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Abstract: The increase in carbon emissions is considered one of the major causes of global warming
and climate change. To reduce the potential environmental and economic threat from such greenhouse
gas emissions, governments must formulate policies related to carbon emissions. Most economists
favor the carbon tax as an approach to reduce greenhouse gas emissions. This market-based approach
is expected to inevitably affect enterprises’ operating activities such as production, inventory,
and equipment investment. Therefore, in this study, we investigate a production inventory model
for deteriorating items under a carbon tax policy and collaborative preservation technology investment
from the perspective of supply chain integration. Our main purpose is to determine the optimal
production, delivery, ordering, and investment policies for the buyer and vendor that maximize
the joint total profit per unit time in consideration of the carbon tax policy. We present several numerical
examples to demonstrate the solution procedures, and we conduct sensitivity analyses of the optimal
solutions with respect to major parameters for identifying several managerial implications that
provide a useful decision tool for the relevant managers. We hope that the study results assist
government organizations in selecting a more appropriate carbon emissions policy for the carbon
reduction trend.

Keywords: supply chain; production inventory model; deteriorating items; preservation technology
investment; carbon tax

1. Introduction

The rapid development of global industrialization has negatively affected the environment
and ecology because most companies are concerned only about economic growth, thereby exposing
humans and animals to various threats such as global warming, toxic environments, ozone destruction,
and depletion of natural resources. Therefore, sustainable development has become a major concern
for companies worldwide, and firms are undertaking initiatives to reduce their environmental and social
impacts while continuing to be profitable in response to pressures from governments, customers,
and other stakeholders [1]. The Kyoto Protocol initiative, signed in 1997 following the United Nations
Framework Convention on Climate Change (UNFCCC), aims to reduce greenhouse gas emissions from
industrial countries. Based on the Kyoto Protocol, many countries or regions have made either voluntary
or regulatory efforts to reduce their carbon emissions, for example, the World Bank’s BioCarbon Fund,
the EU Emissions Trading System, the US Chicago Climate Exchange, and the Midwestern Regional
Greenhouse Gas Reduction Accord. Thus, the regulation of greenhouse gas emissions is a future
trend that will certainly affect enterprises’ business strategies. An approach that contributes to carbon
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emission reduction is the levying of carbon tax that pays a lower social cost for achieving the goal
of carbon emissions. Determining how to maintain the original business model and competitive
advantage under the carbon tax policy is important. Moreover, these are important issues for enterprises
and even the supply chain.

When sustainability has been taken seriously, most firms have focused on reducing emissions from
physical processes, for example, replacing energy inefficient equipment and facilities, redesigning products
and packaging, and deploying and using less polluting sources of energy [2]. However, several studies
have revealed that corporations can reduce carbon emissions without increasing cost by adjusting operative
activities such as inventory management [3]. Recently, the impact of carbon emissions on operations
management has drawn more academic attention. Turkay [4] revised the traditional economic order
quantity (EOQ) model to incorporate sustainability considerations that include environmental criteria
such as direct accounting, carbon tax, direct cap, cap-and-trade, and carbon offsets. Furthermore,
Arslan and Turkay [5] modified the EOQ model to incorporate sustainability considerations that
include environmental and social criteria in addition to the conventional economic considerations.
Hua et al. [6,7] studied this problem under the cap-and-trade mechanism, comparing the classical
EOQ model with a newly developed model. They examined the impact on order size of the carbon
cap and carbon price as a means of motivating the retailer to reduce carbon emissions that will
result in the increase of total costs, omitting any consideration of transportation mode decisions.
Benjaafar et al. [3] incorporated carbon emission constraints on single and multistage lot-sizing
models with a cost minimization objective. Four regulatory policy settings were considered based
on a strict carbon cap, a tax on the amount of emissions, the cap-and-trade system, and the possibility
to invest in carbon offsets to mitigate carbon caps. Chen et al. [2] provided conditions that enable
emission reductions by modifying order quantities. They also provided conditions wherein the relative
reduction in emissions is greater than the relative increase in cost, and they discussed factors that affect
the difference in the magnitude of emission reduction and cost increase. We discuss the applicability
of the results to systems under various environmental regulations, including strict carbon caps,
carbon tax, cap-and-offset, and cap-and-price systems. Battini et al. [8] explored the economic lot-sizing
problem in purchasing materials when environmental concerns are considered, proposed an easy-to-use
theoretical model for calculating a sustainable economic order quantity (S-EOQ), studied how the S-EOQ
compares with the traditional approach (simply called EOQ), and discussed results and cost factors
particularly focused on the transportation mode selection. Other relevant studies include He et al. [9],
Song and Leng [10], Zhang and Xu [11], Haddadsisakht and Ryan [12], Alizadeh et al. [13], and their
referenced studies.

Most traditional EOQ or economical production quantity models are developed from
the perspective of a single buyer or vendor. However, commercial development in recent years
elucidates that effective integration among enterprises is imperative to surviving in a highly competitive
business. Similarly, when exploring the issue of inventory management, all supply chain members must
be considered to establish the integration inventory model, rather than considering only the perspective
of the buyer or the vendor. Various studies have been proposed using the concept of the supply
chain to discuss the vendor and buyer of the production inventory model. Goyal [14] first developed
an integrated inventory model based on the traditional EOQ model to determine the optimal joint
inventory policy for a single vendor and buyer. Banerjee [15] developed a joint economic lot size
model where a vendor produces to order for a buyer on a lot-for-lot basis. Goyal [16] generalized
Banerjee’s [15] model by relaxing the assumption of the lot-for-lot policy and revealed that this model
provides a lower or equal joint total relevant cost compared with that of Banerjee. Subsequently,
Lu [17] extended Goyal’s [16] model to a single vendor and multiple buyer integrated inventory model,
and they relaxed the assumption that shipments cannot be triggered before the entire production batch
is completed. Goyal [18] modified the assumption that the items are sent to the buyer in equally sized
shipments and suggested that the size of a shipment to the buyer within a production batch should
be increased by a fixed factor. Hill [19] further generalized the model of Goyal [18] by employing
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the geometric growth factor as a decision variable and provided numerical evidence that this policy
outperforms both the equal shipment size policy and the policy adopted by Goyal [18]. Goyal and
Nebebe [20] exploited the benefits of both the equal size and the geometric policies and suggested
a simple geometric-then-equal policy that produces adequate results. Kelle et al. [21] proposed
a production and shipping policy in which the buyer’s order is delivered in n shipments of equal
size, and the vendor’s production lot size can be an integer, m, that is a multiple of the shipment size
and can be different from n. Giri and Roy [22] considered an integrated production inventory model
wherein the vendor offers a quantity discount to motivate the buyer to purchase greater quantity and
delivers an unequal size per shipment. Subsequently, many studies ([23–35]) proposed more batching
and shipping policies for integrated inventory models. However, the preceding studies on integrated
production inventory models have explored only the production, transport, and ordering strategies;
none considered the impact of either carbon emissions or preservation technology for deteriorating
items. In particular, for items with a high deterioration rate, investing in preservation technology
is a critical and relevant concern for inventory management.

Most of the traditional inventory models assume that goods can be stored indefinitely, implying
that damage, volatile degradation, or deterioration may not occur with the passage of time or from
the impact of the external environment. However, the phenomenon of deterioration is very common
in practice for products such as vegetables, fruits, medicine, and gasoline. Ferguson et al. [36] reported
that in the US grocery industry, approximately 15% of goods are discarded before selling because
of spoilage. Thus, evidence suggests that the management of deteriorating goods is increasingly critical,
particularly in the retail grocery industry [37]. An empirical study by The Profit Experts [37]
revealed that a 20% reduction of waste due to deterioration can increase gross profit by 33%.
Therefore, companies must establish a more robust inventory management system to reduce losses
due to deterioration. Although deterioration is an unavoidable natural process, it can be slowed
by investing in special storage equipment and procedures. For example, when food is stored and
packaged, although it is impossible to maintain the quality permanently, its shelf life can be extended.
Cold storage or freezing also helps to prevent microbial and chemical corruptions. Freezing and
vacuum technology can remove the moisture from food, and pharmaceutical and agricultural products
reduce humidity, enabling food to be stored for long periods at room temperature. Thus, the degree
of the deterioration can be affected by preservation technology facilities and environmental conditions.
However, most inventory models for deteriorating items have ignored the relationship between
investment in equipment and deterioration of goods and assumed the deterioration rate to be an
exogenous variable, which is contradictory to the actual situation. Accordingly, Hsu et al. [38]
proposed a deteriorating inventory model with a constant demand rate and exponential decay
wherein the retailer is allowed to invest in preservation technology to reduce the deterioration
rate. Their study obtained a valuable conclusion: the higher the deterioration rate is, the greater
the investment required to improve preservation technology. However, the preservation technology
cost is unrealistically assumed to be a fixed cost per inventory cycle. Dye and Hsieh [39] presented
an extended model of Hsu et al. [38], assuming that the preservation technology cost is a function
of the length of the replenishment cycle. They further extended the model of Hsu et al. [38]
by incorporating time-varying deterioration and reciprocal time-dependent partial backlogging rates.
Dye [40] employed the model of Hsu et al. [38] and studied the preservation technology investment and
inventory decisions for a retailer’s noninstantaneous deteriorating items and performed a sensitivity
analysis to understand their dependence on cost parameters. In particular, the generalized productivity
of invested capital, deterioration, and time-dependent partial backlogging rates were used to obtain
robust and general results on inventory management. Dye and Hsieh [41] considered the effect
of preservation technology cost investment on preservation equipment for reducing the deterioration
rate under two-level trade credit. He and Huang [42] first studied both preservation technology
investment and pricing strategies and developed an inventory model for deteriorating seasonal products.
Related studies include Singh and Sharm [43], Shah et al. [44], and Tsao [45]. The aforementioned
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studies on preservation techniques have adopted the perspective of the retailer, but they did not
consider the supply chain integration perspective. In general, the preservation technology for reducing
the deterioration rate of items often requires substantial funds that a single enterprise cannot afford.
In a supply chain integrated system, to accomplish global optimization, the vendor and buyer can
agree to jointly invest capital for lowering the deterioration rates of items. Consequently, the optimal
investment strategy, determined by trading off the deterioration cost against the investment cost,
is an import concern and must be incorporated in the field of integrated production and inventory
problems. In conclusion, to contribute to the sustainable development of the supply chain, this study
examines the optimal production, order, and preservation technology investment policies for an
integrated supply chain system that includes (1) deteriorating items with a controllable deterioration
rate, (2) collaborative preservation technology investment, and (3) regulation through a carbon tax.
First, we establish the total profits and amounts of carbon emissions of the buyer and vendor and then
develop the appropriate integration to obtain the joint total profit per unit time under the regulation
of the carbon tax. Our main purpose is to determine the optimal production, delivering, ordering,
and investing policies for the buyer and vendor that maximize the joint total profit per unit time
in consideration of the carbon tax policy. Because of the complexity of the model, identifying the close
form of optimal solutions and verifying the concavity of the profit function directly are difficult.
Alternatively, we verify the concavity through numerical analysis and then develop an algorithm
to obtain the optimal solutions for the supply chain system. Furthermore, we present several numerical
examples to demonstrate the solution procedures and conduct sensitivity analyses of the optimal
solutions with respect to major parameters to identify several managerial implications that provide
a useful decision tool for the relevant managers.

2. Notation and Assumptions

To develop the production inventory model, the following notation is used throughout this paper:

D The buyer’s demand rate.
P The vendor’s production rate.
A The buyer’s ordering cost per replenishment cycle.
Â The amount of fixed carbon emissions per order for the buyer.
S The vendor’s setup cost per production cycle.
Ŝ The amount of fixed carbon emissions per setup for the vendor.
c The vendor’s product cost per unit.
ĉ The amount of carbon emissions associated per unit produced for the vendor.
v The vendor’s supply price per unit.
v̂ The amount of carbon emissions associated per unit purchased for the buyer.
p The buyer’s selling price per unit.
hb The buyer’s holding cost per unit per unit time.
ĥb The amount of carbon emissions per unit of inventory held per unit time for the buyer.
hv The vendor’s holding cost per unit per unit time.
ĥv The amount of carbon emissions per unit of inventory held per unit time for the vendor.
θ The deteriorating rate of the item.

ξ
The preservation technology investment for reducing the deterioration rate to preserve the products,
a decision variable.

m(ξ) The proportion of reduced deterioration rate which is a function of ξ.
CT The buyer’s fixed shipping cost per shipment.
Ct The buyer’s variable shipping cost per unit.
ĈT The amount of fixed carbon emissions per shipment for the buyer.
Ĉt The amount of carbon emissions associated per unit shipped for the buyer.
C The tax rate per unit of carbon emission.
Q The buyer’s order quantity, a decision variable.
n Number of shipments from the vendor to the buyer per production cycle, a decision variable.
q The shipping quantity from the vendor to the buyer per shipment.
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Tb Length of the buyer’s replenishment cycle, a decision variable.
Tv Length of the vendor’s production cycle, a decision variable.
Ts Length of the vendor’s period of production per production cycle.
Tp Length of the vendor’s cycle time required to produce q units.
JTP Joint total profit per unit time.
∗ The superscript represents optimal value.

In addition, the following assumptions are used throughout this paper:

(1) The production inventory system considers a single vendor, a single buyer, and single commodity.
(2) The vendor’s production rate is finite and greater than the demand rate (i.e., P > D). Otherwise,

there will be no inventory problems.
(3) The buyer orders a lot of size of Q units and requires the vendor to divide n consignments

and to deliver q units in each shipment. All shipping costs are borne by the buyer.
(4) The amount of carbon emissions from operational activities, such as transport of vehicles,

machinery, and equipment, and workers can be measured.
(5) Consider that the carbon tax is levied on the manner by which carbon is emitted, that is, the carbon

tax is in the form of unit tax.
(6) The deterioration of items can be improved by preservation technology investment,

and the reduced deterioration rate is m(ξ), where 0 < m(ξ) < 1 and is an increasing function
of the preservation technology investment ξ. Further, there is no repair or replacement
of deteriorated units, and the items will be withdrawn immediately as they deteriorate.

(7) The buyer and vendor benefit when the deterioration rate of an item is decreased
by the preservation technology investment. The amount of investment is shared between
the vendor and buyer in an integrated supply chain inventory system. That is, the proportion
of capital investments that the buyer and vendor should share in machinery equipment are α and
1− α, respectively, where 0 ≤ α ≤ 1.

(8) Shortages are not allowed for the vendor and the buyer.

3. Model Formulation

In this paper, we investigate an integrated production inventory model for deteriorating items
under carbon tax policy and collaborative preservation technology investment. Firstly, we make a
simple description about the production inventory system as follows: During a whole production cycle
(the length of the period is Tv) in the supply chain, the buyer orders Q units and requires the vendor
to divide n consignments. The number of deliveries is equally q units each shipment. The vendor
begins shipping during the production period and ships to the buyer when the production quantity
reaches q units in the first time period (the length of period is Tp). After that, the vendor ships q
units at regular time intervals (the length of period is Tb). Because the vendor’s production rate is
greater than the demand rate, it will stop producing and continue to ship regularly until all quantity
is shipped when the production quantity reaches Imax (the length of period is Ts). The vendor and
buyer’s inventory systems in a whole production cycle are shown as in Figure 1. Based on notation and
assumptions mentioned above, we first established the total profits and amounts of carbon emissions
per unit time for the buyer and vendor as follows.
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3.1. Buyer’s Total Profit and Amount of Carbon Emissions

The buyer’s inventory level at time t during the replenishment cycle changes due to the market
demand and the deterioration of the item (Figure 1) and is governed by the following differential equation:

dI(t)
dt

+ [1−m(ξ)]θI(t) = −D, 0 ≤ t ≤ Tb. (1)

By solving the differential equation in (1) with the boundary condition I(Tb) = 0, the buyer’s
inventory level is

I(t) =
D

1−m(ξ)θ

[
e[1−m(ξ)θ(Tb−t)

− 1
]
, 0 ≤ t ≤ Tb. (2)

From (2), the buyer’s order quantity per replenishment cycle q = I(0) can be obtained,
which implies

Tb =
1

[1−m(ξ)]θ
ln

[
[1−m(ξ)]θq + D

D

]
. (3)

The buyer’s total profit per replenishment cycle includes sale revenue, ordering cost, transportation
cost, purchase cost, holding cost, and preservation technology investment. These components are
evaluated as follows:

(a) The buyer’s sale revenue per replenishment cycle is

pDTb =
pD

[1−m(ξ)]θ
ln

[
[1−m(ξ)]θq + D

D

]
. (4)

(b) The buyer’s ordering cost per replenishment cycle is A.
(c) The buyer’s purchase cost is vq.
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(d) The buyer’s transportation cost including fixed and variable costs per replenishment cycle is given
by CT + Ctq.

(e) The buyer’s holding cost is

hb

∫ Tb

0
I(t)dt = hb

∫ Tb

0

D
[1−m(ξ)]θ

[e[1−m(ξ)]θ(Tb−t)
− 1]dt

=
hb

[1−m(ξ)]θ

{
q−

D
[1−m(ξ)]θ

ln
[
[1−m(ξ)]θq + D

D

]}
. (5)

(f) There is an investment in preservation technology for reducing the deterioration rate in order
to preserve the products, which is ξ. Because the preservation technology investment is shared
between the buyer and vendor, where the proportion of the buyer’s investment is a α (0 ≤ α < 1),
the preservation technology investment in reducing the deterioration rate per replenishment
cycle for the buyer is αξ/n.

Because a production cycle consists of n replenishment cycles, the buyer’s total profit per
production cycle (denoted by TPb(q, ξ)) is

TPb(q, ξ) =
n
{
[1−m(ξ)]θp + hb

}
D

[1−m(ξ)]2θ2
ln

[
[1−m(ξ)]θq + D

D

]
− n(A + CT)

−

{
v + Ct +

hb

[1−m(ξ)]θ

}
nq−αξ. (6)

Then, the amount of carbon emissions per production cycle for the buyer (denoted by Eb(q, ξ))
can be, respectively, calculated as follows:

Eb(q, ξ) = n(Â + ĈT) +

{
Ĉt + v̂ +

ĥb

[1−m(ξ)θ]

}
nq−

nĥbD

[1−m(ξ)]2θ2
ln

[
[1−m(ξ)]θq + D

D

]
. (7)

3.2. Vendor’s Total Profit and Amount of Carbon Emissions

The vendor and buyer’s cumulative inventory can be shown as in Figure 2. During the time interval
[0, Ts], the vendor’s inventory level changes, which results from production and the deterioration
of the item. Hence, the vendor’s inventory level at time t during the time interval [0, Ts] is governed
by the following differential equation:

dIp(t)
dt

+ [1−m(ξ)]θIp(t) = P, 0 ≤ t ≤ Ts, (8)

with boundary condition Ip(0) = 0, and the solution of (8) is

Ip(t) =
P

[1−m(ξ)]θ
[1− e−[1−m(ξ)]θt], 0 ≤ t ≤ Ts. (9)

From Figure 2, it has Ip(Tp) = q, which implies

Tp =
1

[1−m(ξ)]θ
ln

[
P

P− [1−m(ξ)]θq

]
. (10)
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During the time interval [Ts,Tv], the vendor’s inventory level just decreases because
of the deterioration of the item, and its inventory level at time t during the time interval [Ts,Tv]
is governed by the following differential equation:

dId(t)
dt

+ [1−m(ξ)]θId(t) = 0, Ts ≤ t ≤ Tv. (11)

Similarly, the vendor’s inventory level during the time interval [Ts,Tv] can be obtained with
boundary condition Id(Tv) = nq by solving (11), which is given by

Id(t) = nqe[1−m(ξ)]θ(Tv−t), Ts ≤ t ≤ Tv. (12)

From (9) and (12), it is established that Ip(Ts) = Id(Ts), and it can be found that

Ts =
1

[1−m(ξ)]θ
ln

P + [1−m(ξ)]θnqe[1−m(ξ)]θTv

P

. (13)

Similarly, the supplier’s total profit per production cycle includes sale revenue, setup cost,
production cost, holding cost, and preservation technology investment. These components are
evaluated as follows:

(a) The vendor’s sale revenue per production cycle is vQ = vnq.
(b) The vendor’s setup cost per production cycle is S.
(c) The vendor’s production cost per production cycle is

cPTs =
cP

[1−m(ξ)]θ
ln

P + [1−m(ξ)]θnqe[1−m(ξ)]θTv

P

. (14)

(d) Holding cost: From Figure 3, the vendor’s total inventory per production cycle is equal
to the vendor’s cumulative inventory minus the buyer’s cumulative inventory and is given

by
∫ TS

0 Ip(t)dt+
∫ Tv

Ts
Id(t)dt−[qTb(1 + 2 + . . .+ (n− 1))]. Hence the vendor’s total holding cost per

production cycle is

hv

∫ Ts

0 Ip(t)dt +
∫ Tv

Ts
Id(t)dt− [qTb(1 + 2 + . . .+ (n− 1))]


= hv

{∫ Ts

0
P

[1−m(ξ)]θ [1− e−[1−m(ξ)]θt]dt +
∫ Tv

Ts
nqee[1−m(ξ)]θ(Tv−t)

dt− n(n−1)qTb
2

}
= hv

{
PTs

[1−m(ξ)]θ
−

nq
[1−m(ξ)]θ

−
n(n− 1)qTb

2

}

= hv

 P

[1−m(ξ)]2θ2
ln

P + [1−m(ξ)]θnqe[1−m(ξ)]θTv

P

− nq
[1−m(ξ)]θ

−
n(n− 1)q

2[1−m(ξ)]θ
ln

[
[1−m(ξ)]θq + D

D

]}
. (15)

(e) Similarly, the preservation technology investment is shared between the buyer and vendor,
where the proportion of the vendor’s investment is a 1 − α (0 ≤ α ≤ 1), and the preservation
technology investment in reducing the deterioration rate per production cycle for the vendor is
(1− α)ξ.
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Consequently, the vendor’s total profit per production cycle (denoted by TPv(Tv, q, n, ξ)) is

TPv(Tv, q, n, ξ) = vnq− S−
cP

[1−m(ξ)]θ
ln

P + [1−m(ξ)]θnqe[1−m(ξ)]θTv

P


− hv

 P

[1−m(ξ)]2θ2
ln

P + [1−m(ξ)]θnqe[1−m(ξ)]θTv

P

 − nq
[1−m(ξ)]θ



Sustainability 2019, 11, 5027 10 of 18

−
n(n− 1)q

2[1−m(ξ)]θ
ln

[
[1−m(ξ)]θq + D

D

]}
− (1− α)ξ. (16)

Then, the amount of carbon emissions per unit time for the vendor (denoted by Ev(Tv, q, n, ξ)) can
be, respectively, calculated as follows:

Ev(Tv, q, n, ξ) = Ŝ +
ĉP

[1−m(ξ)]θ
ln

P + [1−m(ξ)]θnqe[1−m(ξ)]θTv

P


+ ĥv

 P

[1−m(ξ)]2θ2
ln

P + [1−m(ξ)]θnqe[1−m(ξ)]θTv

P

− nq
[1−m(ξ)]θ

−
n(n− 1)q

2[1−m(ξ)]θ
ln

[
[1−m(ξ)]θq + D

D

]}
. (17)

When the vendor and buyer have decided to share resources to undertake mutually beneficial
cooperation, the joint total profit per unit time, which is a function of Tv, q, n, and ξ (denoted by
JTP(Tv, q, n, ξ)), can be obtained as the sum of the vendor’s and the buyer’s total profit per unit
time divided by the length of cycle time (Tb + Tv) and is given by JTP(Tv, q, n, ξ) = [TPb(q, ξ) +
TPv(Tv, q, n, ξ)]/(Tb + Tv). When taking carbon tax into account, companies may be given incentives
to account for the environmental costs through an externally applied carbon tax by the regulatory
agencies. A simple tax schedule is a linear one; that is, companies pay an amount of C money units
for each unit of carbon emitted (Arslan and Turkay [5]). Hence, the refined model with carbon tax
(denoted by

∏
(Tv, q, n, ξ)) is as follows.

∏
(Tv, q, n, ξ) = JTP(Tv, q, n, ξ) −

C[Eb(q, ξ) + Ev(Tv, q, n, ξ)]
Tb + Tv

=
1

Tv + Tb

n
{
[1−m(ξ)]θp + hb + Cĥb

}
D

[1−m(ξ)]2θ2
ln

[
[1−m(ξ)]θq + D

D

]
− n(A + CÂ + CT + CĈT) − (S + CŜ)

−

[
Cv̂ + Ct + CĈt +

(hb + Cĥb) − (hv + Cĥv)

[1−m(ξ)]θ

]
nq

−

{
[1−m(ξ)]θ(c + Cĉ) + (hv + Cĥv)

}
P

[1−m(ξ)]2θ2
ln

P + [1−m(ξ)]θnqe[1−m(ξ)]θTv

P


+
(hv + ĥv)n(n− 1)q

2[1−m(ξ)]θ
ln

[
[1−m(ξ)]θq + D

D

]
− ξ

. (18)

By using the fact that Tv = Tp + (n− 1)Tb from Figure 2, the joint total profit per unit time can be
reduced as

∏
(q, n, ξ). The purpose of this paper is to determine the optimal order quantity, the numbers

of shipments, and preservation technology investment under the carbon tax regulation such that
the joint profit function

∏
(q, n, ξ) has a maximum value. Because of the complexity of the model,

and that n is a integer, it is difficult to find the close forms of q, n, and ξ and check the concavity of profit
function directly. Alternatively, we verified the concavity by numerical analyses in the next section and
develop a simple algorithm (Algorithm 1) to obtain solutions for buyers and vendors under the carbon
tax regulation.
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Algorithm 1 Procedure of finding the optimal solution

Step 1. Set n = 1.
Step 2. Find the values of q(n) and ξ(n) by setting ∂

∏
(q, n, ξ)/∂q = 0 and ∂

∏
(q, n, ξ)/∂ξ = 0.

Step 3. Substitute q(n) and ξ(n) into (18) to get
∏
(q(n), ξ(n), n)

Step 4. Set n = n + 1, and repeat Step 2 to get
∏
(q(n+1), ξ(n+1), n + 1).

Step 5. If
∏
(q(n+1), ξ(n+1), n) <

∏
(q(n), ξ(n), n), then

∏
(q∗, ξ∗, n∗) =

∏
(q(n), ξ(n), n). Hence,

if (q∗, ξ∗, n∗) = (q(n), ξ(n), n) is the optimal solution, then stop. Otherwise, return to Step 4.

Once the optimal solution (q∗, ξ∗, n∗) is obtained, we can determine the buyer’s optimal order
quantity Q∗ = n∗q∗ and the optimal joint total profit

∏
(q∗, ξ∗, n∗).

4. Numerical Analysis

In this section, we provide several numerical examples by referring to previous literature
and use reasonable data to demonstrate the solution procedures. Further, we verify the concavity
of the joint total profit function and conduct sensitivity analyses of the optimal solutions with respect
to major parameters.
Example 1: Consider an inventory situation in which D = 1000 units/year, P = 3000 units/year,
A = $200/order, Â = 50 kg/order, S = $500/setup, Ŝ = 200 kg/setup, c = $5/unit, ĉ = 2 kg/unit,
v = $20/unit, v̂ = 2 kg/unit, p = $40/unit, hb = $1/unit/year, ĥb = 0.5 kg/unit/year, hv = $0.3/unit/year,
ĥv = 0.6 kg/unit/year, θ = 0.05, CT = $50/ship, ĈT = 3 kg/ship, Ct = $3/unit, C = $1/unit, Ĉt = 1
kg/unit, and α = 0.5. Moreover, we set the reduced deterioration rate function as m(ξ) = 1− e−0.001ξ.
By applying the aforementioned algorithm, the vendor’s optimal number of shipments and shipping
quantity were calculated as 7 and 345.999 units, respectively. The optimal order quantity of the buyer
was 2421.993 units. The preservation technology investment was 748.726. The optimal joint total profit
is as follows:

∏
(q∗, ξ∗, n∗) = 23,409.4. Figure 3 displays the graphical illustration of the joint total profit

function
∏
(q, ξ, n) with respect to q and ξ for n = 7, and Figure 4 illustrates the graphical illustration

of the joint total profit function
∏
(q, ξ, n) versus n for (q, ξ) = (345.999, 748.726). That is, the concavity

of the joint total profit function can be verified, and the obtained solutions are optimal for maximizing
the joint total profit function.
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Example 2: This example employs the same numerical analysis used in Example 1 and presents an
analysis of different buyer and vendor investment-sharing ratiosα ∈ {0, 0.1, 0.2, 0.3, . . . , 1} for investment
in technology for reducing the deterioration rate. We then obtained the optimal values for the vendor’s
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shipping quantity, investment in technology to reduce the deterioration rate, total profits of the buyer
and vendor (respectively denoted by

∏
b
∗ and

∏
v
∗), and joint total profit per unit time (denoted by

∏
∗).

Moreover, we compared this case with the case without investment. The numerical analysis results are
listed in Table 1. The results revealed that a change in α does not affect the decisions and the joint total
profit of the integrated supply chain system. However, the larger the value of α, the more unfavorable
the buyer’s profit, and the more favorable the seller’s profit. Moreover, compared with the case without
investment, investing to reduce the deterioration rate is relatively beneficial in this with investment.
From an individual viewpoint, if the buyer and vendor can jointly agree on the investment and decide
the appropriate ratio (for example, α = 0.8 as in Table 1), the joint total profit of the supply chain system
and the individual profit of each party increase. This result helps the supply chain members to develop
a win–win strategy such that an integration of the sustainable supply chain system is achieved.

Table 1. Optimal solutions for various investment-sharing ratios.

α ξ* q* n* ∏
b

* ∏
v

* ∏*

0 748.726 345.999 7 12,399.3 11,010.1 23,409.4
0.1 748.726 345.999 7 12,369.1 11,040.3 23,409.4
0.2 748.726 345.999 7 12,339.0 11,070.4 23,409.4
0.3 748.726 345.999 7 12,308.8 11,100.6 23,409.4
0.4 748.726 345.999 7 12,278.6 11,130.8 23,409.4
0.5 748.726 345.999 7 12,248.5 11,161.0 23,409.4
0.6 748.726 345.999 7 12,218.3 11,191.1 23,409.4
0.7 748.726 345.999 7 12,188.1 11,221.3 23,409.4
0.8 748.726 345.999 7 12,157.9 11,251.5 23,409.4
0.9 748.726 345.999 7 12,127.8 11,281.7 23,409.4
1 748.726 345.999 7 12,097.6 11,311.8 23,409.4

Without investment 0 293.723 6 12,142.3 11,248.6 23,391.0

Example 3: In this example, sensitivity analysis demonstrates the effects of changes in the system
parameters, such as on the optimal solution. The data used are the same as in Example 1,
and the computational results are shown in Table 2. From the results shown in Table 2, the following
observations can be made:

(1) When the market demand is low (for example D = 900) or the production rate is high (for example
P = 6000), the optimal preservation technology investment ξ∗ = 0, which implies that it is
beneficial for the supply chain without preservation of technology investment. Further, as the
market demand increases or the production rate decreases, the optimal vendor’s shipping quantity
q∗, the buyer’s optimal order quantity Q∗ = n∗q∗, and the optimal preservation technology
investment ξ∗ increase. Finally, both demand and production rates have positive impacts on
the joint total profit.

(2) As the buyer’s ordering cost/the amount of carbon emissions per order, fixed shipping cost/the
amount of fixed carbon emissions per shipment, variable shipping cost/the amount of carbon
emissions per unit, the amount of carbon emissions associated per unit purchased, the vendor’s
setup cost/the amount of carbon emissions per setup, or production cost/the amount of carbon
emissions per unit produced increases, the optimal preservation technology investment ξ∗,
the optimal vendor’s shipping quantity q∗, and the buyer’s optimal order quantity Q∗ = n∗q∗

increase, but the optimal joint total profit decreases.
(3) The buyer’s holding cost, vendor’s holding cost, amount of carbon emissions per unit

of the inventory held for the buyer and the vendor, and the tax rate per unit of carbon emission
have negative impacts on all the optimal preservation technology investment ξ∗, the optimal
vendor’s shipping quantity q∗, the buyer’s optimal order quantity Q∗ = n∗q∗, and the optimal
joint total all profit.



Sustainability 2019, 11, 5027 13 of 18

(4) When the buyer’s unit selling price increases, the optimal vendor’s shipping quantity q∗ increases
first and then decreases. Further, all optimal preservation technology investment ξ∗, the buyer’s
optimal order quantity Q∗ = n∗q∗, and the optimal joint total profit increase with an increase
in the buyer’s unit selling price.

(5) The vendor’s supply price has no impact on the optimal solutions.

Table 2. Sensitivity analyses with respect to major parameters.

Parameters ξ* q* n* Q* JTP*

D

900 0 309.169 5 1545.845 20,986.3

950 450.507 338.500 6 2031.000 22,194.6

1000 748.728 345.999 7 2421.993 23,409.4

1050 749.713 356.137 7 2492.959 24,628.5

1100 956.198 354.373 8 2834.984 25,849.0

P

4000 973.429 343.205 8 2745.640 23,310.2

4500 757.639 349.763 7 2448.341 23,359.2

5000 748.728 345.999 7 2421.993 23,409.4

5500 442.965 345.660 6 2073.960 23,459.1

6000 0 325.073 5 1625.365 23,513.0

A

150 0 276.107 6 1656.642 23,562.0

175 617.004 324.453 7 2271.171 23,482.2

200 748.728 345.999 7 2421.993 23,409.4

225 857.517 364.816 7 2553.712 23,340.8

250 951.123 381.782 7 2672.474 23,275.5

S

400 327.090 328.075 6 1968.450 23,453.2

450 713.918 340.176 7 2381.232 23,429.7

500 748.728 345.999 7 2421.993 23,409.4

550 781.712 351.604 7 2461.228 23,389.4

600 813.089 357.017 7 2499.119 23,369.8

c

4 150.617 320.217 6 1921.302 24,434.8

4.5 641.420 338.378 7 2368.646 23,920.7

5 748.728 345.999 7 2421.993 23,409.4

5.5 846.639 352.814 7 2469.698 22,900.1

6 936.776 358.975 7 2512.825 22,392.5

v

18 748.728 345.999 7 2421.993 23,409.4

19 748.728 345.999 7 2421.993 23,409.4

20 748.728 345.999 7 2421.993 23,409.4

21 748.728 345.999 7 2421.993 23,409.4

22 748.728 345.999 7 2421.993 23,409.4
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Table 2. Cont.

Parameters ξ* q* n* Q* JTP*

hb

0.8 805.425 355.723 7 2490.061 23,443.5

0.9 776.922 350.802 7 2455.614 23,426.3

1 748.728 345.999 7 2421.993 23,409.4

1.1 720.822 341.307 7 2389.149 23,392.7

1.2 693.194 336.722 7 2357.054 23,376.3

hv

0.2 884.660 371.214 7 2598.498 23,499.5

0.25 815.814 358.215 7 2507.505 23,453.7

0.3 748.728 345.999 7 2421.993 23,409.4

0.35 371.582 334.808 6 2008.848 23,369.2

0.4 290.253 321.217 6 1927.302 23,334.5

CT

40 699.427 337.78 7 2364.460 23,438.0

45 724.567 341.948 7 2393.636 23,423.6

50 748.728 345.999 7 2421.993 23,409.4

55 771.994 349.944 7 2449.608 23,395.4

60 794.447 353.792 7 2476.544 23,381.5

Ct

2 732.606 344.864 7 2414.048 24,385.5

2.5 740.694 345.434 7 2418.038 23,897.5

3 748.728 345.999 7 2421.993 23,409.4

3.5 756.705 346.559 7 2425.913 22,921.4

4 764.630 347.115 7 2429.805 22,433.4

p

35 0 328.355 5 1641.775 18,577.8

37.5 449.380 348.579 6 2091.474 20,986.5

40 748.728 345.999 7 2421.993 23,409.4

42.5 750.109 346.096 7 2422.672 25,839.6

45 956.409 334.844 8 2678.752 28,274.3

C

0.8 987.168 351.159 8 2809.272 24,573.3

0.9 759.768 353.350 7 2473.450 23,990.5

1 748.728 345.999 7 2421.993 23,409.4

1.1 452.581 343.743 6 2062.458 22,832.5

1.2 456.151 339.378 6 2036.268 22,260.2

Â

40 699.427 337.780 7 2364.460 23,438.0

45 724.567 341.948 7 2393.636 23,423.6

50 748.728 345.999 7 2421.993 23,409.4

55 771.994 349.944 7 2449.608 23,395.4

60 794.447 353.792 7 2476.544 23,381.5

Ŝ

160 721.038 341.360 7 2389.520 23,425.6

180 735.035 343.698 7 2405.886 23,417.5

200 748.728 345.999 7 2421.993 23,409.4

220 762.126 348.266 7 2437.862 23,401.4

240 775.251 350.500 7 2453.500 23,393.4
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Table 2. Cont.

Parameters ξ* q* n* Q* JTP*

ĉ

1.6 663.730 339.976 7 2379.832 23,818.3

1.8 707.040 343.058 7 2401.406 23,613.7

2 748.728 345.999 7 2421.993 23,409.4

2.2 788.919 348.812 7 2441.684 23,205.5

2.4 827.723 351.507 7 2460.549 23,001.8

v̂

1.6 742.305 345.547 7 2418.829 23,799.8

1.8 745.520 345.774 7 2420.418 23,604.6

2 748.728 345.999 7 2421.993 23,409.4

2.2 751.924 346.224 7 2423.568 23,214.2

2.4 755.112 346.447 7 2425.129 23,019.0

ĥb

0.4 776.922 350.802 7 2455.614 23,426.3

0.45 762.789 348.387 7 2438.709 23,417.8

0.5 748.728 345.999 7 2421.993 23,409.4

0.55 734.738 343.640 7 2405.480 23,401.1

0.6 720.822 341.307 7 2389.149 23,392.7

ĥv

0.48 1108.38 362.692 8 2901.536 23,518.8

0.54 829.434 360.748 7 2525.236 23,462.7

0.6 748.728 345.999 7 2421.993 23,409.4

0.66 355.436 332.063 6 1992.378 23,362.2

0.72 257.199 315.860 6 1895.160 23,321.0

ĈT

2.4 745.876 345.519 7 2418.633 23,411.1

2.7 747.303 345.759 7 2420.313 23,410.3

3 748.728 345.999 7 2421.993 23,409.4

3.3 750.147 346.239 7 2423.673 23,408.6

3.6 751.564 346.478 7 2425.346 23,407.7

Ĉt

0.8 745.520 345.774 7 2420.418 23,604.6

0.9 747.124 345.886 7 2421.202 23,507.0

1 748.728 345.999 7 2421.993 23,409.4

1.1 750.326 346.111 7 2422.777 23,311.8

1.2 751.924 346.224 7 2423.568 23,214.2

The aforementioned results can provide guidance on how to adjust the optimal shipping, ordering,
and investing strategies for the entire supply chain system when different parameters change.

5. Conclusions

This study investigates a production inventory model for deteriorating items under a carbon
tax policy and collaborative preservation technology investment from the perspective of supply
chain integration. Our main purpose is to determine the optimal production, delivery, ordering,
and investment policies for the buyer and vendor that maximize the joint total profit per unit time
in consideration of the carbon tax policy. Because of the complexity of the model, we verify the concavity
through numerical analysis and then develop an algorithm to obtain the solutions for the buyer and
the vendor under the carbon tax regulation. Furthermore, we present several numerical examples
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to demonstrate the solution procedures, and we conduct sensitivity analyses of the optimal solutions
with respect to major parameters to identify the following managerial implications:

(1) If the buyer and vendor can jointly agree on the investment and decide the appropriate ratio,
the joint total profit of the supply chain system and the individual profit of each party increase.

(2) Investing in preservation technology to reduce the deterioration rate is usually beneficial
for the proposed supply chain system, except when the market demand or unit price is low and
the production rate is high.

(3) When the market demand increases or the production rate decreases, the vendor’s optimal
shipping quantity, buyer’s optimal order quantity, and the amount of preservation technology
investment increase. Moreover, both demand and production rates have a positive influence on
the joint total profit.

(4) The higher the buyer’s ordering cost, buyer’s shipping costs, vendor’s setup cost, vendor’s
production cost, or amount of carbon emissions due to ordering, shipping, purchasing,
and producing, the higher the preservation technology investment, vendor’s optimal shipping
quantity, and buyer’s optimal order quantity. However, all of these factors negatively influence
the joint total profit of the system.

(5) When the buyer’s or the vendor’s inventory-related costs and carbon emissions increase,
the buyer’s order quantity and the vendor’s shipping quantity decrease. This decrease reduces
the amount of investment and the joint total profit.

(6) When the buyer’s unit selling price increases, the vendor’s optimal shipping quantity increases
initially and then decreases. Furthermore, the optimal preservation technology investments,
the buyer’s optimal order quantity, and the optimal joint total profit increase with an increase
in the buyer’s unit selling price.

(7) The vendor’s supply price has no influence on the optimal solutions. This is because the buyer
and vendor are considered to be part of the same integrated supply system in which the buyer’s
purchase cost or the seller’s sales revenue is ignored while calculating the joint total cost.

The proposed model could be extended in several ways. For example, the proposed inventory
model could assume the demand rate as a function of selling price, time, and stock. Furthermore,
when exploring integration strategies in a supply chain, a fair and reasonable framework should
be adopted to ensure that members can share remuneration on system integration with each other.
However, because of the differences in the power or preferences among supply chain members,
the results differ from those in an equal reward system integration model. In this situation, we can
discuss the competition and cooperative perspectives by using game theory, which is a study
of mathematical models of conflict and cooperation between intelligent, rational decision-makers and
investigates the equilibrium problem between them. Finally, the model could be generalized to allow
for shortages, quantity discounts, inflation, trade credit, and other circumstances.
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