
sustainability

Article

An Integrated Model of Train Re-Scheduling and Control for
High-Speed Railway

Xuelei Meng 1,2, Yahui Wang 3,*, Li Lin 1, Lei Li 4 and Limin Jia 2

����������
�������

Citation: Meng, X.; Wang, Y.; Lin, L.;

Li, L.; Jia, L. An Integrated Model of

Train Re-Scheduling and Control for

High-Speed Railway. Sustainability

2021, 13, 11933. https://doi.org/

10.3390/su132111933

Academic Editor: Giovanni Leonardi

Received: 9 September 2021

Accepted: 18 October 2021

Published: 28 October 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

1 School of Traffic and Transportation, Lanzhou Jiaotong University, Lanzhou 730070, China;
mengxl_lzjtu@163.com (X.M.); linli1217@foxmail.com (L.L.)

2 State Key Laboratory of Rail Traffic Control and Safety, Beijing Jiaotong University, Beijing 100044, China;
jialm_skl@163.com

3 School of Foreign Languages, Lanzhou Jiaotong University, Lanzhou 730070, China
4 Key Laboratory of Urban Rail Transit Intelligent Operation and Maintenance Technology & Equipment of

Zhejiang Province, Zhejiang Normal University, Jinhua 321004, China; zjnulilei@163.com
* Correspondence: wangyh_lzjtu@163.com

Abstract: The goal of train re-scheduling is redesigning the time when trains arrive at and depart
from stations of a railway section, and train control problem refers to determining the operating
mode for a train in a railway section. It is quite necessary to study the two problems together, and
they can be viewed as a theory base for self-driving study. We build a novel model to deal with train
re-scheduling and train control problem synthetically. The approach is divided into two stages. The
first stage is train re-scheduling, determining the arrival and departure time for trains. Depending
on the arrival and departure time, the train running time can be calculated and it is set to be the
constraint of the train control model. The destination of the second stage model is to save tracking
energy in train operation process, determining the traction plan in each segment of a section between
two stations. We also design a quantum-inspired particle swarm optimization algorithm to solve
the integrated model. A computation case is presented to prove the availability of the approach.
It can generate the re-scheduled timetable and train control plan synthetically with the approach
presented in this paper. The main contribution of this paper is to propose a novel approach to solve
train re-scheduling problem and train control problem synthetically. It can also provide supporting
information for both the dispatchers and the train drivers to improve the on schedule rate and reduce
the energy consumption. Furthermore, it may provide some valuable reference for the realization of
automatic train driving.

Keywords: train rescheduling; train control; integrated model; high-speed railway

1. Introduction

High-speed railway is still spreading in China today, which has affected the topology
of China’s railway network. As a result, the railway organization work is becoming more
and more complicated. Train operation work can be classified into four levels. They are
the strategic level, tactical level, operational level, and control level. As shown in Figure 1,
managers should decide the transportation mode of railway, determining which type of
trains run on high-speed railways, normal speed railways, etc., at the strategic level. The
tactical plan is the line plan, including the origins, destinations, and paths of the trains.
The operational plans include train timetabling, crew planning, and rolling stock planning.
At the controlling level, the velocity control plan and the routing plan at the stations are
determined. The first stage solutions are the constraints of the second stage problems.
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Figure 1. Levels of the railway transportation planning work.

We can see that the operational plan and the controlling plan have a significant close
connection, interacting with each other greatly. As we can see from Figure 1, a train
timetable is essential to organize the operation of the trains. It is the base to design the crew
plan and the rolling stock plan. It is also the constraint to deal with the train controlling
problem, requiring that the train runs at an appropriate speed and through the stations
according to a reasonable routing plan.

It is essential to study the integration of the operational plan and the controlling plan,
avoiding the possibility of the invalidity of the operational plan. With the development
of technology, train automatic driving has drawn researchers’ attention, which requires
studying train re-scheduling and train control problem synthetically. We focus on this
problem in this paper.

This paper involves several appellations of the railway sections. Here we give the
definition. Dispatching section (or “section” only) refers to a section including some stations
and segments, which is a unit for dispatching work. Segment refers to the subsection
between two adjacent stations. A segment is divided into several segments because of
the different longitudinal section and horizontal section by the turning points of the rail.
We call the smallest unit of the section a segment, see Figure 2. We will study the train
re-scheduling problem, determining the arrival and departure time of the trains at stations.
We will also calculate the speed of the trains at the beginning and end of each section,
controlling the movements of the trains, which belongs to the train control level.
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Figure 2. Description of several terms.

The main contribution of this paper is to present a novel approach to solve train
re-scheduling and traction planning problem synthetically. It not only determines the
arrival and departure time of the trains at stations, but also decides the traction plan of
the trains. The approach presented in this paper can minimize the total delay time of the
trains and assure the minimum energy consumption when the trains run between stations.
We also utilize the quantum-inspired particle swarm optimization algorithm (QPSOA) to
solve the proposed model. It is an innovation in the algorithm application. The approach
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in this paper can also provide supporting information for both the dispatchers and the
train drivers to improve the on schedule rate and reduce the energy consumption.

The content of this paper is as follows. Section 2 reviews the related research on
train re-scheduling and control problem. Section 3 builds an integrated model for train
re-scheduling and control. Section 4 introduces QPSOA and gives the calculating steps
for the model proposed in Section 3. Section 5 gives a computing case and analyzes the
computing results. Section 6 draws the conclusion.

2. Literature Review

It is difficult to integrate the operational plan with the controlling plan. There are only
a few publications on the integration of different levels of the problem. Carey proposed
a model to help select the routes and platforms for the trains [1]. D’Ariano et al. focused
on the reordering and rerouting problem, where reordering means to sequence the train
movements and rerouting means to redesign the routes for the trains. They utilized a
branch-and-bound algorithm and a local search algorithm to solve sequencing train move-
ments problem and rerouting problem respectively [2]. Michaelis and Schöbel designed a
heuristic method to solve the line planning, timetabling, and vehicle scheduling problem
simultaneously [3]. Lee and Chen combined the train pathing and timetabling together and
presented an optimization heuristic to solve real-sized instances [4]. Sun et al. proposed a
multi-objective optimization model for train routing problem [5]. Groves et al. proposed a
graph theoretic heuristic to select routes for a vehicle [6].

Most of the publications focus on problems belonging to only one of the levels. In
recent years, many researchers have designed many train re-scheduling models. Schöbel
proposed a model to improve the convenience of the passengers [7]. Tőrnquist and Pers-
son presented a method to solve train re-scheduling problems on a railway network [8].
D’Ariano et al. built a job shop scheduling model to solve train re-scheduling problems [9].
Dündar and Şahin studied genetic algorithms for train re-scheduling problems [10]. Meng
and Zhou constructed a single-track train re-scheduling model which optimized schedules
for a relatively long rolling horizon. We put forward the definition of train timetable
stability and optimized the train timetable based on the definition and also proposed an
improved fuzzy linear programming model to solve train re-scheduling problems [11].
Chen et al. designed a model to generate a train timetable, considering the capacity of a
railway section [12]. Chen et al. developed a departure time domain, considering capacities
of arrival-departure tracks [13]. Yang et al. constructed an approach to rescheduling the
metro trains, taking the energy consumption into consideration [14]. Wen et al. designed
a cause-specific approach to identify the delay causalities and solve train re-scheduling
problems [15]. Chang et al. proposed an integrated scheduling model, which integrated
the scheduling of rail-mounted gantry cranes, inner trucks, and yard cranes [16]. Chen and
Sun developed a multistate-based model to design travel time schedule for fixed transit
route and designed a Monte Carlo simulation-based genetic algorithm procedure to obtain
the optimal slack time [17]. Corman designed a model to resolve the re-scheduling and
routing problem comprehensively [18]. Zhu and Goverde dealt with train re-scheduling
problems, taking it for granted that the rails between stations are not available for several
hours [19]. Zinder et al. designed a novel model to handle the eventuality of one track of a
double-track railway becoming unavailable [20].

There are also some publications on the real-time re-scheduling problem. Mazzarello
and Ottaviani described an architecture of a real-time traffic management system that had
been successfully used [21]. Rodriguez combined the train pathing and reordering prob-
lem [22]. Cacchiani et al. studied the train re-scheduling where there were both passenger
trains and freight trains [23]. Acuna-Agost et al. built a mixed-integer programming model
to solve the real-time re-scheduling problem [24,25]. Krasemann designed a depth-first
search algorithm to solve the train real-time re-scheduling problem [26]. Almodóvar and
García-Ródenas proposed an on-line optimization model for train re-scheduling prob-
lem [27]. Dalapati et al. presented novel agent-based solution approach to handle the
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real-time collision in train re-scheduling work [28]. Altazinab et al. presented a simulation
method for re-scheduling problem [29]. Huang et al. designed mixed integer programming
models to solve the train re-scheduling problem [30].

In addition, the train control problem has been paid much attention in recent years.
Dong et al. introduced railway traffic automatic control systems in Chinese high-speed
train system in detail and proposed a numerical modeling of high-speed trains. They
also simulated the train movements and analyzed the simulation results [31]. Song et al.
presented a dynamic model that reflected resistance in train tracking control to solve the
train control problem [32]. Zhou and Wang proposed the generalized and hierarchical
framework of model predictive control for the railway system including macroscopic,
macroscopic, and microscopic levels [33]. Yang et al. constructed a model to find op-
timal train movements under the consideration of operational interactions [34]. Wang
et al. proposed a pseudo spectral method, a state-of-the-art method for optimal control
problems [35]. Faieghi et al. redefined the robust adaptive cruise controller and analyzed
the rigorous stability [36]. Li et al. investigated the robust cruise control scheduling of
high-speed train based on sampled data [37]. Su et al. proposed a cooperative train control
model to minimize the practical energy consumption [38]. Bersani et al. addressed the
time-honored problem of scheduling trains on a single track, in the light of related results
in robust team decision theory [39]. Li et al. investigated the coordinated cruise control
strategy for multiple high-speed trains’ movement [40].

We can see that the majority of publications above focus on one of the problems, either
on the train re-scheduling problem, or the train control problem. Only a few of them
combine both the problems together. Two papers study problems similar to those which we
study. Xu et al. built a train re-scheduling model integrating speed design [41]. There are
some differences between their model and ours. Firstly, the type of the models is different.
Their model is a MILP (mixed integer linear programming) model and ours is a non-linear
model. Secondly, the goal of the model is to minimize the secondary delay of traffic running,
while the goal of our model is to minimize the difference of the re-scheduled timetable
and the planned timetable. Thirdly, speed in their model is considered in the constraints
design work, while we study the train control mode (when to alternate the train mode) to
reduce the energy consumption. Lastly, they utilized the commercial software to solve the
model and we design a heuristic algorithm to solve the model. We have published another
paper which combined the train re-scheduling problem and track assignment problem,
which not only determines the arrival and departure time of the trains at the stations, but
also decides which tracks the trains should occupy in the stations. It is different from the
problem presented in this paper, which tries to give the arrival and departure time, together
with the operation modes in the railway sections.

3. Integrated Model for Re-Scheduling and Control

It is obvious that two problems must be solved when dispatching the trains on the
railways, which are closely tied to each other. Re-scheduling is to adjust the order of the
trains to run through the stations and the arrival and departure time of the trains. The task
of control is to adjust the speed of the trains to arrive at the stations in time. Therefore, it
can be concluded that the results of train re-scheduling problem (arrival and departure
time of the trains at stations) are the base and constraints of the train control problem,
requiring the arrival and departure time of the trains. Based on the characteristics analyzed
above, we designed a bi-stage model to solve the train re-scheduling and control problem,
see Figure 3.
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Figure 3. Relation between the train re-scheduling problem and train control problem.

Statement of the first stage model:
Based on the planned timetable, we must reduce the total time of delay when distur-

bances occur, considering the speed limit, the intervals between trains, etc.
The input data of the train re-scheduling problem are

1. Intervals of the trains,
2. Minimum running time at each segment,
3. Minimum dwelling time at all the stations of each train.

The output data of the problem are the arrival and departure times of the trains at
all stations.

Statement of the second stage model:
Under the constraints of the operation time of the trains at stations, we must identify

the speed and speed changes when running on all the segments. The input data of the train
control problem are the arrival and departure time of the trains at stations. The output data
is the speed of the trains when running on the segments, and the change in speed when
the condition of the rail varies, including the flat and vertical section.

3.1. Variables and Parameters of the Model

The related variables and parameters are listed in Table 1.

3.2. First Stage-Train Re-Scheduling Problem
3.2.1. Objective of Train Re-Scheduling Model

Generally, the aim of train re-scheduling is to recover the status of all trains running
as per the original train diagram. There are several indices to measure the recovering
degree, the on schedule rate, the delay rate, and the difference between the re-scheduled
and original timetables. We have defined the gap based on arrival and departure time of
the trains in a previous paper [13]. In this paper, we also use the definition in Reference [13],
shown as Equation (1).

minz =
N

∑
i=1

M

∑
k=1

[max(αi,k − α0
i,k, 0) + (βi,k − β0

i,k)] (1)

It describes the gap between the re-scheduled timetable and the original timetable,
calculating the total delay time if the trains run as the re-scheduled timetable. Since the
re-scheduled arrival time of a train at a station in the re-scheduled timetable may be earlier
than in the original timetable, we use the max function to take the larger value from
αi,k − α0

i,k, and 0, avoiding the adverse effect of early arrival of a certain train.

3.2.2. Constraints for Train Re-Scheduling Model

When trains are running in the sections, arriving at stations and departing from
stations, we must assure the safety of all the trains. The intervals are designed to keep the
safe distance between trains, constructed with the time needed to pass a certain number of
subsection, the time needed to do the arrival action, the time needed to do the departure
action, the time needed for the divers to accept the signals and make corresponding actions,
and the time needed for extra protection. The intervals are already calculated and have
come into the operating rules.
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Table 1. Variables and parameters of the model.

Variables and Parameters Description Role

αi,k arrival time of train i at station k decision variable

βi,k departure time of train i at station k decision variable

aac
i,j,k

acceleration of train i at the kth segment
of section j in the accelerating process decision variable

ade
i,j,k

acceleration of train i at the kth segment
of section j in the decelerating process
(negative)

decision variable

tac
i,j,k

time consumed at the kth segment of
section j in the accelerating process by
train i

decision variable

tde
i,j,k

time consumed at the kth segment of
section j in the decelerating process by
train i

decision variable

tcons
i,j,k

time consumed at the kth segment of
section j when it runs at a constant
speed by train i

decision variable

α0
i,j original planned arrival time parameter

β0
i,j original planned departure time parameter

Iα,j interval between two arrivals station j parameter

Iβ,j
interval between two departures
station j parameter

τdepart−arrive

minimum interval between a train’s
leaving and another train’s arrival at a
station from the same direction

parameter

tmin,run
i,j

minimum running time of train i on the
section between station j and j + 1 parameter

tmin,dwell
i,j

minimum dwelling time of train i at
station j parameter

ei,j,k
energy consumed of train i at the kth
segment of section j

intermediate
variable

Fac
i,j,k

tractive force of train i at the kth
segment of section j in the
accelerating process

intermediate
variable

Fde
i,j,k

braking force of train i at the kth
segment of section j in the
decelerating process

intermediate
variable

Fcons
i,j,k

tractive force of train i at the kth
segment of section j when the train
runs at a constant speed

intermediate
variable

fi,j,k
resistance force put on train i at the kth
segment of section j

intermediate
variable

sj,k distance of kth segment of section j parameter

sac
i,j,k

distance train i runs at the kth segment
of section j in the accelerating process

intermediate
variable

sde
i,j,k

distance train i runs at the kth segment
of section j in the decelerating process

intermediate
variable

scons
i,j,k

distance train i runs at the kth segment
of section j when it runs at a
constant speed

intermediate
variable
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The operation interval constraints to assure the arrival and departure safety are shown
as Equations (2) and (3).

αi+1,j − αi,j ≥ Iα,j, i = 1, 2, . . . , N − 1, j = 1, 2, . . . , M (2)

βi+1,j − βi,j ≥ Iβ,j, i = 1, 2, . . . , N − 1, j = 1, 2, . . . , M (3)

In addition, some of the stations cannot send a train and receive a train at the same
time. The constraint is described in Equation (4).

αi+1,j − βi,j > τdepart−arrive, i = 1, 2, . . . , N − 1, j = 1, 2, . . . , M (4)

αi,j+1 − βi,j ≥ tmin,run
i,j , i = 1, 2, . . . , N, j = 1, 2, . . . , M− 1 (5)

Equation (5) requires that the re-scheduled running time is longer than the allowed
minimal running time.

βi,j − αi,j ≥ tmin,dwell
i,j , i = 1, 2, . . . , N, j = 1, 2, . . . , M (6)

Equation (6) requires the re-scheduled dwelling time is longer than the allowed
minimal dwelling time.

Passenger trains must not depart before the time as it is planned on the original timetable.

βi,j − β0
i,j ≥ 0, i = 1, 2, . . . , N, j = 1, 2, . . . , M (7)

3.2.3. Mathematical Model

The mathematical model of this problem is constructed as follows:

minz =
N
∑

i=1

M
∑

j=1
max[(αi,k − α0

i,k, 0) + (βi,k − β0
i,k)]

s.t.
αi+1,j − αi,j ≥ Iα, i = 1, 2, . . . , N − 1, j = 1, 2, . . . , M
βi+1,j − βi,j ≥ Iβ, i = 1, 2, . . . , N − 1, j = 1, 2, . . . , M

αi+1,j − βi,j > τdepart−arrive, i = 1, 2, . . . , N − 1, j = 1, 2, . . . , M
αi,j+1 − βi,j ≥ tmin,run

i,j , i = 1, 2, . . . , N, j = 1, 2, . . . , M− 1

βi,j − αi,j ≥ tmin,dwell
i,j , i = 1, 2, . . . , N, j = 1, 2, . . . , M

βi,j − β0
i,j ≥ 0, i = 1, 2, . . . , N, j = 1, 2, . . . , M

(8)

3.3. Second Stage-Train Control Problem

The second stage of the model is to design the speeds and the speed changes of the
trains when the train runs on the rail. The goal is to determine the traction plan and
calculate the speed of all the trains at the beginning and end of each segment, matching the
arrival time of the trains at the next station. Therefore, we can see that there are many plans
which must be manipulated to make the trains arrive at the stations in time, see Figure 4.

There are three control plans shown in Figure 4. o is the beginning of the segment
and the d is the end of the segment. The first one is to accelerate the train to a high-speed
v1(o-x), and then run at the speed of v1(x-y), and then it causes the train to brake (y-d). The
second is similar to the first plan. The train accelerates, runs at a constant speed v2, then it
brakes. The third one is to accelerate the train to a speed, then it slows the train to a coasting
drift (o-x”-d). Three control plans all cause the train to reach the end of the segment. The
difference is that the goal of the first plan is to save time and that of the third plan is to save
tractive force energy. Which one is the best? Generally, the third one is the best from the
perspective of saving energy if it meets the arrival time of the trains at stations.
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Therefore, in this paper we take the consumed energy as the optimizing goal.

minE =
N

∑
i=1

M

∑
j=1

Lj

∑
k=1

ei,j,k (9)

eij is the consumed energy of train i, at segment j.
The processes that consume the energy are accelerating process, the braking process,

and the process of running at a constant speed.
When the train accelerates,

Fac
i,j,k − fi,j,k

mi
= aac

i,j,k, aac
i,j,k > 0 (10)

aac
i,j,k =

vi,j,k+1 − vi,j,k

ti,j,k
(11)

So,
Fac

i,j,k − fi,j,k

mi
=

vi,j,k+1 − vi,j,k

ti,j,k
(12)

Then the tractive force is:

Fac
i,j,k =

vi,j,k+1 − vi,j,k

ti,j,k
mi + fi,j,k (13)

When the train runs at a constant speed, the tractive force must conquer the friction
force between the train and the track. So,

Fcons
i,j,k = fi,j,k (14)

When the train brakes,

−Fde
i,j,k − fi,j,k

mi
= ade

i,j,k, ade
i,j,k < 0 (15)

−Fde
i,j,k − fi,j,k

mi
=

vi,j,k+1 − vi,j,k

ti,j,k
(16)

Fde
i,j,k = −

vi,j,k+1 − vi,j,k

ti,j,k
mi − fi,j,k (17)

The tractive force can be calculated then. How to evaluate the consumed energy? We
take the “work” that the tractive force does to evaluate. We describe ei,j,k as follows.

ei,j,k = Fac
i,j,ksac

i,j,k + Fcons
i,j,k scons

i,j,k + Fde
i,j,ksde

i,j,k (18)
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Then the second stage-train control model is described as follows.

minE =
M

∑
i=1

N

∑
j=1

Lj

∑
k=1

Fac
i,j,ksac

i,j,k + Fcons
i,j,k scons

i,j,k + Fde
i,j,ksde

i,j,k (19)



sac
i,j,k = vi,j,ktac

i,j,k +
1
2 aac

i,j,k(t
ac
i,j,k)

2

scons
i,j,k = vi,j,ktcons

i,j,k

sde
i,j,k = vi,j,ktde

i,j,k +
1
2 ade

i,j,k(t
de
i,j,k)

2

vi,j,k+1 = vi,j,k + aac
i,j,ktac

i,j,k or vi,j,k+1 = vi,j,k + ade
ij tde

i,j,k
N
∑

i=1

M
∑

j=1

Lj

∑
k=1

tac
i,j,k + tcons

i,j,k + tde
i,j,k ≤

M−1
∑

j=1
αi,j+1 − βi,j

Lj

∑
k=1

tac
i,j,k + tcons

i,j,k + tde
i,j,k ≤ αi,j+1 − βi,j, i = 1, 2, . . . , N; j = 1, 2, . . . , M

(20)

Here, we need to derive the formulas to calculate the consumed energy, the running
time of a train in each segment, and the velocity at the end of each segment. Since the
different types of EMUs (electric multiple units) have different basic resistance formula,
we need to select the type of EMU to complete the derivation. The computing case in
Section 5 is based on CRH3 (China Railway High-Speed-Vehicle Type 3). Therefore, we
did the derivation work based on the resistance formula of CRH3.

f = 0.42 + 0.0016v + 0.000132v2 + ωr + ωi N/KN (21)

In Equation (21), the measurement unit of v is km/h, so it equals to:

f = 0.42 + 0.00576v + 0.00171v2 + ωr + ωi N/KN (22)

where the measurement unit of v is m/s.
In Equation (22), the measurement unit of v is m/s. To unify the all the measurement

units to a standard system, Equation (22) can be changed into Equation (23).

f = 0.0041 + 0.01(ωr + ωi) + 0.0000564v + 0.0000168v2 N/KG (23)

where the measurement unit of v is m/s and the measurement unit of f is N/KG.
Thus, if a train accelerates at a certain acceleration, the consumed energy in the

acceleration process (Fac
i,j,ksac

i,j,k in Equation (19)) is:
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∫ sj,k
0 [(0.42 + 0.00576v + 0.00171v2 + ωr + ωi) · m·g

1000 + ma]dS

=
∫ sj,k

0 [m(0.0041 + 0.0000564v + 0.0000168v2 + 0.01ωr + 0.01ωi) + ma]dS

=
∫ −v0+

√
v0

2+2as
a

0

{
[0.0041 + 0.0000576 · (v0 + a · t) + 0.0000168 · (v0 + a · t)2 + 0.01ωr + 0.01ωi ] ·m + ma

}
d[(v0 + a · t) · t)]

= v0 ·
[
(0.0041 + 0.0000564 · v0 + 0.01ωr + 0.01ωi) ·mt + (0.0000224at2 + 0.0000168av0t2 + 1

3 · 0.0000168a2t3)m + m · a · t
] −v0+

√
v0

2+2as
a

0

+

[
(0.0041at2 + 0.0000564av0t2 + 2

3 × 0.0000564a2t3 + 0.0000168av0
2t2

+0.000084a3t4 + 4
3 × 0.0000168a2v0t3 + aωrt2 + aωit2)m + a2mt2

] −v0+
√

v0
2+2as

a

0

=


[(0.0041 + 0.0000564 · v0 + 0.01ωr + 0.01ωi) ·m · v0 + ma]t

+[(0.0000224a + 0.0000168av0 + 0.0041a + 0.0000564av0 + 0.0000168av0
2 + 0.01aωr + 0.01aωi)m + a2m]t2

+( 1
3 · 0.0000168a2 + 2

3 · 0.0000564a2 + 4
3 · 0.0000168a2v0

)
mt3

+0.000084a3 ·mt4



−v0+
√

v0
2+2as

a

0

=


[(0.0041 + 0.0000564 · v0 + 0.01ωr + 0.01ωi) ·m · v0 + ma]t

+[(0.004125a + 0.0000732av0 + 0.0000168av0
2 + 0.01aωr + 0.01aωi)m + a2m]t2

+(0.004125a2 + 0.000028a2v0
)
mt3

+0.000084a3mt4



−v0+
√

v0
2+2as

a

0

= [(0.0041 + 0.0000564 · v0 + 0.01ωr + 0.01ωi) ·m · v0 + ma]−v0+
√

v0
2+2as

a

+[(0.004125a + 0.0000732av0 + 0.0000168av0
2 + 0.01aωr + 0.01aωi)m + a2m]

(
−v0+
√

v0
2+2as

a

)2

+(0.004125a2 + 0.000028a2v0)m
(
−v0+
√

v0
2+2as

a

)3

+0.000084a3 ·m
(
−v0+
√

v0
2+2as

a

)4

(24)

We take it for granted that a train does not consume energy when it coasts or brakes.
In addition, the consumed energy in the process of running at a constant speed can

also be calculated with Equation (24). Therefore, we get the equation for calculating the
consumed energy.

The destination is to give a control plan for each segment to assure the running
operation time of a train in a whole section and keep the consumed energy to be minimal.
The control plan will determine the operation mode, thus determining the running time
and the velocity at the end of a segment.

4. Quantum-Inspired PSO for the Integrated Model
4.1. Particle Swarm Optimization Algorithm

Quantum Particle Optimization (PSO) algorithm is a PSO which uses quantum in-
spired evolutionary algorithm theory. The positions of the particles are defined with the
quantum bits. The PSO algorithm was first introduced by Eberhart and Kennedy [42]. It
has been proved that PSO is an effective optimization algorithm in recent years. In this
paper, we improved the algorithm with quantum inspired thought.

4.2. Quantum Particle Swarm Optimization Algorithm

The quantum particle swarm algorithm is a new version of particle swarm optimiza-
tion algorithm. Compared with the typical particle swarm optimization algorithm, the
most important difference is the description form of the particle positions and the velocity
equation. The description of the positions and velocity uses the quantum concept.

The original positions of the particles are described with the probability amplitude of
the quantum.

Qi =

[
cos θi1 cos θi2 . . . cos θiN
sin θi1 sin θi2 . . . sin θiN

]
(25)

where θij = 2π × rnd,rnd is a random number, 0 ≤ rnd ≤ 1, 1 < i ≤ m, 1 ≤ j ≤ n, i is the
number of the particles, and j is the dimensionality of a particle.
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Then the most important work is to change the particle positions into real numbers,
which can describe the solution of the engineering problems. Set Lj to be the lower
boundary of jth dimension of a particle and Uj to be the upper boundary of jth dimension
of a particle. Then [Lj, Uj] is the value range.

Set Qi =

[
cos θij
sin θij

]
to be the jth quantum position. The position of the solution can

be defined as follows.

Sj
gs =

1
2
[bj(1 + cos(θij)) + aj(1− cos(θij))] (26)

Sj
es =

1
2
[bj(1 + sin(θij)) + aj(1− sin(θij))] (27)

We can see that the solution is defined with the key element θij. We can adjust the
solution by change the value of θij.

Set Qil to be the current best solution and Qg to be the global best solution of the
optimization problem.

Qil = (cos(θil1), cos(θil2), . . . , cos(θilN)) (28)

Qg = (cos(θg1), cos(θg2), . . . , cos(θgN)) (29)

Then the change of argument of particle Qi can be represented as:

∆θij(t + 1) = ω∆θij(t) + c1(∆θl) + c2(∆θg) (30)

where

∆θl =


2π + θil j − θij (θil j − θij < −π

)
θil j − θij (− π ≤ θil j − θij ≤ π

)
θil j − θij − 2π (θil j − θij > π

) (31)

∆θg =


2π + θgj − θij (θil j − θij < −π

)
θgj − θij (− π ≤ θgj − θij ≤ π

)
θgj − θij − 2π (θgj − θij > π

) (32)

The quantum rotation gate is:

R =

[
cos(∆θij(t + 1)) − sin(∆θij(t + 1))
sin(∆θij(t + 1)) cos(∆θij(t + 1))

]
(33)

Then the operation of the change of argument of the quantum is:[
cos(θij(t + 1))
sin(θij(t + 1))

]
= R×

[
cos(θij(t))
sin(θij(t))

]
=

[
cos(∆θij(t + 1)) − sin(∆θij(t + 1))
sin(∆θij(t + 1)) cos(∆θij(t + 1))

]
×
[

cos(θij(t))
sin(θij(t))

]
=

[
cos(θij(t) + ∆θij(t + 1))
sin(θij(t) + ∆θij(t + 1))

]
(34)

The new positions of particle Qi are as follows:

θig = (cos(θi1(t) + ∆θi1(t + 1)), cos(θi2(t) + ∆θi2(t + 1)), . . . , cos(θiN(t) + ∆θiN(t + 1))) (35)

θie = (sin(θi1(t) + ∆θi1(t + 1)), sin(θi2(t) + ∆θi2(t + 1)), . . . , sin(θiN(t) + ∆θiN(t + 1))) (36)
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Thus, the change of the particle position is completed. We can calculate fitness value
of the optimization model to judge whether the position is better. Then we decide how to
adjust the velocity and position of the particles.

4.3. QPSO for Resolving Train Re-Scheduling and Control Problem

The QPSO algorithm for train re-scheduling problem is as follows.

Step 1: To initiate all the original solution and parameters of the model;
Step 2: To calculate the fitness value of the model according to Equation (1) when solving
train re-scheduling problem (Equation (19) when solving train control problem);
Step 3: To calculate the change of argument of the particles according to Equation (30);
Step 4: To calculate the positions of the particles according to Equation (35) and Equation
(36);
Step 5: To calculate the fitness value of the model according to Equation (1) when solving
train re-scheduling problem (Equation (19) when solving train control problem);
Step 6: To select the optimal local and global particle from the two swarms;
Step 7: To check if the computational accuracy satisfies the requirements. If yes, stop;
otherwise, go to step 3.

The flowchart of the algorithm for the train re-scheduling stage is shown as Figure 5a
and that for the train control problem is shown in Figure 5b.
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Figure 5. Flowcharts of the algorithms for the two stages of the model. (a) Algorithm flowchart for
train re-scheduling problem; (b) Algorithm flowchart for train control problem.

5. Computation Case and Results Analysis
5.1. Basic Data of the Computing Case

We did the data experiment based on the real operation data of Beijing-Shanghai high-
speed railway. The timetable is between Beijingnan and Jinanxi station from 9:00 to 13:00.
There are six stations in the studied section: Beijingnan, Langfang, Tianjin, Canzhouxi,
Dezhoudong, and Jinanxi. The number of related trains is 28. There are two types of trains
in this case, the G type trains and D type trains. G and D are the initials of two types of
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Chinese high-speed trains. D type trains have a maximum speed of under 250 km/h and a
top speed of 200–250 km/h. The speed of G type trains is no less than 250 km/h. The top
speed is 300–350 km/h.

The original train diagram is shown in Figure 6 and the arrival and departure time of
the trains at the stations are listed in Table 2.
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Table 2. Original train timetable between Beijingnan and Jinanxi (south-going direction) from 9:00 to 13:00.

Train ID
Beijingnan Langfang Tianjinnan Cangzhouxi Dezhoudong Jinanxi

Departure Arrival Departure Arrival Departure Arrival Departure Arrival Departure Arrival

G261 - - - - - - - - - 9:03:00

G57 - - - - - - - - - 9:11:00

G185 - - - - - - - - - 9:16:00

G263 - - - - - - - 9:05:30 9:05:30 9:27:00

G11 - - - - - - - 9:10:30 9:10:30 9:32:00

G107 - - - - - - 9:01:00 9:28:00 9:30:00 9:54:00

G55 - - - - - 9:10:00 9:10:00 9:33:00 9:43:00 10:07:00

D315 - - - - 9:14:00 9:38:00 9:38:00 10:05:00 10:12:00 10:39:00

D333 - - 9:01:00 9:19:00 9:21:00 9:44:00 10:04:00 10:30:00 10:43:00 11:07:00

G31 - - - 9:03:00 9:03:00 9:24:30 9:24:30 9:48:00 9:48:00 10:02:00

G113 9:05:00 9:22:30 9:22:30 9:36:00 9:36:00 9:56:00 9:56:00 10:18:00 10:20:00 10:44:00

G115 9:16:00 9:37:00 9:39:00 9:53:00 9:53:00 10:14:00 10:14:00 10:36:00 10:38:00 11:02:00

G41 9:33:00 9:52:30 9:52:30 10:07:00 10:09:00 10:30:00 10:30:00 10:53:00 10:55:00 11:19:00

D317 9:38:00 9:59:00 10:01:00 10:17:30 10:17:30 10:42:00 10:44:00 11:09:00 11:11:00 11:37:00

G13 10:00:00 10:18:30 10:18:30 10:33:00 10:33:00 10:54:30 10:54:30 11:18:00 11:18:00 11:43:00

G323 10:15:00 10:35:00 10:35:00 10:49:30 10:49:30 11:12:00 11:14:00 11:40:00 11:40:00 12:06:00

D335 10:30:00 10:51:00 10:53:00 11:10:00 11:12:00 11:35:00 11:37:00 12:03:00 12:05:00 12:31:00
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Table 2. Cont.

Train ID
Beijingnan Langfang Tianjinnan Cangzhouxi Dezhoudong Jinanxi

Departure Arrival Departure Arrival Departure Arrival Departure Arrival Departure Arrival

G119 10:45:00 11:08:00 11:08:00 11:26:00 11:28:00 11:51:00 11:51:00 12:16:00 12:18:00 12:44:00

G163 10:50:00 11:15:00 11:15:00 11:34:00 11:44:00 12:06:30 12:06:30 12:32:00 12:34:00 13:00:00

G15 11:00:00 11:22:00 11:22:00 11:39:00 11:39:00 12:01:00 12:01:00 12:25:00 12:25:00 -

G125 11:10:00 11:34:00 11:34:00 11:52:00 11:54:00 12:17:00 12:17:00 12:42:00 12:44:00 -

G411 11:20:00 11:46:00 11:48:00 12:04 12:04:00 12:29:00 12:31:00 12:57:00 12:57:00 -

G127 11:35:00 12:01:00 12:03:00 12:19:30 12:19:30 12:44:00 12:46:00 - - -

G183 11:43:00 12:09:00 12:11:00 12:27:30 12:27:30 12:52:00 12:54:00 - - -

G325 12:05:00 12:28:00 12:28:00 12:46:00 12:48:00 - - - - -

G187 12:20:00 12:42:00 12:42:00 12:59:00 12:59:00 - - - - -

G303 12:30:00 12:51:00 12:53:00 - - - - - - -

G133 12:40:00 - - - - - - - - -

The minimal running time of the trains is shown in Table 3.

Table 3. Minimal running time of the trains in all the segments.

Segment Minimal Running Time (Measurement Unit: Minutes)

“G” Trains “D” Trains

Beijingnan-Langfang 18 21.5

Langfang-Tianjinnan 11.5 14.5

Tianjinnan-Cangzhouxi 16 18

Cangzhouxi-Dezhoudong 18 21

Dezhoudong-Jinanxi 23 26

In addition, there has been a stops plan, to decide which trains to stop at which
stations. When we re-schedule the trains, we cannot change the stops plan. The minimum
dwelling time at a station is 2 min. Some of the trains may dwell 10 min to wait for a
backward train to overpass it. For example, G163 stays at Tianjinnan station to wait for
G15 to overpass it.

The minimum interval between two departures from a same station or two arrivals at
a same station is 5 min. In addition, the current allowed maximal speed is 300 km/h on
Beijing-Shanghai high-speed railway.

We instantiated the model, setting the parameters firstly. The arrival time and the
departure time, as well as the accelerations of the trains, and the consumed time were the
decision variables in the model. The arrival and departure time were changed into the
seconds number from 0:00. The initial solution can be built with the numbers. We chose
28 trains and 6 stations in this computing case and there were 21 segments in the railway
section due to Figure 6.

Thus, the total number of units in the initial solution vector which stands for the
arrival time and departure time is 28× 6× 2− 28× 2 = 280, because it is not necessary
to decide the arrival time at Beijingnan and departure time at Jinanxi of the trains. To do
the train control data experiment, we find the track profile of the segment from Beijingnan
to Langfang, shown in Figure 7. We only calculate the train control plan in the section
of Beijingna to Langfang in the south-going direction. Therefore, the number of the
elements in the solution vector which stands for the accelerations is 21× 2 = 42, and that
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of the elements in the solution vector which stands for the consumed time is 21× 3 = 63.
Therefore, the total number of the units in the solution vector is 280+42 + 63= 385.
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We set the iteration time of the computing to be 1000. The parameters c1, c2 are both
set to be 2 in the optimization algorithm. The particle group size is set to be 40.

The type of the EMU is CRH3. CRH3 has a starting acceleration of 0.5 m/s2. Average
acceleration is 0.38 m/s2. The maximal deceleration is −1 m/s2. The weight of CRH3 is
380,000 Kg.

There are two fitness functions in this model. The fitness function of train re-scheduling
problem (first stage) is as Equation (1), which can be described as

f itness1 =
N

∑
i=1

M

∑
k=1

[max(αi,k − α0
i,k, 0) + (βi,k − β0

i,k)] (37)

The fitness function of train control is as Equation (19), which is:
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Thus, the task is to calculate a train re-scheduling plan to dispatch the trains. We need
to calculate a train control plan to guide the train driver to manipulate the train in the
section from Beijingnan to Langfang.

5.2. Computation Results and Discussion

We took it for granted that four trains were delayed in the computing case. G115
and G323 were 10 min late at the origin station, Beijingnan, and EMU setup work was
disturbed. G13 and G15 were delayed 10 min when arriving at Langfang station.

According to the model and the algorithm, we calculated a train re-scheduling plan,
shown in Figure 8. The detailed timetable is shown in Table 4.

Table 4. Part of Re-scheduled train timetable between Beijingnan and Jinanxi (south-going direction) from 9:00 to 13:00.

Train ID
Beijingnan Langfang Tianjinnan Cangzhouxi Dezhoudong Jinanxi

Departure Arrival Departure Arrival Departure Arrival Departure Arrival Departure Arrival

G115 9:26:00 9:45:30 9:47:30 9:59:00 9:59:00 10:17:00 10:17:00 10:36:00 10:38:00 11:02:00

G13 10:00:00 10:30:00 10:30:00 10:44:00 10:44:00 11:00:00 11:00:00 11:18:00 11:18:00 11:43:00

G323 10:25:00 10:43:00 10:43:00 10:55:00 10:55:00 11:12:00 11:14:00 11:40:00 11:40:00 12:06:00

D335 10:40:00 11:00:00 11:00:00 11:14:00 11:16:00 11:35:00 11:37:00 12:03:00 12:05:00 12:31:00

G15 11:00:00 11:32:00 11:32:00 11:49:00 11:49:00 12:12:00 12:12:00 12:37:00 12:37:00 -

G125 11:10:00 11:37:00 11:37:00 11:54:00 11:56:00 12:17:00 12:17:00 12:42:00 12:44:00 -

Note: The adjusted arrival and departure time of the trains are listed in italics.
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According to the calculation result, G115, G13, and D335 recovered the status that
it ran according to the original timetable. The total delayed time of Train G115 is 45 min.
The relative number of G13 is 56 min and relative number of D335 is 36 min. G15 did not
recover to run according to the original timetable, for the following trains have the same
degree as G15 and the dispatching rule is to ensure the operation plans of the trains are
delayed as little as possible. The total delayed time is 86 min. Furthermore, G125 is affected
by G15, as the minimum interval between two arrivals is 5 min. The total delay time of
G125 is 10 min. The total delay time of all the trains at all the stations is 270 min.

Due to the operation rule by Meng in the previous publications, the train will be
scheduled to run as fast as possible, which means that it will be scheduled to finish the
running within the minimum running time [43–45]. However, we can find that G115 did
not run as fast as possible, for the minimum running time is 18 min, while the re-scheduled
running time is 19.5 min in this computing case. That is because we not only give the train
re-scheduling plan as the previous publication, but also consider the train control plan,
which aims to save energy. The detailed control plan is listed below.

From Table 5, we can see that we need to accelerate Train G115 in four segments. The
calculating result requires the train to accelerate at the first three segments. Then it coasts
in the following 12 segments and the velocity decreases from 51.478 m/s to 28.728 m/s. It
accelerates at the 16th segment, with the speed reaching to 27.832 m/s. After that it coasts
for another segment. In the last segment, it brakes at the deceleration of −0.26 m/s2. We
can see that the curve has a downward trend and the slope is declining. This is because the
basic resistance is related to the velocity. With the decreasing of the train, the resistance
is decreases, and the deceleration is diminishing. Then the velocity decreases. This is a
loop process.
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Table 5. Train control plan for G115 in section between Beijingnan and Langfang in the south-going direction.

Segments Operating
Mode

Acceleration
(m/s2)

Running
Distance (m) ωr ωi v0

i,j,k (m/s) T (s) vi,j,k (m/s) si,j,k (m) Error
(m)

E
(109J)

1 Accelerating 0.5 450.000 0 0 0 42.426 21.213 450.000 0 1.8208

2 Accelerating 0.5 500.000 0 −1.500 30 14.833 37.417 500.000 0 0.2274

3 Accelerating 0.5 750.000 0 0 43.58899 15.778 51.478 750.000 0 0.3062

4 Coasting Variable 1815.864 0.000 12.000 51.478 37.553 45.240 1815.900 −0.036 0

5 Coasting Variable 1839.140 0.000 1.000 45.240 41.582 43.185 1840.000 −0.860 0

6 Coasting Variable 1000.805 0.000 5.400 43.185 23.752 41.041 1000.000 0.805 0

7 Coasting Variable 910.365 0.900 0.000 41.041 22.432 40.076 910.000 0.365 0

8 Coasting Variable 1000.377 0.000 8.413 40.076 25.916 37.085 1000.000 0.377 0

9 Coasting Variable 1250.959 0.000 0.000 37.085 34.161 36.106 1250.000 0.959 0

10 Coasting Variable 1450.053 0.000 0.000 36.106 55.983 34.991 1450.000 0.053 0

11 Coasting Variable 1350.412 0.000 0.000 34.991 54.657 33.972 1350.000 0.412 0

12 Coasting Variable 3495.152 0.000 0.000 33.972 122.768 31.417 3495.140 0.012 0

13 Coasting Variable 1900.591 0.000 0.585 31.417 75.322 29.715 1900.000 0.591 0

14 Coasting Variable 1400.511 0.050 0.000 29.715 64.550 28.728 1400.000 0.511 0

15 Coasting Variable 3550.377 0.000 3.000 28.728 157.574 22.240 3550.000 0.377 0

16 Accelerating 0.10 1400.000 0.000 0.500 22.240 65.920 27.832 1400.000 0.000 0.2407

17 Coasting Variable 2000.202 0.080 0.000 27.832 100.597 26.446 2000.000 0.202 0

18 Coasting Variable 2300.374 0.000 0.000 26.446 117.553 24.956 2300.000 0.374 0

19 Braking −0.26 1200.000 0.090 0.000 24.956 96.169 0.000 1200.000 0.000 0

Summary - - 29,560.728 - - - 1169.527 - 29,561.040 −0.312 2.5951

The total running time is 1169.527 s. It satisfies the requirement that the time for trains
to operate from Beijingnan to Langfang is 1170 s (19.5 min).

We can see from Figure 9 that when the train is near Langfang, the speed is low. This
is because a train with a low speed is easy to control. It not only benefits for the safety of
train operation, but also for the saving of traction energy. The energy consumed in the
four acceleration processes are 1.8208× 109, 0.2274× 109, 0.3062× 109, and 0.2407× 109

joule separately.
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Figure 9. Control plan of G115 from Beijingnan to Langfang.

The maximal speed in the whole process is 51.478 m/s, which equals to 185.32 km/h.
The speed is much lower than the allowed maximal speed. However, we find that the total
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consumed time from Beijingnan to Langfang is less than 19.5 min. This reflects the fact that
the timetable has reserved a somewhat large space to re-schedule the trains.

Can we speed up the trains at the first several segments to faster than 51.478 m/s and
brake at the end of the section? It is possible, but it is not necessary. If we do so, more
energy will be wasted. In addition, the maximal deceleration is −1.0 m/s2. If the velocity
is too high, it is possible that the train would be unable to stop at Langfang as planned. The
control plan can ensure the train arrives at Langfang on time, and it is an optimal control
plan to minimize the consumed energy.

6. Conclusions

An integrated model for train re-scheduling and control is proposed. The model can
be divided into two stages. The first stage is to re-schedule the trains when the trains
are disturbed, deciding the arrival and departure time of the trains at the stations. Thus,
the running time of each train can be calculated to set constraints for the train control
problem. A train control approach is proposed, which is the second stage of the integrated
model. Since it is quite important to have the perfect control plan, we designed the model
to decide which manipulation mode should be taken in each segment. We derived the
formula to calculate the energy, the running time, and the distance and provided a method
to calculate the optimal control plan to minimize the consumed energy in the premise of
meeting the requirement of the running time. The integrated model can give the train
re-scheduling plan and the train control plan synchronously. Train re-scheduling plan
can provide supporting information for the train dispatchers and the train control plan
is helpful for the train drivers. Therefore, it can be seen as a theory base for self-driving
technology. It can also avoid the risk that the train timetable cannot be executed, for there
may be no feasible traction plan for the trains, although the timetable is generated.

In future works we will continue studying the train control problem (the second stage
problem in this paper), generating the traction plan for all of the related trains. We will
try to merge the train re-scheduling and train control (routing in the station and traction
planning) problems to further support the train dispatching work.
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