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Abstract: To simultaneously track the ideal slip rate and realize ideal energy recovery efficiency 

under different complex road conditions, an electro-hydraulic compound anti-lock braking system 

based on interval type-2 fuzzy logic control strategy and its corresponding braking torque alloca-

tion strategy have been developed for electric vehicles. The proposed interval type-2 fuzzy logic 

controller aims to calculate the ideal total braking torque by four steps, namely, fuzzification, fuzzy 

inference, type reduction, and defuzzification. The slip rate error and the change rate of slip rate 

error are utilized as inputs in the fuzzification, and then, the membership degree interval of fuzzy 

variables determined by the upper and lower membership functions is used to calculate the acti-

vation degree interval of different fuzzy rules in the fuzzy inference process, which enhances the 

anti-interference ability to external uncertainties and internal uncertainties. The braking torque al-

location strategy is proposed to maintain the maximum energy recovery efficiency on the premise 

of safe braking. The software of MATLAB/Simulink is applied to simulate the process of anti-lock 

braking control under two complex road conditions. Simulation results corroborate the proposed 

interval type-2 fuzzy logic anti-lock braking control system can not only obtain better slip rate 

control effect and outstanding robustness but also achieve ideal regenerative braking energy re-

covery efficiency under both joint-μ and split-μ road surfaces. 

Keywords: electric vehicles; anti-lock braking system (ABS); interval type-2 fuzzy logic; regenera-

tive braking; slip rate control; energy recovery 

 

1. Introduction 

In the face of the problems of environmental pollution and energy shortage, electric 

vehicles (EVs) have become the main development direction of the automotive industry 

[1]. Taking advantage of both regenerative braking subsystem in braking energy recov-

ery and traditional hydraulic braking subsystem in high power density, the elec-

tro-hydraulic compound braking system has great potential to make a trade-off between 

energy saving and braking control effect for EVs [2]. With the increase of both driving 

velocity and driving condition complexity of EVs, the anti-lock braking system (ABS) is 

regarded as one of the necessary auxiliary systems of electric vehicles to decline the rate 

of traffic accidents. A cooperative control algorithm for electric vehicles was proposed to 

improve the ABS working performance [3]; additionally, a nonlinear model predictive 

control was used on ABS and tested on a high-end vehicle simulator to verify the per-

formance and robustness of the ABS controller [4]. Compared with traditional vehicles, 

the EVs can implement regenerative braking technology to enhance energy utilization 

efficiency by recovering kinetic energy during the braking process [5]. Thus, the anti-lock 

braking function of EVs can be done by the electro-hydraulic compound braking system 

to make a trade-off between the energy saving and anti-lock braking control effects. 
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The ABS control strategy can be regarded as one of the main key technologies for 

EVs to realize the anti-lock braking function, which is used to calculate the demand 

braking torque of every wheel [6]. At present, some traditional control algorithms have 

been widely applied in designing the vehicle ABS controller, which is mainly including 

logic threshold control, proportion integral differential (PID) control, and sliding mode 

control. Chiang et al. [7] proposed a logic threshold ABS control system to realize the 

anti-lock control function by constraining the motor reference torque with an allowable 

value. Yang et al. [8] designed a logic threshold control with phase plane theory to ana-

lyze the relation between slip rate and braking torque, and then, the composition rule of 

expected braking torque was studied to improve the anti-lock braking control effect. 

However, by analyzing these ABS control strategies on the basis of the logic threshold 

control method, it can be seen that the rule database for various road conditions is diffi-

cult to be established. Feng proposed the discrete fuzzy adaptive PID to accurately track 

the ideal wheel slip rate [9]. Moreover, to enhance the robustness of a control system re-

gardless of system parameter variations, sliding mode control is still widely applied in 

ABS control. Sun et al. [10] investigated a sliding mode wheel slip rate control to yield 

anti-lock control of wheels with an adaptive sliding surface, and Rahul et al. [11] pro-

posed a multiple surface sliding controller to maintain the optimal slip rate in unknown 

road surface conditions. However, note that the common sliding mode ABS controller is 

always robust but not optimal. In summary, the control effects of traditional control al-

gorithms always depend on the accuracy of mathematic modeling. Due to the massive 

nonlinear, time-varying and lagging influencing factors in the anti-lock braking control 

process, the mathematical dynamics model of ABS is difficult to be accurately described, 

especially for EVs. 

With the rapid development of intelligent technology, intelligent control algorithms 

have great advantages, which mainly include fuzzy control [12], neural network [13], and 

genetic algorithm [14]. Due to a large number of nonlinear, time-varying, and hysteretic 

factors in the process of vehicle ABS control, the ABS control model is difficult to be ac-

curately described. Therefore, fuzzy control, which does not depend on the precise 

mathematical model of the controlled object, has been widely studied by experts and 

scholars. Fargione et al. [15] proposed a fuzzy control strategy integrated optimization of 

genetic algorithm to realize the anti-lock braking function of the electro-hydraulic brak-

ing system. Andrei et al. [16] improved the vehicle braking stability and regenerated the 

maximum possible amount of energy by designing a fuzzy control algorithm on the basis 

of road recognition. Mokarram et al. [17] studied a fuzzy logic controller in 0.35 μm 

standard complementary metal oxide semiconductor (CMOS) process and used adaptive 

neural-fuzzy inference systems of software to define the parameters of the fuzzy logic 

controller; the simulation results show the controller have a high speed of calculation and 

low power consumption in ABS. However, the proposed controller lacks adaptive ability 

because the fuzzy logic parameters are invariable. In summary, the shape of the mem-

bership function and the corresponding membership degree of each point in the domain 

for the fuzzy logic control algorithm mentioned above are determined, so it can be col-

lectively referred to as ‘type-1 fuzzy logic control’. However, the shape of the member-

ship function and the membership degree corresponding to each point in the domain are 

single and invariable in the type-1 fuzzy logic controller. Moreover, in the process of EVs 

anti-lock braking control, the information of different road adhesion coefficient and op-

timal slip rate has strong uncertainty, and the type-1 fuzzy logic control is lack of adap-

tion for environmental variation with more uncertain information. Therefore, the type-1 

fuzzy logic control has unsatisfactory performance in tracking optimal slip rate and en-

ergy recovery when road surface abruptly changed or the EVs wheels braking on dif-

ferent road surface respectively. 

On the basis of the traditional fuzzy set, the type-2 fuzzy set has carried on the ex-

panded dimension processing. A single fuzzy variable is described by two different lev-

els of membership function, which can simultaneously mode both intra-personal uncer-
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tainty and inter-personal uncertainty [18,19]. Hence, in many applications, such as sys-

tem controlling, decision making, and machine learning, the type-2 fuzzy control algo-

rithm have been demonstrated better performances compared with the traditional type-1 

fuzzy control. Claudia I et al. [20] proposed a generalized type-2 fuzzy logic system with 

the limitation of complexity by the theory of alpha-planes. Zhang [21] used trapezoidal 

interval type-2 fuzzy sets to investigate the multiple attribute group decision-making 

problems. Gaxiola [22] et al. used an improved type-2 inference system to estimate the 

type-2 fuzzy weights of backpropagation neural network, and the simulation results il-

lustrate the advantages of the bio-inspired methods optimizing type-2 fuzzy systems. 

Sanchez et al. [23] used a mobile robot in conjunction with three types of external per-

turbations to contrast the control performance of generalized type-2 fuzzy systems and 

interval type-2 fuzzy systems and type-1 fuzzy systems; the results show the type-2 fuzzy 

logic control has better anti-interference ability than type-1 fuzzy logic control. It is noted 

that there has been no research about the ABS control method based on type-2 fuzzy logic 

algorithm until now. The possible reasons are that the computing process is complex and 

time-consuming, which is unfit for the time-varying ABS model, and the fuzzy rules are 

difficult to be formulated without sufficient experience. 

This present study aims to fulfill the excellent optimal slip rate tracking effect under 

complex road conditions by introducing an electro-hydraulic compound anti-lock brak-

ing control system. The proposed anti-lock braking control system utilizes an interval 

type-2 fuzzy logic algorithm to calculate the expected braking force tracking ideal slip 

rate, which differs from conventional type-1 fuzzy logic control. The membership de-

grees of fuzzy variables in different fuzzy sets of conventional type-1 fuzzy logic are 

constant, which reduce the anti-interference ability of the controller, resulting in unsat-

isfactory performance of slip rate control when the working conditions are variable. The 

proposed control algorithm utilizes upper and lower membership functions to describe 

the membership degree of fuzzy variables so that the anti-interference ability and adap-

tation of the controller can be enhanced when external conditions are changing. 

This research considers the following contributions: 

(1) The structure composition and operating principle of the proposed interval type-2 

fuzzy logic electro-hydraulic compound anti-lock braking system is given out in 

detail, and the allocation strategy is designed by considering the balance between 

the energy recovery efficiency and braking safety. 

(2) Considering the uncertain road conditions of anti-lock braking control, the single 

fuzzy variable is described by membership function of two different levels by using 

the membership function expansion method and set the secondary membership 

degree of fuzzy variable to a constant value of 1 to enhance the ability of 

anti-interference for fuzzy control under massive uncertainty information during 

the braking process, and Karnik–Mendel (KM) algorithm fuzzy type reduction 

method is adopted to solve the complex calculation problem of generalized type-2 

fuzzy reasoning. 

The present paper is organized as follows: Section 2 describes the modeling of a to-

tal system. Section 3 depicts the design process of the interval type-2 fuzzy logic an-

ti-lock braking control system. Section 4 provides the simulation results. Section 5 pre-

sents the conclusion drawn from the study. 

2. System Model 

2.1. Dynamic Model of Automobile Brake System 

Establish the vehicle coordinate system consolidated to the center of mass, with the 

x-axis pointing forward parallel to the ground, the y-axis pointing forward parallel to the 

driver’s left, and the z-axis pointing upward through the center of mass. 

Ignoring the dynamic effects of suspension, the vehicle only moves parallel to the 

ground, and ignoring the changes in tire characteristics caused by load changes of left 
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and right tires and the effect of tire righting torque, the vehicle is simplified to the dy-

namic model [24,25] shown in Figure 1. 
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Figure 1. Vehicle dynamic model: (a) dynamic model of electric vehicle and (b) dynamic model of tire. 

The equation of motion of the electric vehicle is expressed as follows: 
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 (1) 

where m is the mass of the electric vehicle; vx, vy, xv , and yv  represent the velocity and 

acceleration of electric vehicle along the x- and y-axis, respectively. β is the angle be-

tween the air resistance and the driving direction. FD illustrates the air resistance. γ, γ , 

and Iz are the vehicle’s yaw angle, yaw angular velocity, and moment of inertia around 

the z-axis, respectively. la and lb are the distances between the mass center of the vehicle 

and the front and rear axles, respectively. tf and tr indicate, respectively, the front and 

rear wheelbases. 
iWJ , 

iω , and 
i  stand for the moment of inertia, angular velocity, and 

angular acceleration of the wheel, respectively. 
di

T , 
bi

T , and 
fi

T  are the wheel driving 

torque, braking torque, and rolling resistance torque, respectively. 
ωi

R  is the rolling ra-

dius of the wheel. 
ixF , 

iyF , and 
i  are the longitudinal force, lateral force, and steering 

angle of the wheel, respectively. The subscript i are 1, 2, 3, and 4, indicating the front 

right wheel, front left wheel, rear right wheel, and rear left wheel, respectively. 

2.2. Tire Model 

The Magic Formula tire model [26] is used to describe the dynamic behavior of ve-

hicle. 

        VH H H
sin arctan arctanY D C B S E B S B S S            (2) 
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where Y is the output variable, namely longitudinal force; λ is the slip rate of the electric 

wheel; B, C, and E represent the stiffness, shape, and curvature coefficients, respectively; 

D is the peak value; SH and SV stand for the horizontal and vertical biases, respectively. 

The slip rate of the electric wheel is defined as follows: 

ωx i i

i

x

v R

v





  (3) 

2.3. Hydraulic Braking System Model 

The typical dynamic model of ABS hydraulic system is described as follows [27]: 

   w

m w 1 vp m r 2 vp

e e e e

d 1 1

d

P
P P u t P P u t

t C R C R
       


 (4) 

where Pm, Pw, and Pr are the pressure of the main cylinder, wheel cylinder, and 

low-pressure accumulator, respectively; Ce is the equivalent liquid capacity characteris-

tic coefficient of the pipeline and wheel cylinder; Re and 
eR  are the equivalent liquid re-

sistance characteristic coefficient of the pipeline and wheel cylinder when the pressure is 

increased and reduced, respectively; 
vp  and 

vp   are the transmission lag time of sole-

noid valve and pipeline during pressurization and decompression, respectively; u1 and 

u2 are the control command signal of solenoid valve: 

1 2

1 2

1 2

1, 0  system presure increasing

0, 1  system presure decreasing

0, 0  system presure maintaining

u u

u u

u u

 


 
  

 (5) 

Considering the influences of oil pressure, friction coefficient, temperature, and 

other factors, the first-order inertia link is used to represent the time delay in the process 

of applying brake pressure to the actual braking torque output: 

   0

1

1
P s P s

s



 (6) 

where P(s) and P0(s) are the actual and target oil pressure of the brake, respectively; τ is a 

constant reflecting the dynamic characteristics of the brake. 

The hydraulic braking torque Th produced by the brake can be written as follows: 

h w f b b2T P A R   (7) 

where Af indicates the area of the brake wheel cylinder piston. μb represents the friction 

coefficient; η is wheel cylinder efficiency, and Rb stands for the effective radius of fric-

tion. 

2.4. Regenerative Braking Dynamics Model 

In this research, the front and rear wheels of the electric vehicle are equipped with 

an in-wheel motor which can drive/brake independently of each other. The type of the 

in-wheel motor is set as the permanent magnet synchronous motor (PMSM), and the 

mathematical model of the motor is expressed as follows: 
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where ud and uq are the voltage of d and q axes, respectively; id and iq indicate the current 

of d- and q-axis, respectively; Ld and Lq represent the inductor of d- and q-axis, respec-

tively; p is the number of pole-pairs; ψf illustrates the motor magnetic chain; ωd is the 

rotor angular velocity of the motor, and Tr is the braking torque of the motor. 

The in-wheel motor is adopted with a round rotor structure, and the Ld equals to Lq, 

which means the Tr can be simplified as follows: 

r f1.5 qT p i  (9) 

Thus, the braking torque of the motor can be gained by controlling the iq of q-axis. 

The tracing torque control theory of PMSM’s can be described in Figure 2. The θ is the 

rotation angle of rotor, the iqi and idi are the expected current of q- and d-axis, respective-

ly; the iai, ibi, and ici are the expected currents of phase a, b, and c, respectively; ia, ib, nd ic 

are the actual currents of phase a, b, and c, respectively. 
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Figure 2. Scheme of PMSM’s torque tracking control. 

The coordinate transformation formula of three-phase expected current iai, ibi, and ici 

is described as follows: 
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 (10) 

Input the respective different values between iai, ibi, and ici and ia, ib, and ic into the 

hysteresis current control unit to get the control switch signals of six switching devices 

of the three-phase inverter, and then control the switch on and off. Finally, torque track-

ing control of the PMSM motor is realized. 
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3. Design of Interval Type-2 Fuzzy Logic Anti-Lock Braking Control System 

3.1. Overview of Interval Type-2 Fuzzy Logic Control Strategy 

Type-2 fuzzy set A  is an extension of type-1 fuzzy set, which has larger member-

ship space, better anti-interference ability, and accurate ability of fuzzy logic to approx-

imate unknown function when dealing with highly uncertain information. The type-2 

fuzzy set A  can be described as follows [28]: 

       , , , , 0,1xA
A x u x u x X u J     (11) 

where x and u are respectively the first and second variables of the type-2 fuzzy set; Jx 

and  ,
A

x u  are respectively the primary and secondary membership degree. 

The membership function of the type-2 fuzzy set is composed of upper membership 

function (UMF) and lower membership function (LMF), and the corresponding rela-

tionships are shown in Figure 3. 

x

u

 ,
A

x u

x1

 1,A
x u

 LMF A  UMF A

1x
J

1

 

Figure 3. The elements of a type-2 fuzzy set. 

The interval type-2 fuzzy set is a special case of type-2 fuzzy set where the second-

ary membership degree of variable x is identically equal to 1 and can be described as 

follows: 

     , ,1 , 0,1xA x u x X u J     (12) 

Since the secondary membership degree of fuzzy variables in the interval type-2 

fuzzy set is always equal to 1, the problem of massive calculation in the process of type-2 

fuzzy inference can be avoided, which means the results of fuzzy inference can be ob-

tained quickly. At the same time, the description of the uncertainty between individuals 

in the uncertainty domain composed of the upper and lower membership functions of 

fuzzy variables enhances the ability of fuzzy logic to model the anti-lock braking system 

and the adaptability of the fuzzy logic to different external disturbances such as the ab-

rupt change of road adhesion coefficient and the optimal slip rate, and the interval 

type-2 fuzzy logic has the advantage of the uncertainty processing ability to generalize 

type-2 fuzzy logic. Therefore, for the characteristics of complex, dynamic, nonlinear, 

time-varying, and parameter uncertainty of the anti-lock process in emergency braking, 

interval type 2 fuzzy logic has better anti-lock braking control potential. 
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3.2. Design of Interval Type-2 Fuzzy Logic Anti-Lock Braking Control System 

The working principle of an electro-hydraulic compound anti-lock braking system 

is to track the ideal slip rate λd by controlling the longitudinal slip rate of the wheel and 

make the fluctuation near the value of the ideal slip rate. The working principle of the 

designed interval type-2 fuzzy logic electro-hydraulic compound anti-lock braking con-

trol system is shown in Figure 4. 
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Figure 4. Schematic diagram of interval type-2 fuzzy logic electro-hydraulic compound anti-lock 

braking control system. 

As shown in Figure 4, the interval type-2 fuzzy logic electro-hydraulic compound 

anti-lock braking control system is mainly composed of the interval type-2 fuzzy logic 

controller, slip rate calculation unit, ideal slip rate identification unit, vehicle control unit 

(VCU), regenerative braking system, hydraulic braking system, electric vehicle wheels, 

and vehicle sensors. 

The interval type-2 fuzzy logic controller takes the difference value e = λ − λd be-

tween the wheel actual slip rate and the ideal slip rate and its change rate as inputs and 

then calculates the ideal anti-lock braking torque Tb_i through four steps, which include 

fuzzification, fuzzy inference, type reduction, and defuzzification. Then, it outputs the 

calculation results into VCU. VCU sends signals to the regenerative and hydraulic brak-
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ing systems to generate the regenerative and hydraulic braking torque on the wheels. 

The wheel angular velocity and vehicle velocity are detected by the vehicle sensors, and 

vehicle sensors output the result into the slip rate calculation unit and ideal slip rate 

identification unit. The slip calculation unit and the ideal slip rate identification unit 

outputs the wheel slip rate λi and the ideal slip rate λd to interval type-2 fuzzy logic con-

troller, respectively. 

The specific design steps of interval type-2 fuzzy logic electric-hydraulic compound  

anti-lock braking controller are described in detail as follows: 

Step 1: fuzzification 

The Mamdani type is adopted in the proposed interval type-2 fuzzy logic control-

ler. The difference value of the wheel slip rate and the ideal slip rate e = λ – λd and its 
change rate e  are token as the input variables, and the ideal anti-lock braking torque 

Tb_i is the output variable. 

The type-2 fuzzy set of e is mA  = {NB, NS, ZE, PS, PB}; the subscript m values are 1, 

2, 3, 4, AND 5, which stands in order for a subset of the type-2 fuzzy set. The type-2 

fuzzy set of e  is 
nB  = {NB, NS, ZE, PS, PB}; the subscript n values are 1, 2, 3, 4, and 5 

and respectively stand in order for a subset of the type-2 fuzzy set. NB, NS, ZE, PS, and 

PB represent the negative big, negative small, zero, positive small, and positive big, re-

spectively. 

The type-2 fuzzy set of Tb_i is kC  = {SR, SM, MI, BI, BR}; the subscript k values are 

1, 2, 3, 4, and 5 and respectively stand in order for a subset of the type-2 fuzzy set. SR, 

SM, MI, BI, and BR indicate the smaller, small, middle, big, and bigger, respectively. 

The upper and lower membership functions of inputs and output are gaussmf, ex-

pressed as follows: 

 
 

2

22, , e

c

f c 






x

x  (13) 

where c determines the center position of the function; σ determines the width of the 

curve of the function. 

Figures 5–7 illustrate the shape of the membership function of the input variables 

and output variable. 

 

Figure 5. Membership function of e. 
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Figure 6. Membership function of e . 

 

Figure 7. Membership function of Tb_i. 

Step 2: fuzzy inference 

The purpose of anti-lock braking control is to control the wheel slip rate tracking 

the ideal slip rate. Therefore, when the different e between the wheel slip rate and the 

ideal slip rate is negative and the absolute value is large, the ideal anti-lock braking 

torque Tb_i should be increased to increase the real braking torque. Therefore, the wheel 

slip rate increases and approaches the ideal slip rate. On the contrary, when the differ-

ence e is positive and the absolute value is large, it is necessary to reduce the real braking 

torque, so that the decreased wheel slip rate is close to the ideal slip rate. Therefore, the 

interval type-2 fuzzy logic control rule is: if e is mA  and e  is 
nB , then Tb_i is 

kC . 

Table 1 shows the designed fuzzy control rules. 
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Table 1. Fuzzy control rules. 

Tb_i 
e  

NB NS ZE PS PM 

e 

NB BR BR BR BR BR 

NS BI BI BI BI BI 

ZE MI MI MI MI MI 

PS SM SM SM SM SM 

PB SR SR SR SR SR 

The calculation process of interval type-2 fuzzy controller is described as follows: 

(1) Calculate the membership interval    [ , ]
m

m
AAu e u e  of the fuzzy input variable e 

and the membership interval    [ , ]
n

n
BBu e u e  of the fuzzy input variable e . 

(2) Calculate the activation degree interval Fmn (e, e ) of each rule. The computation-

al formula is as follows: 

           , , ,
m n

m n mn mn
A Bmn A B L UF e e u e u e u e u e      

   (14) 

where 
mnL  is the lower edge of the activate interval for the number mn rule; 

mnU  is 

the upper edge of the activate interval for the number mn rule. “ ” stands for the min-

imum value t-norm. 

Step 3: type reduction 

The activation degree interval of each rule is integrated with the membership func-

tion of the output variable, and the KM algorithm [29] is used to simplify the type of 

fuzzy set output obtained by integrated. The result of fuzzy inference can be expressed 

as 

  b _ il b _ ir,cosY T T    x  (15) 

   

   

   

   

b _ il

b _ ir

L g

C C
f L

L g

C C
f L

R g

C C
f R

R g

C C
f R

xu x dx xu x dx
T

u x dx u x dx

xu x dx xu x dx
T

u x dx u x dx











 

 

 

 

 (16) 

where Tb_il and Tb_ir represent the left and right endpoints of the interval type-2 fuzzy set 

output; f and g are the upper and lower bounds of the interval type-2 fuzzy output in-

terval in the fuzzy set domain, respectively; L is the left transition point, and R is the 

right transition point. 

Step 4: defuzzification 

The final ideal anti-lock braking torque Tb_i can be calculated as follows: 

b _ il b _ ir

b _ i
2

T T
T


  (17) 

3.3. Allocation Strategies of Anti-Lock Braking Wheel Cylinder Pressure 

In this study, the electro-hydraulic compound anti-lock braking control aims to re-

alize the maximum energy recovery efficiency on the premise of safe braking, so the ide-

al anti-lock braking torque Tb_i should be ensured that the regenerative braking torque is 

always equal to the maximum energy recovery regenerative braking torque Tri_max and 

the rest braking torque provided by hydraulic braking system under every kind of 
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braking conditions except when the ideal anti-lock braking torque Tb_i is smaller than the 

motor’s maximum energy recovery regenerative braking torque Tri_max. Furthermore, 

when the ideal anti-lock braking torque Tb_i is smaller than the maximum energy recov-

ery regenerative braking torque Tri_max, the pattern of braking is switched from compo-

site braking to pure regenerative. 

The proposed allocation strategies flowchart is described in Figure 8. 

Regenerative 

braking system

Hydraulic 

braking system

VCU

Tr_i Th_i

Tr_r Th_r

Electric 

vehicle wheels

Tr_i=Tri_max

Th_i=Tb_i-Tri_max

Tr_i=Tb_i

Th_i=0

Tb_i≥Tri_max
Y N

Begin

 

Figure 8. Flowchart of the braking torque distribution strategy. 

VCU adjusts the liquid output solenoid valve current of the wheel cylinder accord-

ing to Equation (18) based on the difference between ideal hydraulic braking torque Th_i 

and the real hydraulic braking torque Th_r. 

h_i h_r

h_i h_r

h_i h_r

0,  increase current

0,  maintain current

0,  decrease current

T T

T T

T T

  


 


 

 (18) 

Thereby, the VCU controls the regenerative braking system working according to 

the ideal regenerative braking torque Tr_i and produces real regenerative braking torque 

Tr_r. 

4. Simulation Results and Discussion 

In this section, simulations are conducted to demonstrate the control effects of the 

proposed electro-hydraulic compound anti-lock braking control on the basis of interval 

type-2 fuzzy logic anti-lock braking control method. The MATLAB/Simulink software is 

widely used to simulate the real process of car driving [30]. Table 2 shows the main pa-

rameters of the electric vehicle. 

To verify the effectiveness of the proposed interval type-2 fuzzy logic control, the 

braking performance is compared using two controllers as follows: 

Electro-hydraulic compound anti-lock braking controller 1: the controller is applied 

with an interval type-2 fuzzy logic control algorithm. 
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Electro-hydraulic compound anti-lock braking controller 2: the controller is applied 

with a type-1 fuzzy logic control algorithm. 

Table 2. Main parameters. 

Variables Values Variables Values 

m (kg) 960 δ 0 

A (m2) 2.57 Pr (MPa) 0.375 

Iz (m·kg2) 1600 Rω (m) 0.29 

Pm (MPa) 15 Jω (m·kg2) 2.1 

The initial vehicle velocity is set to 108 km/h. The ABS control quit to work and in-

crease the braking torque to a certain value to make the wheels locked when the vehicle 

velocity decelerates to 10 km/h. Furthermore, the control precision of slip rate utilizes 

the root-mean-square (RMS) of slip rate error to be quantified. The error is defined as 

follows: 

 
0

di i de t   
t

 (19) 

where ie  indicates the error of slip rate. 

Two working conditions are simulated in this research to demonstrate the control 

effects of the interval type-2 fuzzy logic anti-lock braking control method. 

Working condition 1: the joint-μ road, which means the road peak friction coeffi-

cient suddenly changed from the high value to low value at 2 s, which is referenced from 

[31]. 

Working condition 2: the split-μ road, which means the left side of the road is dry 

with the high friction coefficient and the right side is snow with a low coefficient, which 

is referenced from [32]. 

Table 3 is the parameters of dry road surface and snow road surface referenced 

from [10]. 

Table 3. Road surface parameters. 

Road Condition 
Slip Rate  

(Optimal) 

Coefficient  

(Maximum) 

Coefficient 

(Slip Rate = 1) 

Dry 0.18 0.90 0.80 

Snow 0.14 0.30 0.20 

4.1. Braking Performance Comparison under the Joint-μ Road Surface 

Figure 9 shows the curve for the change of road peak adhesion coefficient μ. The μ 

alters from 0.9 of dry road to 0.3 of snow road at 2 s. 

 

Figure 9. The change of road peak adhesion coefficient under condition 1. 
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Figures 10–12 exhibit the comparison curves of slip rate, total braking torque, re-

generative braking torque, hydraulic braking torque, and velocities under condition 1. 

  
(a) (b) 

Figure 10. The slip rate under condition 1: (a) the slip rate of front wheels; (b) the slip rate of rear wheels. 

  
(a) (b) 

  
(c) (d) 
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(e) (f) 

Figure 11. The braking torques under condition 1: (a) the total braking torque of front wheels; (b) the total braking 

torque of rear wheels; (c) the regenerative braking torque of front wheels; (d) the regenerative braking torque of rear 

wheels; (e) the hydraulic braking torque of front wheels; (f) the hydraulic braking torque of rear wheels. 

  
(a) (b) 

Figure 12. The vehicle and wheels velocity for two controllers under condition 1: (a) the vehicle and wheels velocity for 

controller 1; (b) the vehicle and wheels velocity for controller 2. 

As shown in Figure 10, the RMS of slip rate error of front and rear wheels with con-

troller 1 are reduced by 54.44% and 57.28% compared to controller 2, respectively, which 

illustrates the control effects of the proposed interval type-2 fuzzy logic strategy with the 

change of peak adhesion coefficient have smaller fluctuations than type-1 fuzzy logic. 

Moreover, there is an abrupt jitter at 2 s where the road surface changed for both two 

controllers, but the degree of jitter of controller 1 is lower than controller 2, which indi-

cates the slip rate control transition of interval type-2 fuzzy control is more stable than 

type-1 fuzzy logic at the time of 2 s when the road surface suddenly altered and illus-

trates the interval type-2 fuzzy logic anti-lock braking control has better anti-interference 

ability than type-1 fuzzy logic anti-lock braking control. Therefore, the interval type-2 

fuzzy logic ABS control not only has strong robustness against uncertainties in road ad-

hesion coefficient but also achieves an outstanding slip rate control for the vehicle. 

Figure 11 exhibits the total braking torque and braking torque of subsystems. The 

total braking torque and hydraulic braking torque of controller 1 have smaller fluctua-

tions than that of controller 2 when tracking the ideal slip rate. Moreover, the control of 

torque could maintain stability when the road surface changed and the vertical load was 
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transferred in the braking process, which indicates the interval type-2 fuzzy logic control 

has better performances when it confronts external and internal interference. 

Figure 12 shows the velocity change of vehicle and wheels. The vehicle velocity is 

close to the wheel velocity, and the dangerous situation of locked does not occur during 

the braking process, which means better effect of slip control, and the wheel’s velocity 

variation of controller 1 have low-frequency jitter than that of controller 2 during the 

whole ABS control, which demonstrates the smaller fluctuations of regenerative braking 

torque of controller 1. Figure 13 exhibits the curves of the vehicle’s kinetic energy and 

reclaimed regenerative braking energy, and the energy recovery efficiency could reach 

7.6%, which illustrates better energy recovery efficiency of the electric vehicle under a 

joint-μ road. 

 

Figure 13. The energy change of vehicle with controller 1 under condition 1. 

4.2. Braking Performance Comparison under the Spilt-μ Road Surface 

Figure 14 exhibits the peak adhesion coefficient μ of joint-μ road, the right side of 

the road with high value of friction coefficient while the left side with a low value of 

friction coefficient. This working condition aggravates the uncertain environment of the 

braking process. 

 

Figure 14. The road peak adhesion coefficient of condition 2. 



Sustainability 2021, 13, 11531 17 of 23 
 

Figures 15–19 exhibit the comparison curves of slip rate, total braking torque, re-

generative braking torque, hydraulic braking torque, and velocity between controllers 1 

and 2 under condition 2. 

  
(a) (b) 

  
(c) (d) 

Figure 15. The slip rate under condition 2: (a) the slip rate of front right wheel; (b) the slip rate of front left wheel; (c) the 

slip rate of rear right wheel; (d) the slip rate of rear left wheel. 

As shown in Figure 15, all the controllers could remain optimal slip rate tracking; 

however, the RMS of slip rate error for each wheel of controller 1 is reduced by 33.92%, 

67.61%, 28.27%, and 46.30%, respectively. The slip control curves of interval type-2 fuzzy 

logic have smaller fluctuations than that of type-1 fuzzy logic before 4 s, which illus-

trates the control effect of interval type-2 fuzzy logic with the different road surfaces for 

wheels better than type-1 fuzzy logic and preferable adaption of diverse working condi-

tions. 



Sustainability 2021, 13, 11531 18 of 23 
 

  
(a) (b) 

  
(c) (d) 

Figure 16. The total braking torques under condition 2: (a) the total braking torque of front right wheel; (b) the total 

braking torque of front left wheel; (c) the total braking torque of rear right wheel; (d) the total braking torque of rear left 

wheel. 

Figures 16–18 illustrate the braking torque variation of controller 1 are more stable 

than that of controller 2 when the right wheels are braking on high friction coefficient 

and the left are braking on low friction coefficient. Due to the too small wheels velocity, 

the fluctuations of hydraulic braking torque become larger; however, the vehicle veloci-

ty has already reached to a low value, which means the fluctuations have less impact on 

the braking safety. 

  
(a) (b) 
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(c) (d) 

Figure 17. The regenerative braking torques under condition 2: (a) the regenerative braking torque of front right wheel; 

(b) the regenerative braking torque of front left wheel; (c) the regenerative braking torque of rear right wheel; (d) the re-

generative braking torque of rear left wheel. 

  

(a) (b) 

  
(c) (d) 

Figure 18. The hydraulic braking torques under condition 2: (a) the hydraulic braking torque of front right wheel; (b) the 

hydraulic braking torque of front left wheel; (c) the hydraulic braking torque of rear right wheel; (d) the hydraulic brak-

ing torque of rear left wheel. 

Figure 19 exhibits the velocity of the vehicle and wheels. The velocity variation of 

the rear left wheel for the two controllers are similar under a low value of friction coeffi-
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cient refer to wet road. However, the vehicle front right wheel velocity of controller 1 

has less jitters than that of controller 2 under a high value of friction coefficient, which 

means better braking safety and braking comfort ability when the wheels braking on 

different surfaces simultaneously. The results illustrate the interval type-2 fuzzy logic 

anti-lock braking control has better anti-interference ability and better adaption of dif-

ferent working conditions than the traditional type-1 fuzzy logic control. 

  
(a) (b) 

Figure 19. The vehicle and wheel velocities for two controllers under condition 2: (a) the vehicle and wheel velocities for 

controller 1; (b) the vehicle and wheel velocities for controller 2. 

Figure 20 exhibits the curves of vehicle’s kinetic energy and reclaimed regenerative 

braking energy. In Figure 20, the energy recovery efficiency could reach 9.38%, which 

illustrates better energy recovery efficiency of an electric vehicle under a split-μ road. 

 

Figure 20. The energy change of vehicle with controller 1 under condition 2. 

5. Conclusions 

In this present study, an efficient interval type-2 fuzzy logic control method is de-

veloped and successfully applied in an electro-hydraulic compound anti-lock braking 

controller. The interval type-2 fuzzy logic enhances the ability of anti-interference for 

fuzzy control during the braking process by the membership function expansion meth-

od. It means every single fuzzy variable is described by both lower and upper member-

ship functions. Furthermore, to fully exert the advantages of regenerative braking and 
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recapture more lost kinetic energy, the corresponding braking torque allocation strategy 

is designed to maintain the maximum energy recovery efficiency on the premise of safe 

braking. Additionally, to verify the braking performances of the proposed controller, 

simulations of two working conditions specified to complex and changing road surface 

are conducted to illustrate the effectiveness of the proposed controller compared with 

type-1 fuzzy logic control. The simulation results show that the wheel slip rate tracking 

RMS of interval type-2 fuzzy logic controller for front and rear wheels decreased by 

54.44% and 57.28%, respectively, compared with type-1 fuzzy logic control under the 

joint-μ road, and for each wheel, the RMS reduced by 33.92%, 67.61%, 28.27%, and 

46.30%, compared with type-1 fuzzy logic control under the spilt-μ road. Moreover, ide-

al regenerative braking energy recovery efficiencies of 7.6% and 9.38% can be achieved 

by the proposed electro-hydraulic compound anti-lock braking system under joint-μ and 

split-μ road surfaces, respectively. In addition, the braking torque variation curve of 

type-2 fuzzy control is more stable and with minor fluctuation than type-1 fuzzy control, 

which indicates the better robustness of braking torque control in the process of an-

ti-lock braking and bring preferable braking feeling to the driver. Therefore, the interval 

type-2 fuzzy logic control ensures the function of energy recovery and anti-lock braking 

with fully improving the anti-interference, stability, and robustness of slip rate control in 

the uncertain process of electro-hydraulic compound anti-lock braking. 

In further research, our future concentrated work is about improving the interval 

type-2 fuzzy controller from two main aspects. Innovative braking torque allocation 

strategy is a key issue to solve, which is useful for interval type-2 fuzzy logic controllers 

to obtain a better braking energy recovery. Furthermore, a less time-consuming type 

reduction method would be studied to optimize the interval type-2 fuzzy logic algo-

rithm. 
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Nomenclature 

A windward area of vehicle Rω rolling radius of wheel 

A  type-2 fuzzy set of e RΩ internal resistance of motor 

Af area of brake wheel cylinder piston SH horizontal bias of Magic Formula tire model 

B stiffness coefficient of Magic Formula tire model SV vertical bias of Magic Formula tire model 

B  type-2 fuzzy set of e  Tb braking torque 

C shape coefficient of Magic Formula tire model Tb_i ideal anti-lock braking torque 

C  type-2 fuzzy set of Tb_i Tb_il left endpoint of the interval type-2 fuzzy set output 

Ce 
equivalent liquid capacity characteristic coefficient of the pipeline 

and wheel cylinder 
Tb_ir right endpoint of the interval type-2 fuzzy set output 

c the center position of the membership function Tb_r real anti-lock braking torque 

D peak value of Magic Formula tire model Td driving torque 
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d d-axis of permanent magnet synchronous motor Tf rolling resistance torque 

E curvature coefficient of Magic Formula tire model Th hydraulic braking torque 

e difference value of wheel slip rate and the ideal slip rate Th_i ideal hydraulic braking torque 

e  change rate of e Th_r real hydraulic braking torque 

ie  slip rate error Tr regenerative braking torque 

Fx longitudinal force Tr_i ideal regenerative braking torque 

Fy lateral force Tr_r real regenerative braking torque 

FD air resistance force Tri_max maximum energy recovery regenerative braking torque 

Ff rolling resistance force tf front wheelbase 

Fmn activation degree interval of mn rule tr rear wheelbase 

f upper bound of the interval type-2 fuzzy output interval  u second variables of type-2 fuzzy set 

g lower bound of the interval type-2 fuzzy output interval  ud voltage motor d-axis 

Iz vehicle’s moment of inertia around the z-axis uq voltage motor q-axis 

ia actual current of phase a vx velocity of electric vehicle along the x-axis 

ib actual current of phase b vy velocity of electric vehicle along the y-axis 

ic actual current of phase c xv  acceleration of electric vehicle along the x-axis 

iai expected current of phase a yv  acceleration of electric vehicle along the y-axis 

ibi expected current of phase b X fuzzy domain 

ici expected current of phase c x first variable of type-2 fuzzy set 

id current of motor d-axis Y output variable of Magic Formula tire model 

iq current of motor q-axis β angle between the air resistance and the driving direction 

idi expected current of motor d-axis γ vehicle yaw angle 

iqi expected current of motor q-axis γ  yaw angular velocity 

Jx primary membership degree   steering angle of the wheel 

Jw wheel’s moment of inertia η wheel cylinder efficiency 

L left transition point θ rotation angle of rotor 

Ld inductor of motor d-axis λ slip rate 

Lq inductor of motor q-axis λd ideal slip rate 

la distances between the mass center of the vehicle and the front axle μ road peak adhesion coefficient 

lb distances between the mass center of the vehicle and the rear axle μb friction coefficient of brake 

m the mass of the electric vehicle A
  secondary membership degree 

Pm pressure of the main cylinder ψf motor magnetic chain 

Pr pressure of low-pressure accumulator τ time delay of brake 

Pw pressure of the wheel cylinder vp  
transmission lag time of solenoid valve and pipeline dur-

ing pressurization 

p number of pole-pairs vp   
transmission lag time of solenoid valve and pipeline dur-

ing decompression 

q q-axis of permanent magnet synchronous motor ω angular velocity of wheel 

R the right transition point   angular acceleration of the wheel 

Rb brake effective radius of friction ωd rotor angular velocity of motor 

Re 
equivalent liquid resistance characteristic coefficient of the pipeline 

and wheel cylinder when the pressure is increased mnL  lower edge of the activate interval for number mn rule 

eR  
equivalent liquid resistance characteristic coefficient of the pipeline 

and wheel cylinder when the pressure is reduced mnU  upper edge of the activate interval for number mn rule 
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