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Abstract: A noticeable challenge for a multi-load wireless power transfer system is to achieve stable
power transfer under a dynamic change in coupling conditions. It was proposed that the parity–time
symmetric wireless power transfer (PT-WPT) system can achieve stable output efficiency for a single
receiver when tuned at the purely real eigenfrequency. However, in the case of higher order, PT
symmetric systems usually cannot maintain the real eigenfrequency. To address the issue, a high-
order PT-WPT model was established using coupled mode theory (CMT) theory in this paper, and the
eigenfrequency of the multi-load PT-WPT system was analyzed. Here, we propose that, theoretically,
the system can work at the purely real eigenfrequency by impedance matching. The transfer efficiency
of the multi-load PT-WPT system when the system works at the real eigenfrequency was analyzed.
The results of the numerical simulation show that the multi load PT-WPT system can maintain stable
output efficiency under a dynamic change in coupling conditions. In the long run, our work provides
a new possibility for the stable transmission of the multi-load wireless power transfer system.

Keywords: coupled mode theory; wireless power transfer; multiple loads; parity–time symmetry

1. Introduction

Wireless power transfer technology can provide energy for electronic devices without
a power cord, which is conducive to improving charging flexibility. Presently, wireless
power transfer is widely used in consumer electronics, electric vehicles, and implantable
sensors [1–6]. However, current studies mainly focus on single load scenarios. With the
increasing number of wireless power transfer scenarios, how to provide energy for multiple
loads at the same time has become a research hotspot in the field of wireless power transfer.

In order to meet the wireless power supply demand for the multi-load scenario, a
few studies have been conducted. Firstly, increasing the area of transmitting coils is a
simple method to provide power to multiple loads, but a single transmitting coil limits
the spatial freedom of the receiving coils [7,8]. In [9], the energy is transmitted to multiple
receivers by constructing a transmitting coil array to increase the spatial freedom of the
receiving coils, while the mutual inductance between transmitting coils will reduce the
efficiency of the system. To solve this problem, an omnidirectional WPT system using
three orthogonal coils as transmitters was proposed [10,11]. Orthogonal coils could avoid
mutual inductance between transmitting coils. However, the efficiency of the system will
be affected significantly by the position of the receiving coils. Similar works have been
conducted in [12–14]. However, such problems have not been resolved. Furthermore, for
the commonly used power transfer scheme, complex topology and control strategy are
necessary under a dynamic change in coupling conditions.

Parity–time symmetry is a theory from quantum mechanics, which has a very wide
range of applications in nonlinear optics. A PT-symmetric system usually has two phases.
In the exact phase, the eigenfrequency of the system is a real number, and the energy
can flow uniformly and repeatedly between the gain region and the attenuation region.
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In the broken phase, the energy of the gain region and attenuation region will change
exponentially [15]. Assawaworrarit et al. first applied it to wireless power transfer and
proposed a classical second-order PT-WPT model, which realized the stability of trans-
mission efficiency in the range of 1 m through the frequency-tracking method using the
characteristics of the PT symmetric system in the exact phase [16]. Then, Zhou et al. used
a self-excited controlled inverter to increase the output power of the PT-WPT system to
hundreds of watts [17]. However, their studies only considered the case of one load. Zeng
et al. extended the parity–time symmetry to a higher-order domain, and proposed a PT-
WPT system with relay coil [18]. Luo et al. established the model of the multiload PT-WPT
system using the circuit theory [19], but they only analyzed the transfer characteristics and
power distribution of the system under the second-order condition, and the characteristics
of the PT-WPT system under greater load conditions were not analyzed. Therefore, it
is of great significance to study the output characteristics of the PT-WPT system in the
high-order case to build a stable multi-load wireless power transfer system.

The main contribution of this paper is the proposal of a high-order PT-symmetric
scheme for the WPT system with any receivers. In this paper, a CMT model of the multi-load
PT-WPT system was established and the eigenfrequency of the system was solved. Notably,
the eigenfrequency cannot spontaneously remain real in the multi-load PT-WPT system.
To make the system work at the real eigenfrequency, a practical and simple impedance
matching strategy was proposed. In addition, the efficiency of the multi-load PT-WPT
system with a different number of loads was analyzed in detail. In this research, the multi-
load PT-WPT system can work at the real eigenfrequency stably and efficiently, especially
in the weak coupling region, which means a wider range of axial transfer distances and
lateral misalignment for multiple loads.

This paper is organized as follows. In Section 2, a high-order PT-WPT model is
established using coupled mode theory (CMT) theory. In Section 3, the eigenfrequency of
the multi-load PT-WPT system is analyzed and a specific impedance matching strategy
is described. In Section 4, the efficiency of the multi-load PT-WPT system with different
numbers of loads is analyzed by numerical simulation. In Section 5, a conclusion is drawn,
and a future application of the proposed method is suggested.

2. Materials and Methods
2.1. Coupled Mode Equation of the Multi-Load WPT System

The schematic diagram of the multi load WPT system is shown in Figure 1. The system
consists of a transmitting coil TX and n receiving coils Rx. The coupled mode theory is
a powerful tool to study the power and efficiency of the system in the strong coupling
state [20,21]. The input of the system is S+, and the coupled mode equation of the system
can be expressed as follows [22]:

da0
dt = −(jω0 + Γ0 + ΓL0)a0 +

n
∑
1

jkiai + S+

dai
dt = −(jω0 + Γi + ΓLi)ai + ∑

i 6=m
jkimam + jkia0

(1)

where |a0|2 and |ai|2 correspond to the energy in the transmitting coil and the i-th
receiving coil, respectively; ω0 is the resonant frequency of the resonant coil; ki is the
coupling rate of the transmitting coil and the i-th receiving coil; and kim is the coupling rate
between the i-th receiving coil and the m-th receiving coil. It is assumed that the coupling
rate between the receiving coils can be negligible. Γi is the load loss of the i-th coil and ΓLi
is the loss of the i-th coil itself.
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They have the following relationships:

ΓL0 =
RL0

2Li
, Γ0 =

−R0

2Li
, ΓLi =

RLi
2Li

, Γi =
Ri
2Li

, ki =
ω0Ki

2
(2)

where Ki is the coupling coefficient between transmitting coil and the i-th receiving coil,
Ri is the load resistance, Li is the inductance of receiving coil, and −R0 is the equivalent
negative resistance of transmitter.

2.2. High-Order Multi-Load PT-WPT System

The characteristic equation of the PT symmetric system can remain unchanged when
parity and time are reversed. The single load nonlinear PT-WPT symmetric model can be
realized using an operational amplifier to construct negative resistance. Figure 2a shows
the structural diagram of negative resistance, which is realized by an operational amplifier
and three resistors. Figure 2b shows the equivalent circuit diagram of the PT-WPT system.
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Owing to the saturation voltage of the operational amplifier, the structure in Figure 2a
is equivalent to a nonlinear negative resistance R0, which is

− R0 =
−R f 1R f 3

R f 2
(3)

The equivalent negative resistance −R0 will act as a power supply, input the power to
the resonant circuit at the transmitter, and then complete the power transmission through
the magnetic coupling between the transmitter and the receiver.
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In order for the system to be in PT symmetrical state, the parameters at both transmitter
and receivers need to remain unchanged when time and parity are reversed at the same
time, which means that the gain rate of the equivalent circuit should be equal to the loss
rate. Thus, the equivalent circuit needs to meet the following constraints [18]:{

ωT = ωR = ω0

−−R0+RL0
LT

= RL1+R1
LR

(4)

where ωT is the resonant frequency of transmitting coil and ωR is the resonant frequency
of the receiving coil. On this basis, we proposed a model for the multi-load PT-WPT
system. The circuit structure diagram of the series PT-WPT system with n-loads is shown
in Figure 3.
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According to the theory in [21], in order to obtain a PT symmetric wireless power
transfer system, the parameters of the transmitting coil and the receiving coils should be
symmetrical, and the following conditions should be met:

Γ0 + ΓL0 = −Γi − ΓLi, ΓL0 = ΓLi (5)

3. Analysis of the Eigenfrequency of the Multi-Load PT-WPT System

Using the methods in [20], we set a zero return wave to achieve the zero reflection
states. In this case, the equivalent eigenfrequency can be obtained:

H


a0
a1
...

an

 = jω


a0
a1
...

an

 (6)
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where the Hamiltonian is

H =



jω0 + Γ0 + ΓL0 −jk1 −jk2 · · · −jkn
−jk1 jω0 + Γ1 + ΓL1 0 · · · 0

−jk2 0 jω0 + Γ2 + ΓL2 · · ·
...

...
...

...
. . . 0

−jkn 0 · · · 0 jω0 + Γn + ΓLn

 (7)

To find the eigenfrequency, we solve the equation |H − jωI| = 0 (where I is an
identical matrix). Assuming Γ0 + ΓL0 = Γ′0, the Hamiltonian can be written as follows:

H =



jω0 + Γ′0 −jk1 −jk2 · · · −jkn
−jk1 jω0 − Γ′0 0 · · · 0

−jk2 0 jω0 − Γ′0 · · ·
...

...
...

...
. . . 0

−jkn 0 · · · 0 jω0 − Γ′0

 (8)

To find the eigenfrequency, the equation |H − jωI| = 0 (where I is an identical matrix)
should be solved.

After matrix transformation, we can write the H − jωI as follows:

H− jωI =



j∆ω + Γ′0 +

n
∑

i=1
k2

i

[j∆ω−Γ′0]
n −jk1 −jk2 · · · −jkn

0 j∆ω− Γ′0 0 · · · 0

0 0 j∆ω− Γ′0 · · ·
...

...
...

...
. . . 0

0 0 · · · 0 j∆ω− Γ′0


(9)

where ∆ω = ω0 − ω, then the characteristic equation can be obtained:

[
j(ω0 −ω) + Γ′0

][
j(ω0 −ω)− Γ′0

]n
+

n

∑
i=1

k2
i = 0 (10)

Ignoring the loss of the coil itself (ΓL0), when n = 1, the characteristic equation can be
written as follows: [

j(ω0 −ω) + Γ′0
][

j(ω0 −ω)− Γ′0
]
+ k2

1 = 0 (11)

The eigenfrequencies of PT-WPT system are as follows:

ω = ω0 ±
√

k1
2 − Γ′0

2 (12)

When n = 1, the system is a one-load WPT system. At this time, it does not need to
meet the phase condition and impedance matching operation to make the system run at the
eigenfrequency. The system can run stably at the exact phase only with a nonlinear initial
gain [23]. According to Formula (12), when the resonant angular frequency = 1 × 107 rad/s,
Ri = 50 Ω, Li = 50 µH, RLi = 2.5 Ω, and the coupling coefficient K of the three receiving
coils varies from 0 to 1. The eigenfrequencies of the PT-WPT system are shown in Figure 4
(Using Matlab 2020b).
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Figure 4. Operating frequency of the one-load PT-WPT system (the system parameters are as follows:
the resonant angular frequency of the coil is set to 1 × 107 rad/s, Ri is 50 Ω, Li is 50 µH, RLi is 2.5 Ω,
and the coupling coefficient K of the three receiving coils varies from 0 to 1).

From Figure 4, it can be observed that there are two states in the system: the strong
coupling mode and conventional resonant mode. The strong coupling mode is called the
PT symmetric region (k1 ≥ Γ’0), which means the system is run at the exact phase. In
this region, the gain coefficient and loss coefficient are equal, while the other region is the
conventional resonant mode (k1 < Γ’0).

When n > 1, in order to obtain the solutions of the characteristic equation, both the
phase condition and the amplitude condition must be satisfied. The first step is to determine
the real solutions of the eigenfrequency, and Equation (8) can be written as follows:

[
(ω0 −ω)2 + Γ′0

2
][

j(ω0 −ω)− Γ′0
]n−1

=
n

∑
i=1

k2
i (13)

After transformation, it can be changed into the following:

(√
(ω0 −ω)2 + Γ′0

2
)n−1

 j(ω0 −ω)− Γ′0√
(ω0 −ω)2 + Γ′0

2

n−1

=

n
∑

i=1
k2

i

(ω0 −ω)2 + Γ′0
2

(14)

Therefore, the real solutions of the eigenfrequency should satisfy the following re-
quirements: (√

(ω0 −ω)2 + Γ′0
2
)n−1[

(ω0 −ω)2 + Γ′0
2
]
=

n

∑
i=1

k2
i (15)

On this basis, the eigenfrequency of the system can be obtained as follows:

ω = ω0 ±

√√√√ n+1

√
n

∑
i=1

k2
i − Γ′0

2 (16)

The stable eigenfrequency can be obtained only when the following specific conditions
are satisfied:

(ω0 −ω)

−Γ′0
= sin(

kπ

n− 1
), k is an integer (17)

In other words, when the coupling coefficient changes, the resistance parameters of
the circuit need to be adjusted to ensure that the PT-WPT system always works at the
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intrinsic frequency. Combining Equations (16) and (17), we can get the rules of impedance
matching as follows:

Γ′0 =

√√√√√√√ n+1

√
n
∑

i=1
k2

i

1 + sin2( kπ
n−1 )

, k is an integer (18)

The critical condition for the circuit in strong coupling state is Γ’0 > ΓLi.
Substituting Formulas (2) and (5) into Formula (18), the resistance value that makes

the PT symmetrical wireless power transfer system stable can be deduced as follows:

R0 = −2LiΓ′0 + RL0, Ri = 2LiΓ′0 − RL0 (19)

Only when the impedance of the system meets the condition of Formula (19) does
the multi-load PT-WPT system have real solutions. At this point, the real solutions of
eigenfrequency can be rewritten as follows:

ω = ω0 ±

√√√√√√√ sin2( kπ
n−1 )

n+1

√
n
∑

i=1
k2

i

1 + sin2( kπ
n−1 )

, k is an integer (20)

Taking n = 3 as an example, the resonant frequency of the coil is set to 100 kHz,
and the coupling rate K of the three receiving coils varies from 0 to 0.2. The change in
eigenfrequency of the three-load PT-WPT system under this control method is shown in
Figure 5.
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and the coupling coefficient K of the three receiving coils varies from 0 to 0.2).

As shown in Figure 5, the multi-load PT-WPT system has two eigenfrequencies, both
being purely real when using the impedance matching strategy according to Formula (19).
This means the system satisfies the PT symmetry condition and energy can flow efficiently
between the gain region and the loss region without frequency tracking. From this point of
view, such a PT-WPT system can be regard as a highly practical WPT strategy.
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4. The Efficiency of the PT-WPT System

According to the above analysis of the single-load PT-WPT system, when the frequency
is ω = ω0 and the gain coefficient is Γ10 + k2 / Γ’0, the efficiency expression of the single-load
PT-WPT system in the conventional resonant mode and the strong coupling mode can be
obtained as follows:

η =
Γ1|a1|2

ΓL0|a0|2 + (Γ1 + ΓL1)|a1|2
=

{ Γ1
ΓL0+Γ1+ΓL1

k1 ≥ Γ′0
k2Γ1

[ΓL0(Γ1+ΓL1)+k2](Γ1+ΓL1)
k1 < Γ′0

(21)

When the resonant angular frequency = 1 × 107 rad/s, Ri = 50 Ω, Li = 50 µH,
RLi = 2.5 Ω, and the coupling coefficient K of the three receiving coils varies from 0 to
1. The transfer characteristics of the PT-WPT system when n = 1 are shown in Figure 6.
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Figure 6. The transfer characteristics of the single-load PT-WPT system (the system parameters are
as follows: the resonant angular frequency of the coil is set to 1 × 107 rad/s, Ri is 50 Ω, Li is 50 µH,
RLi is 2.5 Ω, and the coupling coefficient K of the three receiving coils varies from 0 to 1).

According to Figure 6, when k1 < 0.105, the system is in the conventional resonant
mode, and the system efficiency changes with the value of k1. After the coupling coefficient
reaches 0.105, the system can maintain stable operation efficiency, which is only related to
the inherent parameters.

When n > 1, because of the phase angle requirement in the eigenfrequency characteris-
tic equation, the impedance should be matched both at the transmitting and the receiving
ends to make the circuit work at the eigenfrequency required by PT symmetry. When
Γ’0 > ΓLi, the system is in strong coupling mode and its efficiency can be expressed as
follows:

η =

n
∑

i=1
Γi

ΓL0 +
n
∑

i=1
(Γi + ΓLi)

(22)

According to Formulas (2) and (18), we can find that the condition for the stable
existence of strong coupling region is as follows:

n+1

√
n

∑
i=1

k2
i > Γ′0

2 (23)

Taking n = 3 as an example, the resonant frequency of the coil is set to 10 MHz, and
Li is 100 mH and RLi is 0.5 Ω. At this time, Γ’0 > 2.5, when ΣKi

2 > 1.525 × 103, the system
can be maintained in strong coupling mode. In order to analyze the transfer efficiency



World Electr. Veh. J. 2021, 12, 226 9 of 11

of the system when one of the receivers changes, we assume the coupling coefficient K2
and K3 = 0.2, and the coupling coefficient K1 of the first receiving coils varies from 0 to 1.
We compare the efficiency of the system with that of the wireless power transfer system
working at the resonant frequency, of which the value of load resistance is 10 Ω, and the
results are shown in Figure 7.
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parameters are as follows: the resonant frequency of the coil is 10 MHz, Ri of constant load WPT system is 10 Ω, Li is
100 mH, and RLi is 0.5 Ω.

From Figure 7, compared with the wireless power transfer system working at the
resonant frequency, one sees that the transfer efficiency of the multi load PT-WPT system is
significantly higher than that of the traditional WPT system when the coupling coefficient
is low. When the coupling coefficient is high, both the PT-WPT system and traditional WPT
system can achieve more than 90% efficiency. Another very important advantage of the
multi-load PT-WPT system is that it can achieve stable transmission efficiency in a large
range without frequency tracking, which cannot be achieved by traditional methods. From
this point of view, this high-order system can be regarded as an efficient and practical new
WPT strategy.

5. Conclusions

In this paper, a stable and highly efficient PT-WPT system for multi-load was proposed.
By employing a series-series topology and a negative resistance structure, a multi-load
PT-WPT system with high reliability and low complexity was established. The corre-
sponding CMT (coupled mode theory) model was derived and solved by introducing
complex variables and by setting a zero return wave. Thus, closed-form expressions for
eigenfrequencies, transfer efficiency, and critical condition were provided. By a special
impedance matching strategy, the multi-load PT-WPT system can work at the purely real
eigenfrequency, which means energy can flow stably among transmitters and receivers.
The numerical simulation results show that this PT-WPT system can work stably in the
exact phase and the stability of transfer efficiency with the multi-load PT-WPT system is
significantly superior to that of traditional methods, especially when the coupling coeffi-
cient is low. This means that the multi-load PT-WPT system can have a wide range of axial
transfer distances and lateral misalignment.
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