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Abstract

:

This article considers the competition between the propagation of traditional product information and innovative green product information, and it proposes a hybrid model with advertisement and promotion strategies. On this basis, an innovation green product information propagation model is developed through the optimization of the advertisement strategies of the adopters of innovative green product information and the promotion strategies of the adopters of traditional product information, according to Pontryagin’s maximum principle to seek the optimal strategies for maximizing the influence of innovative green product information, and using numerical calculations to simulate the propagation state of product information. The results show that advertisement strategies play a decisive role in the propagation of innovative green product information in the market. If the promotion strategies are also considered, the propagation effect of innovative green product information will be more effective.
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1. Introduction


With the advancement of technology and urbanization, environmental problems are becoming more and more serious. People’s awareness of environmental protection has increased, the concept of green consumption has gained popularity, and innovative green products are favored [1,2,3]. Production of innovative green products is considered one of the key factors in achieving growth and environmental sustainability, and in improving quality of life [4]. Green product innovation requires the attention of scholars and important continuous research to support managers and enterprises interested in green product marketing [5]. Green product marketing plays a positive role in promoting the popularization of green consumption [6,7], and, in particular, the emergence of online social networks (OSNs) has changed the existing marketing methods and competition rules for product propagation [8]. Individuals always search their favorite product information through the OSNs without having to go to the site [9,10,11]. As a result, the competition of green products has gradually evolved into the competition of green product information propagation.



Information propagation can be traced back to the classic rumor propagation model (DK model) proposed by Daley and Kendall in 1964. The DK model is the basis for exploring information propagation [12]. Then, Maki and Thomson proposed the MT model based on the modification of the DK model [13]. With the emergence of complex networks, a new viewpoint and tool to study information propagation was provided. Watts and Barabasi discussed information propagation from the perspective of complex networks [14,15]. Based on the process of information propagation and various influencing factors, summarizing the basic law of innovation propagation in social systems, Rogers proposed the S curve theory of innovation propagation, and the theory has continually improved from different perspectives [16]. After Rogers, Bass proposed an innovative purchase model called the Bass model [17]. It provided an important market analysis and forecasting tool, and then subsequent research on market propagation was proposed [18,19,20]. At the same time, the rationality of the innovation propagation model has been effectively explained from various angles, and the innovation propagation theories have been further developed. Robinson involved price into the Bass model and studied the price function to improve the predictive ability of the model [21]. Kalish introduced market potential into the Bass model and used the functional relationship between market potential and price to study the propagation rate of products [22]. Easingword relaxed the assumption that the model coefficients were fixed and constructed a more flexible and non-uniform innovation propagation model [23].



With the advent of the green era, consumers’ purchasing demands have changed, and the propagation of innovative green product information has become a research hotspot for scholars. From the perspective of enterprise competitiveness, green innovation products play an important role in improving the competitiveness of enterprises. The importance and potential of green innovation in the hotel industry in Malaysia in promoting the sustainable performance of the hotel industry have been highlighted [6]. Li’s research showed that enterprise green technology innovation ability has a significant positive impact on enterprise competitiveness [24]. From the perspective of consumer psychology, psychologists discovered many years ago that building good information could change human behavior and attitudes [25,26,27]. Heidenreich indicated that the promotion of green product information can enhance consumers’ purchasing intention for green products to a certain extent [28]. Leonidouetal’s research on the content of green advertising found that if the audience is differentiated between enterprise-oriented and consumer-oriented, green advertising focuses more on consumers [29]. Mishra studied the difference in the effect of increasing the quantity without a price increase and the sales of green food, and the results showed that price discounts are effective for non-green foods, and the promotion of green food without a price increase is more effective [30]. Regarding the study of competitive propagation, the Norton model was proposed based on the case study of the propagation of four generations of computer random access memory products [31]. Chitra studied the impact of consumers’ environmental awareness on their purchase of green products and showed that the more environmentally conscious consumers were, the more likely they were to buy green products [32]. Lee incorporated environmental concerns into new product development and proposed a way to enhance business competitiveness through green new product development activities [33]. In the context of powerful practical applications, an increasing number of scholars have studied and discussed the issue of competitive propagation from different perspectives. Li proposed a competitive propagation model from the perspective of predictive propagation and pointed out that when competitive propagation exists, word of mouth was mainly determined by the information of the product itself and the brand [34]. Schramm believed that the factors that affect the proliferation of competition include prices and promotion strategies [35]. Tashiro proposed a new method of estimating the number of advertisements with fitted parameters and used this model to predict iPod and iPhone sales data [36]. However, there are few studies on the optimization of multi-angle marketing strategies for innovative green products. Especially in the fierce market competition, the propagation of innovative green products requires not only advertisement strategies for potential customers but also promotion strategies for the adopters of traditional product information. Traditional products in this paper refer to traditional non-green products, which may harm the environment in their whole life cycle. In the context of sustainable development, we define innovative green products as products that enterprises produce new categories of, and that identify and respond to new green markets. We believe that the fundamental difference between traditional products and innovative green products lies in their function of improving the environment and the quality of social life. In the propagation process, consumers choose between innovative green products and traditional products. These two types of products are homogeneous in function and heterogeneous in environmental attributes.



This article considers the real market situation and combines the advertisement and promotion strategies in market competition propagation to expand the influence of propagation of innovative green product information. Since the advertisement strategies and promotion strategies are closely related to the propagation process of innovation green product information and traditional product information, we establish an innovation green product information propagation model with advertisement–promotion strategies.



This paper is organized as follows: Section 2 models the advertisement–promotion strategies as a hybrid model, and Section 3 presents the optimal system to seek the strategies for maximizing the influence of innovative green product information based on Pontryagin’s maximum principle. Section 4 experimentally examines the validity of the advertisement–promotion strategies. Section 5 concludes this work.




2. The Modeling of the Advertisement–Promotion Strategies


Discussing and researching the information propagation strategies of innovative green products make enterprises more market-competitive. Well-known examples such as the propagation of Philips’s lighting LED lamp and fluorescent energy-saving lamp series products quickly gained market shares by the research of the high efficiency and low energy consumption of green lighting. We consider the existence of both innovative green product information and traditional product information, which have homogeneity in function and heterogeneity in environmental attributes, and there exists three types of consumer groups: (1) the potential consumers who never receive any information; (2) the adopters of innovative green product information who receive information about innovative green products and choose to purchase them; (3) the adopters of traditional product information who receive information about traditional products and choose to purchase them. On the one hand, advertisement strategies will affect consumers’ acceptance of innovative green products and purchase behavior. A portion of potential consumers in social networks are influenced by external factors such as advertisement and may turn into the adopters of innovative green product information. On the other hand, the implementation of reasonable promotion strategies can also effectively promote the propagation of innovative green product information. Under the influence of promotion strategies implemented for the adopters of traditional product information, the adopters of traditional product information may turn into the adopters of innovative green product information. At the same time, word-of-mouth marketing can satisfy consumers’ mentality of acquiring information, and strong word of mouth can improve the conversion rate of the adopters of innovative green product information. Considering the word of mouth effect, the adopters of innovative green product information may turn into the adopters of traditional product information after interacting with the adopters of traditional product information; similarly, the adopters of traditional product information may turn into the adopters of innovative green product information after interacting with the adopters of innovative green product information. Enterprises hope to expand the market of innovative green products through the above three ways, so that innovative green products can quickly occupy the market. Based on the optimization of the marketing strategies of innovative green products, this article is dedicated to formulating advertisement strategies and promotion strategies to maximize the influence of innovative green product information.



2.1. Preliminary Terms and Notations


In the fierce market competition, enterprises expand the influence of innovative green product information through three ways of advertisement and promotion strategies, plus word-of-mouth marketing of customers. As advertisement strategies and promotion strategies are the most direct methods for companies to implement, this article mainly starts from these two strategies. Consider a population of persons labeled 1 through  N  who are interconnected by OSNs.    a  i j     refers to whether person  i  can send a message to person  j . Let   A = (  a  i j    )  N × N     denote the adjacency matrix of the underlying communication network of the population, i.e.,    a  i j   = 0    or   1    according to whether the person can send messages directly to person  i  or not.



We assume that traditional product information and innovative green product information will compete in the consumer market. Suppose an advertisement of an innovative green product implemented for potential consumers and promotion strategies implemented for the adopters of traditional product information are propagating in the population in the finite time   [ 0 ,  t f  ]  . Assume that at any time in the time horizon, every person in the population is in one of three possible states: potential consumers   ( P )  , the adopters of innovative green product information   ( I )  , or the adopters of traditional product information   ( T )  . Let    X i  ( t )   denote the set of all the people at time  t . Let    X  ( t ) = (  x 1  ( t ) ,  x 2  ( t ) , … ,  x N  ( t ) ) .   This is a random vector we refer to as the state of the population at time  t .



Let    P i  ( t )  ,    I i  ( t )  , and    T i  ( t )   denote the probabilities that person  i  is a potential consumer, an adopter of innovative green product information, or an adopter of traditional product information at time  t , respectively. The vector


     E   t  =    P 1   t  , … ,  P N   t  ,  I 1   t  , … ,  I N   t  ,  T 1   t  , … ,  T N   t     








stands for the expected state of the population at time  t . For brevity, let


   P  ( t ) = (  P 1  ( t ) , … ,  P N  ( t ) ) ,  I  ( t ) = (  I 1  ( t ) , … ,  I N  ( t ) ) ,  T  ( t ) = (  T 1  ( t ) , … ,  T N  ( t ) )  











Then,      E  ( t ) = (  P  ( t ) ,  I  ( t ) ,  T  ( t ) )  .



We assume that under the advertisement–promotion strategies, the changing state rules are as follows:



	(1)

	
The change process of  P  nodes: The potential consumer  i  is influenced by advertisement strategies and turns into the adopter of innovative green product information with the probability of    θ i  ( t )  ; or influenced by an advertisement of a traditional product and turns into the adopter of traditional product information with the probability of    γ i  ( t )  . According to the theory of continuous-time Markov chains [37], the    P i    turns into the adopter of innovative green product information at time  t  with the probability of     ∑  j = 1  N    β  i j  P   I j    ( t )   after contact with the adopter of the innovative green product information    I j   , and it turns into the adopter of traditional product information at time  t  with the probability of     ∑  j = 1  N    α  i j  P   T j    ( t )   after contact with adopters of traditional product information    T j   .




	(2)

	
The dynamic change process of  I  nodes: due to promotion of traditional products, the adopter of innovative green product information    P i    turns into the adopter of traditional product information    T i    with the probability of    δ i  ( t )  ; considering the word of mouth effect, the adopter of the innovative green product information turns    I i    into the adopter of the traditional product information with the probability of     ∑  j = 1  N    α  i j  I   T j  ( t )     after the adopter of the innovative green product information    I i    contacts the adopter of the traditional product information    T j   .




	(3)

	
The dynamic change process of  T  nodes: due to promotion strategies implemented for the adopters of traditional product information, the adopter of traditional product information    T i    turns into the adopter of innovative green product information    I i    with the probability of    η i  ( t )  ; considering the word of mouth effect, the adopter of the traditional product information    T i    turns into the adopter of the innovative green product information with the probability of     ∑  j = 1  N    β  i j  P   I j    ( t )   after the adopter of the traditional product    T i    contacts the adopter of the innovative green product information    I j   .







Figure 1 shows this collection of assumptions schematically.



For our purpose, let us introduce the following notation.



   θ i  ( t )  : due to the influence of advertisements, the average probability of a potential consumer  i  turning into an adopter of innovative green product information, i.e., the probability of advertisement propagation. The number of potential consumers  i  turning into adopters of innovative green product information per unit time  t  is    θ i  ( t )  P i  ( t )   due to the influence of advertisements.



   γ i  ( t )  : due to the influence of advertisement, the average probability of a potential consumer  i  turning into an adopter of traditional product information. The number of potential consumers  i  turning to adopters of traditional product information per unit time  t  is    γ i  ( t )  P i  ( t )   due to the influence of advertisements.



   β  i j  P   : due to the influence of the adopter of innovative green product information  j , the average probability of which a potential consumer  i  turns into an adopter of innovative green product information. The number of potential consumers  i  turning into adopters of innovative green product information    I j    per unit time  t  is    P i  ( t )   ∑  j = 1  N    β  i j  P   I j    ( t )   due to the influence of the adopter of innovative green product information    I j   .



   α  i j  P   : due to the influence of the adopter of traditional product information  j , the average probability of which a potential consumer  i  turns into an adopter of traditional product information. The number of potential consumers  i  turning into adopters of traditional product information    T j    per unit time  t  is    P i  ( t )   ∑  j = 1  N    α  i j  I   T j    ( t )   due to the influence of the adopter of traditional product information    T j   .



   η i  ( t )  : due to the influence of promotion for innovative green products, the average probability of an adopter of traditional product information  i  turning into an adopter of innovative green product information, i.e., the probability of promotion propagation. The number of adopters of traditional product information    T i    turning into adopters of innovative green product information per unit time  t  is    η i  ( t )  T i  ( t )   due to influence of promotion for innovative green products.



   δ i  ( t )  : due to the influence of promotion for traditional products, the average probability of an adopter of innovative green product information  i  turning into an adopter of traditional product information. The number of adopters of innovative green product information    I i    turning into adopters of traditional product information per unit time  t  is    δ i  ( t )  I i  ( t )   due to the influence of promotion for traditional products.



   β  i j  T   : due to the influence of word of mouth, the average probability of a potential consumer  i  turning into an adopter of innovative green product information. The number of adopters of innovative green product information    I i    turning into adopters of traditional product information    T j    per unit time  t  is    I i  ( t )   ∑  j = 1  N    α  i j  I   T j      due to the influence of word of mouth.



   α  i j  I   : due to the influence of word of mouth, the average probability of an adopter of innovative green product information  i  turning into an adopter of traditional product information. The number of adopters of traditional product information    T i    turning into adopters of innovative green product information    I j    per unit time  t  is    T i  ( t )   ∑  j = 1  N    β  i j  T   I j    ( t )   due to the influence of word of mouth.



By the total probability formula, we obtain the following system:


         d  P i   t    d t   = −  P i   t     ∑   j = 1  N    β  i j  P   I j   t  −  P i   t     ∑   j = 1  N    α  i j  I   T j   t  −  θ i   t   P i   t  − γ  P i   t          d  I i   t    d t   =  P i   t     ∑   j = 1  N    β  i j  P   I j   t  +  θ i   t   P i   t  +  T i   t     ∑   j = 1  N    β  i j  T   I j   t  −  I i   t     ∑   j = 1  N    α  i j  I   T j  +  η i   t   T i   t  − δ  I i   t          d  T i   t    d t   =  P i   t     ∑   j = 1  N    α  i j  P   T j   t  + γ  P i   t  +  I i   t     ∑   j = 1  N    α  i j  I   T j  −  T i   t     ∑   j = 1  N    β  i j  T   I j   t  −  η i   t   T i   t  + δ  I i   t        



(1)







Remark 1.

The above parameters can be estimated by collecting and analyzing the message-spreading probabilities in OSNs.





Remark 2.

Obviously,   β  i j  P  =  β  i j  T  =  α  i j  P  =  α  i j  I  = 0  if   a  i j   = 0  (person i cannot send messages directly to person j ).


    B  P  =   (  β  i j  P  )   N × N ,     B  T  =   (  β  i j  P  )   N × N ,     C  P  =   (  α  i j  P  )   N × N ,     C  I  =   (  α  i j  I  )   N × N .    














2.2. Formulating AP Strategies


This article focuses on the marketing strategies of innovative green products, and we assume that    γ i  ( t ) = γ  ,    δ i  ( t ) = δ  . Let    θ i  ( t )   denote the probability of advertisement propagation, and let    η i  ( t )   denote the probability of promotion propagation. We refer to the  N -dimensional vector-valued function   v  , defined by    v  ( t ) = (  θ 1  ( t ) , … ,  θ N  ( t ) ) , 0 ≤ t ≤  t f  ,   as advertisement strategies, the  N -dimensional vector-valued function   v  , defined by    v  ( t ) = (  η 1  ( t ) , … ,  η N  ( t ) ) , 0 ≤ t ≤  t f  ,   as promotion strategies, and the   2 N  -dimensional vector-valued function   w  , defined by    w  ( t ) = (  θ 1  ( t ) , … ,    θ N  ( t ) ,  η 1  ( t ) , … ,  η N  ( t ) ) , 0 ≤ t ≤  t f   , as advertisement–promotion   ( A P )   strategies. For our purpose, we assume that the admissible set of the   A P   strategies is


  ω =    w  ∈ L   [ 0 , T ]   2 N      θ i  ( t ) ≤    θ i   ¯    ,  η i  ( t ) ≤    η i   ¯  , 0 ≤ t ≤  t f  , 1 ≤ i ≤ N    








where   L [ 0 ,  t f  ]   stands for the set of all the Lebesgue integrable functions defined on   [ 0 ,  t f  ]   [38].



Remark 3.

For brevity, let    u  ¯  = (    θ 1   ¯  , … ,    θ N   ¯  ) ,   v  ¯  = (    η 1   ¯  , … ,    η N   ¯  )  .





We refer to system (1) as the innovative green product propagation model. This model is schematically shown in Figure 1. The model may be written in matrix notation as


          d  E  ( t )   d t   =  f  (  E  ( t ) ,  w  ( t  ) ) ,      0 ≤ t ≤  t f  ,        E  ( 0 ) =   E  0  .           



(2)








2.3. The Optimal Propagation Strategies


The influence of innovative green product information consists of three parts: the number of adopters of innovative green product information increased by the implementation of advertisement strategies and promotion strategies, the cost for implementing the advertisement strategies, and the cost for carrying out the promotion strategies.



Firstly, we assume that the number of adopters of innovative green product information per unit time increased by the implementation of advertisement strategies and promotion strategies is    a i    units (USD, say), which is a constant. Then, the expected income in the horizon   [ 0 ,  t f  ]   increased by the advertisement and promotion is


  N (  w  ) =    ∫ 0   t f       ∑  i = 1  N    a i     I i  ( t ) d t     



(3)







We use Equation (3) to measure the number of adopters of innovative green product information increased by the implementation of advertisement strategies and promotion strategies.



Secondly, assume the cost per unit time for advertisement to a potential customer  i  at the possibility of    θ i  ( t )   is    b i   , which is a constant. Then, the expected cost for implementing advertisement strategies   u   is


   C A  (  w  ) =    ∫ 0   t f       ∑  i = 1  N    b i     θ i  ( t )  P i  ( t ) d t     



(4)







We use Equation (4) to measure the expected cost for implementing advertisement strategies   u  .



Lastly, assume the cost per unit time for promoting the adopter of traditional product information  i  at the possibility of    η i  ( t )   is    c i   , which is a constant. Then, the expected cost for implementing promotion strategies   v   is


   C P  (  w  ) =    ∫ 0   t f       ∑  i = 1  N    c i     η i  ( t )  T i  ( t ) d t     



(5)







We use Equation (5) to measure the cost for implementing promotion strategies   v  .



Remark 4.

   a i   is determined by estimating the potential influence of the innovative green product information and the social influence of the person i ,    b i   is assessed by estimating the advertisement costs of a potential consumer i who has transformed into an adopter of innovative green product information, and   c i   is figured out by estimating the promotion cost of the transition from the adopter of traditional product information i to the adopter of innovative green product information.





Combining the above discussions, the expected influence of the innovative green product is


  J (  w  ) = N (  w  ) −  C A  (  w  ) −  C P  (  w  )    =     ∫ 0   t f       ∑  i = 1  N    a i     I i  ( t ) d t −       ∫ 0   t f       ∑  i = 1  N    b i     θ i  ( t )  P i  ( t ) d t    −    ∫ 0   t f       ∑  i = 1  N    c i     η i  ( t )  T i  ( t ) d t     



(6)







We use quantity (6) to measure the influence of the innovative green product information.



For brevity, let   a = (  a 1  , … ,  a N  ) , b = (  b 1  , … ,  b N  ) , c = (  c 1  , … ,  c N  )  .




2.4. Modeling of the AP Strategies


Based on the previous discussions, the   A P   strategies are modeled as the following optimal control problem.


    M a x J (  w  ) =    ∫ 0   t f     F (  E  ( t ) ,  w  ( t )    ) d t     s u b j e c t   t o         d  E  ( t )   d t   =    ∫ 0   t f     F (  E  ( t ) ,  w  ( t  ) )  d t    ,     0 ≤ t ≤  t f  ,        E  ( 0 ) =   x  0  .             



(7)







Here,    F (   E  ( t ) ,  w  ( t ) ) =   ∑  i = 1  N    a i     I i  ( t ) −   ∑  i = 1  N    b i     θ i  ( t )  P i  ( t ) −   ∑  i = 1  N    c i   η i  ( t )  T i  ( t )    . We refer to the optimal control problem as the   A P   strategies. In this model, the control stands for   A P   strategies, the objective functional stands for the influence of the innovative green product information, and the optimal control stands for optimal   A P   strategies.



The   A P   strategies (7) can be characterized as the following 10-tuple:


  Γ = (  t f  ,   u  ¯  ,   v  ¯  ,   B  P  ,   B  T  ,   C  P  ,   C  I  ,  a  ,  b  ,  c  ,   E  0  )  



(8)









3. A Method for Solving the AP Strategies


In this section, we determine the sufficient conditions for the existence of the proposed optimal control problem by using the calculus of variations [39]. Now, we obtain the optimal conditions for the control problem by the classical Pontryagin maximum principle [40].



3.1. The Existence of an Optimal Control


According to market changes, innovative green products will have different dissemination intensities in propagation. With the change in the communication intensity, we implement advertisement and promotion strategies to control them and continuously optimize the influence. Optimal control is the advertisement and promotion strategies with the lowest economic cost and the largest number of adopters of innovative green products. To show the   A P   strategies (8) admit an optimal control, we need to introduce the following lemma [39].



Lemma 1.

   (  c 1  )     W  is bounded and convex.



  (  c 2  )   There is    w  ∈ W   such that the corresponding state evolution model is solvable.



  (  c 3  )    F (  E  ,  w  )    is bounded by a linear function in  E  .



  (  c 4  )    F (  E  ,  w  )    is convex on W .



  (  c 5  )    F (  E  ,  w  )   ≤    d 1      w    ρ  +  d 2   for some  ρ > 1 ,  d 1  > 0   a n d    d 2   .



We are ready to show the following result.





Theorem 1.

The AP strategies admit an optimal control.





Proof.

The proof of this lemma is given in Appendix A. □






3.2. A Necessary Condition for the Optimal Control


The Hamiltonian of the   A P   strategies is


      H (  x  ( t ) ,  w  ( t ) ,  z  ( t ) ) =   ∑  i = 1  N    a i     I i  ( t ) −   ∑  i = 1  N    b i     θ i  ( t )  P i  ( t ) −   ∑  i = 1  N    c i   η i  ( t )  T i  ( t )             +   ∑  i = 1  N    λ i    ( t ) [ −  P i  ( t )   ∑  j = 1  N    β  i j  P   I j    ( t ) −  P i  ( t )   ∑  j = 1  N    α  i j  P   T j    ( t ) −  θ i  ( t )  P i  ( t ) − γ  P i  ( t ) ]           +   ∑  i = 1  N    μ i    ( t ) [  P i  ( t )   ∑  j = 1  N    β  i j  P   I j    ( t ) +  θ i  ( t )  P i  ( t ) +  T i  ( t )   ∑  j = 1  N    β  i j  T   I j    ( t ) −  I i  ( t )   ∑  j = 1  N    α  i j  I   T j  − δ    I i  ( t ) +  η i  ( t )  T i  ( t ) ]           +   ∑  i = 1  N    v i    ( t ) [  P i  ( t )   ∑  j = 1  N    α  i j  P   T j    ( t ) + γ  P i  ( t ) +  I i  ( t )   ∑  j = 1  N    α  i j  I   T j  −  T i  ( t )   ∑  j = 1  N    β  i j  T   I j    ( t ) + δ  I i  ( t ) −  η i    ( t )  T i  ( t ) ]      



(9)




where    z  ( t ) = (  λ 1  ( t ) , . . ,  λ N  ( t ) ,  μ 1  ( t ) , . . ,  μ N  ( t ) ,  v 1  ( t ) , . . ,  v N  ( t ) )   is the adjoint.



We give a necessary condition for the optimal control of the   A P   strategies as follows.



Theorem 2.

Suppose  w  is an optimal control of  A P  strategies (8), and  E  is the solution to the corresponding model [41]. Then, there exists   z   such that


         d  λ i  ( t )   d t   =  b i   θ i  ( t ) −  λ i  ( t )  θ i  ( t ) +  λ i  ( t ) γ −  μ i  ( t )  θ i  ( t ) +  v i  ( t ) γ           + [  λ i  ( t ) −  μ i  ( t ) ]   ∑  j = 1  N    β  i j  P   I j    ( t ) +   ∑  j = 1  N    α  i j  p    [  λ i  ( t ) −  v i  ( t ) ]  T j  ( t ) ,         d  μ i  ( t )   d t   = −  a i  +  v i  ( t ) δ −  μ i  ( t ) δ + [  μ i  ( t ) −  v i  ( t ) ]   ∑  i = 1  N    α  i j  I   T j              +   ∑  j = 1  N    β  i j  T  [  v i  ( t ) −  μ i  ( t ) ]  T j    ( t ) +   ∑  j = 1  N    β  i j  P  [  λ i  ( t ) −  μ i  ( t ) ]  P j  ( t )   ,         d  v i  ( t )   d t   = −  c i   η i  ( t ) +  v i  ( t )  η i  ( t ) −  μ i  ( t )  η i  ( t ) +   ∑  j = 1  N    α  i j  I  [  μ i  ( t ) −  v i  ( t ) ]  I j              +   ∑  j = 1  N    α  i j  P  [  λ i  ( t ) −  v i  ( t ) ]  P j    ( t ) + [  v i  ( t ) −  μ i  ( t ) ]   ∑  j = 1  N    β  i j  T   I j    ( t ) .       



(10)




with    z  ( T ) = 0  . Moreover,


   θ i  ( t ) =          θ i   ¯      i f  μ i  <  λ i  ( t ) −  b i  ,  P i  ( t ) > 0          θ i   ¯      i f  μ i  >  λ i  ( t ) −  b i  ,  P i  ( t ) > 0        



(11)






   η i  ( t ) =          η i   ¯      i f    μ i  ( t ) >  v i  −  c i  ,  T i  ( t ) > 0             η i   ¯      i f    μ i  ( t ) <  v i  −  c i  ,  T i  ( t ) < 0           



(12)









Proof.

The proof of this theorem is given in Appendix B. □






3.3. The Optimal System for the AP Strategies


In the maximization case, when there are no state space constraints, it showed that the Pontryagin necessary conditions plus concavity of the Hamiltonian function with respect to the state and control variables were sufficient and optimal [42,43].



Theorem 3.

Consider the problem



Max   J (  w  )   when   f (  w  ) ≥ 0   and    w  ∈ W   .



Let   W =    w  : f (  w  ) ≥ 0     . Assume that



(    d 1    )  J  has a subgradient  Q  at     w  ¯    w.r.t. the set  W  .



(    d 2    )  f  has a subquasigradient  K  at     w  ¯    w.r.t the set  W  .



(    d 3    ) For some   1 × N   vector    z  ≥ 0   ,   ( Q +  z  ⋅ K ) ⋅ (  w  −   w  ¯  ) ≤ 0   for all    w  ∈ W   .



(    d 4    )    z  ⋅ f (   w  ¯  ) = 0   .



(    d 5    )   f (   w  ¯  ) ≥ 0   



Then,     w  ¯    solves problem Max   J (  w  )   when   f (  w  ) ≥ 0   and    w  ∈ W   .





Proof.

The proof of this theorem is given in Appendix C. □





Based on the above discussions, Equations (2) and (10)–(12) plus    z  ( T ) = 0   constitute the optimal system for the   A P   strategies (8). By using the well-known forward–backward Euler scheme in the optimal system, we get an optimal control of the model, which stands for optimal   A P   strategies.



Remark 5.

It follows from Theorem 2 that every component of the optimal control of the   A P   strategies is bang-bang control. In practice, this kind of optimal control is easily implementable.





Remark 6.

The optimal control obtained by solving the optimal system of   A P   strategies is open loop, so it lacks flexibility. In practice, a longer time interval can be flexibly divided into several shorter time intervals, and then the proposed method can be applied to each time interval to further improve the performance of the proposed control strategies.







4. Numerical Simulation


4.1. Without Optimal Control


In this subsection, we show the number of adopters of innovative green product information without optimal control based on the dynamic system (1), where  θ  and  η  are constants.



In order to further study the changes and trends of the adopters of innovative green product information and the adopters of traditional product information in the model, simulation analysis is conducted in this section. The initial parameters are set as follows: It is assumed that there are 10,000 people in the network, and the initial number of the various types of people is set as follows. Potential customers are 8000, the adopters of innovative green product information are 300, the adopters of traditional product information are 1700. Consider the AP strategies (8) with the following parameters:    β  ij  P  = 0.0000015 ,    β  i j  T  = 0.000001 ,    α  i j  P  = 0.000001 ,    α  i j  I  = 0.000001 ,      δ = 0.03 ,      η = 0.01   [44]. The relevant parameter values in this work are directly given constants to simulate the real situation as much as possible. Therefore, it has certain limitations. However, it can provide reference for further refining and fitting to calculate the real transformation probability function or transformation value [20].



Figure 2 shows the relationship between the number of adopters of innovative green product information and the probability of advertisement propagation of innovative green products. Under the condition that other parameters remain unchanged, the probability of advertisement propagation increases, and the number of adopters of innovative green product information increases accordingly. From the perspective of advertisement strategies, initially, potential consumers choose to purchase innovative green products, and the number of adopters of innovative green product information increases; as innovative green products gain a certain market position, the number of adopters of innovative green product information gradually stabilizes. In short, when companies increase the efficiency of the initial propaganda and the advertisement intensity of innovative green products, potential consumers are more likely to receive innovative green product information; thus, the probability of purchasing innovative green products is higher.



Figure 3 shows the relationship between the number of adopters of innovative green product information and the probability of promotion propagation of innovative green product information. Under the condition that other parameters remain unchanged, the probability of promotion propagation increases, and the number of adopters of innovative green product information increases accordingly. From the perspective of promotion strategies, initially, the adopters of traditional product information receive innovative green product information and choose to purchase innovative green products, and the number of adopters of innovative green product information increases, and then the number of adopters of innovative green product information tends to be stable. In short, when companies focus on improving the effectiveness of promotion strategies, the adopters of traditional product information increase their willingness to purchase innovative green products; therefore, more and more often, the adopters of traditional product information choose to purchase innovative green products.




4.2. With Optimal Control


From the previous subsection, it was found that parameters  θ  and  η  have a great influence on innovative green products. Considering the cost, it is necessary to increase their strength within a reasonable range. Therefore, it is further considered to set parameters as dynamically variable and seek the optimal market competition strategies for innovative green products under the consideration of cost.



In this subsection, we give some optimal   A P   strategies by solving the corresponding systems. Assume that the parameters in the social network are as follows:   γ = 0.01 ,   δ = 0.03 ,       β P  = 0.0000015 ,    β T  = 0.000001 ,    α P  = 0.000001 ,    α I  = 0.000001  . The number of direct conversion units of potential consumers who become the adopters of innovative green product information under the effect of advertisement is 4  ( a = 4 )  , the unit cost of advertisement is 2  ( b = 2 )  , and the unit cost of promotion is 1.5  ( c = 1.5 )  .



Figure 4 shows a graph of the number of adopters of innovative green product information under controlled (solid line) and uncontrolled (dashed line) conditions. Obviously, when there is control (solid line), the number of adopters of innovative green product information increases faster because when companies implement   A P   strategies, consumers can obtain product information from many aspects and thus have a greater chance to choose to purchase innovative green products. Conversely, when there is no control (dashed line), consumers cannot effectively obtain product information, and the rate of conversion into adopters of innovative green product information is slow, and the time to reach a stable state is longer. In short, when companies implement advertisement strategies and consider promotion strategies at the same time, they can improve the level of product marketing information and thus increase the market share of innovative green products.



Figure 5 shows the dynamic changes in the control variables   θ ( t )   and   η ( t )  . We observe the dynamic change in advertisement and promotion over time period  t  and focus on 44 advertisement and promotion strategy schemes. Advertisement strategies play a leading role in the initial propagation of the influence of innovative green products, advertisement is not effective enough over time, and the probability of potential consumers turning into the adopters of innovative green product information decreases; the effect of advertisement is not good enough, and the promotion strategies gradually dominate, so the probability of promotion propagation drops first and then rises. Therefore, enterprises should pay attention to the intensity and timing of the implementation of advertisement and promotion strategies.



The basic assumption of the genetic algorithm is to find out the maximum income (the greatest influence of innovative green products), that is, through the implementation of advertisement and promotion strategies, it is concluded that the impact of innovative green products is the largest income. In this paper, we set the fitness function as    g w  = 1 / J ( w )  . The genetic algorithm process is shown in Table 1.



The target value of the   A P   strategies involve the number of conversions and the cost. Enterprises expand the influence of innovative green product information propagation by allocating the corresponding advertisement and promotion so that advertisement and promotion strategies become the optimal problem of resource allocation. This paper carries out plan allocation, and different allocation plans will get different target values; thus, the goal of this article is to find the optimal scheme with the largest target value (the largest number of adopters of innovative green product information) in the allocation scheme through the algorithm. In this paper, multiple groups of allocation schemes are selected and the optimal allocation scheme is found by using genetic algorithms. Suppose the distribution scheme    L 1  ( 0.01 , 0.05 )  , and then execute the algorithm to calculate the optimal solution    J 1    of the scheme    L 1   , where    L 1  ~  L N    corresponds to    J 1  ~  J N   .



Table 2 shows the target values of the 44 allocation schemes that we focused on in Figure 5 and a scheme without advertisement and promotion strategies. We find that the target value under control is greater than that without control. This is consistent with real market conditions. Figure 6 indicates that different schemes assign corresponding target values. It contains 44  A P   strategies and allocation schemes without an   A P   strategy and target values. As can be seen from the figure, the target value of the scheme without an   A P   strategy is the smallest, and the allocation scheme with the largest target value is (0.01,0.05), and the target value is 4,375,597.





5. Conclusions


Based on the innovative green product propagation model, this article has discussed how to establish   A P   strategies to maximize the influence of innovative green product information. In terms of theoretical contributions, firstly, this article has considered the competition between traditional product information and innovative green product information, has proposed an innovative green product propagation model, and has introduced advertisement and promotion strategies to expand the influence of innovative green product information propagation. Secondly, in order to expand the influence of the propagation of innovative green product information, by introducing two control strategies of advertisement and promotion, we have proposed an optimal control problem by maximizing the number of adopters of innovative green products. Finally, the realization of different strategies has been studied through algorithms to obtain the optimal target value. The analysis results of the model show that in the process of product competition, advertisement strategies have promoted the information propagation of innovative green products, and promotion strategies have further increased the market share of innovative green products. In terms of implications for strategy managers, this study provides directions to a growing number of firms that are embracing environmental sustainability as part of their strategies and have started or are planning to implement advertisement and promotion strategies. On the one hand, when the company promoted innovative green products, the early intervention of advertisement, the improvement in the network coverage, and the promotion of multiple channels were conducive to the increase in user traffic and the propagation of information; on the other hand, while increasing the propaganda of innovative green products, we also needed to pay attention to the importance of word-of-mouth marketing to further increase the conversion rate. In the fierce market competition environment, this research can provide decision support for green product marketing strategies. In terms of implications for policy makers, this study suggests that public policy can improve environmental quality. For example, it can arouse people’s awareness of environmental protection. In addition, public policies can work through joint country-to-country cooperation projects to address climate change and greenhouse gas reduction.



We duly acknowledge potential limitations of this study. We use fixed parameters to simulate the propagation process of innovative green products. Collecting real data and refining and fitting to calculate the true transformation probability function or transformation value are the next research directions. The design method of the dynamic optimal control law is given by using the Pontryagin maximum principle. There are some gaps and limitations in applying the research results to practice. Towards this direction, there are some topics of research that merit additional study. First, empirical analysis to increase data credibility should be carried out. Second, some factors such as the impact of time-lapse risks, psychology, and marketing on the model can be incorporated in this study. Furthermore, it is worthwhile to extend this work to situations in which sensitivity analysis must be considered to deal with the impact of uncertain environmental changes on the sensitivity of the decision-making process. We hope that our work stimulates further theoretical refinement and empirical investigation in this important area of research.
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Appendix A. Proof of Theorem 1


Proof.

Let    w  = (  θ 1  , … ,    θ N  ,  η 1  , … ,  η N  )   be a limit point of  ω . Then, there exists a sequence of points of   w  ,     w   ( n )   = (  θ 1        ( n )     , … ,    θ N        ( n )     ,  η 1        ( n )     , … ,  η N        ( n )     ) , n = 1 , 2 , … ,   that approaches  ω . As   L   [ 0 ,  t f  ]   2 N     is complete, we have    w  ∈ L   [ 0 ,  t f  ]   2 N    . Therefore,    w  ∈ ω   follows from the observation that    θ i  =   lim   n → ∞    θ i  ( n )   ( t ) ≤    θ i   ¯  ,  η i  =   lim   n → ∞    η i  ( n )   ( t ) ≤    η i   ¯  , 0 ≤ t ≤  t f  , 1 ≤ i ≤ N .  



Hence,  ω  is closed. Let     w   ( 1 )   ,   w   ( 2 )   ∈ ω , 0 < σ < 1  . As   L   [ 0 ,  t f  ]   2 N     is a real vector space, we have   ( 1 − σ )   w   ( 1 )   + σ   w   ( 2 )   ∈ L   [ 0 ,  t f  ]   2 N   .   Therefore,   ( 1 − σ )   w   ( 1 )   + σ   w   ( 2 )   ∈ ω   follow from the observation that


   ( 1 − σ )  θ i     ( 1 )   + σ  θ i     ( 2 )   ∈    θ i   ¯  ,   ( 1 − σ )  η i     ( 1 )   + σ  η i     ( 2 )   ∈    η i   ¯  , 0 ≤ t ≤  t f  , 1 ≤ i ≤ N   













Hence,  ω  is convex. The first condition in Lemma 1 is proven. Let     w  ¯  = (    θ 1   ¯  , … ,    θ N   ¯  ,    η 1   ¯  … ,    η N   ¯  )  . Then,     w  ¯  ∈ ω  . As    f  (  E  ,   w  ¯  )   is continuously differentiable, it follows by the continuation theorem for differential systems that the corresponding state evolution state is solvable. The second condition is proven. The third condition follows from the boundedness of    P i  ,  I i  ,  T i    and   w  , and the fourth condition follows that F is linear in   w   and hence is convex. The fifth condition follows from the observation that


  F (  E  ,  w  )   ≤       w    2 2  −   ∑  i = 1  N   (      θ i   ¯   2  +      η i   ¯   2  )   .  











By Lemma 1, the proposition holds. □




Appendix B. Proof of Theorem 2


Proof.

It follows from the Pontryagin principle [40] that there exists   z  , where


          d  λ i  ( t )   d t   = −   ∂ H (  x  ( t ) ,  w  ( t ) ,  z  ( t ) )   ∂  P i  ( t )   ,     0 ≤ t ≤  t f  , 1 ≤ i ≤ N ,         d  μ i  ( t )   d t   = −   ∂ H (  x  ( t ) ,  w  ( t ) ,  z  ( t ) )   ∂  I i  ( t )   ,     0 ≤ t ≤  t f  , 1 ≤ i ≤ N ,         d  v i  ( t )   d t   = −   ∂ H (  x  ( t ) ,  w  ( t ) ,  z  ( t ) )   ∂  T i  ( t )   ,     0 ≤ t ≤  t f  , 1 ≤ i ≤ N .        













Equation (9) follows by direct calculations. As the terminal cost is unspecified, and the final state is free, the transversality condition    z  ( H ) = 0   holds. Again, by the Pontryagin maximum principle [40], we have   H (  x  ( t ) ,  w  ( t ) ,  z  ( t ) ) = arg   max     w  ˜  ∈ w   H (  x  ( t ) ,   w  ˜  ( t ) ,  z  ( t ) ) , 0 ≤ t ≤  t f  .   Equations (10) and (11) follow by direct calculations. □




Appendix C. Proof of Theorem 3


Proof.

Let     w  ¯    be a point of  A . A      N × N     matrix  Q  is called a subgradient at     w  ¯    for the vector function  F  w.r.t the set  A  provided


   F (  E  ,  w  ) − F (  E  ,   w  ¯  ) ≤ F ⋅ (  w  −   w  ¯  )     for   all    w  ∈ A   













In the same setting, a      N × N     matrix  K  is called a subquasigradient at  F  w.r.t. the set  A  provided


   F (  E  ,  w  ) ≥ F (  E  ,   w  ¯  ) ⇒ K ⋅ (  w  −   w  ¯  ) ≥ 0     for   all    w  ∈ A   











Let   Y =   i :  f i  (   w  ¯  ) = 0    . Since    z i  ≥ 0   and    f i  (   w  ¯  ) ≥ 0   for all  i . By (   d 4   ), letting    k i    denote the   i − t h   row vector  K , we get


    f i  (  w  ) ≥  f i  (   w  ¯  ) ⇒  k i  ⋅ (  w  −   w  ¯  ) ≥ 0     for   all    w  ∈ W   











When   i ∈ Y  ,    f i  (   w  ¯  )   = 0, so for all    w  ∈ W  ,    k i  (  w  −   w  ¯  ) ≥ 0  , and therefore


   z i   k i  ⋅ (  w  −   w  ¯  ) ≥ 0    for   all   i ∈ Y     and    w  ∈ W   











Since    z i  = 0   for   i ∉ Y  ,    z i   k i  ⋅ (  w  −   w  ¯  ) ≥ 0   actually holds for all   i = 1 , … , N  . Summing the inequality    z i   k i  ⋅ (  w  −   w  ¯  ) ≥ 0   from   i = 1   to   i = N  , we obtain   z ⋅ K ⋅ (  w  −   w  ¯  ) ≥ 0   for all    w  ∈ W  .



By applying (   d 3   ), it follows that   Q ⋅ (  w  −   w  ¯  ) ≤ 0   for all   z ∈ Z  . This inequality together with (   d 1   ) gives us    f i  (  w  ) −  f i  (   w  ¯  ) ≤ Q ⋅ (  w  −   w  ¯  ) ≤ 0   for all   z ∈ Z  . Hence,   f (  w  ) ≤ f (   w  ¯  )   for all    w  ∈ W  , so     w  ¯    solves the problem [43]. □
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Figure 1. Diagram of innovative green product propagation. 
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Figure 2. Time evolution of the number of  I  with  θ . 
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Figure 3. Time evolution of the number of  I  with  η . 
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Figure 4. Time evolution of the number of I with and without control. 
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Figure 5. Control variables   θ ( t )   and   η ( t )  . 
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Figure 6. Target values for different scenarios. 
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Table 1. Genetic algorithm process.






Table 1. Genetic algorithm process.





	Step 1
	Initialization parameters: including advertising promotion strategy allocation scheme, the number of three groups, other parameters, and crossover probability and mutation probability;



	Step 1.1
	Population size: for example, (0.01, 0.05) represents one of the initial advertisement and promotion allocation schemes;



	Step 1.2
	The number of three groups: 10,000 people on social networks. Potential customers are 8000, the adopters of innovative green products are 300, the adopters of traditional product are 1700;



	Step 1.3
	Other parameters:

   α  i j  P  = 0.000001 ,    α  i j  I  = 0.000001 ,      δ = 0.03 ,   η = 0.01  .

Crossover probability   m = 0.95  , mutation probability:   n = 0.05  .



	Step 2
	Calculation of fitness value: The fitness can be used to measure the quality of the results. The goal of this model is to find the greatest influence of innovative green product information, and the smaller the fitness value, the better. The fitness function is defined as    g w  = 1 / J ( w )  . Therefore, when the value of    g w    is smaller, the result is optimal.



	Step 3
	Take the roulette way to choose: after calculating the fitness function value, sort these values from good to bad.



	Step 4
	Repeat the following steps when conditions are not met: Select replication. Selection and replication are to preserve good individuals, remove bad individuals, and then pass these good individuals to the next generation, and replication operations are based on individual fitness calculations.



	Step 5
	Two pairs, cross, produce new advertisement and promotion strategies: The same location of the two strategies’ exchange (also means the transformation of information) can produce new advertisement and promotion strategies. The purpose of this process is to produce new advertisement and promotion strategies. The method used is mainly two-point cross. The random two cross advertisement and promotion strategies’ schemes are exchanged for data, and the strategy schemes in other locations do not change.



	Step 6
	Mutation operation: Based on the mutation mechanism in genetics, some individuals in the population are numerically changed to change the fitness and see whether the results are optimal. Variation probability set at 0.05.



	Step 7
	Repeat the above steps, once the conditions required for stopping are met, the system can output the minimum fitness value.
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Table 2. Scheme allocation and target value under advertisement–promotion strategies.
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	PLAN
	J(W)
	PLAN
	J(W)
	PLAN
	J(W)





	(0.0420, 0.0180)
	345,686
	(0.0580, 0.0020)
	133,899
	(0.0370, 0.0230)
	1,766,845



	(0.0350, 0.0250)
	431,575
	(0.0515, 0.0085)
	228,767
	(0.0545, 0.0055)
	4,350,176



	(0.0280, 0.0320)
	530,370
	(0.0470, 0.0130)
	285,993
	(0.0490, 0.0110)
	260,945



	(0.0210, 0.0390)
	657,621
	(0.0340, 0.0260)
	371,660
	(0.0450, 0.0150)
	309,877



	(0.0150, 0.0450)
	809,742
	(0.0260, 0.0340)
	562,880
	(0.0400, 0.0200)
	369,626



	(0.0080, 0.0520)
	1,086,809
	(0.0140, 0.0460)
	841,074
	(0.0300, 0.0300)
	500,001



	(0.0525, 0.0075)
	215,379
	(0.0110, 0.0490)
	949,573
	(0.0130, 0.0470)
	874,641



	(0.0505, 0.0095)
	241,838
	(0.0050, 0.0550)
	1,266,275
	(0.0065, 0.0535)
	1,152,032



	(0.0460, 0.0140)
	297,838
	(0.0550, 0.0050)
	180,225
	(0.0320, 0.0280)
	471,550



	(0.0390, 0.0210)
	381,710
	(0.0535, 0.0065)
	201,631
	(0.0230, 0.0370)
	617,069



	(0.0240, 0.0360)
	598,203
	(0.0600, 0.0100)
	248,269
	(0.0200, 0.0400)
	679,497



	(0.0170, 0.0430)
	770,811
	(0.0430, 0.0170)
	333,768
	(0.0180, 0.0420)
	721,992



	(0.0075, 0.0525)
	1,113,317
	(0.0360, 0.0240)
	442,682
	(0.0085, 0.0515)
	1,061,453



	(0.0020, 0.0580)
	1,511,058
	(0.0250, 0.0350)
	644,081
	(0.0100, 0.0500)
	4,375,597



	(0.0055, 0.0545)
	99,895
	(0.0095, 0.0505)
	1,013,911
	without AP strategy
	46,271
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