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Abstract: Many cities have integrated their public transportation modes to provide increased
accessibility and reduced commute times. However, current transport network topology studies
have focused on unimodal networks. Therefore, it is of significant interest for policymakers to
examine the topology of integrated public transportation networks and to assess strategies for
improving them. The objective of this study was to discuss a comprehensive analysis of an integrated
public transportation network using graph theory, compare its characteristics to unimodal networks,
and draw insights for improving their performance. Results demonstrate pertinent information
concerning the structural composition of the Seoul Metropolitan Area’s (SMA) public transportation
network. Despite the integration, the spatial configuration of the network was found to have low
fault tolerance. However, the highly agglomerated community structure validated the robustness of
integrated networks. Network centrality measures confirmed that integration improves connectivity
and spatial accessibility to suburbs within the city. The study found that the SMA’s current public
transportation network possesses structural defects that need to be addressed to improve its resilience
and performance. Based on the outcomes of this study, the strategic creation or relocation of stations,
and the construction of more links, is imperative for the enhancement of mobility.

Keywords: public transportation; integrated network; graph theory; network topology; spatial
accessibility; connectivity

1. Introduction

Urban public transportation plays a significant role in the growth and sustainable development of
cities by reducing congestion and improving the livability of citizens. Policymakers and researchers are
encouraging the transition from personal vehicles to public transportation since it is difficult to change
the built environment that has already been composed in an urban area. To cater for the ever-increasing
ridership demand, governments aim at increasing the efficiency of public transit operations by focusing
on service optimization, planning, and station infrastructure improvements [1].

One key challenge for the proper management of the current public transportation networks in
cities is the identification of “central stations” and making appropriate adjustments to their spatial
configurations where necessary to improve their connectivity and robustness to disruption in times of
disasters. A typical approach to the problem mentioned above requires a deeper understanding of the
structure and characteristics of urban transportation networks.

Researchers in the transportation field have employed heuristic algorithms and graph-based
measures, especially network centrality indicators, as they reflect the importance of stations in urban
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transit networks [2,3]. These graph-based measures employ statistical mechanics and physics to locate
“central stations” in spatial networks such as bus and subway networks [4]. Moreover, the idea of
scale-free and small-world networks have been applied to bus networks [5,6] and metro networks [7]
to study connectivity and resilience for a more effective system.

Ever since the inception of graph-based measures, it has been widely applied to visualize and
investigate complex networks in many other study areas; for example, in epidemiology for studying
the transmission of infections [8], for controlling the spread of information in social networks [9], and
for analyzing transportation networks [3–7]. In the intelligent transportation system domain where
technologies are employed to control and improve the management of transportation systems [10],
complex network topology was employed to study vehicular sensing networks (VSN) in a smart city
setting. As these systems are becoming popular due to the increasing need for vehicle-to-vehicle
and vehicle-to-infrastructure communication, the complex network analysis helped to identify the
relationship between pairs of nodes communicating with each other for the perfect design of VSN’s. By
collecting and sharing information with policymakers, VSN technology allows for increased efficiency
in terms of traffic management [11].

Currently, most cities operate connected public transportation systems, which comprise several
modes of transport that function simultaneously and complement each other. In general, the network
integration may be achieved operationally, physically, or through fares, and it allows commuters to
use the entire public transportation system independently of transport modes and schedules [12].
Furthermore, the stations (or bus stops) in integrated urban public transportation systems are expected
to have higher centralities, since it has proved to present riders with easy accessibility, transfers
from one mode to another, and travel time savings [13–16]. Apart from making trips more efficient
for passengers, integrated public transportation systems are believed to reduce operating costs and
increase revenue generation [17]. A significant example where integrating public transportation
systems impacted transit ridership is the case of Seoul in South Korea, where concurrently operating
both bus and subway systems allowed for the provision of discounted transfers between both modes
which led to a significant rise in public transit ridership [18].

Due to the critical role of integrated systems in the modern society, the concept has been revered
across the globe as a significant approach to realizing improved transportation services for creating
sustainable cities; nevertheless, integrating the systems is associated with complexities that make
urban public transportation networks practically challenging to examine. The network complexity
problem arises, as they consist of an enormously large number of stations (or bus stops) and links.
Although integrated urban public transportation systems have been identified to possess a lot of
desirable features, there is currently limited research that employs graph-based measures to analyze
them systematically and compare their spatial structures with that of unimodal networks. Due to this,
there is a significant gap in research from the angle of understanding the topological properties and
performance of complex integrated public transportation systems. As these systems have become
necessary for the increase in ridership, they must be analyzed in order to provide insights for further
modifications where necessary.

This paper analyzes the public transportation network in the Seoul Metropolitan Area (SMA),
using specific network topology measures. We analyzed three distinct networks; bus network, subway
network, and an integrated network of bus and subway based on graph theory. In general, public
transportation systems are made up of a set of links with stations (or bus stops) distributed across
the network, and several links between stations (or bus stops) combine to form routes. The choices
of network topology measures were set so that different aspects of the network could be adequately
studied. To analyze the size of the networks, network properties such as the number of nodes, links, and
the network diameter of each network were estimated. For the analysis of each network’s connectivity,
we included network topology measures such as clustering coefficient, average path length, and degree
of connectivity. Network centrality measures, namely betweenness centrality, closeness centrality,
eigenvector centrality, and eccentricity centrality were applied to identify important stations or bus
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stops in the networks. The study then proceeded to examine whether the networks possess any unique
features required for efficient operations.

In summary, the primary purposes of this study were to:

• Construct and compare changes in network indicators across unimodal networks of subway and
bus, in conjunction with an integrated network of both bus and subway, using link distances
as weights.

• Analyze if the networks being studied show small-world and scale-free features, which are
indicators of network resilience.

The approach provides insights into the topological characteristics of integrated public
transportation networks. It can be used as a basis for making meaningful recommendations,
which can be adopted by authorities for making proactive plans and improving the performance of
transportation systems.

The remainder of this paper is organized as follows. Section 2 presents a review of related
literature showing the application of network topology in the field of transportation. The third section
provides a case study about the public transportation system in SMA. In Section 4, we describe the
methodological framework used in this research, together with the results of the network analyses.
Section 5 presents the discussion of results and the final section summarizes the findings of the study.

2. Literature Review

2.1. Application of Graph Theory in the Public Transportation Field

Graph theory is an essential area in mathematics that is used in structural models. The concept
of graph theory can be traced back to the Seven Bridges of Konigsberg problem, which was solved
by the great Swiss mathematician Leonhard Euler in 1735. The historical bridge problem involved
finding only one path across seven bridges that stretched over a branched river and making sure
that the path does not cross a bridge twice. Euler’s proof only showed the physical arrangements of
the seven bridges and concluded that there would be no way to find the trail in question. His proof
became the first theorem in graph theory. It laid the foundation of graph theory and created the idea
of topology. Mathematically, a graph is used to show the relationship between an object and other
objects using points and lines between them [19]. One main advantage for its application lies in its
capability of simplifying complex scenarios and modeling numerous complex interactions within
systems. The structural arrangement of objects helps to simplify problems and allows the engineer
to make modifications to the existing graph for enhancement of services. Ever since its conception,
graph theory has been widely applied in engineering fields including transportation engineering for
analyzing public transportation systems, in sociology for exploring diffusion mechanisms, and in
biology for tracking the spread of diseases.

Studies on public transportation systems in cities have been an active area of interest for
practitioners. Mostly, they are geared towards realizing a sustainable transport system which has
been defined as one that “satisfies the current transport and mobility needs without compromising
the ability of future generations” [14,20]. Researchers are continually focusing on ways of reducing
the use of private cars by making public transportation a cheaper and a more competitive alternative.
One of the critical elements that has been considered in understanding transport networks is network
topology measures, which stems from graph theory. Hong [21] describes network topology as the
physical arrangement or interconnection of elements of a network such as nodes and links. It has been
the most efficient way of extracting, referencing geographic information, and visualizing networks of
transport systems in a computer [22]. Also, it has been successfully applied to physical, biological, and
information systems to understand and identify critical nodes in complex networks and those that
need readjustments [23–26].

From the literature, complex network analysis in graph theory has been defined as a science that
explains the connection and interaction existing between elements of a system. Transportation systems
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are similar to complex networks. Hence, the idea was easily adapted to determine the implications of
network structure and its properties on urban transportation [14,27–29].

After its introduction, many indicators such as network centrality measures, network diameter,
and connectivity were developed to quantify transport systems. Significant studies conducted close to
the end of the last century identified two important properties, small-world and scale-free properties,
which opened up a new paradigm of complex transit networks [30]. By these studies, a network is
considered to have small-world properties if it satisfies two conditions. First, its average path length
should be similar to the average path length of an equivalent random network of the same number of
stations (or bus stops). Secondly, its average clustering coefficient should be significantly higher than
the average clustering coefficient of an equivalent random network. On the other hand, a network
exhibits scale-free property if its degree distribution follows the power law. Thus, in such a network,
the degree distribution reduces more gradually compared to the exponential distribution, giving a
chance for the existence of hubs with large degrees [31,32]. Transport networks with these properties
have desirable features such as being able to handle congestion and being robust to random attacks;
hence, they have been recommended for urban transit networks. Researchers describe robustness
or resilience of a network as its ability to resist disruptions, and how fast it returns to the state of
equilibrium after a disruption [7,33].

The critical position of a public transportation facility in a network, which also shows the
importance of the station (or bus stops), is determined using network centrality measures [2,3].
Measures of network topology such as node degree, betweenness centrality, closeness centrality, and
eigenvector centrality are commonly used in identifying central nodes in complex transportation
networks. Chen et al. [25] pointed out that each centrality measure addressed a specific need. The
degree of centrality accounts for the direct connections to a node, closeness centrality measures the
average distance from one node to all other, the betweenness centrality considers how often a node
occurs on the shortest paths between nodes in the network, and the eigenvector centrality measures the
importance of a node based on its links with other central nodes [14]. Scheurer et al. [34] demonstrated
that in places with high geographic centrality, public transportation performed better.

Although the methods above are very efficient and well-accepted, dozens of new centrality
measures have been developed based on specific conditions and assumptions [35–37]. Among such
studies was one conducted by Du et al. [38], who proposed a new method of identifying central stations
(or bus stops) in complex networks based on a technique for order performance by similarity to ideal
solution (TOPSIS). This approach was applied to four real networks and its performance was measured
using a susceptible-infected (SI) model. The researchers identified that their method outperformed
betweenness centrality and eigenvector centrality, but degree centrality and closeness centrality proved
to be more superior.

Derrible [39] acknowledged that centrality is at the core of public transportation in cities. He
analyzed transport systems in 28 metro systems worldwide using network centrality measures to
identify global patterns in terms of variations in network centrality when compared with network
size. Betweenness centrality was found to increase persistently with the size of the network. It was
also determined that the node betweenness declined in a power-law pattern when compared with
the size of the network. On examining individual stations (or bus stops), the researcher identified
highly central facilities that could be used to reallot passengers in the network to reduce the stress from
crowded nodes in the network. Soh et al. [27] also studied the bus and rail network in Singapore using
network topology and showed that centralities of stations changed considering traffic flows during
weekends and weekdays.

The influence of network topology on accessibility was also studied as it is also a fundamental
concept in transportation planning. Spatial accessibility, which describes the ‘ease’ of reaching
opportunities for activities and services, has been a critical consideration in the provision of transport
services [40]. In public transportation planning, accessibility studies have been treated with much
importance because they depicts how easy transit riders can get to and depart the service. Caschili and
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Montis [41] analyzed the accessibility patterns of commuters by regressing accessibility measures on
network centrality measures. Network centrality was found to have a strong positive correlation with
accessibility. Thus, the researchers concluded that increasing the centrality of transit systems tends to
increase accessibility. More specifically, Rubulotta et al. [42] noted that a zone is highly accessible if it is
well connected with others. They also identified that closeness centrality had a positive correlation
with accessibility. Well-connectedness of a network achieved by integrating modes of transport was
also found to have a positive impact on accessibility [13]. These studies all point to the fact that
integrating public transportation systems is imperative as it increases accessibility to transit facilities
and other services.

In addition to the advantages, integrated public transportation systems have been proven to reduce
total travel time [15] provide convenient and efficient transfer systems, as in the case of Seoul [16]; and
above all curtail the desire to use private cars. Dash [43] identified that the sustainability of urban cities
is crucial for development and noted that an efficient public transportation system could be achieved
by integrating the networks of various modes of public transportation. Given these reasons, there have
been several calls for developing integrated public transportation systems. Time is an essential factor
when it comes to urban transportation, hence making transport systems more efficient by harmonizing
them will provide easy and efficient management and operation of transport systems, which will help
increase service quality [18].

Previous research has dealt with measures for identifying central stations in complex urban
transportation networks. Some analysts also pointed to the importance of adopting integrated and
harmonized transport networks as they are associated with increased centrality and accessibility.
Nonetheless, extensive research conducted on station centrality revealed that most authors mainly
focused on unimodal transport networks. Used in this article, unimodal transport networks refers
to nonintegrated public transportation networks of either bus, subway, or bicycles. Table 1 below
shows relevant studies in the transportation field that applied network topology measures to unimodal
transport networks.

2.2. Contribution to the Literature

As seen from the subsection above, there are limited studies that focused on applying network
graph theory to analyze integrated public transportation networks systematically. Since public
transportation networks are mostly integrated, employing graph-based measures to examine their
size and connectedness is essential. In this study, we bridged the gap in the literature by representing
the bus, subway, and the integrated network of bus and subway in the SMA using graphs; then we
applied the knowledge of network theory to analyze them. Examining all the bus and subway lines
currently in operation in the SMA makes our study more realistic, since it incorporates a larger share
of the public transportation system.

Another contribution to the literature is the comparison of network indicators across three
networks in the SMA, namely, the bus network, subway network, and the integrated bus and subway
network. The study will also focus on identifying if the three networks exhibit small-world or scale-free
properties. The implications in each case would be discussed after that. The findings of this research
will provide insights that can be used by transport planners when upgrading the current public
transportation system or building new ones.
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Table 1. Summary of studies on unimodal transportation networks using network topology measures.

Author Network Type Network Indicators

Cao et al., 2019 [44] High speed railway Degree, strength, betweenness
Lu et al., 2019 [45] Rail Degree, connectivity index

Yu et al., 2019 [3] Metro Degree, network density, network average distance, network
clustering coefficient

Zhang et al., 2019 [30] Rail Strength, clustering coefficient, average shortest path length
Cats et al., 2019 [46] Rail Degree, betweenness
Jiang et al., 2018 [47] Metro Closeness

Shanmukhappa et al., 2018 [48] Bus
Degree, eigenvector, betweenness, hub and authority

centrality, clustering coefficient, average shortest path length,
small world network, efficiency

Shi et al., 2018 [49] Metro Degree, closeness
Wu et al., 2018 [50] Metro Node occupying probability (centrality)

Yang et al., 2018 [51] Taxi Clustering coefficient, degree centrality, density,

Zhang, H., 2017 [52] Bus Degree, modularity, correlation coefficient, efficiency,
average shortest path, average transfer time

Chopra et al., 2016 [7] Metro Clustering coefficient, characteristic path length, passenger
strength, modularity, assortativity

Shanmukhappa et al., 2016 [6] Bus Degree
Xu et al., 2016 Subway Station throughflow

Chatterjee, 2015 [53] Bus Betweenness, closeness, clustering coefficient, average
path length

Ding et al., 2015 [54] Rail Closeness, betweenness, clustering coefficient, global
efficiency, complexity of network growth

King, 2015 [55] Subway Betweenness, degree, global efficiency, density, size, order
Mohmand et al., 2014 [56] Railways Degree, betweenness, closeness

Rommel, 2014 [31] Rail Degree, betweenness, closeness
Liu and Tan, 2013 [57] Subway Degree, clustering coefficient, average shortest path length

Derrible, 2012 [39] Metro Betweenness

Soh et al., 2010 [27] Bus, rail (nonintegrated) Strength, degree, degree–degree correlations, clustering
coefficient, eigenvector,

3. Case Study: The Public Transportation System in the Seoul Metropolitan Area

The administrative capital of South Korea is Seoul. With a total land area of 605 km2, Seoul
serves as home to approximately 10.19 million people. Together, Incheon, which has one of the busiest
airports in the world, and Gyeonggi province are immediate neighbors of Seoul. The three provinces
are combined to form the SMA. Gyeonggi province and Incheon have a population of 12.10 million
and 2.84 million, respectively, and a combined land area of 11,164 km2. Both cities depend extensively
on Seoul for their socioeconomic activities. This situation causes an increase in daily traffic and
rural–urban drift. Notwithstanding Seoul’s limitations, much research has focused on developing
the city and its public transportation systems to support the growing demand. Thus, the capital city
experienced tremendous growth over the years, and part of its economic progress can be attributed to
its efficient transport system [58].

In the mid-1990s, bus rapid transit reforms were introduced to reduce the delays experienced by
transit riders due to severe traffic congestion challenges. The reforms provided dedicated curbside bus
lanes, which sought to improve the service, but these failed due to the competition between individual
bus operators. It led to bus ridership falling from 30% in 1996 to 26% in 2002 and an increase in subway
ridership from 29% in 1996 to 35% in 2002. The Seoul Metropolitan Government, later in the early
2000s, introduced a quasi-public transportation organization that reinforced the rules governing public
transportation in the country. This system focused on achieving a harmonized transport system, and
an increased public transportation ridership [59].

Currently, Seoul alone is supported a large public transportation network consisting of nine
subway lines, which cover a total service distance of 331.6 km, and an efficient bus system which
comprises 8090 bus stations with bus stops spread across the study area [60]. The bus and subway
systems complement each other and public transportation riders have the chance to transfer between
modes while they enjoy discounted fares when they use the T-money card, which is a transit smart
card developed by the Korea Smart Card Co., Ltd. [16]. The smart card has continued to be the primary
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payment method employed by the public transportation system. It allows for riders to tap their card
upon entering the bus, taxi, or subway station and once more upon alighting or exiting the station.
The managers of the transport system can collect the data, which contain the trajectories (origin to
destination) of the individual riders. The provision of seamless transfers between the same or different
modes, together with transfer discounts, made public transportation more attractive and induced
higher ridership. The GIS-based map in Figure 1 below shows the complete distribution of nodes
(stations and bus stops) in SMA and Seoul.
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4. Network Analysis of Public Transportation Networks in the SMA

4.1. Data Preprocessing and Graph Generation

The aim of our research was to analyze the individual bus and subway networks, together with
the integrated bus and subway network, in Seoul that extend to the SMA. By employing the knowledge
of network topology, which stems from graph-based methods, we concentrated on generating
a weighted graph of n nodes and e links represented as G = (N, E), such that the set of nodes is
N = {Nk, k = 1, 2, · · · , n} and the set of links is E =

{
Em, Em = (Nk, Nl); Nk, Nl ∈ N and m = 1, 2, · · · , e

}
.

Hence, if Em is a link in the network with indicator number m, Nl and Nk represent its destination and
origin nodes, respectively. In this study, nodes are referred to as stations (or bus stops), and links are
the connections between each pair of nodes.

To achieve the aim of our study, we collected data of all possible pairs of origin stations (k) and
destination stations (l) of the bus and subway networks in the SMA as described above with the aid of
the various transportation maps and Smart Card data, which show the list of stations and links in the
SMA’s public transportation network. For the data, we focused on the entire subway network in Seoul,
including subway lines that serve the other provinces in the SMA from Seoul. For the bus network, we
concentrated on bus lines in the bus network that are connected to the SMA from Seoul. There are
a few isolated bus networks operating in the satellite cities within the provinces surrounding Seoul
(Gyeonggi-do province and Incheon). However, since they are not connected to the main bus network
in Seoul, they have a very insignificant effect and were not considered in this study. We developed
an n× n adjacency matrix of G as A = [akl], such that akl = 1 if there is a connection between the kth
(Nk) station and the lth station (Nl), and akl = 0 otherwise. The adjacency matrix with entries {akl} was
used to describe how the Nk and Nl nodes are connected in the network graph G. From this matrix, we
obtained the edge E list for the graph generation.

It is important to note that this study was focused on investigating the physical structure of
networks and not the movement of people. Hence, we applied a weight matrix W = [wkl], which
denotes the inversed physical distances from each pair of nodes Nk and Nl. Using the edge list obtained
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from the adjacency matrix, we finally generated the three graphs of subway, bus, and the integrated
bus and subway networks, as shown in Figure 2.Sustainability 2019, 11, x FOR PEER REVIEW 8 of 25 
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4.2. Network Indicators

Network indicators consist of a wide range of metrics that capture connectivity, accessibility, and
centrality of nodes [61], such as stations or bus stops. We studied the basic network properties, such as
the number of stations and links, and applied complex metrics, for instance, eigenvector centrality and
clustering coefficient, to the bus, subway, and the integrated bus and subway networks. The summary
statistics for the network indicators are shown in Table 2.

Table 2. Summary statistics of network indicators utilized in this study.

Network Indicator Subway Bus Integrated Subway and Bus

Network-based measurements
Number of stations, N 602 12,271 12,873

Number of links, E 1371 15,548 19,354
Network diameter, δ 66 174 149

Ave. clustering coefficient, C 0.007 0.016 0.028
Ave. path length, l 20.304 43.631 28.169

Assortativity, ρ 0.068 0.394 0.362
Degree of connectivity, γ 0.762 0.422 0.501

Modularity, M 0.891 0.937 0.933
Number of communities 24 63 59

4.2.1. Basic Network Properties

Before we could identify the features of a network, it was essential to determine fundamental
properties relating to its size. In this study, information about the size of all the networks is described
in terms of the number of stations and links in them. As shown in Table 2, the integrated network is
significantly the largest among the three networks as it has the highest number of stations and links.
The bus network follows in the second place, and then the subway network. The observation suggests
that the integrated network provides higher accessibility to destinations, owing to the high number of
routes and connections created as a result of combining both bus and subway networks.

We compared the network diameter (δ) of the three networks. Network diameter is a measure of
the longest graph distance that exists between any two nodes in a network. It is obtained by finding
the maximum distance of the shortest paths between the stations in the network. This is expressed
mathematically as

δ = max
i j

{
l(i, j)

}
(1)
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where l(i, j) is the number of links in the shortest path from station i to station j.
We noticed that the subway network’s diameter was the lowest. The observation is understandable

as the size of the subway network is the smallest among the three networks, considering that it has
the lowest number of stations (NSubway = 602; NBus = 12,271; NIntegrated = 12,873). A more striking
point to note is that, even though the integrated network is larger than the bus network, its diameter is
significantly smaller than that of the bus network’s diameter. It indicates that integrating the subway
and bus network significantly reduces the travel distance within the network, even though it is much
more extensive.

Another vital network property that is based on the relationship between the elements of a
network (stations and links) is the degree of connectivity (γ). The connectivity indicator is very useful
to transport planners and practitioners as it estimates how easy it is to travel from one station to
another in a network based on the level of connectivity. We measured the degree of connectivity using
the gamma index calculated as the ratio of the actual number of links over the maximum number of
links in the network [31]:

γ =
E

Emax
=

E
3(N − 2)

(2)

where E is the number of links and N is the number of stations in the transportation network.
We observed that the degree of connectedness was highest in the subway network (γSubway = 0.8).

On the other hand, the integrated network, which was larger than the bus network, had the
second-highest degree of connectedness (γIntegrated = 0.5). Based on the results of the underlying
basic network properties displayed in Table 2, we infer that it is more beneficial to travel using the
integrated public transportation network as it services a larger coverage area and provides more
effortless movement between stations compared to the bus network.

4.2.2. Average Path Length and Clustering Coefficient

The average path length (l) for all the networks analyzed in this study was calculated to determine
the average number of links traversed along the shortest paths of all possible pairs of stations within
the network. This relationship is formally stated as

l =
1

N(N − 1)

∑
i, j

di j (3)

where l is the average path length, N is the number of nodes in the network, and di j is the length of the
shortest path between stations i and j.

We identified that the average path length of the subway network was the lowest due to its small
size. The integrated network, which is somewhat broader among the three, had the second lowest
average path length. An important point to note is that, even though the integrated network is larger
than the bus network, the integrated network showed a significantly smaller diameter and average
path length. The average path distance in the bus network is 1.5 times longer than that of the integrated
network. It signifies that using the integrated network is much advantageous as the travel distance
between the farthest stations is lesser even though its network is much larger.

The measure of cohesiveness or intraconnectivity among neighbors of a node i (nodes connected
by a single link), described as its clustering coefficient, was also determined [61]. If a node Ni has ki
neighbors, then its clustering coefficient, Ci, is expressed as

Ci =
2Ei

ki(ki − 1)
(4)

where Ei is the number of links between node i’s neighbors and the normalization factor ki(ki−1)
2 is the

maximum number of links that could exist among its neighbors. For network comparisons, the overall
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level of clustering within the network was further determined by averaging Ci over all the nodes in the

network, C =
∑N

i Ci
N .

The range of clustering coefficients for individual stations in both subway and integrated networks
were within the interval Ci ∈ [0, 1], whereas that of the bus network was Ci ∈ [0, 0.5] because of the
normalization factor in the formula. Overall, it is essential to note that the average clustering coefficient
of the integrated network was higher compared to the other networks, indicating the presence of a
higher number of tightly knitted groups within the integrated network.

Both the average path length (l) and average clustering coefficient (C) of a network play critical
roles in identifying “small-worldness” properties of a network. Researchers in the transportation field
have noted small-world networks as those that show high connectivity and high capability of linking
communities more efficiently (short characteristic path length), while being less redundant. In terms of
infrastructural resilience, one significant advantage of investigating this property is to analyze how
fault-tolerant and structurally robust a transport network can be in times of disruptions [7]. To check
the presence of the small-world phenomenon in our networks, we compared their average clustering
coefficient and average path length to similar Erdos–Renyi (E–R) random networks constructed using
the same number of stations in each target network, as proposed in the literature [7,32,56,62].

As described in Table 3 below, we found that, apart from the average clustering coefficient of
the integrated network, those of the subway and bus networks were lesser than their corresponding
values from their equivalent E–R random networks. However, the average path lengths of all the E–R
random networks were orders of magnitudes lower than in their corresponding real networks. From
the comparisons, we conclude that none of the three networks show characteristics of small-world
networks. The results show that the networks are not fault-tolerant in terms of connectivity and
cannot maintain connectivity between stations in case of disruptions. Chopra et al. [7] reached similar
conclusions as they discovered that the London metro network was not a real-world network.

Table 3. Results for small-world detection in the subway, bus, and integrated networks.

Method Criteria Result

1 Creal
av � Crand

av
1

Subway Creal
av = 0.007; Crand

av = 0.019
Bus Creal

av = 0.016; Crand
av = 0.020

Integrated Creal
av = 0.028; Crand

av = 0.020

2 Lreal
av ≈ Lrand

av
2

Subway Lreal
av = 20.304; Lrand

av = 3.745
Bus Lreal

av = 43.630; Lrand
av = 2.279

Integrated Lreal
av = 28.169; Lrand

av = 2.264
1 Creal

av and Crand
av refer to the average clustering coefficient of the real networks (either subway, bus, or integrated

networks) and the clustering coefficient of their equivalent E–R random networks, respectively. 2 Lreal
av and Lrand

av
refer to the average path length of the real networks (either subway, bus, or integrated networks) and the average
path length of their equivalent E–R random networks, respectively.

Furthermore, we analyzed the node degree distributions of the individual networks to identify
whether or not they are scale-free. Node degree distributions help in understanding the structure of
complex networks. In scale-free networks, the degree distributions (the probability that a station has
k degrees) follow a power law, p(k) ∝ k−λ for k ∈ N and k > kmin, which suggests that stations with a
higher number of connections have a strong influence on their networks’ structure and dynamics. Such
distributions are characterized by a more gradual fall, which is different compared to the exponential
distribution. The scale parameter λ shows how the tail of the distribution of p(k) falls. It mostly
lies within the range 2 < λ < 3 (scale-free regime); however, it could be λ > 3 [7]. Networks with
these properties are free of any characteristic scale, implying that they maintain the same underlying
structure, even as the network grows [63].

The study of scale-free networks can help us determine how resilient or robust a network is, and
to identify and control important hubs [33]. We analyzed the probability distribution of station degrees
by plotting them on a double logarithmic scale. We employed maximum likelihood estimation and
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goodness of fit tests (Kolmogorov–Smirnoff tests) to determine the parameter λ and to test how well
the data fit the power law distribution, respectively. The hypothesis that data follow the power law
distribution is plausible if p-value > 0.10.

By fitting our data to the power law distribution shown in Figure 3, we determined that only the
bus networks’ dataset followed the power law distribution since its p-value was 0.1298 (p-value > 0.10).
Hence, the probability of finding a station with k connections is proportional to k−6.75, illustrating
that the bus network has excessively high-degree stations (hubs). The observation suggests that it is
more robust to network breakdowns; however, a significant drawback is that it is more vulnerable to
attacks compared to the subway and integrated networks. The results for the scale-free detection and
the graphs for the power law distribution of the subway, bus, and integrated networks are shown in
Table 4 and Figure 3 below.
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Table 4. Results for scale-free detection in the subway, bus, and integrated networks.

Measures Subway Network Bus Network Integrated Network

p-value 0.0000 0.1298 0.0000
λ 1 5.5968 6.7507 3.7699
kmin 4 6 4

1 λ refers to the parameter of the power law distribution p(k) ∝ k−λ for k > kmin and k is the node degree of either
subway, bus, or integrated, respectively, networks.

4.2.3. Community Detection within the Networks in the SMA

In order to analyze the community structure of the networks and identify cascading impacts
resulting from disruptions, we analyzed the various communities that exist within each network using
the idea of modularity in graph theory. Modularity is used to determine the strength of the segregation
of a network into communities [64]. It could be explained as the proportion of links that fall within the
given community minus the expected proportion if links were randomly spread. The equation for
modularity, M is given as;

M =
k∑

i=1

(
eii − a2

i

)
(5)

where eii is the proportion of ends of links that are attached to the stations in a community i, ai is
the proportion of ends of links that are attached to stations in community i, and M ∈ [−1, 1]. High
modularity reflects that there are more links in the community than was expected by chance. M > 0
(positive) if the number of links within the community exceeds the expected number of edges of
that community.

In transport networks, the communities identified show the different transit operation zones [5].
A transport network with high modularity is preferred as its communities have dense connections
between stations within the same community, but have sparse connections between stations in
different communities. This results in more efficient passenger flow within each community with high
modularity compared to passenger flows between communities. As such, transport planners use this
information to identify patterns of vulnerability and to improve the resilience of networks.

We employed a community detection algorithm known as the Louvain algorithm, first published
by Blondel et al. [65], due to its ease of implementation. The algorithm is a greedy optimization
technique that consists of two phases. The first phase involves searching and grouping of nodes based
on the gains of modularity that result when a node i is moved from one community and placed in
another community. The first phase stops when no node can be moved to any other community
to improve the modularity. The gain in modularity is achieved by relocating a node i into a new
community C and it is computed by the formula below:

∆Q =

∑ in + 2ki,in

2m
−

(∑
tot + ki
2m

)2− ∑ in
2m
−

(∑
tot

2m

)2

−

(
ki

2m

)2 (6)

where m represents the total sum of link weights in the network, ki is the sum of weights of links
incident to node i, ki,in represents the sum of weights belonging to links connecting node i and other
nodes in the new community C,

∑
tot denotes the sum of weights belonging to links that are incident

to nodes in the new community C, and
∑

in is the sum of weights of links in the new community C.
The second phase involves the building of a new network such that the nodes are the communities.
The steps described above are iterated until a maximum modularity for each community is achieved
such that no further improvement can be obtained.

The community detection results displayed in Table 2 show the presence of communities spread
across the various networks. As many as 63 communities were identified in the bus network, whereas
59 and 23 communities were detected in the integrated and subway networks, respectively. In general,
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the modularities for communities across all networks examined in this study are highly dense as their
modularity values are almost 1 (Msubway = 0.891, Mbus = 0.937, Mintegrated = 0.933). The communities
in the bus and integrated networks were identified to be almost equal and highly dense compared to
the subway network.

From the results, we observe that the communities in the bus and integrated networks are closely
connected, suggesting a faster rate of movement and increased accessibility, which is preferred in
transport networks. In terms of the impacts of disruptions, they are robust against breakdowns due to
the high connectivity. As such, if a link is disrupted, passengers could be rerouted through adjacent
links in the community to their final destinations. In that way, traffic flows within communities would
not be significantly affected.

4.2.4. Degree Assortativity

Since considering only the degree centrality does not provide enough information about a network,
degree assortativity was developed to analyze the structure, dynamic behavior, and robustness of a
network. More specifically, it measures how nodes within a network are attached to other nodes of the
same characteristics (homophily). This metric is often quantified as a correlation between two nodes in
a network, denoted as a scalar value, ρ ∈ [−1, 1], and can be computed using the formula

ρ =
c
∑

i jiki −
(
c
∑

i
1
2 ( ji + ki)

)2

c
∑

i
1
2 ( ji2 + ki2) −

(
c
∑

i
1
2 ( ji + ki)

)2 (7)

where c = 1
E , E is the number of edges, and ji and ki are the degrees of the nodes at the edges of link i.

A network is degree assortative if high-degree nodes are attached to other high-degree nodes (ρ = 1),
and it is disassortative otherwise (ρ = 0).

In network analysis, assortativity is used to identify a network whose nodes have a high chance
of being connected to other nodes of a similar degree. Hence, an assortative network is one in which
stations with higher degrees are connected with other stations of higher degrees, and those of lower
degrees are connected with stations of lower degrees. If the assortativity indicator of a network is above
0, it is considered assortative. In contrast, a disassortative network is one whose computed indicator is
below 0. A non-assortative network has assortativity of 0, meaning any node can randomly connect
with other nodes of any degree [31,66]. A failure of a high-degree station in public transportation
networks will not have much negative impact since other high degree stations are still connected to
other high degree stations [67].

From the results displayed in Table 2, all the networks are slightly degree assortative, which
shows that there exists a significantly small chance that fractions of stations will randomly connect
with stations of the same degree. Among the three networks, the bus network is the most assortative
(a = 0.39). The integrated network follows closely (a = 0.36), while the subway network had the
least assortativity (a = 0.07). However, an examination of the networks indicates that they might be
vulnerable to disruptions since a very high proportion of stations are linked to very few other stations
(they have very low degrees). In the bus network, 64% of the stations are connected to just two stations,
whereas 58% of stations in the integrated network have degrees of 2. In the much smaller subway
network, 79% and 5% of stations have degrees of 4 and 2, respectively.

4.2.5. Centrality and Connectivity in the Public Transportation Networks in the SMA

Many researchers have studied the centrality of stations in transport networks as it shows the
value of stations in networks. Some studies have described node centrality as either “important” or
“influential” nodes in a network [2,27,31]. In this study, we identified central stations in all of the
three networks based on commonly used centrality measures such as degree centrality, betweenness
centrality, closeness centrality, eigenvector centrality, and eccentricity centrality.
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The degree of a node is the most basic and straightforward centrality measure. It reflects the
number of links that are directly connected to a station i in the network [31]. Hence, the higher the
degree of a station, the higher its connectivity and the more accessible it is. This translates into the
stations capacity to increase the chance of receiving many passenger flows. Also, the average degree
of a network shows, on average, how connected each node in the network is. Transport authorities
are interested in this metric as it shows how accessible the nodes in a transport network are. For a
given station i, with ai j as its indicator variable in the n× n adjacency matrix (which shows akl = 1 if a
connection exists between nodes i and j), the station degree di and its network-wide average degree d
are given as

di =
∑

N
i ai j (8)

d =
1
N

∑
N
i di. (9)

The nodes in the subway network had a minimum degree of 2 and a maximum degree of 14.
Both the bus and integrated networks had a minimum degree of 1 each, and maximum degrees of
11 and 34, respectively. On comparing the three networks, the integrated network had the highest
maximum degree of 34, which is a result of the integration of both bus and subway networks. Overall,
the subway network had the highest average degree of 4.6. Both the bus and integrated networks also
had high average degrees of 2.5 and 3.0, respectively. Since the stations in the integrated network show
high degrees, we can infer that it is more connected and has higher access to various destinations in
the network.

In this paper, we used a weighted network, where each link has a weight expressed in terms of
the inversed distance between two stations connected by a common link. Hence, in order to identify
the effect of distances and connections on station importance (in terms of degree), the weighted
degree or station strength was analyzed by summing the weights of the links incident to the station in
question [27,30,68–71]. For station i, its weighted degree si =

∑N
l ai jwi j is a measure of how strong and

directly connected it is in a network. The networks’ average weighted degree was also determined for
comparison of the three networks using the formula;

s =
1
N

∑
N
i si. (10)

A station with a higher weighted degree denotes one with high proximity. Due to its importance,
it is expected to have high passenger flow volume. We observed a positive relationship between the
average weighted degree measure and network size. We identified that the average weighted degree
value of the integrated network was the highest and the subway network had the lowest. Hence, on
average, the links in the integrated network are much shorter compared to those in the bus network.
This observation shows that stations in the integrated network can offer the easy movement of people
in terms of accessibility since they are more connected and closer to each other [27].

We further analyzed the degree measure by plotting and comparing the graphs of the frequency
of all stations’ degrees in the three networks. The plots in Figure 4 show that both bus and integrated
networks’ graphs are right skewed with modes of three. The subway network’s degree distribution,
on the other hand, shows a mode of four, with few stations having high degrees due to its small size. It
also shows that most of the subway stations have low degree values. The highest occurring degree
value in both networks is two. However, due to the large network size, the degree distribution of the
integrated network had the most extended tail, signifying a high chance of finding hubs (excessively
high-degree stations) within the network. The graphs of the frequency of stations’ weighted degrees in
all three networks are right-skewed, with most stations appearing to have weighted degree values
from 0 to 20. The highest occurring weighted degree in the subway network is 3.8, and both bus and
integrated networks have a weighted degree mode of 7.48. Similar trends were observed in the graphs
for the degree values. Fewer stations having higher weighted degrees in integrated networks show
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that few stations have very high proximity. This observation affirms that integrating the networks
will improve accessibility. The degree and weighted degree distributions of the subway, bus, and
integrated networks are visualized in Figure 4.
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The betweenness centrality measure shows how many times a station comes in between the
shortest paths of stations within a network. Betweenness centrality CB for a station i on shortest paths
connecting nodes l and m is defined as follows;

CB(i) =

∑
l<m

glm(i)
glm

(N − 1)(N − 2)
(11)

where glm is the total number of shortest paths connecting nodes l and m, and glm(i) is the number of
these paths that go through station i. The numerator should be as high as possible to achieve a high
betweenness centrality.
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A public transportation facility with the highest centrality is an active player that serves as an
important transfer point or connector to many regions within the transport network. Many flows will
have to go through this station in order to reach other locations in the network. To make comparisons
between networks with different sizes, we used the normalized form of the betweenness centrality [40].
From Table 5 below, the network with the lowest average betweenness centrality is the integrated
network (CB = 0.002), and the system with the highest average betweenness centrality is the subway
network (CB = 0.032). The bus network comes in between with an average betweenness of 0.003. The
results show that the average betweenness centrality of stations in the SMA’s public transportation
network decreases with increasing network size.

Table 5. Estimated network centrality measures.

Centrality Measures Subway Network Bus Network Integrated Network

Avg. Min. Max. Avg. Min Max Avg. Min. Max.

Degree, d 4.554 2.000 14.000 2.534 1.000 11.000 3.007 1.000 34.000
Weighted degree, s 7.747 0.604 33.000 8.881 1.000 57.890 10.180 0.604 101.840

Betweenness centrality, CB 0.032 0.000 0.224 0.003 0.000 0.078 0.002 0.000 0.230
Closeness centrality, CC 0.052 0.023 0.074 0.066 0.000 1.000 0.073 0.000 1.000

Eigenvector centrality, Ck 0.111 0.019 1.000 0.035 0.000 1.000 0.019 0.000 1.000
Eccentricity centrality, EG 0.022 0.015 0.029 0.042 0.000 1.000 0.040 0.000 1.000

Eccentricity, eG 46.078 35.000 66.000 97.468 0.000 174.000 85.663 0.000 149.000

The distribution of the station betweenness centralities in the subway network, as seen in Figure 5,
shows that many stations in the subway network have betweenness centrality of zero and there is
a steep drop towards the right (right-skewed). In the bus and integrated networks, the points are
clustered in the vicinity of the origin. Also, the subway network has 34% of its stations having a
betweenness greater than the total average betweenness centrality, 23% of stations in the bus network
had betweenness centralities higher than the average, and 17% of the stations in the integrated
network have betweenness higher than the average. Since, on average, the betweenness centrality of
the subway is higher than both bus and integrated networks, we can conclude that its stations are
strategically placed and connect several regions in the network more effectively. Figure 5 below shows
the betweenness centrality distributions for the subway, bus, and integrated networks.

The average distance from a given starting node i to all other nodes, known as closeness centrality
CC, is defined by the equation:

CC(i) = (N − 1)
∑

l

[
di j

]−1
(12)

where di j is the shortest distance between nodes i and j, and N is the number of stations in the network.
Closeness centrality describes how easy and fast a station can be reached in terms of speed and
frequency compared to other stations in a transport network. The idea is that the higher the closeness
centrality of a station, the closer it is to other nodes and it takes the least number of steps to reach them.

Normalized closeness centrality values in Table 5 above show that the integrated network has the
highest average closeness centrality (CC = 0.073), followed by the bus network (CC = 0.066) in the
second place, and finally the subway network (CC = 0.052). A glance at the distribution of closeness
centrality of stations visualized in Figure 6 also presents interesting observations.
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The points in the subway networks distribution are dispersed away from the origin with a mode
of 0.048, and many stations have very low closeness centralities. The most common closeness centrality
value in both the bus and integrated networks is zero (0), showing a right-skewed distribution with
their centrality values tapering slowly downwards, depicting that many stations have higher closeness
centralities. The proportion of stations in the subway network with a closeness centrality score higher
than the average is 49%. That of the bus and integrated networks are 12% and 10%, respectively.

Overall, the average closeness centrality metric trends of the three networks clearly illustrate that
the average closeness centrality of stations in the SMA increases with network size. The observations
show that movement from one station to another is easier and faster in the bus and integrated networks.
Again, this shows that the structure of the subway network is improved to offer faster movements
when it is combined with the bus network. Hence, employing integrated networks is imperative for
making public transportation usage more time saving, efficient, and accessible. Graphs for closeness
centrality distributions for the three networks are shown in Figure 6.

The eccentricity of a station eG captures the maximum distance between it and the farthest station
from it, and the inverse of the eccentricity of a station is its eccentricity centrality metric [44]. Formally,
if i is a station in a connected network G, and d(i, j) is the shortest path between stations i and j, then
the eccentricity of station i, eG(i) is given as

eG(i) = max
{
d(i, j)

}
. (13)

The reciprocal of eccentricity eG(i) of station i is its eccentricity centrality EG(i):

EG(i) =
1

eG(i)
. (14)

As closeness centrality indicates how close a station is to all other stations in the transport network,
eccentricity centrality shows how close the farthest station is away from a given station in a network.
Thus, a station with a high eccentricity measure is a long way away from the farthest station from it,
and a station with a high eccentricity centrality assumes high station proximity (very accessible). The
eccentricity centrality values in Table 5 show that, on average, the maximum distances between the
subway stations are short, making them very reachable. The integrated network follows in the second
place, showing that integrating both bus and subway networks improves the accessibility of stations in
the subway network.

We observed that there are several centrality measures that show the importance of stations by
either the quantity of links incident on it (degree centrality), the sum of weights of the links incident
on it (weighted degree or strength centrality), or based on the paths in the network (betweenness,
closeness, and eccentricity centralities). Besides these measures, we consider the eigenvector centrality,
whose underlying principle is based on the “quality” of its connections and not only the number of
its adjacent stations [27,72]. As such, a station that is connected to a highly central station is more
important than another station that is connected to a less important station.

For a graph G = (N, E) with k, l ∈ N and adjacency matrix A = (akl), the relative centrality score
of station k can be formally expressed as the positive multiple of the sum of adjacent centralities:

Ck =
1
λ

∑
n
l=1aklCl (15)

where λ is the constant. By using matrix algebra, the above equation satisfies the eigenvector equation
ACk = λCl. Ck is an eigenvector of λ if ACk is a scalar multiple of Ck. As there are multiple eigenvectors,
the value of Ck that corresponds to the largest value of λ is the eigenvector centrality measure.

Again, as we want to compare centralities across different networks, we normalized the eigenvalue
centrality values. From Table 5 above, a trend similar to that of the average betweenness centrality is
observed in the case of the average eigenvector centrality. The average eigenvector centrality gradually
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decreased with the size of the network. Considering the subway network, which has 602 stations, the
average eigenvector centrality measure was 0.11, followed by the bus network (N = 12,271), which
had an average eigenvector centrality measure of 0.03. The integrated network, with the largest number
of stations (N = 12,873), had the lowest eigenvalue centrality value of 0.02.

We proceeded with further analysis and noted that more than 70% of the stations in all the networks
had eigenvector centralities less than their average values (subway = 0.111, bus = 0.035, integrated =

0.019). That means less than 30% of stations in the networks were connected to highly central nodes.
The eigenvector centrality distributions in the integrated network show that many stations clustered
around the origin (mode = 0.003), meaning there are many stations connected with less important
stations. A similar trend is observed in the bus network; however, the points seem a little bit more
dispersed away from the origin (mode = 0.014). The eigenvector centrality distribution in the subway
network shows that a high proportion of the stations in the subway network had higher centrality
values (mode = 0.019). Figure 7 shows graphs of eigenvector centrality distributions of the subway,
bus, and integrated networks.

Sustainability 2019, 11, x FOR PEER REVIEW 18 of 25 

eccentricity centrality values in Table 5 show that, on average, the maximum distances between the 
subway stations are short, making them very reachable. The integrated network follows in the second 
place, showing that integrating both bus and subway networks improves the accessibility of stations 
in the subway network.  

We observed that there are several centrality measures that show the importance of stations by 
either the quantity of links incident on it (degree centrality), the sum of weights of the links incident 
on it (weighted degree or strength centrality), or based on the paths in the network (betweenness, 
closeness, and eccentricity centralities). Besides these measures, we consider the eigenvector 
centrality, whose underlying principle is based on the “quality” of its connections and not only the 
number of its adjacent stations [27,72]. As such, a station that is connected to a highly central station 
is more important than another station that is connected to a less important station.  

For a graph 𝐺 = (𝑁, 𝐸) with 𝑘, 𝑙 ∈ 𝑁 and adjacency matrix 𝐴 = (𝑎 ), the relative centrality 
score of station 𝑘 can be formally expressed as the positive multiple of the sum of adjacent 
centralities:  𝐶 = 1𝜆 𝑎 𝐶  (15) 

where 𝜆  is the constant. By using matrix algebra, the above equation satisfies the eigenvector 
equation 𝐴𝐶 = 𝜆𝐶 . 𝐶  is an eigenvector of 𝜆 if 𝐴𝐶  is a scalar multiple of 𝐶 . As there are multiple 
eigenvectors, the value of 𝐶  that corresponds to the largest value of 𝜆 is the eigenvector centrality 
measure. 

Again, as we want to compare centralities across different networks, we normalized the 
eigenvalue centrality values. From Table 5 above, a trend similar to that of the average betweenness 
centrality is observed in the case of the average eigenvector centrality. The average eigenvector 
centrality gradually decreased with the size of the network. Considering the subway network, which 
has 602 stations, the average eigenvector centrality measure was 0.11, followed by the bus network (𝑁 = 12271), which had an average eigenvector centrality measure of 0.03. The integrated network, 
with the largest number of stations (𝑁 = 12873), had the lowest eigenvalue centrality value of 0.02.  

We proceeded with further analysis and noted that more than 70% of the stations in all the 
networks had eigenvector centralities less than their average values ( subway = 0.111, bus =0.035, integrated = 0.019). That means less than 30% of stations in the networks were connected to 
highly central nodes. The eigenvector centrality distributions in the integrated network show that 
many stations clustered around the origin (mode = 0.003), meaning there are many stations connected 
with less important stations. A similar trend is observed in the bus network; however, the points 
seem a little bit more dispersed away from the origin (mode = 0.014). The eigenvector centrality 
distribution in the subway network shows that a high proportion of the stations in the subway 
network had higher centrality values (mode = 0.019). Figure 7 shows graphs of eigenvector centrality 
distributions of the subway, bus, and integrated networks. 

  
(a) Subway network (b) Bus network 

Sustainability 2019, 11, x FOR PEER REVIEW 19 of 25 

 
(c) Integrated subway–bus network 

Figure 7. Eigenvector centrality distributions of subway network, bus network, and integrated 
network. (a) Subway network; (b) Bus network; (c) Integrated subway–bus network. 

From Table 6, we observed that on average, even though the bus network is bigger compared 
the subway network, the degree, weighted degree, and eigenvector centrality values for nodes that 
provide intermodal connections (bus to subway or subway to bus integrated networks) were higher 
compared to nodes with only bus to bus connections. Unlike the bus network, the much smaller 
subway network consists of many transfer stations, such that commuters can use other subway lines 
to reach their destination. The other metrics (closeness centrality and betweenness centrality were 
comparable. Hence, we can infer that the bus station importance (based on degree, weighted degree, 
and eigenvector centrality) increases to a larger extent when it is integrated with the subway network, 
since it benefits from the subway network’s abundant transfer opportunities. This result shows that 
connecting bus stops with subway stations further increases accessibility. 

Table 6. Average centrality measures for stations or stops with different types of integration. 

Integration Type Average Centrality Measures 

 Degree Weighted 
Degree 

Closeness 
Centrality 

Betweenness 
Centrality 

Eigenvector 
Centrality 

Subway–Bus 5.30 20.35 0.05 0.001 0.09 
Bus–bus 2.73 9.59 0.07 0.001 0.01 

All stations 3.01 10.18 0.07 0.002 0.01 

To show the spatial distribution of stations, the station centrality measures for the three network 
types studied in this research are plotted together with the community detection results in Figure 8. 
The colors represent the various communities in the network where the service providers mostly 
operate and the magnitude of the centrality measure can be seen in terms of the size of the stations. 
The larger the size of the station, the higher its centrality. 

 Betweenness centrality Closeness centrality Eigenvector centrality 

Subway 
network 

  
 

 (a) (b) (c) 

Figure 7. Eigenvector centrality distributions of subway network, bus network, and integrated network.
(a) Subway network; (b) Bus network; (c) Integrated subway–bus network.

From Table 6, we observed that on average, even though the bus network is bigger compared
the subway network, the degree, weighted degree, and eigenvector centrality values for nodes that
provide intermodal connections (bus to subway or subway to bus integrated networks) were higher
compared to nodes with only bus to bus connections. Unlike the bus network, the much smaller
subway network consists of many transfer stations, such that commuters can use other subway lines
to reach their destination. The other metrics (closeness centrality and betweenness centrality were
comparable. Hence, we can infer that the bus station importance (based on degree, weighted degree,
and eigenvector centrality) increases to a larger extent when it is integrated with the subway network,
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since it benefits from the subway network’s abundant transfer opportunities. This result shows that
connecting bus stops with subway stations further increases accessibility.

Table 6. Average centrality measures for stations or stops with different types of integration.

Integration Type Average Centrality Measures

Degree Weighted
Degree

Closeness
Centrality

Betweenness
Centrality

Eigenvector
Centrality

Subway–Bus 5.30 20.35 0.05 0.001 0.09
Bus–bus 2.73 9.59 0.07 0.001 0.01

All stations 3.01 10.18 0.07 0.002 0.01

To show the spatial distribution of stations, the station centrality measures for the three network
types studied in this research are plotted together with the community detection results in Figure 8.
The colors represent the various communities in the network where the service providers mostly
operate and the magnitude of the centrality measure can be seen in terms of the size of the stations.
The larger the size of the station, the higher its centrality.
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5. Discussion of Results

In this study, we applied graph-based measures to synthesize information on the public
transportation networks in the SMA comprehensively. With this approach, we have examined
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both station-level properties and network-wide properties to determine how best the networks can be
adjusted in order to increase their performance in terms of accessibility and resilience.

The large size of the integrated public transportation network and a diameter lower than that of
the bus network signifies higher service coverage and accessibility to destinations owing to the high
number of stations and connections created as a result of combining both bus and subway networks.
Our findings were in line with previous research, which applied methods other than network topology.
They mentioned that integrating networks increases connectivity and creates a more efficient public
transportation system as it reduces travel time, provides for transfers between different transit modes,
and provides high accessibility to various destinations [13,15,18,43].

Topological analysis of the networks indicates that the integrated network had the highest average
local clustering coefficient, followed by the bus network. The result indicates that the stations in the
integrated network are more clustered compared to the bus and subway networks. Hence, public
transportation facilities are closely knitted together in integrated networks, which results in increased
accessibility. The average path length of the subway network was the lowest (20.3035) due to its small
size, however, the integrated network, which is the largest network, had an average path length that
was almost as low as that of the subway network (28.1692). Unlike what we expected, further analysis
proved that the public transportation networks in the SMA are not small-world networks; hence, they
are less fault-tolerant and structurally not very robust to disruptions, as in the case of the London
metro system [7].

In addition, we analyzed the scale-free properties of the networks (power law). Results showed
that the degree distributions of only the bus network data followed the power law, implying that the
bus network has few high-degree stations and hence will maintain its structure even when the network
grows. The bus network could be more robust compared to the other transit networks considered in
this study. However, it is worth noting that robust networks are more vulnerable to attacks.

When designing public transportation infrastructure, transport engineers may decide to consider
certain constraints and tradeoffs between efficiency in terms of performance, economic gains, and
transit resilience. As such, even though it is ideal to have public transportation networks exhibit
small-world properties in terms of high clustering and low path lengths, it may not always be the case.
Comparable insights can be drawn from the results obtained from the degree assortativity measure.
As the stations in the networks are slightly assortative, low degree stations tend to pair with other low
degree stations, making the networks less resilient.

Analysis of the degree of connectedness and modularity pointed to the fact that the integrated
network has the highest zonal accessibility compared to the other networks studied in this paper. From
our results, we identified that the degree of connectedness in the much larger integrated network
was greater than the bus network and had dense connections within its communities. With higher
nodal connections, coupled with a larger network, traveling within the integrated network would
be relatively easier compared to the bus network. Our results are similar to those in the study
conducted by Rubulotta et al. [42], which proved that high zonal accessibility could be achieved in
well-connected networks.

Furthermore, analysis involving the centrality measures depicted that the integrated network
is highly connected, accessible, and more robust. From the results of the degree, weighted degree,
closeness, and eccentricity centralities, we identified the presence of highly connected hubs with higher
proximity to other hubs in the integrated network compared to the others. However, the downside of
the integrated network is that a few of the hubs are not strategically placed to achieve high betweenness
and few of them are connected with other important hubs compared to the bus and subway networks.
Analysis of the average centrality values indicates a decreasing relationship with network size, which
is not in line with the study conducted by Derrible [39]. We can infer from the results that it is more
convenient and easier to reach other stations when traveling in the integrated network compared to
the bus network.
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6. Conclusions and Future Work

To understand the network complexities associated with these urban transport systems, we
analyzed topographical structures of public transportation networks commonly found in cities, namely
subway, bus, and integrated transit networks, by employing graph-based methods. While previous
studies predominantly focused on unimodal networks of either bus or subway, this study concentrated
on performing an in-depth examination of the topological properties of an integrated urban public
transportation network and compared its structure to those of the unimodal networks from which it
was formed.

The result of this study provides new perspectives considering integrated public transportation
systems, which can be resourceful for attaining efficient mobility in cities. In summary, our analysis
directs us to arrive at the following conclusions;

• Both bus and subway networks in the SMA have no small-world characteristics and even after
integrating them, the resulting network did not show a small-world property. Also, only the bus
network is a scale-free network, indicating the presence of highly connected hubs.

• The average path length, the clustering coefficient, and the degree of connectivity of nodes (subway
stations or bus stops) reflected the intensity of interconnectivity and improved accessibility within
the integrated public transportation network.

• The outcomes of the degree centrality, weighted degree centrality, closeness centrality, and
eccentricity centrality show that, on average, the nodes (subway stations or bus stops) within the
integrated network are easily reachable. The average betweenness and eigenvector centralities
decreased with network size, meaning fewer public transportation nodes are seen to have high
centrality values. Hence, averagely, the stations in the subway network were strategically located
in the network and effectively linked several nodes together.

• From the average network centrality values, we identified that the subway network has a high
effect on network integration, which highlights the need to connect bus stops with subway stations
to obtain the full benefits of public transportation network integration.

The findings of this study offer evidence to show that the spatial structures of unimodal urban
public transportation networks are further improved when they are integrated. The SMA’s public
transportation network designers focused on increasing accessibility and interconnectedness of the
networks by integrating them; however, it also shows low robustness to disruptions. It is imperative
to consider the resilience of the public transportation system as South Korea is prone to disasters
that may occur due to either typhoons, earthquakes, or tsunamis [72]. These natural occurrences,
together with planned network attacks, may lead to roadblocks and render some bus and or subway
stations unusable.

For a city with a highly established urban and unique organization like that of the SMA,
which already has many public transportation facilities in the integrated network, policymakers and
transportation planners should concentrate on allocating funds and other resources to strategically
positioning nodes and creating more links within the public transportation network. Restructuring
and optimizing urban public transportation networks improves the attractiveness of the system and
increases patronage. Besides, optimizing the urban networks reduces the average path length and
increases the average betweenness and eigenvector centralities of the nodes (subway stations or bus
stops) in the integrated network. It will make the network more resilient to disruptions and more
well-connected to the stations on the periphery of the network [73].

Our proposed analysis framework offers a means for understanding the public transportation
system in SMA, and to justify the need to identify strategies for increasing the system resilience by
making it more fault tolerant. A key limitation to this study is that dynamic topology analysis of the
networks was not estimated since daily ridership information of every link was not measured. Future
studies will consider studying the functional vulnerability analysis of link and public transportation
facility failures of the integrated system to provide further insights into the overall resilience of the
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network during planned or targeted link or node attacks. It would also be interesting to include
passenger travel variables to study the dynamical properties of the integrated network. Such analyses
would be critical to transportation planners as it will help them identify critical links in the urban
network, whose disruption will profoundly affect public transportation operations.

Finally, given that integrated public transportation networks have become a global trend since
improved public transport has proved to be a viable alternative for private cars in most countries [12],
we believe that it can be a universal solution. However, for future studies, we plan to investigate the
hypothesis that integration causes no ineffectiveness in transportation systems to come to a scientifically
acceptable conclusion as to whether public transportation network integration is a universal solution
or not.
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