib
(mm)

Weight
(kg)

Deformation
Maximum

(mm)

D1
(mm)

0 10.3 16.3 6.4 9.46 7.28 - - - 0.581 0.00998

20

1 7.9 19.4 6.66 10.7 10.1 203 9.9 6.17 0.667 0.00999
2 9.21 15.8 6.97 9.75 7.46 196 9.14 6.87 0.672 0.00997
3 1.57 30.3 3.07 3.21 2.8 265 43 1.13 0.235 0.00962
4 1.78 38.6 1.39 1.17 1.82 265 10.8 1.44 0.18 0.00981
5 1.68 34.8 1.61 1.31 0.864 292 31.2 0.634 0.161 0.00984
6 3.39 28.6 0.635 1.1 1.72 278 29.4 0.679 0.166 0.00992
7 1.7 39 0.569 1.13 2.11 258 28.6 0.537 0.147 0.00995
8 0.748 35.1 0.558 1.13 3.54 269 19.7 0.623 0.146 0.00985
9 3.9 27.1 2.27 1.02 2.46 269 29.1 0.601 0.215 0.00862

10 0.669 29.2 2.27 1.28 2.04 256 29.4 0.596 0.189 0.00991
11 0.802 35.1 1.05 0.982 0.947 257 19.7 0.592 0.175 0.00976
12 0.6925 37.17 0.56 3.83 2.45 196.1 10.61 1.04 0.279 0.0099944
13 1.46 33.41 4.69 3.39 2.63 232.63 14.34 0.53 0.28 0.0095
14 1.46 33.41 0.77 3.39 2.63 241.46 14.33 0.51 0.23 0.0091603
15 2.09 28.4 0.654 1.8 2.41 247 21.4 0.528 0.211 0.00931
16 1.35 29.17 0.648 2.25 1.42 284.7 8.98 0.57 0.218 0.0088
17 1.19 33.5 1.12 1.62 2.53 242 14.6 0.521 0.212 0.00996
18 0.693 37.7 1.14 2.65 2.81 218 11 0.647 0.261 0.00999
19 1.5 27.8 0.93 2.37 4.47 237 8.62 0.994 0.307 0.00825
20 1.29 23.5 0.81 3.75 2.54 247 18.1 0.458 0.255 0.00975

0 22.5 23.7 10.8 18.9 18.1 - - - 3.52 0.0098

50

1 21.7 34.7 5.53 19.8 18 295 18.1 8.45 3.73 0.00999
2 20.7 43.3 7.28 20.6 11.2 249 49.2 11.9 4.49 0.0099
3 7.99 54.6 1.73 8.71 1.54 276 49.4 8.93 2.26 0.00942
4 5 54.6 5 8.01 1.6 260 33 8.5 2.24 0.01
5 5.67 54.6 1.91 8.71 1.49 276 26.3 6.95 2.19 0.00988
6 3.81 54.1 1.5 3.16 5.91 283 28.1 9.24 2.25 0.00953
7 3.3 54.1 4.89 2.9 5.39 283 28.1 7.25 2.23 0.00999
8 3.3 45.6 1.71 7.55 2.68 263 21.1 7.29 2.26 0.00994
9 4.74 45.1 5.73 2.5 9.26 297 48.3 5.13 2.4 0.00981

10 9.38 45.6 1.99 7.62 4.45 248 19 5.18 2.29 0.00997
11 1.14 50.8 5.41 8.87 0.716 265 34.5 4.04 2.47 0.00941
12 8.45 45.6 1.84 7.75 4.4 248 19 4.69 2.35 0.00961
13 8.45 45.6 1.84 6.87 4.04 248 19 4.69 2.37 0.00955
14 4.28 51.3 0.774 7.65 2.11 297 24.6 2.98 2.17 0.00987
15 4.04 39.6 5.03 5.01 2.55 283 24.6 4.55 2.46 0.00988
16 1.06 50.8 4.7 3.84 0.691 261 34.5 3.63 2.32 0.00996
17 3.46 51.4 1.74 7.2 5.59 254 32.8 2.8 2.24 0.00952
18 7.21 32.9 7.21 7.21 7.21 205 20.5 7.21 3.08 0.00966
19 2.48 50 3.07 4.53 1.80 295 12.72 3.47 2.27 0.0097
20 4.18 43.7 2.4 4.33 2.78 242 30.7 4.29 2.73 0.00977

0 27.9 40.3 6.96 27.7 8.53 - - - 9.1 0.01

100

1 27.6 26.9 14.5 27.9 8.66 198 26.3 18.2 9.51 0.00977
2 26 42.5 26 26.8 24.4 212 40.4 5.77 10.4 0.0098
3 15.4 91.2 3.28 18.5 8.58 236 51.3 14.3 7.55 0.00996
4 8 80 3.5 15.2 8.6 268 50 18 7.49 0.00984
5 8.49 60.5 4.53 16.7 20.4 204 54.8 22.8 8.04 0.00993
6 18.3 78.5 4.46 17.5 5.85 217 21.5 11.8 7.68 0.00962
7 5.25 78.5 3.94 17.9 1.8 241 36 11.4 7.54 0.00956
8 13 91.7 1.33 14.2 2.87 278 76.1 5.46 6.79 0.00997
9 8.51 91.4 3.32 18 13.9 258 21.8 6.81 7.21 0.00989

10 11.6 79.6 2.85 17.9 11.4 257 21.5 6.7 7.26 0.00984
11 6.23 87.9 1.33 8.85 18.5 248 27.5 12.3 7.44 0.00998
12 7.08 87.9 1.89 8.85 18.5 250 23.2 11.4 7.46 0.00999
13 8.14 81.8 3.14 16.4 13.9 252 21.4 6.06 7.05 0.00995
14 3.03 75.4 8.3 12.6 17.8 218 20.7 10.2 7.54 0.00989
15 7.72 91.7 3.81 16.2 13.9 252 21.4 4.67 7.06 0.00991
16 1.65 86.7 1.71 10.6 5.92 263 38.1 6.93 7.22 0.00959
17 7.72 91.7 3.81 15.3 12.5 254 21.6 4.43 7.09 0.00974
18 16.9 65.2 3.94 10.2 6.32 247 32 6.91 7.8 0.00979
19 2.86 75.4 9.01 12.5 15.9 218 20.7 7.81 7.71 0.0098
20 7.72 91.7 2.99 16.2 12.5 252 21.4 3.75 7.11 0.00961
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5.2. Analysis and Judgment Method of Optimal Number of Ribs

According to Figure 18, the deformation of a tube can be expressed as follows [43]:

De f ormation = Fx2(3l − x)/(6EI) + Gx2(3a− x)/(6EI),
(0 ≤ x ≤ a),

(7)

De f ormation = Fx2(3l − x)/(6EI) + Ga2(3x− a)/(6EI),
(a ≤ x ≤ l).

(8)

The parameters F, E, l, N0, and N1 were specified. F is the load, E is the Young’s
modulus, l is the total length of the tube, a is the distance from the tube’s center of
gravity to the fixed end, I is the moment of inertia, N1 is the outer diameter of the
tube, and N0 is the inner diameter of the tube. A reasonable arrangement of the tube
cross section at any x position can ensure that the weight is minimized under the
minimum cross-sectional area while keeping I the same to achieve the same maximum
deformation requirements. To increase the bending rigidity of the tube, ribs were added
around the tube. There are two extreme conditions for the arrangement of the ribs:
(a) the side of the rib must be parallel to the x-axis, as shown in Figure 18; and (b) the
side of the rib must be parallel to the y-axis, as shown in Figure 19.

Figure 18. Side of the rib is parallel to the x-axis.

(a) First extreme rib arrangement:
In this arrangement, the side of the rib is parallel to the x-axis and vertical to the

direction of the load, as shown in Figure 18. Ix1 is the moment of inertia about the
x-axis of the annular cross-section of the tube and Ix2 is the moment of inertia about
the x-axis of the rectangular cross-section of the rib. These are defined as follows:

Ix1 = 3.14(N4
1 − N4

0 )/64 = 3.14(N2
1 − N2

0 )/4× (N2
1+

N2
0 )/16 = A1(N2

1 + N2
0 )/16

, (9)

and Ix2 ≈ t3b/12 = A2t2/12. b is the length of the side of the rib and t is the thickness
of the rib in the cross-section of the tube, which is vertical to the direction of tube’s
axle, as shown in Figure 18. A1 is the area of the annular cross-section and A2 is
the area of the rectangular cross-section. In production, t is small relative to N1 and
N0, so t2/12 < (N2

1 + N2
0 )/16. The rigidity of a tube with a rib in this direction is

reduced compared to that of a tube without ribs, and the same maximum deformation
can be achieved only by increasing the weight of the tube with one rib, as shown in
Tables 3 and 4.

In the case of A1 = A2, the judgment condition of Ix2 > Ix1 can be obtained:

t2/12 > (N2
1 + N2

0 )/16, (10)

where N1 > N0, and N1 is closer to N0. In the case of t2/12 > (N2
1 + N2

1 )/16 >
(N2

1 + N2
0 )/16, the formula for determining how adding ribs in this direction can im-

prove the rigidity of the tube is derived as follows. With t2/12 > (N2
1 + N2

1 )/16, it can
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be determined that t2/12 > N2
1 /8, and, thus,

t > 60.5/2N1. (11)

With A1 = 3.14(N2
1 − N2

0 )/4 = A2 = bt and t > 60.5/2N1, the following can be
obtained:

t = 3.14(N2
1 − N2

0 )/(4b) > 60.5/2N1, (12)

and, thus,
3.14× 60.5(N2

1 − N2
0 )/(12N1) > b. (13)

Finally, to increase the rigidity of the tube compared to the case without ribs,
the parameters of the rib should satisfy below conditions:

t > 60.5/2N1, b < 3.14× 60.5(N2
1 − N2

0 )/(12N1). (14)

Formula (14) is referred to as the AWATR (appropriate width and thickness of ribs
can improve the bending rigidity of the tubes). Since A2 is unchanged, A2 = bt. Thus,
if t increases significantly, b will decrease significantly.

Using the AWATR, CAD, CAE, and the method in the flowchart in Figure 4, differ-
ent optimized structures with the side of the rib parallel to the x-axis were obtained,
as shown in Table 5. In these cases, trib = t and lerib = b, as shown in Table 5, and the
parameters had the same meaning as the corresponding parameters in Table 4.

Under the same deformation and material, the different specifications of the
tubes in Table 5 resulted in lighter tubes than the corresponding tubes without ribs
in Tables 3 and 4. The results in Table 5 obtained by CAD and CAE simulations were
consistent with the above analysis, i.e., adding an optimized rib with the side of the rib
parallel to the x-axis of the tube can increase its rigidity compared to the tube without
ribs, which can be predicted with the AWATR.

Table 5. Optimized structures with the side of the rib parallel to the x axis.

Number of
Ribs

Parameters
tL1

(mm)
wide
(mm)

tflange
(mm)

tL2
(mm)

tL1L2
(mm)

larib
(mm)

lerib
(mm)

trib
(mm)

Weight
(kg)

Deformation
Maximum

(mm)

D1
(mm)

1

2.42 30.1 0.994 4.01 1.37 208 4.16 59.4 0.283 0.00962 20
6.35 16 9.61 6.28 7.98 227 7.54 93.1 0.95 0.00978 30
12.6 31 9.98 14.6 7.29 225 14.2 111 3.07 0.00991 50
25.1 33 18.6 22 20.4 196 13.1 196 8.66 0.00978 100

Figure 19. Side of the rib was parallel to the y-axis.

(b) Second extreme rib arrangement:
In this arrangement, the side of the rib is parallel to the y-axis and the direction of

load, as shown in Figure 19. The moments of inertia are defined as follows:

Ix1 = A1(N2
1 + N2

0 )/16, (15)
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Ix2 ≈ b3t/12 + (N1 + b/2)2bt = A2[b2/12 + (N1 + b/2)2]. (16)

In Case (a), Ix2 ≈ A2t2/12. In this case, Ix2 ≈ A2[b2/12 + (N1 + b/2)2]. In
production, b > t, so the value of [b2/12 + (N1 + b/2)2] is much larger than t2/12.
Thus, the rigidity of Case (b) is better than that in Case (a).

When A1 = A2, b2/12 + (N1 + b/2)2 = b2/12 + N2
1 /2 + N2

1 /2 + b2/4 + bN1 =
N2

1 /2 + N2
1 /2 + b2/3 + bN1, where N1 > N0. Thus, N2

1 /2 + N2
1 /2 + b2/3 + bN1 >

(N2
1 + N2

0 )/16, Ix2 > Ix1. The tube with the rib arrangement in Case (b) is lighter than
the tube without ribs.

In Case (a), because the shape of the tube’s cross-section under this coordinate
system is symmetric about the x-axis, Ixy =

∫
xydA = 0. Ix = Ix1 + Ix2 ≈ A1(N2

1 +
N2

0 )/16 + A2t2/12, Iy = Iy1 + Iy2 ≈ A1(N2
1 + N2

0 )/16 + A2[b2/12 + (N1 + b/2)2],
Ix < Iy. Ix is the moment of inertia about the x-axis of the cross-section of the tube.
Iy is the moment of inertia about the y-axis of the cross-section of the tube. Ixy is the
product of inertia about the x-axis and y-axis of the cross-section of the tube. Iy1 is
the moment of inertia about the y-axis of the annular cross-section of the tube and
Iy2 is the moment of inertia about the y-axis of the rectangular cross-section of the rib.
Thus, Ix is the minimum moment of inertia about the x-axis of the cross-section of the
tube [43], and, therefore, the rib at this position causes the structure to be heavier than
the structure with the rib in the other direction under the same deformation. There are
at most two ribs in Case (a) around the tube, so the optimized tube with two such rib
placements was the heaviest structure, as shown in Figure 17. In Case (b), because the
shape of the tube’s cross-section under this coordinate system is symmetric about the
y-axis, Ixy =

∫
xydA = 0. Ix = Ix1 + Ix2 ≈ A1(N2

1 + N2
0 )/16+ A2[b2/12+ (N1 + b/2)2],

Iy = Iy1 + Iy2 = A1(N2
1 + N2

0 )/16 + A2t2/12, Ix > Iy. Therefore, Ix is the maximum
moment of inertia about the x-axis of the cross-section of the tube, and the rib at this
position causes the structure to be lighter than the other direction of the rib under the
same deformation. There are at most two ribs in Case (b) around the tube.

In experiment described in Section 4, the worst operating conditions were con-
sidered, and the number of ribs gradually increased. Therefore, as shown in Figure
17, the weight of the tube increased from zero ribs and reached the maximum weight
when the number of ribs was two. When the number of ribs increased to three, the
weight of the tube began to decrease. The weight of the tube as the number of ribs
increased from one to four exhibited a very steep, linear drop. The weights of the tubes
with more than four ribs were stable values, as shown in Figure 17. The analysis results
of Cases (a) and (b) were consistent with the CAD and CAE simulation results.

Based on the above analysis, in actual production, when designing a circular beam
with an indefinite direction of the force, selecting four ribs can ensure a satisfactory
design structure. Meanwhile, for the comparison of tubes with and without ribs,
the above relationship between the rib thickness and tube diameter can be conveniently
used to determine which structure is stronger.

5.3. Different Rib Shapes and Circular Tubes

For the same inner diameter of the tube, tubes with different rib shapes and
without ribs were compared. One end of each tube was fixed, and the same force was
applied to the other end of the tube. The maximum deformation amounts of the tubes
were the same, and the total lengths of the tubes were the same. In this comparison,
the tubes were constructed from aluminum alloy 6061. The inner diameter of the tube
was D = 123 mm, and the force on the other end of each tube was F = 230 N. The
maximum deformation of the tubes was 0.01 mm, and the total length of each tube
was 300 mm. By changing the tube thickness and the structural parameters of the
ribs, the weights of these different optimized tube shapes were compared, and the
lightest structure was obtained. There were eight types of tubes, labeled Tubes (a)–(h),
as shown in Table 6.

The variable parameters used in the optimization process of each type of tube
were different. For Tube (a), the thickness of the straight tube was changed. For Tube
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(b), the thickness of the bottom of the tube and the cone angle of the tube were changed.
For Tube (c), the optimization method proposed by Zhang et al. [44] was used to
change the thickness of the tube. For Tubes (d) and (e), the rib and tube thicknesses
were changed. For Tube (f), the optimization method proposed by Zhang et al. [45] was
used to change the thickness of the tube and ribs at the same time. For Tube (g), the
optimization method was used to change the thickness of the tube, the thickness of the
rib, and the length of each side of the rib starting from a rectangle as the initial shape.
For Tube (h), the optimization method proposed in Section 2.4 was used to change the
thickness and outer diameter of the flange, the thickness of the tube, the thickness of
the rib, and the length of each side of the rib starting with a rectangle as the initial
shape. Finally, the weights of the different optimized tubes were obtained. Type (h)
tube was the lightest. This structure is also convenient for manufacturing.

Table 6. Comparison of different circular tubes.

Type Shape Constraints and Loads Deformation Maximum Weight (kg)

(a) 0.01 mm 1.75

(b) 0.01 mm 1.5

(c) 0.01 mm 1.8

(d) 0.01 mm 1.67

(e) 0.01 mm 1.56

(f) 0.01 mm 1.27

(g) 0.01 mm 1.17

(h) 0.01 mm 1.01
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6. Conclusions

CAD, CAE, and the multi-objective genetic algorithm were used to optimize
the multiple parameters of complicated circular tubes in the present work. A tube
with eight ribs was initially optimized. Circular tubes with different numbers of ribs
and different tube shapes were subsequently optimized. The tubes were subjected
to their weight and their ends were subjected to a bending moment in an uncertain
direction, as simulated and optimized. The influence of each parameter of the tube
on the deformation and weight and the optimal results for different tube shapes
were obtained.

(1) When analyzing the influence of the parameters on the tube’s deformation and
weight with eight ribs, some important phenomena were found. Large values
of larib and lerib are desirable, as they yielded smaller values of the deformation.
The wall thicknesses of the tube at L1 and L2 and the thicknesses of the ribs had
significant effects on the weight and deformation.

(2) Then, the tubes with different ribs and shapes were analyzed. The axial length
of an optimal rib was more 50% of the length of the tube, while the optimal rib
was trapezoidal. The tube with two ribs was the heaviest. The weights of the
optimized tubes reached stable values after four ribs were added. The weight with
four trapezoidal ribs and a flange could be reduced by up to 73.2% compared to
the weight of the optimized tube with two ribs when D1 = 20 mm. The weight of
the optimized tube with four trapezoidal ribs and a flange was 15.8–73.2% lighter
than existing optimized tubes while maintaining the same deformation.

(3) Furthermore, the AWATR to predict the rigidity of tubes, with or without ribs,
was derived. The tubes were simulated, and the results were consistent with
the formula. The analysis was given, and the results were consistent with the
simulation results.

To obtain small deformation and low weight, the structural parameter trends
found from the results of the optimized tubes, an optimized tube with four trapezoidal
ribs and a flange, can be referenced for the design of other types of circular tubes when
the direction of the bending force is unknown. The obtained innovative tube with
four trapezoidal ribs and a flange provides an efficient material-saving configuration.
The AWATR can be utilized for the design of other circular tubes when the direction
of the bending force is vertical to the side of the rib. The side of the rib is connected
to the circular tube. The above optimization results can also be used to improve the
bending rigidity of the structure under the same weight. This can reduce the number
of time-consuming experiments and the waste of funds.
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