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Abstract: The wheel-side direct-driven transmission system (WDTS) is a new intelligent transmission
technology, which has significant advantages in high-efficiency and few malfunctions for the electric
bus. Based on the Lagrange–Maxwell equation, the WDTS electromechanical coupling dynamic
model, whose effectiveness is verified by the PMSM speed, is constructed for analyzing the system
torsional vibration destabilization characteristics. Then, by determining the resonance curve equation
for the torsional vibration response amplitude of the WDTS with the direct multi-scale method,
the influences of the torque ripple amplitude of the PMSM and the transmission clearance on the
system torsional vibration stability are analyzed. The results indicate that the WDTS torsional
vibration response shows complex nonlinear characteristics especially under the effect of the system
transmission clearance, which has an important impact on the system stable operation. The research
results can lay a theoretical foundation for the design of the WDTS of the electric bus.

Keywords: electric bus; wheel-side direct-driven transmission system; torsional vibration stability;
torque ripple; transmission clearance

1. Introduction

With the advantages of zero-emission, low noise, and simple operation, the electric
bus has gradually become the main form of the city bus [1,2]. For the electric bus, the
wheel-drive system is the core part and the main energy-consuming part. At present, the
main transmission mode of the wheel-side drive system is the three-phase asynchronous
motor with reducer coaxial transmission to the cantilever end spindle, which then drives
the wheel hub. This transmission mode has a long transmission line, which easily has many
faults under complex road conditions. Therefore, under the development preference for
high efficiency, high reliability, and high power, the traditional wheel-side transmission
system of the electric bus is facing many challenges [3–5].

In recent years, with the development of the permanent magnet material manufac-
ture technology and the AC variable frequency speed control technology, the high-power
permanent magnet direct-driven transmission system has gained more and more atten-
tion [6–8]. Through using the high-power permanent magnet synchronous motor (PMSM),
the wheel-side transmission system of the electric bus is improved to form the wheel-side
direct-driven transmission system (WDTS) and the use of the reducer and other vulnerable
parts can be reduced. Then, the system operation efficiency can be significantly improved
and the failure rate can be reduced, which has practical engineering application require-
ments [9–12]. The direct-driven high-speed feed system in the machine tools was analyzed
in [13], which had the advantages of simple structure, high velocity, and high acceleration.
Bouheraoua et al. pointed out that the pseudo direct-drive (PDD) permanent magnet
machine can avoid the problems associated with the mechanical gearbox, such as the need
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for lubrication, acoustic noise, vibrations, and so on [14]. However, considering the bad
working environment and complex road conditions of the electric bus, the driving load has
the characteristics of large fluctuation, strong impact, randomness, and large interference.
In the operation process, by the reciprocal effect of the motor electromagnetic torque and
the complex load torque, the dynamic load state of the WDTS will deteriorate, which is
specifically manifested as the torsional vibration of the transmission system. In addition,
the wheel hub is direct-driven by the high-power PMSM, and the intermediate transmission
mechanism is omitted, which further aggravates the deterioration for the dynamic load of
the transmission system. Then the torsional vibration phenomenon is more obvious, and
even torsional fracture failure will occur.

The WDTS of the electric bus is a complex electromechanical system. The instability
torsional vibration of the transmission system, induced by the external complex road con-
ditions and the inside multi-dimensional coupling relationship, will have an important
influence on the system’s safe and stable operation [15–18]. By establishing the electrome-
chanical coupling model of the three-phase AC motor under open-loop voltage-frequency
control mode, Han et al. analyzed the influence of the multi-stage inverter and other
factors on the system torsional fatigue life [19]. Based on the rotor dynamics, the system
dynamics model, which can reflect the torsional-lateral–longitude coupling effect between
the transmission shaft and the integral rear axle assembly, was constructed for analyzing
the multi-dimensional vibration coupling problem of the RWD vehicle transmission sys-
tem [20]. Sopanen et al. studied the mechanical interaction mechanism between the wind
turbine and the permanent magnet direct-driven rotor, and analyzed the influence of four
permanent magnet rotor structures on the mechanical vibration of the wind turbine in
detail [21]. Zhang et al. pointed out that the inertial control technology was often used
to improve the dynamic characteristics of the wind turbines, but this method caused the
coupling between the mechanical subsystem and the electrical subsystem of the wind
turbine, which lead to the torsional vibration of the power transmission system [22]. In
order to solve the torsional vibration of the hybrid vehicle transmission system, an adap-
tive active control controller is proposed in [23]. With electromagnetic factor and load
excitation considered, Sheng et al. analyzed the nonlinear torsional vibration of the shearer
semi-direct drive cutting unit. And the author also pointed out that, under direct-driven
mode, the system torsional vibration dynamic characteristics would be more complex [24].
In order to realize the effective application of the high-power PMSM in the wheel-side
drive system of the electric bus, it is necessary to improve the load adaptability of the
WDTS, and ensure the system torsional vibration is stable under the load disturbance and
the electromechanical coupling excitation of the high-power PMSM. However, owing to
the fact that the torsional vibration energy can be transferred interactively between the
electromagnetic energy of the PMSM and the mechanical energy of the transmission system,
it is impossible to reveal the torsional vibration characteristics of the WDTS, either from the
mechanical force field or from the electromagnetic energy field. The interaction between
the electromagnetic energy field and the mechanical force field will, inevitably, lead to
the system’s self-excited torsional vibration. And the main factors, the torsional vibration
coupling excitations among the electromagnetic parameters of the PMSM, the dynamic
parameters of the mechanical transmission system, and the load disturbance, affect the safe
and stable operation of the system.

In this paper, from the perspective of the global electromechanical coupling, the
dynamic model of the WDTS is established. Then, a virtual simulation experiment platform
is built to verify the accuracy of the dynamic model through the PMSM speed output; based
on the direct multi-scale method, the resonance curve equation for the torsional vibration
response amplitude of the WDTS is determined, and the influences of the motor torque
disturbance and the transmission clearance on the system torsional vibration stability
are analyzed. The structure of this paper is as follows. The electromechanical coupling
dynamic model of the WDTS is established in Section 2; Section 3 shows the analysis and
validation of the constructed dynamic model; Section 4 is the main content of this paper,
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which includes the system model solution and the resonance response analysis, and the
sufficient conditions for the stability of the torsional vibration response of the WDTS are
also determined; and, finally, conclusions are introduced in Section 5.

2. System Electromechanical Coupling Dynamics Modelling

The physical model of the WDTS is shown in Figure 1, where the wheel-side direct-
driven unit of the electric bus is represented in Figure 1a. The wheel-side direct-driven
unit consists of the WDTS and the suspension system. The WDTS mainly includes: the
high-power PMSM; the system transmission shaft; the cardan joint; the wheel hub; and
other connection accessories. And the WDTS can be equivalent to a mass elastic system [25],
composed of several inertial parts and elastic parts, where the elastic parts are used to
describe the torsional deformation of the system transmission shaft and the inertial parts
are used to describe the impact of system quality.

Figure 1. Physical model of the WDTS: (a) wheel-side direct-driven unit; and (b) equivalent transmis-
sion model of the WDTS.

The equivalent transmission model of the WDTS is shown in Figure 1b. ia, ib, and ic
represent the three-phase stator currents of the PMSM, respectively; ua, ub, and uc represent
the three-phase stator input voltages of the PMSM, respectively; θ1 and θ2 are the rotation
angle of the PMSM and the angle of the wheel hub; J1 and J2 show the equivalent moment of
inertia on the PMSM shaft and the moment of inertia of the wheel hub; K and C represent the
torsional stiffness and damping coefficient of the system transmission shaft, respectively; ec
indicates the system transmission clearance; Tm is the electromagnetic torque of the PMSM;
and Tl is the load torque of the wheel hub. Furthermore, the meanings of the symbols
used in this paper are listed in Table A1 in Appendix A. The following assumptions are
made: (1) the self-inductance and the mutual-inductance of each phase winding of the
PMSM are sinusoidal, by ignoring the magnetic saturation and magnetic flux leakage;
(2) the influences of the temperature and the frequency change on the PMSM parameters
are ignored; and (3) the rotor of the PMSM has no eccentricity and the air gap is uniform.

There are five generalized coordinates of the WDTS. The electromagnetic subsystem
includes three parts (e1, e2, and e3), which are the three-phase stator electric charge of the
PMSM, and the mechanical subsystem includes two parts (θ1 and θ2), which are the output
angles of the PMSM and the wheel hub. The generalized coordinates of the WDTS are
shown in Table 1.
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Table 1. Generalized coordinates of the WDTS.

Generalized
Coordinates

Electromagnetic Subsystem Mechanical Subsystem

Stator
of the PMSM

Output Angles
of the PMSM

Output Angles
of the Wheel Hub

j = 1 j = 2 j = 3 j = 4 j = 5

qj e1 e2 e3 θ1 θ2
.
qj ia ib ic

.
θ1

.
θ2

Qj ua ub uc Tm Tl

The generalized kinetic energy of the WDTS includes the kinetic energy of the me-
chanical subsystem and the magnetic energy of the electromagnetic subsystem. Among
them, the kinetic energy of the mechanical part mainly includes the kinetic energy of the
PMSM shaft rotation and the wheel hub rotation, which can be expressed as:

Em =
1
2

J1
.
θ

2
1 +

1
2

J2
.
θ

2
2 (1)

The magnetic field energy of the PMSM mainly includes the magnetic energy gener-
ated by the three-phase stator current (Wm1) and the magnetic energy generated by the
interaction of the flux linkage, caused by the permanent magnet rotor, and the stator current
(Wm2), which can be shown as:

Wm =
1
2

α=a,b,c

∑
α

β=a,b,c

∑
β

Lαβiαiβ︸ ︷︷ ︸
Wm1

+ iaψ f cos θ1 + ibψ f cos(θ1 −
2
3

π) + icψ f cos(θ1 +
2
3

π)︸ ︷︷ ︸
Wm2

= 1
2 Laia

2 + 1
2 Lbib

2 + 1
2 Lcic

2 + Hiaib + Hiaic + Hibic+

iaψ f cos θ1 + ibψ f cos(θ1 − 2
3 π) + icψ f cos(θ1 +

2
3 π)

(2)

where, La, Lb, and Lc are the self-inductance coefficients of the three-phase stator winding of
the PMSM; H represents the mutual-inductance coefficient of the three-phase stator winding
of the PMSM; and ψ f is the flux linkage of the permanent magnet rotor for the PMSM.

The potential energy of the WDTS is the elastic potential energy caused by the torsional
deformation of the transmission shaft. The transmission shaft and the wheel hub are
connected by the Birfield ball-joint, and the power of the transmission shaft is transmitted
to the Birfield ball-joint through the spline. The wear of the spline during operation will
lead to the transmission clearance. Under the direct-driven condition, the influence of the
transmission clearance on the system torsional vibration stability is more prominent. The
transmission clearance model is considered as [26]:

f θ1 − θ2 =
(θ1 − θ2 − ec) + (θ1 − θ2 − ec)3 (θ1 − θ2) > ec > 0

0 − ec ≤ x ≤ ec

(θ1 − θ2 + ec) + (θ1 − θ2 + ec)3 (θ1 − θ2) < − ec < 0

(3)

Then the system stiffness can be expressed as Fk = K f (θ1 − θ2), and the system
potential energy can be shown as:

Um =
1
2

K f 2(θ1 − θ2) (4)
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The dissipation function of the WDTS consists of the electromagnetic subsystem
consumption and the mechanical subsystem consumption, which can be expressed as:

Fc =
1
2

Raia
2 +

1
2

Rbib
2 +

1
2

Rcic
2 +

1
2

C(
.
θ1 −

.
θ2)

2
(5)

where, Ra, Rb, and Rc are the three-phase stator winding resistances of the PMSM, respectively.
The generalized forces of the electromagnetic part are the three-phase stator voltages.

The generalized force corresponding to the PMSM angle is its electromagnetic torque (Q4).
The generalized force corresponding to the angle of the wheel hub is the load torque (Q5),
and the generalized forces of the mechanical part can be represented as:{

Q4 = Tm
Q5 = Tl

(6)

The Lagrange-Maxwell equation [27,28] is:

d
dt
(

∂Lg

∂
.
qj

)−
∂Lg

∂qj
+

∂Fc

∂
.
qj

= Qk, j = 1, 2, 3, 4, 5 (7)

where, Lg is the Lagrange operator. For the WDTS, Lg can be shown as:

Lg = Em + Wm −Um (8)

By substituting Equations (1) and (2), and (4)–(6) into Equation (7), for the A-phase
stator winding, with q1 = e1, the voltage equation can be expressed as:

La
dia

dt
+ H

dib
dt

+ H
dic

dt
− ψ f

.
θ1 sin θ1 + Raia = ua (9)

Similarly, for the B-stator winding and the C-stator winding, the voltage equations can
be shown as:

Lb
dib
dt

+ H
dia

dt
+ H

dic

dt
− ψ f

.
θ1 sin(θ1 −

2
3

π) + Rbib = ub (10)

Lc
dic
dt

+ H
dia

dt
+ H

dib
dt
− ψ f

.
θ1 sin(θ1 +

2
3

π) + Rcic = uc (11)

For the mechanical part, when the generalized coordinate is the PMSM angle, the
motion equation of the PMSM angle is obtained as:

J1
..
θ1 + C(

.
θ1 −

.
θ2) + K f (x) =

−iaψ f sin θ1 − ibψ f sin(θ1 − 2
3 π)− icψ f sin(θ1 +

2
3 π)

(12)

Similarly, the motion equation of the wheel hub angle can be obtained as:

J2
..
θ2 − C(

.
θ1 −

.
θ2)− K f (x) = Tl (13)

By connecting Equations (9)–(13), the dynamic model for the electromechanical cou-
pling torsional vibration of the WDTS can be shown as:
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

La
dia
dt + H dib

dt + H dic
dt − ψ f

.
θ1 sin θ1 + Raia = ua

Lb
dib
dt + H dia

dt + H dic
dt − ψ f

.
θ1 sin

(
θ1 − 2

3 π
)
+ Rbib = ub

Lc
dic
dt + H dia

dt + H dib
dt − ψ f

.
θ1 sin

(
θ1 +

2
3 π
)
+ Rcic = uc

J1
..
θ1 + C

( .
θ1 −

.
θ2

)
+ K f (x) = −iaψ f sin θ1−

ibψ f sin
(
θ1 − 2

3 π
)
− icψ f sin

(
θ1 +

2
3 π
)

J2
..
θ2 − C

( .
θ1 −

.
θ2

)
− K f (x) = Tl

(14)

In order to facilitate the theoretical analysis and the numerical calculation, the Clark
transform (C3s/2s) and the Park transform (C2s/2r) are introduced to transfer the stator
currents of the PMSM from the three-phase static coordinate system to the two-phase
rotating coordinate system. And the transformation matrixes are shown as:

C3s/2s =
2
3

[
1 −1/2 −1/2

0
√

3/2 −
√

3/2

]

C2s/2r =

[
cos θ1 sin θ1

− sin θ1 cos θ1

] (15)

Then, in the two-phase rotating coordinate, the current equations of the PMSM can be
expressed as:[ .

ID.
IQ

]
=

 − R
LD

LQ
LD

ωe

− LD
LQ

ωe − R
LQ

[ ID
IQ

]
+

[
0

− ψ f
LQ

ωe

]
+

[ 1
LD

0

0 1
LQ

][
uD
uQ

]
(16)

where, uD and ID are the stator direct-axis voltage and current of the PMSM, respectively.
uQ and IQ are the stator quadrature-axis voltage and current of the PMSM, respectively. we
is the electric angular speed of the PMSM (ωe = Mω1) and M is the pole-pair of the PMSM.
LD and LQ are the D–Q axis inductance component. The PMSM used in our paper is the
surface-mounted PMSM and LD = LQ.

The electromagnetic torque equation is expressed as:

Tm =
3
2
M
(
ψD IQ − ψQ ID

)
=

3
2
M
[
ψ f IQ +

(
LD − LQ

)
ID IQ

]
=

3
2
Mψ f IQ (17)

Considering that when the angle difference of the transmission shaft is greater than
the positive critical value (ec) and less than the negative critical value (−ec), the system
dynamics behaviors are similar. Therefore, the dynamic characteristics of the WDTS are
considered when the angle difference of the transmission shaft is greater than the positive
critical value (ec). Furthermore, by defining ω1 =

.
θ1, ω2 =

.
θ2, ϑ = θ1− θ2, and LD = LQ = L,

the dynamic model with electromagnetic parameters decoupled of the WDTS of the electric
bus can be expressed as:

.
ID = uD

L −
R
L ID + ωe IQ

.
IQ =

uQ
L −

R
L IQ −ωe ID − ωe

L ψ f
.
ϑ = ω1 −ω2
.

ω1 = 1
J1

[
−C(ω1 −ω2)− K

[
(ϑ− ec) + (ϑ− ec)

3
]
− 3Mψ f

2 IQ

]
.

ω2 = 1
J2

[
C(ω1 −ω2) + K

[
(ϑ− ec) + (ϑ− ec)

3
]
+ Tl

]
(18)
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3. System Model Analysis and Verification

Considering that Equation (18) is the nonlinear differential equations, it is difficult
to get the analytical solution. Therefore, based on Equation (18), the virtual simulation
platform for the WDTS is constructed by MATLAB2015b/Simulink, which is shown in
Figure 2. And the numerical simulation analysis of the WDTS is carried out, for the purpose
of finding out the system characteristics and providing reference for the PMSM excitation
simplification. The physical parameters of the WDTS are shown as: R = 5.60 Ω, L = 0.012 H,
ψf = 0.125 Wb, J1 = 25.28 Kg·m2, J2 = 1200 Kg·m2, C = 100 N·m·s/rad, K = 106 N·m/rad,
and M = 4.

Figure 2. Virtual simulation platform of the WDTS: 1. Voltage amplitude; 2. Voltage transmitter
module; 3. Coordinate positive transformation module (C3s/2s + C2s/2r); 4. PMSM module; 5. In-
verse coordinate transformation module; 6. Three-phase stator current display module; 7. Torque
conversion module; 8. PMSM speed display module; 9. wheel hub speed display module; 10. Motion
equation module; 11. Voltage frequency; 12. Voltage initial phase.

The WDTS is driven by the high-power PMSM which is a typical synchronous motor.
Thus, under the steady-state operation, the speed formula of the synchronous motor is
applied to compare the output speed of the PMSM in the constructed WDTS model. The
calculation formula of the synchronous motor speed is ω1 = 60 fz/M and fz is the stator
voltage frequency of the PMSM. The three-phase stator voltage frequencies of the PMSM are
given as 10 Hz, 15 Hz, and 20 Hz. Substituting the relevant physical parameters, the stable
output speeds of the PMSM should be 150 r/min, 225 r/min, and 300 r/min, according
to the calculation formula of the synchronous motor speed. On the virtual simulation
platform of the WDTS, when the three-phase stator voltage frequencies of the PMSM are
10 Hz, 15 Hz, and 20 Hz, the output speed curves of the PMSM are obtained as Figure 3.

It is seen from Figure 3 that under the set three-phase stator voltage frequencies, the
steady-state values of the PMSM speed by the virtual simulation platform are consistent
with the calculation results of the synchronous motor speed calculation formula, which
verifies that the constructed WDTS electromechanical coupling dynamic model can play
a certain role in simulating the actual system under the steady-state situation.
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Figure 3. Output speeds waveform diagram of the PMSM under different voltage frequencies in the
virtual simulation platform of the WDTS.

Moreover, it is obvious that there is a typical non-stationary transition process before
the PMSM speed reaches the steady-state value. And the existence of this non-stationary
transition process has already been discussed in our previous work [29]. Taking the
three-phase stator voltage frequency of the PMSM as 20 Hz, the three-phase stator current
curves of the PMSM and the quadrature-axis current curve of the PMSM after coordinate
transformation are drawn in Figure 4.

Figure 4. Three-phase stator current and quadrature-axis current curves of the PMSM in the start-up
phase (fz = 20 Hz): (a) three-phase stator current; and (b) quadrature-axis current.

Due to the inductance coefficients, the PMSM itself has inertia effect, and then there is
an obvious oscillation phenomenon, during 0–0.15 s, before the PMSM three-phase stator
current reaching the stable values in the start-up stage, which is shown in Figure 4a. Also,
it is seen from Figure 4b that the quadrature-axis current of the PMSM oscillation converges
to a stable value. Because the PMSM output torque is proportional to its quad-rature-axis
current, this non-stationary transition process will inevitably affect the PMSM output
torque, and then affect the dynamic characteristics of the WDTS.

4. System Model Solving and Resonance Analysis

For the WDTS, the mechanical part and the electrical part are connected by the PMSM
output torque. Through the analysis in Section 3, it is found that there is an obvious



World Electr. Veh. J. 2022, 13, 46 9 of 14

non-stationary transition process in the start-up stage of the PMSM. Obviously, this non-
stationary transition process is related to many factors. And its analytical expression is hard
to be established. Thus, as a function can be expanded into the form of Fourier series. Tm is
represented as a cosine function for equivalently describing the non-stationary transition
process [30]. Then the influences of the temperature and the frequency change on the
PMSM dynamic characteristics are ignored [31–33]. And the output torque of the PMSM in
the start-up stage is taken as:

Tm = F cos(Ωt) (19)

where, F is the initial disturbance amplitude of the PMSM output torque; Ω represents the
disturbance frequency.

Through taking x = θ1 − θ2,
.
x = ω1 −ω2, and

..
x =

.
ω1 −

.
ω2, and subtracting the fifth

form from the fourth form of Equation (18), the torsional vibration equation of the WDTS
can be obtained as:

..
x + µ

.
x + w2

0x− bx2 + ax3 = F cos(Ωt) (20)

where, µ = J1+J2
J1 J2

C, a = J1+J2
J1 J2

K, w2
0 = J1+J2

J1 J2
K
(
1 + 3e2

c
)
, b = 3 J1+J2

J1 J2
Kec.

The direct multi-scale method is used to solve Equation (20) [34,35]. Then, a small
parameter (ε) is introduced for the nonlinear term of Equation (20), and the new variables
are defined as:

Tn = εnt, n = 0, 1 (21)

It is easy to know that the first and second derivatives with respect to t can be expressed as:{ d
dt = D0 + εD1 + · · ·
d2

dt2 = D2
0 + 2εD0D1 + ε2(D2

1 + 2D0D2
)
· · ·

(22)

where Di = ∂/∂Ti.
Then, the solution of Equation (20) can be expressed as:

x(t, ε) = x0(T0, T1) + εx1(T0, T1) (23)

where, x0 is the zero-order approximate solution of Equation (20), x1 is the first-order
approximate solution of Equation (20).

Through substituting Equations (22) and (23) into Equation (20), the coefficients of ε0

and ε1 can be concluded as:
ε0 : D2

0x0 + w2
0x0 = 0 (24)

ε1 : D2
0x1 + 2D0D1x0 + w2

0x1 + µD0x0 − bx2
0 + ax3

0 = F cos(ΩT0) (25)

The general solution of Equation (24) can be written as:

x0 = Ak(T1) exp(iw0T0) + Ak(T1) exp(−iw0T0) (26)

where, Ak is the conjugate function of Ak; and i represents the imaginary unit.
The system main resonance is considered, and the tuning parameter is introduced as

σ. Then, the disturbance frequency can be defined as:

Ω = w0 + εσ (27)

By substituting Equations (26) and (27) into Equation (25), the secular terms are
eliminated, and then one can obtain that:

iw0
(
2A′k + µAk

)
− 3aA2

k Ak −
1
2

F exp(iσT1) = 0 (28)
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The exponential form of Ak is expressed as:

Ak =
1
2

p(T1) exp(iλ(T1)) (29)

where p and λ are the amplitude and the phase of Ak, respectively.
By substituting Equation (29) into Equation (28) and separating the real part and

imaginary part of the result, the system average equation in polar coordinate form can be
obtained as:  pD1γ = pσ− 3

8w0
ap3 + F

2w0
cos(γ)

D1 p = − 1
2 µp + F

2w0
sin(γ)

(30)

where γ = σT1 − λ.
Therefore, according to Equation (30), the first approximate solution of the system

torsional vibration equation can be shown as:

x = p cos(w0t + λ) + o(ε) (31)

For the stable response of the torsional vibration of the WDTS, it is easy to get that
D1p = 0 and D1γ = 0. By eliminating γ from Equation (30), it is obtained that:

9
64w2

0
a2 p6 − 3

4w0
aσp4 +

(
1
4

µ2 + σ2
)

p2 − F2

4w2
0
= 0 (32)

Equation (32) is the resonance curve equation of the torsional vibration response
amplitude of the WDTS, which is the function of the tuning parameters, the PMSM torque
disturbance excitation amplitude and the system transmission clearance.

Furthermore, the stability of the torsional vibration response of the WDTS is deter-
mined by analyzing the singularity of Equation (30). The stable periodic solution is defined
as (p0, γ0). And the perturbation variable of the steady periodic solution is introduced as:{

p = p0 + p1
γ = γ0 + γ1

⇒
{

D1 p = D1 p1
D1γ = D1γ1

(33)

where, p1 and γ1 are the small disturbances.
The first-order approximate equation of Equation (30) near the steady-state value is

listed as: 
D1 p1 = − 1

2 µp1 +
(

3
8w0

ap3
0 − p0σ

)
γ1

D1γ1 = − 1
2 µγ1 +

1
p0

(
σ− 9a

8w0
p2

0

) (34)

The characteristic equation of Equation (34) is:

κ2 + µκ − 1
p0

(
3

8w0
ap3

0 − p0σ

)(
σ− 9a

8w0
p2

0

)
+

1
4

µ2 = 0 (35)

Based on the Lyapunov first-order approximate stability criterion [36], because µ is
greater than 0, the stability sufficient condition for the steady-state nontrivial solution of
the system torsional vibration response of the WDTS is:

1
4

µ2 − 1
p0

(
3

8w0
ap3

0 − p0σ

)(
σ− 9a

8w0
p2

0

)
> 0 (36)

Figure 5 shows the influence of PMSM torque disturbance amplitude on the amplitude
frequency response curve of the main resonance for the torsional vibration of the WDTS.
It is seen that with the increase of PMSM torque disturbance amplitude, the main reso-
nance response amplitude of the WDTS increases. And the increase of the PMSM torque
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disturbance amplitude will not lead to the change of the response curve spine line, which
indicates that the increase of the PMSM torque disturbance amplitude will not affect the
resonance region of the system torsional vibration.

Figure 5. Influence of PMSM torque disturbance amplitude on the amplitude frequency response
curve of the main resonance for the torsional vibration of the WDTS.

It is found from Figure 6a that with the increase of the transmission clearance, the
resonance region of the amplitude frequency response curve of the main resonance for the
system torsional vibration becomes larger, which means that the transmission clearance
will exacerbate the torsional vibration instability of the WDTS. And it is shown that when
ec = 0, the response curve is basically symmetrical and the resonance frequency is in a very
narrow band, corresponding to the linear forced vibration. However, when ec 6= 0, the
response curve is bent, which corresponds to the nonlinear forced vibration. Therefore,
when the transmission clearance is considered, the torsional vibration of the WDTS presents
complex nonlinear characteristics.

Figure 6. Influence of the transmission clearance on the amplitude frequency response curve of the
main resonance for the torsional vibration of the WDTS: (a) influence law of different transmission
clearance; and (b) amplitude jump phenomenon.
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On the other hand, it is found from Figure 6b that the nonlinear forced vibration
shows the multivalued nature of the system torsional vibration solution. Within the initial
disturbance frequency range of the PMSM, the system torsional vibration response has
three solutions, of which there are two stable solutions and one unstable solution, and the
amplitude jump and bifurcation phenomenon occurs in this region. Taking ec = 0.005 rad
as an example, when the initial disturbance frequency of the PMSM increases gradually,
the path of the system amplitude frequency response curve is: A→B→C. When it reaches
the critical point C, with the further increase of the initial disturbance frequency of the
PMSM, the system torsional vibration amplitude response jumps from point C to point D.
When the initial disturbance frequency of the PMSM decreases gradually, the path of the
system amplitude frequency response curve is: D→E. When it reaches the critical saddle
point E, with the further decrease of the initial disturbance frequency of the PMSM, the
system torsional vibration amplitude response skips from point E to point B. This jumping
phenomenon of the response amplitudes will cause the fatigue damage to the WDTS of the
electric bus, which must be restrained in the practical application.

5. Conclusions

The dynamic model for the electromechanical coupling torsional vibration of the
WDTS is constructed. And based on the direct multi-scale method and the Lyapunov
first-order approximate stability criterion, the influences of the transmission clearance and
the PMSM torque disturbance on the system torsional vibration stability are analyzed. The
results are shown as:

(i) Under the steady-state operation, with the drive voltage signals of different frequen-
cies applied, the numerical results of the PMSM speed of the constructed WDTS dy-
namic model are consistent with the theoretical calculation results of the synchronous
motor speed. Then, the effectiveness of the constructed model is verified;

(ii) For the non-stationary transition process in the start-up stage of the PMSM, a cosine
function disturbance excitation is used to describe it. From the amplitude frequency
characteristic curve of the system torsional vibration response, it is seen that with the
increase of the PMSM torque disturbance amplitude, the main resonance response
amplitude of the WDTS will increase, but it will not affect the resonance region of the
system torsional vibration, and, in actual application, the PMSM torque disturbance
amplitude should be suppressed; and

(iii) With the increase of the transmission clearance, the system torsional vibration re-
sponse shows complex nonlinear characteristics, which is manifested by the jump and
bifurcation of the system torsional vibration response amplitudes. This phenomenon
will cause fatigue damage to the WDTS, which should be effectively suppressed in
the actual application. According to the analysis results of this paper, it can provide
an important reference for the efficient utilization of the WDTS in the electric bus.
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Appendix A

Table A1. List of symbols.

Symbols Meanings

J1 equivalent moment of inertia on the PMSM shaft
J2 moment of inertia of the wheel hub
θ1 rotation angle of the PMSM
θ2 angle of the wheel hub
ua A-phase stator input voltage of the PMSM
ub B-phase stator input voltage of the PMSM
uc C-phase stator input voltage of the PMSM
ia A-phase stator current of the PMSM
ib B-phase stator current of the PMSM
ic C-phase stator current of the PMSM
Ra A-phase stator winding resistance of the PMSM
Rb B-phase stator winding resistance of the PMSM
Rc C-phase stator winding resistance of the PMSM
La self-inductance coefficient of the a-phase stator winding
Lb self-inductance coefficient of the b-phase stator winding
Lc self-inductance coefficient of the c-phase stator winding
ψ f magnetic potential of the permanent magnet rotor of the PMSM
K torsional stiffness of the system transmission shaft
C damping coefficient of the system transmission shaft
ec system transmission clearance
Tm electromagnetic torque of the PMSM
Tl load torque of the wheel hub
we electric angular speed of the PMSM
uD stator direct-axis voltage of the PMSM
ID stator direct-axis current of the PMSM
uQ stator quadrature-axis voltage of the PMSM
IQ stator quadrature-axis current of the PMSM
fz stator voltage frequency of the PMSM
M pole-pair of the PMSM
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