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Abstract: In a remanufacturing system, the uncertain quality of the product returns tends to impact
the manufacturer’s price of returns and remanufacturing. This article introduces the quality coefficient
of waste products on the basis of the analysis of the structure of the remanufacturing cost. It explores
the remanufacturing cost function, the recycling price function, and the recycling rate function. In the
marketing process, new products compete with remanufactured products. Different consumers
show different levels of degrees of acceptance of remanufactured products, contributing to the
uncertainty of the willingness to pay for remanufactured products. The price of remanufactured
products is always lower than that of new products, allowing price-sensitive consumers to turn to
remanufactured products. This shows that product pricing has an impact on the market demand.
Considering the difference between consumer willingness to pay and the quality of product returns,
this article aims to construct a game model consisting of manufacturers, retailers, and consumers,
with the manufacturers as leaders. The optimal pricing decisions of the production in supply chain
members have been solved, and sensitivity of the model is analyzed through examples.

Keywords: remanufacturing; quality coefficients; willingness to pay; game model; production
pricing decision

1. Introduction

In recent years, with the initiatives for a recycling economy and sustainable development,
manufacturers attach more importance on recycling waste products and remanufacturing.
Waste products can be defined as those at the end of the product life cycle or those that have
been discarded by end consumers, and actually, this type of waste product possesses value.
Remanufacturing takes old products and machinery as roughcast, and special processes and
technologies are adopted to remanufacture on the original basis. Remanufactured products are not
inferior to new products in terms of performance and quality. Remanufacturing supply chains are based
on a closed-loop mode, namely, raw materials–production–marketing–recycling–remanufacturing.
One advantage is that it saves resources and reduces the damage that is caused to environment
by waste products [1]. Since the twenty-first Century, the economic development model of high
investment and high loss has given rise to great waste and pollution to human beings, which has
greatly influenced the sustainable development of the global economy. Remanufacturing is considered
to be the best form of resource recycling [2].

Compared with forward logistics, the reverse logistics in remanufacturing has a high uncertainty
in the quantity and quality of returned goods, and the uncertain quality of product returns is a difficult
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problem for enterprises to overcome [3]. The main participants in closed-loop remanufacturing supply
chains are the suppliers, manufacturers, retailers, and consumers, and the three stages can be recycling
waste products, remanufacturing, and marketing of remanufactured products. In the recycling stage,
the quantity of waste products that are collected is in direct proportion with the recycling price that
is gained by consumers. The high recycling price of waste products means that consumers who
possess waste products are more willing to return their products, thus affecting the recycling quantity.
Additionally, in the remanufacturing stage, manufacturers desire to collect more waste products while
also expecting a high quality of recycled products. The high quality of returned products means
less difficulty in the remanufacturing technical process, thereby cutting the remanufacturing cost.
Consequently, to obtain the returned products with the quantity and quality that was required for
remanufacturing, the procurement price of waste products should be corresponding to their quality.
With a higher quality of returned products, higher price subsidy is offered to consumers. However,
the quality of returned products is uncertain, and thus the key is to evaluate the quality of the returned
products properly. The manufacturers have to figure out how they can determine the price of waste
products in the light of their quality.

In terms of the marketing stage of remanufactured products, competition is inevitable because
of the simultaneous existence of new products and remanufactured products on the market.
Different consumers have different perceptions of the credibility of remanufactured products,
which means that consumer willingness to pay for remanufactured products is uncertain, and the
willingness to pay for remanufactured products is lower than that for new products. The unit cost
of remanufactured products is generally lower than that of new products, and hence the price of
remanufactured products is relatively lower. Consumers who are sensitive to price may turn to
remanufactured products, and therefore, the market demand tends to be influenced by the prices of
the products. As a result, it is vital to consider consumer willingness to pay when the price of products
is determined.

On the basis of the analysis of the remanufacturing cost, this article introduces the quality
coefficient of returned products. The manufacturer offers different procurement prices for waste
products with distinct quality coefficients, and the different recycling price also has an effect on
the recovery rate. At the same time, considering consumer willingness to pay with differences of
remanufactured products, the close-loop supply chains, including single manufacturers, single retailers,
and consumers, are constructed. It is assumed that the manufacturer is the leader in the Stackelberg
game by using inverse induction method to get the optimal pricing strategy. First, in the game
between the retailer and the consumer, the wholesale price that is determined by the manufacturer is
quantitative, and the retailer’s profit function is established. The optimal retail prices of the new and
remanufactured product are solved when the profit reaches its maximum. Then, the manufacturer’s
profit function is established by competing with the retailer, and the optimal retail price that was
obtained is substituted into the function, and thus the optimal wholesale price of the manufacturer’s
maximum profit is obtained. Finally, the pricing strategy is determined by introducing the wholesale
price into the optimal retail price by reverse induction.

2. Literature Review

Willingness to pay (WTP) can be defined as the amount that consumers are willing to
pay for commodities and services. It is the consumer’s personal assessment of specific goods
and services, with a strong subjective evaluation. As a result of the discrepancy in cognitive levels
and consumption habits, consumers show different preferences for remanufactured products [4].
Generally, consumers believe that remanufactured products are inferior to new products, and thus,
the willingness to pay for remanufactured products is lower than that for new products. China’s
Promotion Law of Circular Economy requires enterprises to label ‘remanufactured products’ so that
consumers can differentiate them. The differences in consumer willingness to pay for new and
remanufactured products affect the manufacturer’s pricing and production decisions directly [5].
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Nie Jiajia and Zhong Ling have studied the impact of green consumers on the remanufacturing mode
selection of manufacturers (OEM) and remanufacturers (3PR), and they concluded that the proportion
of green consumers had a crucial impact [6]. Abbey and Blackbum demonstrated by experiments
that there were green consumers in the market, and they explored how enterprises determined
the optimal price for new and remanufactured products in the context of market segmentation [7].
Ferrer and Swaminathan analyzed the optimal production quantity of new and remanufactured
products in two and multiple stages, by assuming that the selling price of new and remanufactured
products was identical, and they showed that consumers preferred remanufactured products by the
original equipment manufacturer (OEM), rather than those that were produced by a third party [8].
Debo et al. assumed that the distribution function of consumer willingness to pay for new products was
F(θ) = 1− (1− θ)k, if the market capacity was 1. Particularly, when k = 1, the consumer willingness
to pay for new products was evenly distributed from 0 to 1 [9]. Ferguson and Toktay assumed that
consumers’ cognition of remanufactured products was lower than that of new products, and that
the preference coefficient of remanufactured products was β, and they achieved the alternative rules
of new and remanufactured products by following Debo’s proposal of even distribution between
0 and 1 [10]. Ferrer and Swaminathan expanded the previous model considering that there was a
difference in consumer willingness to pay, and assumed that the market capacity was Q. In this case,
they investigated decisions on remanufacturing by assuming that the consumer willingness to pay for
new products was evenly distributed from 0 and Q [11]. Guide Jr and Li examined the difference in
consumer willingness to pay for new and remanufactured products, and the cannibalizing effect of
remanufactured products on new products [5]. Wu and Xiong reckoned that there was difference in
the consumers’ cognition of new and remanufactured products on the basis of consumer willingness
to pay. They build the competition model of three products, new and remanufactured products
that were made by manufacturers in two stages, and remanufactured products that were made by
remanufacturers, and obtained 12 options of production strategies. They believed that the competition
from remanufacturers could reduce the manufacturer’s profits, unless the manufacturer was also
involved in remanufacturing. However, when the production cost of new products was quite low,
the manufacturers tended to choose not to remanufacture totally or they were partly engaged in
remanufacturing. Remanufacturers preferred to remanufacture all of the returned products [12].
Zhang constructed a two-stage closed-loop supply chain and analyzed the equilibrium solutions of
the wholesale, retail, and recycling prices in the Stackelberg game in decentralized and centralized
decisions [13].

The studies above centered around the impact of consumer willingness to pay on remanufacturing
supply chains, whereas the solution of optimal pricing strategy by the Stackelberg game did not
seem to stress the effect of the recycling strategy and the quality of thereturned products on the
manufacturer’s operational costs and decisions. Hazen et al. considered that when the quality of
returned products was low, the remanufacturing cost was high. Therefore, manufacturers were more
willing to recycle waste products of a high quality. However, the improvement of the quality of
recycled products leads to higher recovery input, which makes the sellers suffer negative recovery,
and the quality control of recycled products has gradually become a concern in the research [14].
Schulman et al. explored the option of recycling channels with bilateral monopoly, and they found
that the profits were maximal if the manufacturer recycled [15]. Feng Yu and Zhang Yuchun took the
quality detection of returned goods as the research objects and constructed the evolutionary game
model of the quality detection behavior of the recycler. It was found that the quality detection cost
and the penalty cost of the manufacturer and the seller had a profound influence on the decision of
both parties, and that the seller's quality detection probability tended to be in line with the increase
in the degrees of the manufacturer’s punishment [16]. Wei applied fuzzy theory and game theory to
explore the optimal wholesale, recycling, and retail price strategies for retailers and manufacturers
in centralized and decentralized supply chains, and he also considered the ratio between recycling
and manufacturing [17]. Guide et al. first proposed that the quality of the returned products had
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an impact on the recycling cost and had economic benefits of remanufacturing, and that they built
the optimal decision model. They showed that the decision-makers could obtain the maximum
profits for the whole system by controlling the quality of the returned products [18]. Denizel et al.
investigated the effect of the uncertain quality of returned products and productivity constraints
on production plans, and they obtained the optimal decisions of recycling quantity, quality levels,
and stock levels by linear planning [19]. Robotis et al. assumed that the manufacturer produced both
new and remanufactured products, and the remanufacturing cost depended on the quality of the
returned products and their re-manufacturable parts, and they made remanufacturing decisions [20].
Guo assumed that the recycling rate, recycling cost, and remanufacturing cost were the functions of the
minimum level of quality and studied the impact of recycling cost on decisions [21]. Bhattacharya et al.
categorized the quality of returned products and provided the corresponding recycling prices in
different manufacturing stages. They achieved the optimal selling price with the aim of maximizing
the profits of closed-loop supply chains [22].

In summary, a number of researchers began to study the remanufacturing decision under the
uncertainty of the recovery quality, while relatively few studies used quantitative analysis to examine
the cost of the remanufacturing process and the recycling price, which were different for the uncertainty
of the returned products’ quality, and the recycling rates could also be influenced by different recycling
pricing decisions. This article considered the uncertain quality of returned products and their impact
on the recycling price and the cost of remanufacturing. Additionally, this study introduced the quality
coefficient of waste products by analyzing the remanufacturing cost (including recycling cost and the
cost of remanufacturing processes). In terms of returned products with different qualities, and different
recycling prices were achieved by setting consistent remanufacturing costs. Additionally, the recovery
rates tended to increase with the rise in recycling prices, and the constraints were set for the recycling
prices. At the same time, this article also considered the differences in WTP.

3. Research Questions and Hypotheses

3.1. Research Questions

This study aims to construct a Stackelberg game model of closed-loop supply chains with the
manufacturer as the leader, including single manufacturers, retailers, and consumers, as shown
in Figure 1. The manufacturer can produce new products, and at the same time, it can remanufacture
the returned products that have been collected from the end users. Consumers show a different
willingness to pay for new and remanufactured products (consumer willingness to pay for
remanufactured products is not higher than that for new products), and therefore, the demand for new
and remanufactured products depends on the retail price. The manufacturer has to evaluate the quality
of the returned products while collecting waste products from consumers, and gives consumers a
recycling subsidy according to the quality of the recycled products, in addition, the recycling price has
an impact on recycling rates. A high recycling price means that consumers are more willing to return the
waste products and the returning possibility increases, which indicates that the recycling rate is higher.
Initially, the manufacturer determines the wholesale price of new and remanufactured products.
Subsequently, different recycling prices for end users are determined according to the quality of the
returned products. Eventually, the retailer determines the demand and the retail price of new and
remanufactured products, to maximize its profits.



Sustainability 2018, 10, 2123 5 of 23Sustainability 2018, 10, x FOR PEER REVIEW  5 of 24 

 

Figure 1. Closed-loop supply chains with manufacturers’ remanufacturing. 

3.2. Symbol Descriptions and Model Hypotheses 

For the convenience of modeling, variables are introduced here, and the relevant definitions can 

be seen in Table 1. 

Table 1. Variables and definitions. 

Variables Definitions 

𝐶𝑛 Unit production cost of new products 

𝑚𝑖 
Unit material replacement cost refers to the cost of new components when parts cannot be repaired in the 

remanufacturing process 

𝑒𝑖  Human cost caused by alternative materials in the process of remanufacturing of products, 𝑒𝑖 = 𝛽𝑚𝑖 , 𝛽 > 0 

𝑧 
The cost caused by the same links in the remanufacturing process such as disassembly, detection, cleaning, 

and packaging, which is a fixed constant 

𝑞𝑖  
The quality coefficient of product returns, 𝑞𝑖 = 1 −

𝑚𝑖

𝐶𝑛
 ,  𝑞𝑖~𝑈[𝑞𝑚𝑖𝑛, 1]; a rise in 𝑞𝑖  means that the quality of 

returns is higher. 

𝑞𝑚𝑖𝑛 The minimum quality coefficient of product returns 

𝑐𝑟𝑖  
The unit cost of remanufacturing process when the quality coefficient of product returns is 𝑞𝑖 , 𝑐𝑟𝑖 = 𝑚𝑖 +
𝑒𝑖 + 𝑧 

𝑏𝑖 
The price subsidy which manufacture offers the end users who return waste products when the quality 

coefficient of product returns is 𝑞𝑖  

𝐶𝑟 The unit cost mean value of remanufacturing process with uncertain quality of product returns 

𝜂𝑟  The profit rate gained by manufacture when one unit of remanufactured product is sold to the retailer 

𝑟𝑖 The recycling rate when the price of product returns is 𝑏𝑖  with the quality coefficient 𝑞𝑖  

R The mean value of recycling rate with uncertain quality of product returns 

𝑤𝑛 The unit wholesale price of new products 

𝑤𝑟  The unit wholesale price of remanufactured products 

𝑝𝑛 The unit retail price of new products 

𝑝𝑟  The unit retail price of remanufactured products 

𝐷𝑛 The market demand of new products 

𝐷𝑟 The market demand of remanufactured products 

𝜃 The coefficient of consumer preference for remanufactured products, 𝜃~𝑈[𝑐, 𝑑]，0 ≤ 𝑐 < 𝑑 ≤ 1, 𝑓(𝜃) =
1

𝑑−𝑐
 

Figure 1. Closed-loop supply chains with manufacturers’ remanufacturing.

3.2. Symbol Descriptions and Model Hypotheses

For the convenience of modeling, variables are introduced here, and the relevant definitions can
be seen in Table 1.

Table 1. Variables and definitions.

Variables Definitions

Cn Unit production cost of new products

mi
Unit material replacement cost refers to the cost of new components when parts cannot be repaired in the
remanufacturing process

ei Human cost caused by alternative materials in the process of remanufacturing of products, ei = βmi, β > 0

z The cost caused by the same links in the remanufacturing process such as disassembly, detection, cleaning, and
packaging, which is a fixed constant

qi
The quality coefficient of product returns, qi = 1− mi

Cn
, qi ∼ U[qmin, 1]; a rise in qi means that the quality of

returns is higher.
qmin The minimum quality coefficient of product returns
cri The unit cost of remanufacturing process when the quality coefficient of product returns is qi, cri = mi + ei + z

bi
The price subsidy which manufacture offers the end users who return waste products when the quality
coefficient of product returns is qi

Cr The unit cost mean value of remanufacturing process with uncertain quality of product returns
ηr The profit rate gained by manufacture when one unit of remanufactured product is sold to the retailer
ri The recycling rate when the price of product returns is bi with the quality coefficient qi
R The mean value of recycling rate with uncertain quality of product returns

wn The unit wholesale price of new products
wr The unit wholesale price of remanufactured products
pn The unit retail price of new products
pr The unit retail price of remanufactured products
Dn The market demand of new products
Dr The market demand of remanufactured products
θ The coefficient of consumer preference for remanufactured products, θ ∼ U[c, d], 0 ≤ c < d ≤ 1, f (θ) = 1

d−c
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The game participants in the model include manufacturers, retailers, and consumers, which is a
dynamic game. Without changing the nature of the research questions, the assumptions in the model
are as follows.

(1) The product only can be recycled and remanufactured once, and similar products include
photocopiers, computers, and mobile phones, as examples [23].

(2) Although the quality of waste products varies from one piece to another, the quality of the
remanufactured products is the same after being processed by remanufacturing technology.
That is, the wholesale and retail prices of remanufactured products are undifferentiated,
while there is a difference in the cost of the remanufacturing processes.

(3) With sufficient productivity, the manufacturer is able to satisfy the market and the
retailer’s demand.

(4) Only the waste product, where the cost of the remanufacturing processes is less than that of
manufacturing new products, can be recycled, so that remanufacturing is profitable. In addition,
the production cost is less than the wholesale price, namely cri = mi + ei + z = (1 + β)(1− qi) +

z ≤ Cn. In other words, for qi ≥
βCn+z
(1+β)Cn

, the minimum quality coefficient is qmin ≥
βCn+z
(1+β)Cn

and
Cn ≤ wr ≤ wn.

(5) The new products that were sold in the previous period and recycled in the present periods can
be used for remanufacturing, and hence RDn ≥ Dr.

(6) The manufacturer, the retailer, and the consumer aim to maximize their respective profits. In the
supply chain, the manufacturer is the leader of game, while the retailer is the follower.

3.3. Demand Function

The waste products after remanufacturing can reach the quality level of new products, whereas
there is a gap between consumer acceptance of the new and remanufactured products. In other words,
there is a difference in the degree of willingness to pay for new and remanufactured products.
According to the assumption of Ferrer and Swaminathan [11], when the market capacity is A, it is
assumed that the consumer willingness to pay αn for new products is subject to the even distribution
from 0 to A. The willingness to pay for remanufactured products is αr = θαn. In light of the
consumer utility theory, consumers choose new or remanufactured products based on the degree
of utility. The utility for consumers to opt for new or remanufactured products is un = αn − pn and
ur = αr − pr = θαn − pr, respectively.

When the consumer’s utility of purchasing new products is greater than that of
remanufactured products, namely un ≥ ur and un > 0, it satisfies pn−pr

1−θ ≤ αn ≤ A, and thus,
below is the expression of the demand function of new products.

Dn =
∫ A

pn−pr
1−θ

f (αn)dαn = A− pn − pr

1− θ
(1)

When the consumer’s utility of purchasing remanufactured products is greater than that of
new products, namely ur > un and ur > 0, it satisfies pr

θ < αn < pn−pr
1−θ , and hence, below is the

expression of the demand function of remanufactured products.

Dr =
∫ pn−pr

1−θ

pr
θ

f (αn)dαn =
pn − pr

1− θ
− pr

θ
(2)

3.4. Cost Function in the Remanufacturing Process

In terms of the remanufacturing of returned products, the first step is dismantling and cleaning
the waste products and then detecting the components. The detection results can be categorized into
two types. One type is the repairable components, which can directly enter the remanufacturing stage,
the other type is that which cannot be repaired because of the high degrees of damage, which need to
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be replaced by new components. Subsequently, the repaired components and the new replaced
parts are re-assembled, thus leading to the remanufactured products, which eventually can be
packaged [24]. The cost of the remanufacturing process consists of the material replacement cost
mi and the human cost of material replacement ei, as well as the cost z (the fixed constant) of the
same links in the remanufacturing process, such as dismantling, detecting, cleaning, and packaging.
The returned products possess different qualities, and thus the material replacement cost varies.
The high quality of returned products means fewer unrepairable parts. The quality coefficient in this
article is qi = 1− mi

cn
(0 < mi < cn), showing the quality of the returned products. A higher quality

coefficient means a higher quality of returned products. It is assumed that the probability density
function of the quality coefficient of the returned products is f (qi), which can be achieved from
sampling statistics.

When the quality coefficient of the waste products is qi, the cost of the remanufacturing process
can be expressed as below.

cri = mi + ei + z = (1 + β)mi + z = (1 + β)(1− qi)Cn + z (3)

Below is the average remanufacturing cost per unit of remanufactured product.

Cr =
∫ 1

qmin

f (qi)× cridqi =
∫ 1

qmin

f (qi)× [(1 + β)(1− qi)Cn + z]dqi (4)

3.5. The Function of Recycling Prices

The total cost of remanufacturing covers the recycling cost (recycling price) and the cost of the
remanufacturing processes. The wholesale price of the remanufactured products wr is the sum of
the remanufacturing cost and the manufacturer’s profits [25], namely wr = bi + cri + ηr(bi + cri) =

(1 + ηr)[bi + (1 + β)mi + z]. The recycling price of the returned products with the recycling quality
coefficient qi should be expressed as below.

bi =
wr

1 + ηr
− (1 + β)mi − z =

wr

1 + ηr
− (1 + β)(1− qi)Cn − z (5)

It can be seen from the equation that a rise in the quality of product returns, namely, when the
quality coefficient of product returns is greater, it means a higher recycling price for returns.

3.6. The Function of Recycling Rates

In terms of product returns with a certain quality coefficient, the recycling rate is the linear function
of the recycling price. With a rise in the recycling price, the recycling rate goes up. The literature
shows that the basic function between the recycling rate and the recycling price is expressed as follows
(0 ≤ ri ≤ 1) [26].

ri =
rmax − rmin

bimax − bimin
(bi − bimin) + rmin (6)

In terms of the quality coefficient qi of the returned products, it is assumed that the minimum
recycling price is bimin, with the corresponding minimum recycling rate of rmin; it is assumed that the
maximum recycling price is bimax, with the corresponding recycling rate of rmax, and the manufacturer
sets the recycling price as bi. The minimum recycling price is bimin = 0, namely free recycling.
In this case, consumers do not return waste products to the manufacturer without a price subsidy.
According to Assumption 4, it is clear that the maximum recycling price is bimax = cn − cri = cn −
(1 + β)(1− qi)cn − z = (1 + β)qicn − βcn − z. In this case, the corresponding maximum recycling rate
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rmax is a fixed constant, and 0 < rmax < 1, below, is the recycling rate with the quality coefficient qi of
the returned products.

ri =
rmax

bimax
bi =

rmax

Cn(qi + βqi − β)− z
× [

wr

1 + ηr
− (1 + β)(1− qi)Cn − z] (7)

With the uncertain quality of product returns, below, is the average recycling rate.

R =
∫ 1

qmin
ri f (qi)dqi

=
(

wr
1+ηr
− z
) ∫ 1

qmin

rmax f (qi)
Cn(qi+βqi−β)−z dqi

−
∫ 1

qmin

rmax(1+β)(1−qi)Cn
Cn(qi+βqi−β)−z f (qi)dqi

=
(

wr
1+ηr
− z
)
×M− N

(8)

Therein M =
∫ 1

qmin

rmax f (qi)
Cn(qi+βqi−β)−z dqi > 0,

N =
∫ 1

qmin

rmax(1+β)(1−qi)Cn
Cn(qi+βqi−β)−z f (qi)dqi > 0

(9)

3.7. The Function of Recycling Cost of Waste Products

The recycling cost is created when the manufacturer recycles the waste products, which is the
cost of giving the end consumers who return waste products a price subsidy.

In terms of waste products with a quality coefficient qi, the recycling cost cri is multiplied by the
recycling quantity and the recycling price. Below is the expression.

cri = Dn × ri × bi = Dn × rmax
bimax

bi
2

= Dn
rmax

Cn(qi+βqi−β)−z ×
[

wr
1+ηr
− (1 + β)(1− qi)Cn − z

]2 (10)

With the uncertain quality of product returns, below is the total recycling cost.

Cb =
∫ 1

qmin
cri f (qi)dqi

= Dn

[(
wr

1+ηr
− z
)2

M− 2
(

wr
1+ηr
− z
)

N

+
∫ 1

qmin

rmax(1+β)2C2
n(1−qi)

2

Cn(qi+βqi−β)−z f (qi)dqi

]
= Dn ×

[(
wr

1+ηr
− z
)2
×M− 2

(
wr

1+ηr
− z
)
× N + H

]
(11)

Therein H =
∫ 1

qmin

rmax(1 + β)2c2
n(1− qi)

2

cn(qi + βqi − β)− z
f (qi)dqi (12)

4. Modeling and Solutions

This model is a common two-stage game model of supply chains. The manufacturer is the
Stackelberg leader, and the game sequence is as follows. The first step is that the manufacturers
determine the wholesale price of the new and remanufactured products, expressed as wn and wr,
respectively, by gaming with the retailer. Subsequently, the retailer determines the retail price of the
new and remanufactured products, expressed as wn and wr, and pn and pr, respectively, by gaming
with the consumers. In the game of a closed-loop supply chain, the optimal pricing decisions of
production in the supply chain members are solved by backward induction.
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4.1. Retail Prices of New and Remanufactured Products Determined by Retailers

Below is the retailer’s optimal profit function.

max
pn ,pr

πR = (pn − wn)Dn + (pr − wr)Dr

= (pn − wn)×
[

A− pn−pr
1−θ

]
+ (pr − wr)×

[
pn−pr
1−θ −

pr
θ

]
s.t.

{
R× Dn(pn, pr) ≥ Dr(pn, pr)

Dn, Dr > 0

(13)

The first part of the target function shows the profits that are gained by the retailer
selling new products, and its second part is the profits that are gained by the retailer who
is selling remanufactured products. Because, the fact that remanufactured products are made
by remanufacturing the returned products, the first constraint shows that the production of
remanufactured products does not exceed the recycling quantity of the returned products in the
preceding period, and the second constraint can ensure that the sales are not negative.

Proposition 1. When T1 = −AR∗θ(1− θ) + θwn
∗(1 + R∗)− wr

∗(1 + R∗θ) > 0, T2 = A(1 + R∗θ)−
wn
∗ − wr

∗R∗ > 0, below is the retailer’s optimal pricing.

p∗n =
A
[
R2θ + 2Rθ + 1 + R2θ(1− θ)

]
+ wn(Rθ + 1) + wr

(
R + R2θ

)
2(R2θ + 2Rθ + 1)

(14)

p∗r =
A
[
R2θ2 + 3Rθ2 + θ(1− R)

]
+ wn(θ + Rθ) + wr

(
R2θ + Rθ

)
2(R2θ + 2Rθ + 1)

(15)

Below is the optimal demand with this pricing.

D∗n =
A(1 + Rθ)− wn − wrR

2(R2θ + 2Rθ + 1)
(16)

D∗r =
A
(

R + R2θ
)
− wnR− wrR2

2(R2θ + 2Rθ + 1)
(17)

The proof can be found in Appendix A.

4.2. The Wholesale Price Determined by the Manufacturer for New and Remanufactured Products

Below is the manufacturer’s optimal profit function.

max
wn ,wr

πM = (wn − Cn)Dn + (wr − Cr)Dr − Cb (18)

The manufacturer can gain profits by selling new and remanufactured products to retailers. At the
same time, the manufacturer needs to provide a recycling price for end users to collect the waste
products for remanufacturing. The first part of the target function shows that profits that are gained
by the manufacturer from selling new products, and the second part is the profits that are gained by
selling remanufactured products. The third part is the recycling cost that is paid by the manufacturer
for recycling the waste products.
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Proposition 2. The manufacturer’s optimal wholesale and recycling prices of new and remanufactured products
are as follows.

w∗n = −1−2ηr
2 MB∗2 + (B∗ + z)Nηr −MzB∗(1 + ηr)

+ Aθ+Cr
2 (B∗M− N) + A+2Nz+Cn+H

2
w∗r = (B∗ + z)(1 + ηr)

bi
∗ = wr

∗
1+ηr
− (1 + β)(1− qi)Cn − z = B∗ − (1 + β)(1− qi)Cn

R∗ =
(

wr
∗

1+ηr
− z
)

M− N = B∗M− N

(19)

Therein,

B∗ =

{[(
2−AMθ2

3M2θ
+ Q1

)3
+
(

Q2−Aθ2

2M2θ
+ Q3

)2
] 1

2
+ Q2−Aθ2

2M2θ
+ Q3

} 1
3

−
2−AMθ2

3M2θ
+Q1

[(
2−AMθ2

3M2θ
+Q1

)3
+

(
Q2−Aθ2

2M2θ
+Q3

)2
] 1

2
+

Q2−Aθ2

2M2θ
+Q3


1
3
+ Q4

Q1 = AM−HM+N2−3−M(Cn−Cr)
3M2

Q2 = −MCr+2
M

Q3 = MCr−2+AM
2M3

Q4 = N−1
M

(20)

B∗ is correlated with θ, but it is independent of ηr. The proof can be seen in Appendix B.
The backward induction is applied. Substituting the optimal wholesale price of the new and

remanufactured products and the recycling rate, which is derived from Proposition 2, into the optimal
retail price of the new and remanufactured products and the demand that is set by the retailer from
Proposition 1, the manufacturer’ and retailer’s profits can be solved. It can be shown in Table 2.

5. Analyses of Examples

In light of the examples and data of a manufacturer of certain electronic products (Guo and
Li et al. [27]), and the assumption of the quality coefficient subject to even distribution (Huang and
Guo [28]), it is assumed that β = 0.6, z = 10, qi ∼ U[0.5, 1], f (qi) = 2, and the specific parameter
setting can be seen in Table 3. To ensure there is no imaginary root for B∗, now θ ≤ 0.98. Based on the
results of Table 2, the impact of the profit rate ηr of the unit remanufactured products that are sold by
the manufacturer and the consumer preference coefficient θ for the remanufactured products on the
remanufacturing decisions by the supply chain members is analyzed.

In order to ensure that the manufacturer can make both new and remanufactured products,
T1 > 0, T2 > 0 must be satisfied, and the recycling rate is R > 0. Table 2 reflects the relationships
among T1, T2, and the parameters. T1 is correlated with ηr, θ. In Figure 2, T1(ηr) shows that when
θ = 0.6, T1 varies with ηr. T1(θ) shows that when ηr = 0.3, T1 varies with θ. T1(θ, ηr) reflects how T1.
can be influenced by θ, ηr. T2. is only correlated with θ and is not linked with ηr. T2(θ) shows that T2

varies with θ. It can be seen from the optimal decision from Table 2 that the recycling rate R. is not
correlated with ηr, but it is only related with θ. Figure 3 shows the relationship between R and θ.
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Table 2. The manufacturer’s and retailer’s optimal decisions.

T1 = −AR∗θ(1− θ) + θwn
∗(1 + R∗)− wr

∗(1 + R∗θ) > 0 and
T2 = A(1 + R∗θ)− wn

∗ − wr
∗R∗ > 0

Decision Variables Optimal Decisions

wn
∗

−1−2ηr
2 MB∗2 + (B∗ + z)Nηr −MzB∗(1 + ηr) +

Aθ+Cr
2 (B∗M− N)

+ A+2Nz+Cn+H
2

wr
∗ (B∗ + z)× (1 + ηr)

bi
∗ B∗ − (1 + β)(1− qi)Cn

R∗ B∗M− N

pn
∗

A
2 +

A(B∗M−N)2θ(1−θ)

2[(B∗M−N)2θ+2(B∗M−N)θ+1]

+
[MB∗2+(Aθ+Cr)(B∗M−N)−2B∗N+A+Cn+H]×[1+(B∗M−N)θ]

4[(B∗M−N)2θ+2(B∗M−N)θ+1]

pr
∗

Aθ
2 +

A(B∗M−N)θ(θ−1)
2[(B∗M−N)2θ+2(B∗M−N)θ+1]

+
[MB∗2+(Aθ+Cr)(B∗M−N)−2B∗N+A+Cn+H]×(1+B∗M−N)θ

4[(B∗M−N)2θ+2(B∗M−N)θ+1]

Dn
∗ −MB∗2+(Aθ−Cr)(B∗M−N)+2B∗N+A−Cn−H

4[(B∗M−N)2θ+2(B∗M−N)θ+1]

Dr
∗ −MB∗2+(Aθ−Cr)(B∗M−N)+2B∗N+A−Cn−H

4[(B∗M−N)2θ+2(B∗M−N)θ+1]
× (B∗M− N)

Cb
∗ −MB∗2+(Aθ−Cr)(B∗M−N)+2B∗N+A−Cn−H

4[(B∗M−N)2θ+2(B∗M−N)θ+1]

(
MB∗2 − 2B∗N + H

)
.

πR
∗ [−MB∗2+(Aθ−Cr)(B∗M−N)+2B∗N+A−Cn−H]

2

16[(B∗M−N)2θ+2(B∗M−N)θ+1]

πM
∗ [−MB∗2+(Aθ−Cr)(B∗M−N)+2B∗N+A−Cn−H]

2

8[(B∗M−N)2θ+2(B∗M−N)θ+1]

Table 3. Model parameters.

Parameters Values Units Symbols Calculated Values

A 200 Sets qmin 0.4531
Cn 18 Yuan/set Cr 12.4
β 0.2 / M 0.2226
z 7 Yuan/set N 1.8489

rmax 0.6 / H 17.0982Sustainability 2018, 10, x FOR PEER REVIEW  12 of 24 
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It can be seen from Figure 2 that T1 decreases with a rise in ηr, but that it increases with a rise in θ.
T1(θ, ηr) shows that when θ ≥ 0.1, ηr satisfies T1 > 0. The reason for this is that remanufacturing is not
profitable for the manufacturer if consumer acceptance of remanufactured products is so extremely
low that the manufacturer only makes new products and abandons the market of the remanufactured
products. When θ ≥ 0.24, ηr can be an arbitrary number within (0, 1). When 0.1 ≤ θ ≤ 0.24, the value
range is limited. This is because the price of the remanufactured products cannot be too high if
the consumer acceptance of remanufactured products is rather low. Hence, the unit profit rate of
remanufactured products cannot be too high. Also, T2(θ), Figure 2 shows that when θ ∈ [0, 0.98],
T2 > 0 is satisfied, and thus 0.1 ≤ θ ≤ 0.98.
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Figure 3. R varying with the parameter of θ.

It can be seen from Figure 3 that the recycling rate increases with a rise in θ. When θ ≥ 0.63, R > 0
is satisfied. In summary, to ensure that the manufacturer makes profits in remanufacturing, namely,
when the profit that is gained by the manufacturer is greater than that when remanufacturing isn’t
conducted, 0.63 ≤ θ ≤ 0.98.

5.1. Impact of ηr on the Decisions of Supply Chain Members

5.1.1. Impact of ηr on the Manufacturer’s Decisions

It can be seen from the optimal decision in Table 2 that the variations of ηr only influence the
wholesale price of new and remanufactured products that are set by the manufacturer (Figure 4).
The optimal recycling price that is set by the manufacturer is correlated with the consumer preference
θ for remanufactured products and the quality coefficient qi of the returned products, but it is not
related with profit rate ηr of the unit remanufactured product that is made by the manufacturer. That is
because the variations of ηr enable the wholesale price of the remanufactured products to change,
while the unit remanufacturing cost (the sum of the unit remanufacturing process cost and the recycling
price) remains unchanged. Therefore, the recycling price varies inversely with the cost of the unit
remanufacturing process, but is not related with ηr. Also, the recycling rate is not correlated with ηr.
When the impact of the manufacturer’s profit rates ηr of the unit remanufactured product on the
decisions of supply chain members is analyzed, θ = 0.85.
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It can be seen from Figure 4 that the optimal wholesale price of remanufactured products rises
with an increase in the profit rate of the unit remanufactured product that is determined by the
manufacturer, while the optimal wholesale price of new products tends to decline. The rising rate of
the wholesale price of remanufactured products is greater than the decreasing rate of the wholesale
price of new products. Hence, the gap between the wholesale price of the new and remanufactured
products diminishes with a rise in ηr. This suggests that if the manufacturer wants to earn more
profits in remanufacturing, the wholesale price of new products drops when the wholesale price of
remanufactured products increases. Also, the rise in the wholesale price of remanufactured products
is greater than the fall in the wholesale price of new products.

5.1.2. Impact of ηr on the Retailer’s Decisions

The optimal decision in Table 2 clearly shows that the optimal retail price that is established by
the retailer and the demand are independent of ηr.

It can be seen from Table 4 how ηr influences the retailer’s optimal decision, depending on the
relationship of ηr and the equation wn + wrR. ηr does not affect wn + Rwr, because wn decreases with a
rise in ηr, and wr increases with a rise in ηr. With a varying ηr, the changing rate of wn is less than that
of wr. When 0 ≤ R ≤ 1, the changing rate of Rwr is less than that of wr. In this article, it is assumed
that the decreasing rate of wn with ηr is the same as the increasing rate of Rwr with ηr. Hence, ηr does
not affect wn + Rwr. The optimal retail price that is set by the retailer and the demand are independent
of ηr.

Table 4. Reduced forms of the retailer’s optimal decisions.

Decision Variables Optimal Decisions Forms

pn
A[R2θ+2Rθ+1+R2θ(1−θ)]+(Rθ+1)(wn+wr R)

2(R2θ+2Rθ+1)
(wn + wrR)X + Y

(X, Y are not correlated with ηr)pr
A[R2θ2+3Rθ2+θ(1−R)]+(θ+Rθ)(wn+wr R)

2(R2θ+2Rθ+1)

Dn
A(1+Rθ)−(wn+wr R)

2(R2θ+2Rθ+1)

Dr
A(R+R2θ)−R(wn+wr R)

2(R2θ+2Rθ+1)

5.2. Impact of θ on the Supply Chain Members’ Decisions

5.2.1. Impact of θ on the Manufacturer’s Decisions

(1) Impact of θ on the manufacturer’s wholesale prices
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When the impact of the consumer preference coefficient θ of remanufactured products on the
decision of supply chain members is analyzed, it is assumed that ηr = 0.5. Figure 5 indicates the
impact of θ on the manufacturer’s decision on wholesale price.
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It can be seen from Figure 5 that with a rise in consumer acceptance of remanufactured products,
the optimal wholesale price that is established by the manufacturer for new and remanufactured
products tends to increase. When remanufactured products are accepted, their prices go up. However,
the cost of producing the unit remanufactured product is much lower than that of new products,
and hence, when the wholesale price of the remanufactured products rises, the manufacturer tends to
raise the wholesale price of the new products so that the profits of the new products will step up.

(2) Impact of θ on the manufacturer’s decision on recycling prices

In the Figure 6, bi(θ) shows how θ affects the recycling price, and qi = 0.7. The figure shows that
the recycling price increases with a rise in θ, and that the rate of rise constantly goes up. That is because
the demand for remanufactured products increases when the consumer acceptance of remanufactured
products grows, and thus, the manufacturer requires more returned products for remanufacturing.
When the manufacturer increases the recycling price for returned products, the end users with waste
products are more willing to return their old products, and thus, the manufacturer can collect more
returned products for remanufacturing. In the Figure 6, bi(θ, qi) illustrates how the optimal recycling
price that is set by the manufacturer can be affected by consumer preference θ and the quality coefficient
of the returned products simultaneously. This figure shows that the recycling price increases with
the increase of the quality coefficient of the returned products. The reason is that the greater quality
coefficient of the returned products means lower degrees of damage, re-manufacturability increases,
and fewer replacement materials are required. As a result, more subsidies for returned products are
provided for the end consumers.
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5.2.2. Impact of θ on the Retailer’s Decision

Impact of θ on the retailer’s decision can be seen in Figure 7, in which 7a shows how the retail
price of new and remanufactured products is affected by θ and 7b shows that how θ has an effect on
the demand for new and remanufactured products.
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It can be seen from Figure 7a that the retail price of remanufactured products increases with
a rise in θ, while the retail price of new products constantly drops. When θ is more than a certain
value (around 0.85), the retail price of new products declines dramatically. The main reason is that
consumers accept remanufactured products and they believe that the quality of remanufactured
products approximates that of new products. Their wiliness to pay for remanufactured products is
close to that of new products, and the retail price of remanufactured products is also close to that of new
products. When θ is smaller, there is a significant difference between prices of new and remanufactured
products. As a result, when θ increases to a certain value, the retail price of new products declines
sharply. Figure 7b shows that the demand for new products constantly reduces with a rise in θ,
while the demand for remanufactured products goes up constantly. When the consumer acceptance
of remanufactured products increases, they are more willing to purchase remanufactured products.
Therefore, the demand for new products drops. Additionally, the price of remanufactured products
is lower than that of new products. Hence, the market share of remanufactured products increases
gradually with a rise in θ.

5.2.3. Impact of θ on Profits

Figure 8 shows the impact of θ on the profits of the manufacturer and the retailer. Figure 8a shows
how θ affects the manufacturer’s profits, and Figure 8b shows that how θ influences the retailer’s profits.
The left figure shows that the total profits of the manufacturer or the retailer vary with θ. The right
figure indicates the profits of new products πMn and the profits of remanufactured products πMr
that are gained by the manufacturer, the recycling cost of the manufacturer Cb, the profits of new
products πRn, and the profits of remanufactured products πRr, that are gained by the retailer.
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It can be seen from Table 2 that the profits of the manufacturer are always double those of the
retailer when the manufacturer is the leader in the Stackelberg game. Figure 8 shows that the profits of
the retailer and the manufacturer increase with a rise in θ. It can be seen from 8a that the manufacturer’s
profits mainly come from the new products and that the profits of new products decline with a rise
in θ. However, the profits of the remanufactured products and the total recycling costs increase with
a rise in θ. Figure 8b shows that the retailer gains fewer profits from selling new products but more
profits from selling remanufactured products. When θ is greater than a certain value (around 0.9),
the retailer gains more profits from selling remanufactured products than from selling new products.
When θ is greater, the consumer willingness to pay for remanufactured products approximates that for
new products. In this case, the price of remanufactured products is lower than that of new products,
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leading to a greater demand for remanufactured products, and therefore, the retailer gains more profits
from selling remanufactured products.

6. Conclusions

This article considers that consumers use their products differently, leading to the distinct qualities
of returned products (i.e., collection of waste products). Thus, the manufacturer’s recycling price and
remanufacturing processes are affected, which is true in practice. This article is based on the differences
in the consumer’s willingness to pay, and the difference in the recycling quality of the waste products,
the recycling price function, recycling rate function, recycling cost function, and remanufacturing cost
function have been improved. The closed-loop supply chain game model has been built, including the
single manufacturer, single retailer, and consumers. The optimal pricing decision of the supply chain
members has been derived to maximize their profits and analyses of the theory and examples that are
related to the model have been presented. Below are some highlights of the findings.

(i) If the consumer acceptance of remanufactured products is quite high (θ exceeds a certain value),
then it is necessary for the manufacturer to recycle and remanufacture the returned products. (ii) When
remanufacturing is profitable, the profit rate of the unit remanufactured products, which are set by
the manufacturer, only has an influence on the manufacturer’s pricing decision, while this does not
affect the manufacturer’s profits and the retailer’s decision. As a result, it is unnecessary to consider
the parameter of the profit rate of the unit remanufactured products that are set by the manufacturer in
making decisions. (iii) The recycling price that is set by the manufacturer is correlated with the quality
of waste products and the consumer preference for remanufactured products, and the recycling price is
linearly and positively correlated with the quality of the returned products. In terms of waste products
with an identical quality coefficient, the recycling price can be higher if the consumer preference for
remanufactured products increases. (iv) When remanufacturing is profitable (θ exceeds a certain value),
the profits of the manufacturer are always double those of the retailer, and the profits grow with a rise in
the consumer preference for remanufactured products. More importantly, the retailer even gains more
profits from selling remanufactured products than from selling new products. The manufacturer can
gain more profits from new products when θ rises, and the manufacturer’s profits from remanufactured
products decline when θ falls. However, the profits from selling new products are generally greater
than those from selling remanufactured products.

The model that was built in this study can be further expanded. For example, waste products
can be recycled several times, and thus it can be expanded to two or more periods. Additionally,
the competition among a multitude of manufacturers and suppliers can be taken into account, and the
market can evolve in the context of competition.
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Appendix A

Proof of Proposition 1

Below is the Hessian matrix of the retailer’s profit function.

H =

[
− 2

1−θ
2

1−θ

2
1−θ − 2

θ(1−θ)

]
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Because H1 = − 2
1−θ < 0, H2 = 4

θ(1−θ)
> 0, the Hessian matrix is negative, and the profit function

is concave, with the extremum. The KKT can be introduced to solve the optimal value, with λ as the
corresponding multiplier of the slack variable, constructing the Lagrange function.

LR(pn, pr, λ) = (pn − wn)×
(

A− pn−pr
1−θ

)
+ (pr − wr)

×
(

pn−pr
1−θ −

pr
θ

)
+ λ[R×

(
A− pn−pr

1−θ

)
−
(

pn−pr
1−θ −

pr
θ

)
]

Below is its Karush–Kuhn–Tucker condition.
∂LR
∂pn

= A− 2pn
1−θ +

2pr
1−θ +

wn−wr
1−θ = 0

∂LR
∂pr

= 2pn
1−θ −

2pr
1−θ −

2pr
θ + wr

θ −
wn−wr

1−θ = 0

λ
[

R×
(

A− pn−pr
1−θ

)
−
(

pn−pr
1−θ −

pr
θ

)]
= 0, λ > 0

(A1)

When λ > 0, below is the solution.

p∗n =
A[R2θ+2Rθ+1+R2θ(1−θ)]+wn(Rθ+1)+wr(R+R2θ)

2(R2θ+2Rθ+1) > 0

p∗r =
A[R2θ2+3Rθ2+θ(1−R)]+wn(θ+Rθ)+wr(R2θ+Rθ)

2(R2θ+2Rθ+1) > 0

λ∗ = −RAθ(1−θ)+θwn(1+R)−wr(1+Rθ)
R2θ+2Rθ+1

(A2)

The optimal demand is derived as follows.

D∗n = A(1+Rθ)−wn−wr R
2(R2θ+2Rθ+1)

D∗r =
A(R+R2θ)−wnR−wr R2

2(R2θ+2Rθ+1)

(A3)

From λ∗ > 0, −RAθ(1− θ) + θwn(1 + R)− wr(1 + Rθ) = T1 > 0 can be derived.
From D∗n, D∗r > 0, A(1 + Rθ)− wn − wrR = T2 > 0 has to be satisfied. �

Appendix B

Proof of Proposition 2

From Proposition 1, we can see that the optimal production of the new and remanufactured

products is D∗n = A(1+Rθ)−wn−wrθ
2(R2θ+2Rθ+1) and D∗r =

A(R+R2θ)−wnR−wr R2

2(R2θ+2Rθ+1) , respectively, and that the recycling

cost is Cb = Dn × [( wr
1+ηr
− z)×M− 2( wr

1+ηr
− z)× N + H], and the manufacturer’s optimal profit

function can be denoted as follows, after substituting.

max
wn ,wr

πM = (wn − cn)
A(1+Rθ)−wn−wr R

2(R2θ+2Rθ+1)

+ (wr − cr)
A(R+R2θ)−wnR−wr R2

2(R2θ+2Rθ+1) − Dn

× [( wr
1+ηr
− z)2 ×M− 2( wr

1+ηr
− z)× N + H]

Therein, R =
(

wr
1+ηr
− z
)
×M− N.

The target function is complicated and the recycling rate R is the denominator, including the
function of the decision variable wr. It is troublesome to solve the function of the decision variable.



Sustainability 2018, 10, 2123 20 of 23

Therefore, it is assumed that B = wr
1+ηr
− z, and both the recycling rate and the wholesale price of the

remanufactured products can be denoted by B.

R =

(
wr

1 + ηr
− z
)
×M− N = BM− N wr = (B + z)(1 + ηr)

The target function is denoted as follows.

max
wn ,B

πM =
{

wn − cn + [(B + z)(1 + ηr)− cr]× (BM− N)− B2M + 2BN − H
}

× A[(BM−N)θ+1]−wn−(B+z)(1+ηr)(BM−N)

2[(BM−N)2θ+2(BM−N)θ+1]

(1) First of all, it is assumed that the first-order partial derivative of decision variable wn, B of the
target function is 0, the extremum of the decision variable is derived.

∂πM
∂wn

= −{wn−A[(BM−N)θ+1]+(B+z)(BM−N)(1+ηr)}
2[(BM−N)2θ+2(BM−N)θ+1]

+
{H+cn−wn+[cr−(B+z)(1+ηr)]×(BM−N)+B2 M−2BN}

2[(BM−N)2θ+2(BM−N)θ+1]
= 0

∂πM
∂B = {wn−A[(BM−N)θ+1]+(B+z)(BM−N)(1+ηr)}

2[(BM−N)2θ+2(BM−N)θ+1]
× {2(BM− N) + M× [cr − (B + z)(1 + ηr)]− (BM− N)(1 + ηr)}

− [AMθ−(BM−N)(1+ηr)−M(B+z)(1+ηr)]

2[(BM−N)2θ+2(BM−N)θ+1]
× {H + cn − wn + [cr − (B + z)(1 + ηr)]× (BM− N) + B2M− 2BN}

− {wn−A[(BM−N)θ+1]+(B+z)(BM−N)(1+ηr)}
{2[(BM−N)2θ+2(BM−N)θ+1]}

2

× {H + cn − wn + [cr − (B + z)(1 + ηr)]× (BM− N)

+ B2M− 2BN} × (4Mθ − 4MNθ + 4BM2θ) = 0

From ∂πM
∂wn

= 0, the following can be derived.

w∗n =
A− 2(B∗ + z)(1 + ηr)(B∗M− N) + cn + (Aθ + cr)(B∗M− N) + B∗2M− 2B∗N + H

2

To simplify the equation, assuming the following,

K1 = wn − A[(BM− N)θ + 1] + (B + z)(BM− N)(1 + ηr)

= −[A(1 + Rθ)− wn − wrR] = −T2 < 0

K2 = 2(BM− N) + Mcr = 2R + Mcr > 0

K3 = −M(B + z)(1 + ηr)− (BM− N)(1 + ηr) = −Mwr − R(1 + ηr) < 0

K4 = AMθ + K3 = −R(1 + ηr) + M(Aθ − wr)

K5 = H + cn − wn + [cr − (B + z)(1 + ηr)]× (BM− N) + B2M− 2BN

K6 = 4Mθ − 4MNθ + 4BM2θ = 4Mθ(1 + R) > 0

S = 2[(BM− N)2θ + 2(BM− N)θ + 1] = 2(R2θ + 2Rθ + 1)m 0

The two first-order partial derivatives above are equal to zero, which can be rewritten as follows.{ −K1+K5
S = 0 (a)

K1×(K2+K3)
S − (AMθ+K3)×K5

S − K1×K5×K6
S2 = 0 (b)

(A4)



Sustainability 2018, 10, 2123 21 of 23

K1 = K5 can be derived from (a) in Equation (A4), and therefore K5 < 0. Combining (a) and (b) in
Equation (A4), below is the result.

(K2 − AMθ)S− K1K6 = 0 (A5)

Substituting into the expressions of K1, K2, K6, S, and wn, the unitary cubic equation of B,
can be derived, namely,

(BM− N)× 2[(BM− N)2θ + 2(BM− N)θ + 1] + cr M[(BM− N)θ + 1]
+ AMθ(BM− N)(1− θ)−Mθ(BM− N + 1)

(
cn + B2M− 2BN + H

)
= 0

A real root and a pair of conjugate imaginary roots can be solved. The imaginary roots do not
conform to the reality, and thus they are ignored. Below are the solutions of the equation.

B∗ =

{[(
2−AMθ2

3M2θ
+ Q1

)3
+
(

Q2−Aθ2

2M2θ
+ Q3

)2
] 1

2
+ Q2−Aθ2

2M2θ
+ Q3

} 1
3

−
2−AMθ2

3M2θ
+Q1

[(
2−AMθ2

3M2θ
+Q1

)3
+

(
Q2−Aθ2

2M2θ
+Q3

)2
] 1

2
+

Q2−Aθ2

2M2θ
+Q3


1
3
+ Q4

Therein,

Q1 =
AM− HM + N2 − 3−M(Cn − Cr)

3M2 , Q2 =
−MCr + 2

M
, Q3 =

MCr − 2 + AM
2M3 , Q4 =

N − 1
M

It can be seen from the expression of B∗ that B∗ is correlated only with θ but not with ηr.

w∗r = (B∗ + z)(1 + ηr)w∗n = A−2(B∗+z)(1+ηr)(B∗M−N)+cn+(Aθ+cr)(B∗M−N)+B∗2 M−2B∗N+H
2

(2) Below is the proof that (B∗, w∗n) is the maximum point of the target function.

In terms of the target function,

max
wn ,B

πM =
{

wn − cn + [(B + z)(1 + ηr)− cr]× (BM− N)− B2M + 2BN − H
}

× A[(BM−N)θ+1]−wn−(B+z)(1+ηr)(BM−N)

2[(BM−N)2θ+2(BM−N)θ+1]

To solve the Hessian matrix of the target function at (wn
∗, B∗), below is the denotation of the

form of K1 ∼ K6, S.

∂2πM
∂wn2 = −2

S
∂2πM
∂B∂wn

= ∂2πM
∂wn∂B = K2+K3

S + AMθ+K3
S + K1K6

S2 − K6K5
S2

∂2πM
∂B2 = [2M−2M(1+ηr)]K1

S − 2(AMθ+K3)(K2+K3)
S

+ 2M(1+ηr)K5
S + 2(AMθ+K3)K5K6

S2 − 2K1K6(K2+K3)
S2

+
2K1K5K2

6
S3 − 4M2θK1K5

S2
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B∗, w∗n satisfies Equations (a) and (b), therefore,

∂2πM
∂B2 = 2M(1 + ηr)

−K1+K5
S + 2MK1

S − 2(AMθ+K3)(K2+K3)
S

+ 2K6
S

[
(AMθ+K3)K5

S − K1(K2+K3)
S + K1K5K6

S2

]
− 4M2θK1K5

S2

= 0 + 2MK1
S − 2(AMθ+K3)(K2+K3)

S − 2K6
S × 0

− 4M2θK1K5
S2

= 2MK1
S − 2(AMθ+K3)(K2+K3)

S − 4M2θK1K5
S2

If the manufacturer’s profit function is B∗, then below is the Hessian matrix of w∗n.

H =

[ −2
S

K2+K3
S + AMθ+K3

S + K1K6
S2 − K6K5

S2

K2+K3
S + AMθ+K3

S + K1K6
S2 − K6K5

S2
2MK1

S − 2(AMθ+K3)(K2+K3)
S − 4M2θK1K5

S2

]

Because H1 = −2
S < 0,

H2 = −2
S ×

[
2MK1

S − 2(AMθ+K3)(K2+K3)
S − 4M2θK1K5

S2

]
−
(

K2+K3
S + AMθ+K3

S + K1K6
S2 − K6K5

S2

)2

= −4MK1
S2 +

K2
5

S4 ×
(
8M2θS− K2

6
)

= −4MK1
S2 +

K2
5

S4 × 16M2θ(1− θ) > 0

Therefore, the Hessian matrix of (B∗, w∗n) is negative, and the target function is maximum
on (B∗, w∗n). �
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