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Abstract: Intelligent driving technology can effectively improve transportation efficiency
and vehicle safety and has become a development trend in automotive technology. As one
of the core technologies of autonomous driving, path tracking control is directly related to
the driving safety and comfort of vehicles and therefore has become a key research area of
autonomous driving technology. In order to improve the reliability and control accuracy
of path tracking algorithms, this paper proposed a path tracking control method based
on the Gaussian pseudospectral method. Firstly, a vehicle motion model was constructed,
and then an optimal trajectory solving method based on the hp adaptive pseudospectral
method was proposed. The optimal trajectory control problem with differential constraints
was transformed into an algebraic constrained nonlinear programming problem and solved
using the sequential quadratic programming and compared with traditional control meth-
ods. The simulation results show that the tracking error of the lateral distance under the
condition of = 0.8 is smaller than that of y = 0.4. At the same time, the tracking error of
the lateral distance under the condition of u# = 30 km/h is smaller than that of u = 90 km/h.
The optimal path tracking control using the improved hp adaptive pseudospectral method
has higher accuracy and better control effect compared to traditional control algorithms.
Finally, virtual and real vehicle tests were conducted to verify the effectiveness and accuracy
of the improved hp adaptive trajectory control algorithm.

Keywords: vehicle dynamics; trajectory tracking; optimal control; hp adaptive pseudospectral
method

1. Introduction

The safety of intelligent vehicles is closely related to the nonlinear behavior of vehicle
dynamics. Due to the inherent nonlinearity of the vehicle system during operation, factors
such as changes in vehicle speed, uncertainty in tire cornering stiffness, and uncertainty
in driver steering have a significant impact on the lateral stability of the vehicle under
various operating conditions. The path tracking and lateral motion control of vehicles are
important research topics in intelligent vehicles. Path tracking control is a key technology
for intelligent vehicles. However, under low adhesion and high-speed driving conditions,
the accuracy of path tracking may decrease, and accidents may occur due to skidding.
Therefore, intelligent vehicles have great research value by comprehensively considering
tracking accuracy and vehicle handling stability control. With the increasing demand for
safe, comfortable, energy-saving, and time-saving transportation services, many domestic
and international automobile companies have researched intelligent driving vehicles. The
purpose of trajectory tracking is to enable vehicles to travel accurately along planned routes,
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ensuring the accuracy of path tracking and the stability of vehicle handling during the
tracking process. It is a key technology for intelligent vehicle trajectory tracking [1-3].

The problem of vehicle lane changing has been widely studied. A brief review is
presented below.

Zhao et al. applied sliding mode control to the active steering controller of the vehicle
front wheels, enabling real-time correction of the front wheel steering angle [4]. They also
designed a vehicle stability controller using the MPC method, achieving smooth and fast
switching between various controllers. Most scholars had conducted research on path
tracking control that considered stability, providing great potential for the integrated control
of AFS and DYC. Compared to simple integrated control, the coordinated control structure
could fully consider the interaction between various subsystems, and had the advantages
of high flexibility, good fault tolerance, and high control accuracy [5]. In reference [6],
the real-time path of the preceding vehicle was obtained based on V2V communication,
and a smooth target path of the following vehicle was obtained using a cubic uniform
B-spline curve interpolation method. In reference [7], based on the speed of the preceding
vehicle, the distance between the ego vehicle and the preceding vehicle, and the recorded
path of the preceding vehicle, a curvature continuous reference trajectory was generated
using a quadratic programming method. This method ignored the road environment
structure and considered the dynamic and kinematic constraints of the self-driving vehicle,
ensuring the feasibility and safety of the planned trajectory. Wei et al. designed a linear
feed-forward and feedback controller constrained by queue stability to ensure a safe
distance between vehicles. The proposed method had good tracking performance on
straight roads or under conditions of constant road curvature, but it was difficult to apply
to conditions of road curvature changes. This type of method could achieve stable tracking
of the preceding vehicle, but it relied on absolutely accurate positioning information,
making it difficult to apply in scenarios where the positioning signal was unstable or
obstructed [8]. Liu et al. proposed a lateral queue control system considering the dynamic
characteristics of vehicles, which included two lateral control strategies: simultaneous
steering and sequential steering and achieved stable driving of the queue with variable
speed in general road curvature scenarios. However, due to the fact that the following
vehicle directly followed the preceding vehicle instead of following a circular path, once
the sensor detected a different heading from the preceding vehicle, it would immediately
control the following vehicle to turn, resulting in premature turning and ultimately leading
to the phenomenon of “taking shortcuts”. Moreover, as the fleet size expanded and the
distance between vehicles increased, the overall lateral following error of the fleet would
continue to accumulate [9]. Chen et al. fabricated a variable stiffness connecting rod in the
workshop, and the flexibility of each slice of the connecting rod varied with the curvature of
the road. The proposed method alleviated the phenomenon of internal cutting to a certain
extent [10]. Bayuwindra et al. proposed a longitudinal and transverse system control
method for tricycle queues. When the convoy passed corners, the cutting behavior was
alleviated by extending the tracking points of the following vehicles, achieving small error
tracking of the convoy under constant road curvature [11]. Duan et al. researched the
on-center handling performance of light-duty trucks [12]. Park et al. obtained the steering
wheel angle based on a PID controller and designed dead zone compensation to improve
path tracking performance and stability [13]. Kigezi et al. proposed a vibration-free sliding
mode controller using only conventional sliding surfaces for the path tracking problem
of non-holonomic wheeled mobile robots [14]. Li et al. introduced a novel algorithm for
vehicle path tracking control [15]. Wang et al. designed steering controllers using different
fuzzy inference rules to handle both simple and complex path tracking problems [16]. Ren
et al. proposed a path planning method based on virtual potential field theory and an
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autonomous vehicle path tracking framework based on multi-constraint MPC [17]. In order
to solve the bottleneck problem of track slippage and body sinking of the tracked mining
vehicle in the traditional deep-sea mining system, Chen et al. proposed a novel ROV-based
deep-sea mining system [18]. Li et al. proposed an improved prediction method for electric
vehicle charging for transportation system operations [19]. Cai et al. considered the limited
applicability of a single controller under composite working conditions and designed a
multi-controller switching scheduling logic based on working condition recognition [20].
Different controllers were selected for trajectory tracking under different vehicle states and
working conditions. The proposed method could achieve accurate tracking at both high
and low speeds, but due to the existence of hierarchical control, the computational burden
increased. Salzmann et al. dealt with an accurate, robust, and efficient optimization method
for time-optimal path planning on circular tracks [21]. Croce et al. proposed a bi-level
procedure to calibrate the whole parameters of traffic flow models and energy consumption
laws [22]. Liu et al. proposed a hp adaptive pseudospectral method for solving the vehicle
path tracking problem [23].

In the above studies, the important parameter of path tracking is often set to a constant
value, which often leads to the inability of the vehicle to make changes according to the
actual complex driving conditions during actual tracking, thus failing to meet the accuracy
of path tracking. The hp adaptive pseudospectral method is developed from the general
pseudospectral method. On the one hand, it combines the advantages of the general
pseudospectral method, and on the other hand, its discretization process is similar to that
of the global pseudospectral method. Therefore, this article applies this method to solve
the problem of path tracking in autonomous driving.

On the basis of Reference [23], this article improves the hp adaptive error evaluation
criteria and the estimation of the polynomial order as well as the hp adaptive iteration
strategy to form an improved hp adaptive pseudospectral method and applies it to the
problem of vehicle path tracking. This method draws on the advantages of the global pseu-
dospectral method and grid subdivision method, and has a more reasonable distribution of
points, thereby improving the optimization efficiency of the algorithm.

2. Mathematical Model of Vehicle Path Tracking Problem
2.1. Mathematical Model of Vehicle

A nonlinear 4-DOF vehicle model shown in Figure 1 is used to describe the vehicle
path tracking problem.

o
Figure 1. 4-DOF vehicle model.
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In the state space form, it is [1]

I Fyf cos6+Fyr+Fyssinéd

U= —Uw o

@y = aFy cos&—bfy,—&-anf sind

. Fyfcosd—F, sin6+Fy—Ef—F,

U= U(A]+ xf yf — xr f 0 . (1)
b=p

D kG, k& (k181—kw) 5 _ cw Tewi

P=—Tn0 Tuwt =0 Tp+ iy

The state variable is x(t) = [u(t),v(t), w(t), x(t),y(t)] and the control variable is
z(t) = [4]. v(t) and u(t) can be measured using Steering torque/angle tester; é can
be measured using GPSSD-20 Speed measuring instrument. Then, Equation (2) can be
obtained by simplifying Equation (1):

x = flx(t), z(8)]- 2
2.2. Optimal Control Object of Path Tracking Problem

The minimum tracking error to complete the path tracking process is determined as
the control object.
The cost function is [1]

I(z) = /t:f ((y Eyd>2 + (Tzw)2> dt = /t:f L(x,z)dt, @3)

where { is the initial time, ¢ ¥ is the final time, y, is the reference path, E is the standard

threshold of the lateral distance error of y — v, T is the standard threshold of the steering
torque. According to Reference [1], E=03mand Ts, =8 N-m.

2.3. Constrains

(1) Edge value constraint

The initial and terminal states are described as
x(to) = [u(t),0,0,0,0]" (4)

and
x(ty) = [u(tf),0,0,x(tp), y(ts)] " (5)
(2) Path constraint
While satisfying the constraint of the upper and lower boundaries of the trajectory for
lateral displacement, and considering the prevention of the vehicle from rollover during the

process of completing the tracking the given path, the following path constraint conditions

are established:
u2s L

(a+b)(1+Ku2>g = %

, (6)

where L is the wheelbase; K is the stability factor.
When the vehicle is driven by front wheel drive,

Pmgh
Fxf < a+b+¢hg ) (7)
Fy =0
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When the braking maneuver is applied to decelerate the vehicle, the constraints on
F, fr Fy; can be rewritten in the following manner:

L. > _ pmg(b+phy)
xf : o a+b . (8)

(3) Control and state variable constraints

Due to factors such as vehicle performance and road conditions, certain state and
control variable constraints need to be met to ensure the smooth completion of the path
tracking process. Therefore, the following constraints are established:

Umin < U < Umax, )

dmin < ) < 5max, (10)
and

Ymin < y < Ymax- (11)

The steering wheel angle is limited by the physiological limits of the driver, so the
control variable boundary conditions are

Z(t) < Z(t) < Z(ty, (12)

where Z(t);, and Z(t); are the upper and lower bounds of the steering angle. The steering
wheel angle is controlled between —600°and 600°.
So, the optimal path tracking problem can be described as follows:

minf;s.t.x = flx(t),u(t), t],h <0, (13)
where h expresses the inequality constraint.

3. Adaptive Pseudospectral Method

The hp adaptive pseudospectral method combines the advantages of pseudospectral
method, and its discretization process is similar to that of the global pseudospectral method.
The only difference is that the hp adaptive pseudospectral method can adjust the number
of discretization points and time segments in the entire optimization time domain through
error criteria.

3.1. Time Domain Variation

The Radau pseudospectral method discretizes the state and control variables at a
series of Legendre Gauss Radau (LGR) points, where the LGR points are the zeros of the
polynomial Px(7) 4+ Py—_1(T). Pn(T) is expressed as follows:

_ 1 d¥
~ 2NN1dtN

(2 - 1)"]. (14)

Py(t)

The collocation points of the Radau pseudospectral method are all distributed on

the interval [—1,1]. So it is necessary to transform the optimal control time interval
t € [to,tf]tot € [~1,1], t € [to, tf] is divided into k time periods t € [t, b1, k=1, -k,
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to <t < -+ < fx = ty. Andtis performed a linear transformation to obtain the
relationship between variable T and time ¢:

2 b+ -

ot — e Be—teq

3.2. Transforming of the State Equation to Algebraic Constraints

In the Radau pseudospectral method, unknown variables include state and control
variables as well as unknown parameters. The unknown parameters belong to static
variables, and dynamic variables need to be discretized. The Radau pseudospectral method

selects Ny LGR collocation points —1 = Tl(k) < Tz(k) << TI(\;; ) at k time interval. It is set

that TI(\;; ) +1 = 1. The state variables are approximated using k + 1 Lagrange interpolation
polynomials constructed from LGR collocation points. The approximate expression is as

follows:
Ny+1
¥ (1) = xO(r) = Y xWLW (1) (16)
= ] ]
and "
Ni+1 T—1
W= 11 * 0, 7)

, (
I=L1# T — T

where L](.k) (1),j=1,---, N+ 1is the Lagrange interpolation basis functions for the state
variable. Similarly, the control variable is approximated using Ny-order polynomial within
1,---,k—1 time slot:

Ni+1 X

u®(ry =y uPL (1) (18)
i=1

and ®

Ni+1 _

—(k T Ti

Lz( )(T) = H x) " (19)
i=Li#Aj Tj — T

Due to the fact that the discrete points at the terminal time ¢ do not belong to the LGR
collocation points, the control variables in the kth time period are approximated using a
N — 1-order Lagrangian polynomial as follows:

N; _
u® () =y uMi®(r) (20)
i=1
and "
_ Ni T—T
= T — - @1)
i=Li#j T — T

Equation (22) can be obtained by taking the derivative of the approximate state variable
Equation (10) with respect to time T:

(k (0 NE e ®
W)y~ xY () = Z% XML (7). (22)
]:
Equation (23) can be obtained by considering the derivative at the collocation point:
k Ni+1 Np+1

‘w = ¥ 1 w)x®m) = ¥ DiX(n), (23)
j=1 j=1

0 () ~ X'
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wherei =1,2,--- ,Ny,j=1,--- ,Ne+1; Di(jk) is the differential matrix Dy; € REx(k+1) of
Lagrange polynomial at the collocation point, and its calculation expression is as follows:

Qi
D = i () = <3,5(n>;z> () (24)
q).(k)Z i=j
%" ()
and
¢(7) = (= D[P (7) + Pn—1(7)]. (25)

The dynamic differential equation constraints of the optimal control problem can be
transformed into algebraic constraints:

Be— b1 o (o (k K (®) S
ff(x( (@), UM (), 7 b 1,fk) Z D (1) =0. (26)
3.3. Approximation of Performance Indicators and Constraints

The performance metric function includes terminal terms and integral terms, which
can be approximated using the Gauss Radau quadrature formula:

tr— ¢
]N ( 1 )ItOIXI(\])+1/ + 2 Z %1{1 ](k)L(X](k)/ u]'(k)/ T]'(k);tkflrtk)/ (27)
k=1j=1

where w](k) (j=1,2,---,Ng) is the LGR weight.

k 1—w
) — g . (28)
(Nk = 1)7 [ P2 (75)
Path constraints and boundary constraints are discretized in the kth time period.
C(X® (1), u® (5), gt 1, t) <0,j=1,2,+, Ny (29)
and
(XM (=1), 1, X (1), 1) = 0. (30)
To ensure the continuity of time segmentation, the following conditions need to be
met:
k) _ (k+1)
XNet1 = X4 (31)

In this way, the continuous trajectory tracking optimization problem can be trans-
formed into a nonlinear programming problem through the above transformation. That
is, calculating the control variables Ui(k) and state variables X]{k) (ke 1,2, ,kicl,2,

- ,N,j €1,2,---, Ng) at the interpolation point, as well as the initial time f( and terminal
time t¢, to make the performance indicator Equation (27) being optimal while satisfying
the constraints of the dynamic Equation (32), path constraint Equation (29), and boundary
constraint Equation (30). The above questions can be organized and transformed into the
standard form of NLP.

min](z)
sthi(z) =0,i=1,---,s1, (32)
Qi(z) <0,i=s7+1,---,s
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where z is the variable to be solved includes the state variables X}k) (k € 1,2,--- ,k,

j€1,2,---,N;) and control variables lll-(k) (k € 1,2,--- ki € 1,2,--- ,Ng) as well as
the initial time f; and terminal time ¢ £

3.4. hp Adaptive Error Evaluation Criteria

Most of the current literature research on optimal control problems uses local and
global collocation methods to solve them. The local collocation method is a method of
discretizing by increasing time segments while keeping the number of collocation points
constant, known as the h method. On the contrary, the global collocation method, known as
the p method, does not add time segments throughout the entire time domain, but simply
increases the polynomial order, that is, the number of collocation points, to achieve higher
computational accuracy. The NLP problems discretized using the local collocation method
(h method) are generally sparse and computationally efficient, but the disadvantage is
slow convergence speed, which can lead to the curse of dimensionality when solving large
and complex problems. The advantage of the global pseudospectral method (p method) is
its simple structure, high computational accuracy, and fast convergence speed. However,
for non-smooth problems, the global pseudospectral method may not be able to meet the
computational requirements by simply increasing the number of allocation points.

In the process of numerical solution, if the solution of the numerical method can accu-
rately approximate the exact solution of the original problem, it is necessary to satisfy the
differential algebraic constraint equation at any point. Therefore, the degree of satisfaction
of the differential-algebraic constraint equation between collocation points is used as the
criterion for evaluating the approximation error of the solution.

It is known that the number of collocation points in the kth subinterval [t;_1, f;] is
Ni(k=1,---,K—1), and the distribution of the collocation point is the root of a Ny order
orthogonal polynomial. The root (tgk),- ey, tgﬁi) of the My = Ny + 1 order orthogonal
polynomial is set as the sampling point, there exists a sampling point between adjacent col-
location points. Meanwhile, the control variable can also be approximated by constructing
an interpolation polynomial:

N
k)7 (k
u® (7) = ]; u](. ) L/( (1) (33)
and (k)
Ni —_
W)= ] Tile/kg[l,---,K]. (34)
=LA T =T

An approximate value u (fl(k)> ,1 €1, , Mg] of the control variable at the sam-
pling point can be obtained by substituting the sampling points fl(k) into Equation (34). The
absolute error and relative error of the state variables at the sampling point are defined as
follows:

Ei(k) (El(k)) _ M +1

Y. DX (59) - L (19, u (fz(k))'fz(k>)| (35)
j=1

and o Ei(k) (El(k))
) e )| >
jel - Ml F
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wherel =1, -- ,Mk+1;i:1,---,nx;ﬁl(f)

The maximum relative error within the defined interval k is as follows:

is the My x M} order Radau differential matrix.

er(rlzx = maxefk) (fl(k)) . (37)

3.5. Estimation of the Polynomial Order

According to the content of Section 3.1, the maximum relative error eggx of the kth sub
interval is calculated. It is set that the allowable error is €. If er(r]fe)lx < g itis considered that
the solution in this interval has reached the preset accuracy; Otherwise, it is necessary to
improve the accuracy of the solution by refining the interval or increasing the number of
collocation points.

For smooth problems, the global pseudospectral method converges exponentially, and
its solution error can be approximated as o(N>>~N). N is the number of collocation points
within the interval. Therefore, if the number of allocation points is increased to N + P, the
error of the solution will correspondingly decrease to the original N~ It is assumed that

(k)

the maximum relative error of interval k is ey > €, in order to meet the required accuracy,

the number of additional collocation points Py should satisfy N, Pe = GRE

€max

emax
P = logy, ( . ). (38)

In order to ensure that the obtained number of collocation points is an integer, the
right-hand term of Equation (25) is rounded up as follows:

(k)
Py = ceiling logNk(eH;aX ). (39)

3.6. hp Adaptive Iteration Strategy

The number of collocation points Ny = Ny + P, required for interval k can be obtained
through Equation (26). It is assumed that the maximum and minimum values of the number
of collocation points within the stator interval are Ny, and Npax. If the required number
of collocation points does not exceed the set upper limit, the number of collocation points
within interval k is increased to Nk ; If Nk > Nmax the interval is refined and divided into
smaller sub-intervals. In order to ensure that the total number of collocation points of the
new subintervals remains N, the number of fine sub-intervals is set as follows:

By = max([NN’f ,2). (40)

The number of collocation points within each interval is set as Npjn-

It can be seen that the hp iteration strategy proposed in this article prioritizes the
use of the p method to improve accuracy. Only when the number of collocation points
exceeds the set upper limit value, interval partitioning is performed. After partitioning,
the p method is continued to be used within each interval, and this rule is continuously
iterated until the accuracy requirements of the solution are met.

4. Numerical Simulations and Experimental Verification
4.1. Numerical Simulations

This section uses CarSim to verify the feasibility and effectiveness of the optimal
control problem for trajectory tracking. The CarSim simulation platform has the advan-



World Electr. Veh. ]. 2025, 16, 262

10 of 16

tages of accuracy, convenience, good visualization, high cost-effectiveness, and real-time
monitoring and has good practicality for this study.
For the simulations, the calculation parameters are shown in Table 1.

Table 1. Simulation parameters.

Parameter Definition Value
m (kg) vehicle mass 1265
I, (kg-mz) moment of inertia around the z axis 1800
a (m) distances of front axle from the center of gravity 1.170
b (m) distances of rear axle from the center of gravity 1.195
k; (N-rad—1) synthesized stiffness of front tire 60,042
ky (N-rad—1) synthesized stiffness of rear tire 109,295
Iy (kg-m?) moment of inertia of the steering system 16.38
¢1/m front wheel aligning arm of force 0.021
hg (m) height of the center gravity 0.53

Figure 2 is the simulation result under the condition of different road friction coefficient.

From Figure 2a, it can be seen that when the vehicle is driving on a road with a lower
road friction coefficient, the driving trajectory of the vehicle is more likely to deviate from
the target trajectory, and there are larger fluctuations at turning points. When the vehicle
travels on a road with a high road friction coefficient, its tracking trajectory can be main-
tained within a high accuracy range, and it tends to stabilize within a short displacement
in the final straight section, without obvious oscillation. This is because that the ground
with higher road friction coefficient can provide more lateral force for the tires and reduce
lateral sliding. From Figure 2b, it can be seen that, the error of the lateral distance under
the condition of y = 0.8 is smaller than that of y = 0.4. The main reason is that as the
road attachment conditions get better, the ground can provide more lateral force to allow
the tires, better to operate in the linear region and reduce lateral sliding. From Figure 2c,
it can be seen that when the vehicle tracking the double lane changing road with lower
road friction coefficient, the tracking error is bigger. However, under the control of the
proposed method, the deviation finally converges to zero. From Figure 2d, it can be seen
that although there is bigger error when the vehicle tracks the given wet road, the front
steering angles satisfy the constraints, indicating the better control performance of the
proposed method. Figure 2e indicates that when the vehicle exits the double lane changing
road with a lower road friction coefficient, it generates a larger side slip angle, resulting in
unstable operating conditions.

As shown in Figure 3a, the vehicle completed the simulation on the double lane
changing test road under the condition of # = 30 km/h smaller than that of # = 90 km/h,
and the path tracking of the vehicle is relatively optimal at # = 30 km/h. From Figure 3b,
it can be seen that, the error of the lateral distance under the condition of # = 30 km/h
smaller than that of # = 90 km/h. The main reason for this is that as the speed increases, the
coupling of the longitudinal movement introduces an error in the model. From Figure 3c,
it can be seen that the path tracking and driving stability performance of the vehicle at
u = 30 km/h are better than those at # = 90 km/h. When the vehicle is traveling at a higher
speed, the trajectory of the vehicle is more likely to deviate from the target trajectory and
experience significant fluctuations at corners. However, under the control of the proposed
method, the deviation finally converges to zero. From Figure 3d, it can be seen that although
there are bigger errors when the vehicle tracks the given path with the speed of # =90 km/h,
the front steering angles satisfy the constraints and remain in a small range, indicating
the better control performance of the proposed method. Figure 3e indicates that when the
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vehicle exits the double lane changing road with u = 90 km /h, it generates a larger side slip
angle, resulting in unstable operating conditions.
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Figure 2. Simulation result under the condition of different road friction coefficients: (a) lateral
distance; (b) error of lateral distance; (c) yaw rate; (d) steering wheel angle; (e) side slip angle.

Figure 3 is the simulation result under the condition of different vehicle speeds.

4.2. Control Performance

Figure 4 is the comparison of the control performance under the condition of different
methods.

Figure 4a,b shows the comparison curve of lateral displacement and the tracking
error. It can be seen that the improved hp adaptive pseudospectral method can track the
reference path faster, with better path tracking accuracy and convergence speed as well
as higher error of lateral distance than the GPM control method. As shown in Figure 4c,
when the hp adaptive pseudospectral method is applied to the vehicle, the yaw angle
can track the ideal one very well, and the convergence speed is fast. However, compared
to the hp adaptive pseudospectral method, the GPM method has smaller fluctuations
in the yaw angle during the control process with larger errors, and slower convergence
speed. As shown in Figure 4d, during the steering process, the front wheel steering angle
calculated using the GPM control algorithm is greater than that of the improved hp adaptive
pseudospectral method. Figure 4e indicates that the amplitude of the sideslip angle of the
improved hp adaptive pseudospectral method is less than the traditional GPM method.

Based on the above analysis results, it is not difficult to see that compared to the GPM
method, the hp adaptive pseudospectral method has better path tracking accuracy, faster
convergence speed, and ensures the lateral stability of the vehicle while improving path
tracking accuracy.
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Figure 3. Simulation result under the condition of different vehicle speeds: (a) lateral distance;
(b) error of lateral distance; (c) yaw rate; (d) steering wheel angle; (e) side slip angle.

Under the precision requirement of ¢, three different pseudospectral methods are used
to solve the same trajectory tracking problem, and the results are shown in Table 2.

In the table, p is the global Radau pseudospectral method; h is the segmented fixed
order Radau pseudospectral method, and hp is the hp adaptive Radau pseudospectral
method. Ky, Ny, E, and ¢, respectively are the initial number of subintervals; the initial
collocation number within the interval; the maximum error of the differential-algebraic
constraint at the completion of optimization; and calculation time.

From Table 2, it can be seen that when the accuracy requirement is low, all three
methods can optimize the results, and there is no significant difference in optimization
speed and total number of collocation points. Under the same precision requirements, the
improved hp pseudospectral method gradually demonstrated its advantages, both in terms
of optimization speed and total number of collocation points, which are superior to the
other two methods. As the accuracy requirements increase, the p method cannot obtain the
optimal solution by simply increasing the number of collocation points, while the h and
the improved hp methods successfully overcome the problem caused by roughness and
obtain the optimal solution. Relatively speaking, the improved hp pseudospectral method
outperforms the h method in terms of the total number of collocation points, subinterval
partitioning, and optimization speed.
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Figure 4. Comparison results between the hp adaptive pseudospectral method and GPM: (a) lateral
distance; (b) error of lateral distance; (c) yaw rate; (d) steering wheel angle; (e) side slip angle.

Table 2. Optimization comparison of different pseudospectral methods.

i Method K, Ny E/10-5 tls Number of Iterations
p 1 20 93.25 3.9011 35
103 h 5 4 52.98 2.5112 28
Improved hp 5 4 52.79 3.2178 30
p 1 20 9.879 18.0531 165
104 h 5 4 6.136 22.6529 96
Improved hp 5 4 5.765 5.4912 70
_s5 h 5 4 0.936 14.2887 128
10 Improved hp 5 4 0.643 7.0699 73

4.3. Experimental Verification

A virtual test adopting the Carsim software(2016) is conducted to verify the feasibility
of the simulated results.

Carsim is a multifunctional software designed by Mechanical Simulation Corporation
in the United States, mainly for simulating the dynamics of vehicles. It also has multiple
vehicle models, road models, and driver models, and has a wide range of applications in
traffic simulation and vehicle performance testing in multiple countries and regions.

The main features of Carsim software are as follows:

(1) Accurate. The mathematical model of the Carsim is based on decades of research on
vehicle dynamics characteristics. And with the continuous addition of new features,
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research is also ongoing. OEM users unanimously believe that the predicted results of
CarSim are almost consistent with the actual test results.

(2) Good scalability. The mathematical model of the Carsim covers the entire vehicle
system, as well as input parameters from the driver, ground, and aerodynamics.
These models can use built-in Vehicle Sim commands, MATLAB/SIMULINK(2018)
from Mathworks, Lab VIEW from National Instruments (NI), as well as custom
programs in Visual Basic, C language, and other languages to add higher-level control
methods or extend existing subsystem and component models, such as tires, brakes,
powertrains, etc.

Figure 5 shows the experimental results of lateral distance and yaw rate. The trends of
the curve, the test value, and the simulation value as well as the reference are consistent,
indicating that the trajectory tracking strategy based on the improved hp adaptive pseu-
dospectral method can effectively control the vehicle to track the given trajectory while
ensuring stability during complex trajectory driving and verifying the effectiveness of the
proposed method. In summary, the proposed method can make the vehicle have good
path tracking performance. Compared with traditional GPM, the path tracking control
performance of the improved hp adaptive pseudospectral method is improved.

Lateral distance/m

20

— Reference
— Testvalue
- --Simulation value
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— Testvalue or
---Simulation value

. Yawangle!(®)

) 20 40

60 80 100 120 140 ~0 20 40 60 80 100 120 140
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Figure 5. Experimental results of lateral distance and yaw rate: (a) lateral distance; (b) yaw rate.

5. Conclusions

This article provides a general description and parameterization process of the optimal
control problem based on trajectory tracking optimization. The continuity constraints are
discretized using the hp adaptive pseudospectral method, and the optimal control problem
is transformed into an NLP problem. The update criteria for adjusting the number of
segments and increasing the number of collocation points using the hp adaptive pseu-
dospectral method are analyzed in detail. Subsequently, the algorithm is used to analyze
the performance indicators of path tracking with the shortest time under different road
friction coefficients and vehicle speeds. The effectiveness and rationality of the proposed
algorithm are verified via virtual experiments. The results show that the proposed method
can make the vehicle track the given path well and has strong robustness to different road
and vehicle speeds. Compared to the traditional methods, the proposed method in this
article is better in terms of tracking performance of a given path. The path tracking and
driving stability performance of the vehicle at lower speeds are better than those at higher
speeds. And the tracking error of the lateral distance under the condition of 4 = 0.8 is
smaller than that of y = 0.4. The optimal path tracking control using the improved hp
adaptive pseudospectral method has higher accuracy and better control effect compared to
traditional control algorithms. Although the control variables of the improved hp adaptive
pseudospectral method are relatively more complex, the trajectory satisfies path constraints,
indicating that the simulation results are feasible. In summary, the proposed method can
make the vehicle have good path tracking performance. Compared with traditional GPM,
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the path tracking control performance of the improved hp adaptive pseudospectral method
is improved.

The proposed control method is derived under the premise of small longitudinal
velocity changes in the vehicle, and its robustness to time-varying vehicle speed and
uncertain vehicle parameters needs further research. In addition, although the effectiveness
of the proposed method has been validated in two typical scenarios, its applicability in
real-world scenarios needs further verification. And also, the approach of Transport System
Models (TSMs) should be considered for the path tracking research. Given the importance
of accurate modeling in vehicle trajectory tracking. In the future, the effect of the exclusion
of vertical and roll dynamics or tire relaxation behavior should be verified. And also, if the
proposed control method’s effectiveness varies significantly under more complex or full
vehicle dynamics models is also an important research direction.
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