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Abstract


This paper proposes a technique to estimate the minimal quantity of orthogonal channel resources required for ad hoc and sensor network connectivity. Simultaneously, the resource allocation to each specific line is conducted by grouping lines into concurrent transmission sets. Our proposed technique uses the physical-based interference model assumption, where each node interferes with every other node, turning ad hoc and sensor network performance optimization problems into the NP-hard ones. In contrast to most of the other works with the physical-based interference model assumption, we mitigate the combinatorial explosion of concurrently transmitting line sets considering the global interference instead of localizing the interference with line or space partitioning. We have performed the mitigation, firstly, using pairwise mutually acceptable line sets for each line. Then, based on the limitations of pairwise sets, we construct the tree of mutually acceptable interfering line sets. Then, from the created tree, we find the minimal set cover of concurrently transmitting line sets. The tree construction has the exponential worst-case time and space complexity if all lines in the network can transmit together. By randomly pruning the tree and using the genetic algorithm to find the pruned tree which gives the same minimal set cover as the full tree, we have reduced the worst space and time complexities to the polynomial ones. We have devised our technique with parallelism in mind to speed up the resource allocation optimization even more. Based on an extensive simulation study with random network topologies of sizes up to 250 nodes and the average number of lines up to 2000, we estimated the time and space complexity for different tree pruning and optimization techniques and found the effective ones.
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1. Introduction


An ad hoc network is a self-organizing network of mobile radio nodes without fixed infrastructure [1]. A sensor network is a type of ad hoc network with gateway nodes for telemetry output [2].



The problem of estimating the minimal quantity of orthogonal channel resources required for the network connectivity is essential for ad hoc and sensor networks [3]. Another connected problem is to decide which resource to allocate to each specific line.



The aforementioned connected problems come down to the optimal resource allocation problem for network capacity maximization [3]. In our case, the maximization of capacity is performed with the search of line sets which can transmit simultaneously using the same specific orthogonal resource. Maximal throughput can be achieved if all lines transmit simultaneously using one orthogonal resource.



Network capacity (throughput, unit of information per unit of time) is the essence of any network and the ultimate target of performance optimization [1]. The research on ad hoc network capacity can be divided into two parts: the estimation of achievable capacity, and the ways to achieve maximal theoretical capacity. There are three main types of network capacity [1]:




	
The sum of all active lines’ successful reception rates (the case of transmission between two neighbor nodes).



	
The sum of all active routes’ successful reception rates (the case of multi-hop transmission between non-neighbor nodes).



	
The sum of all active route trees’ successful reception rates (the case of multicast transmission from one node to multiple nodes).








The throughput of routes depends on line throughput. Therefore, great research attention is paid to the line throughput (the first type mentioned above).



Several works have proposed achievable capacity estimations for the following: common case of ad hoc networks [1,4,5,6]; multicast data flows in ad hoc networks [7]; mobile ad hoc networks [8], where the capacity dependence on the network mobility was demonstrated; ad hoc networks with directional antennas [9,10]; ad hoc networks with spatial diversity using multiple input and output antennas (MIMO) [11,12]; ad hoc networks with infrastructure nodes [13]; capacity–delay tradeoffs in delay-tolerant ad hoc networks [14,15,16,17]; multipacket reception using network coding [18,19,20].



Works that search for ways to achieve theoretically maximal capacity are usually based either on heuristic optimization of randomly allocated resources [21] or on simplified cases or approximation where resource allocation can be expressed as a convex optimization problem [22].



Usually, the capacity maximization parameters are chosen beforehand, but the work [21] utilizes the elephant herding lion optimizer (EHLO) algorithm to pinpoint critical attributes of a vehicular ad hoc network to use for resource allocation. Afterwards, for scalability, the network is divided into clusters with the multiple fuzzy c-means (MFCM) algorithm. Subsequently, the crossover and mutation (CM)-centered marine predator algorithm (MPA) is used for resource allocation optimization.



Some works incorporate routing into resource optimization, because routes define active lines. For example, the work [22] proposes a cross-layer routing and radio resource allocation algorithm in the case of Massive MIMO and orthogonal frequency division multiple access (OFDMA) wireless ad hoc networks. The proposed algorithm simultaneously finds data routes, sub-carrier schedules, and power allocations that maximize network throughput by converting a non-convex resource allocation optimization problem into a convex one.



Channel resources can be allocated to more than data transmission. The paper [23] proposes an algorithm to allocate spectrum and power between positioning and data transmission. MIMO systems allow us to estimate the signal’s angle of arrival. With multiple nodes, it is possible to estimate the location of each node in an ad hoc network. Location-based routing and resource allocation allow for higher network throughput, but at the same time, some part of network throughput is spent on node localization. This work considers the tradeoff between positioning and data transmission. The network is separated into clusters based on nodes’ direct line-of-sight probability. Afterwards, the allocation of power and spectrum between localization and data transmission is chosen for clusters using the Generalized Benders Decomposition (GBD) algorithm. The work [24] proposes the algorithm for time slot allocation between data transmission and channel sensing. Good channel state estimates can provide higher line throughput. The work [25] deals with frequency-selective channel striving to simultaneously maximize the mean network SNR and spectrum efficiency.



For flying ad hoc networks, numerous algorithms of simultaneous optimization of trajectory and network throughput are proposed. These algorithms allocate some bandwidth for trajectory negotiation [26].



In delay-tolerant ad hoc networks, channel resources can be traded for storage resources. The work [27] considers the transmission resource and the storage resource allocation as a queuing process. This work derives the expressions for per-node throughput, expected end-to-end delay, and network throughput. The analysis of derived expressions gives the optimal setting for resource allocation.



Substantial number of works employ artificial intelligence (AI) for resource allocation [28]. The work [29] uses the self-organizing feature-mapping model to process multi-dimensional data of the network state to perform multi-associated parameter aggregation-based routing and resource allocation. The work [30] uses the deep neural network attention mechanism and Q-learning for the resource allocation in the smart city hierarchical edge computing network. The work [31] uses dynamic unsupervised fuzzy clustering to find all resource combinations for the different network services. The work [32] uses recurrent neural networks for joint scheduling and power control. The work [33] proposed a graph kernel-based support vector machines method for the link scheduling. Many works formulate the resource allocation problem as a maximum weighted independent set problem [34] and solve it with AI approaches. The work [35] uses deep learning and fuzzy logic, the work [36]—uses a tree-based graph convolutional network, and the work [37]—uses a tree-based graph convolutional network with deep Q-learning.



The works [38,39] have analyzed the following problem: given the set of lines and their powers, what lines are allowed to transmit to reach the maximal sum of the lines’ throughput. The work [38] showed that if all line transmission powers are lower than critical powers for each line, then the sum of line throughputs (network capacity) is larger than the throughput of one line from the set. If the power is larger than the critical power, then the throughput of one line will be larger than the sum, because of the interference, so only one line at a time should be allowed to transmit. The work [39] has expanded the work [38] and proved that subsets of multiple transmitting lines can maximize the sum of line throughput. However, the authors have not shown how to search for acceptable line subsets.



Many works assume a binary or graph interference model [35], where specific pairs of wireless nodes interfere with each other or not. In contrast, the physical-based interference model assumes that all nodes emitting radio waves interfere with each other. The physical based interference model is based on signal power and propagation decay [40,41,42]. The physical-based model can reflect reality better than the graph-based model. However, global line interaction in the physical-based model turns resource allocation into an NP-hard problem [40]. By partitioning the network area into subspaces or by partitioning the lines into subsets, global interference becomes localized. The work [43] partitions line set into two sets: the lines that are close to the maximum transmission range of senders and other lines. The work [44] partitions the network area into large squares and then partitions each large square into small squares. Next, the work utilizes partition and shifting strategies to find multiple sets of geometrically well-separated links. The work [45] uses the hypergraph approach to partition links into sets. The work [46] is based on the fact that a short link can tolerate large interference while a long link tolerates small interference. The work partitions all links into disjoint local link sets that are spatially separated from each other. The work [41] partitions the network area into hexagons and shows that hexagon partitions achieve better network throughput than the square ones. The work [47] compared square, triangular, and hexagon partitions and proved that the hexagon partition gives the highest network throughput.



Our proposed solution employs the physical interference-based model, but, in contrast to the most of the other physical-based model algorithms, we have tried to mitigate the combinatorial explosion instead of using line or space partitioning. We have performed the mitigation, firstly, using pairwise mutually acceptable line sets for each line. Then we construct the tree of mutually acceptable interfering line sets. New leaf nodes are chosen from the ever decreasing set intersection of the pairwise mutually acceptable line sets of the lines in the path from the parent node to the root. Then we apply a minimal set cover algorithm to find the minimal number of concurrently transmitting line sets. Tree construction has exponential worst-case time and space complexity if all lines in the network can transmit together. By randomly pruning the tree and using the genetic algorithm to find the pruned tree which gives the same minimal set cover as the full tree, we have reduced the worst space and time complexities to the polynomial ones. We have devised our solution with parallelism in mind to speed up the resource allocation even more.



Our solution offers the following key features:




	
Each main step of the proposed solution is parallelizable. It enables large-scale distributed computation for large ad hoc networks.



	
Searching for acceptable interfering line sets leads to a combinatorial explosion. To overcome this problem, the proposed solution creates acceptable line sets. These line sets are created using tree construction with pairwise limitations and pruning.



	
The proposed solution employs a centralized approach to optimize network capacity without clusterization or partitioning in contrast to most approaches for large ad hoc networks [48,49,50].



	
The proposed solution guarantees fairness; some channel resource will be given to each active line.



	
The solution guarantees a bit error rate lower than the requested threshold for each line.



	
The optimization is conducted in a natural complex search space, rather than in the simplified convex alternative.



	
Parallel transmission with one orthogonal resource includes the case of NOMA. The proposed algorithm can be used to optimize NOMA groups in 6G cellular networks and ad hoc networks. Application of our solution to NOMA can be realized as follows: All outgoing lines of every node can be grouped and replaced with one or multiple lines to the most distant recipient node inside the group. Those lines will be NOMA encoded, containing the signals for all lines in the group. As a result, we replace multiple outgoing lines with fewer NOMA lines. Grouping lines into NOMA lines into various combinations and using our proposed solution, we can find the set of NOMA lines which requires the minimal number of orthogonal channel resources.



	
The proposed solution makes real-time decentralized resource allocation possible using machine learning and artificial intelligence. Let us elaborate on the machine learning application. Generating a large number of random topologies, we combine lines into groups that can use the same channel resource, obtaining the training set. The number of lines cannot be larger than the squared number of nodes, and the number of groups cannot be larger than the number of lines. For example, we can train the following neural network with the following inputs and outputs. Inputs: all node coordinates; vector of transmission powers; each node’s receiver noise plus interference. Outputs: multiple binary vectors, each of them representing the group of lines with the same orthogonal resource. The inference of the neural network trained with the results of our solution can be much faster than using our solution directly.



	
The proposed solution provides capacity estimation for arbitrary network configurations and physical layer specifications.









2. Materials and Methods


2.1. Problem Statement and Solution Overview


Given:




	
Ad hoc or sensor network topology (node coordinates; line properties between nodes) and the set of active lines. The set of active lines can consist of either all lines or some subset of lines, which can be based, for example, on routes between nodes exchanging information or a network minimal spanning tree.



	
Each line of the ad hoc or sensor network uses one equal (in terms of bandwidth) orthogonal channel resource. The examples are as follows: time slots of equal length, frequency channels of equal bandwidth, etc.



	
Each line can use a different type of signal. For example, given a specific frequency band of the same width, one line can use QAM-16 modulation, and the other line can use QPSK modulation. The type of signal defines the bit error curve.



	
Each line has a power budget for other lines’ interference. If there is no budget for other lines’ interference, then only one line can transmit using one specific orthogonal channel resource. In this case, no simultaneous use of shared channel resource is allowed.



	
Maximal acceptable bit error rate for each line.



	
Each line has its own transmission power to satisfy the maximal bit error rate requirement under the given signal propagation loss, receiver thermal noise power, and power budget for interference from other lines. Lines with different distances between the transmitter and receiver have different transmission powers, hence interference to other lines.








Find:




	
The minimal quantity of orthogonal channel resources to allow active lines transmission with a bit error rate below the allowed threshold.



	
The resource allocation for each specific line.








The proposed solution consists of two phases.



First phase: Find line sets with mutual interference within given bounds (mutually acceptable interfering line sets).



Second phase: Find the minimal set cover of the mutually acceptable interfering line sets.



We set the definitions to describe the algorithm to find mutually acceptable interfering line sets in the table (Table 1).



The ideas of mutually acceptable interfering line sets and pairwise mutually acceptable lines are illustrated in Figure 1 and Figure 2. Nodes are depicted with circles; lines between nodes represent communications lines; multicolored bars associated with adjacent lines represent interference budgets of these lines. Interference budget bar colors are the same as the colors of lines that produce this interference.



As can be seen in Figure 1 and Figure 2, the mutually acceptable interfering line sets can be constructed sequentially, using only pairwise mutually acceptable interfering lines. We search for mutually acceptably interfering line sets using the tree construction technique (Figure 3).



We construct the tree using a breadth-first approach:




	
  ∀ l ∈ L   find   A l   with   A ( l )  .



	
Create root node of tree with empty line  μ .



	
Keep creating the next layer of the tree until the next layer is empty.



	
For each leaf node f obtain the line set   {  D f  \ μ }  ; this line set represents the set of lines with mutual interference lower than the acceptable threshold. Add line set to the set of line sets.








The set of nodes of the same depth we call a layer. The way to create the next layer for each node n of the current layer is as follows:




	
Find   C n   using   C ( n )  .



	
Find   S n   using   S ( n )  .



	
Create nodes based on   S n   and add them to the tree as children nodes of node n.








Let us illustrate the example of constructing the tree of mutually acceptable interfering line sets (Figure 3). First, we start with the root node with an empty line. Then we create layer 1 nodes from the successor set which consists of all of the lines (lines with identifiers from 0 to 9). Nodes with lines 8 and 9 of layer 1 have no lines in their mutually acceptable line sets   A 8   and   A 9   with identifiers higher than 8 and 9, correspondingly, so they have no children (we will explain later why we create children nodes with higher value identifiers than the line identifier of the parent).   A 0   has lines   { 3 , 4 , 5 , 8 , 9 }   the identifiers of which are higher; so, assuming function   I ( )   always returns true, we obtain five children for node 0 of layer 1. The node with line 3 of layer 2 (which is a child of the node with line 0 of layer 1) has two children with lines 8 and 9. Lines of those children are elements from the set intersection   {  A 0  ∩  A 3  }   whose identifiers are higher than 3. Traversing from the leaf node, we obtain the set of mutually acceptable interfering lines, for example, line set   { 8 , 3 , 0 }  .



Now, let us define the functions to find mutually acceptable lines   A ( )  , to find candidate sets   C ( )  , and to find successor sets   S ( )  .




2.2. Function to Find Mutually Acceptable Lines


Let us show how to find mutually acceptable line sets (function   A ( )  ). There are three main limitations for other lines that can transmit together with the given line:




	
Transceiver simplex (or half-duplex) operation mode.



	
Spatial orthogonality by means of beamforming with the help of multiple antennas and synchronized transceivers connected to each antenna.



	
Interference from other lines.








In practice, one transceiver cannot transmit and receive simultaneously being connected to one antenna. Using different antennas for the receiver and transmitter requires spatial separation which is usually impractical for portable devices in ad hoc and sensor networks. As a result, transceivers in ad hoc and sensor networks operate in simplex mode. For the connection between two neighbor nodes it will mean half-duplex line. Simplex mode means that when a source node transmits to one of its neighbor nodes, it cannot receive data from other nodes, and vice versa. In terms of incoming and outgoing lines: if the node transmits, all incoming lines are forbidden; if the node receives, all outgoing lines are forbidden.



Let us use the following definitions to express the sets of allowed lines based on simplex operating mode:




	
 α —source node.



	
  N α  —neighbor nodes of node  α , the nodes to which the lines exist.



	
   n α  ∈  N α   —one of the neighbor nodes of the node  α .



	
  ( α ,  n α  )  —line from the node  α  to one of its neighbors   n α  .



	
  A  ( α ,  n α  )   s i m p l e x   —sets of allowed lines based on the simplex operating mode for line   ( a l p h a ,  n α  )  .










      A  ( α ,  n α  )   s i m p l e x   = L \  {  {  ( α ,  n α  )  }  ∪  {  ( n , α )  : n ∈  N α  }  ∪  {  (  n α  , n )  : n ∈  N  n α   }  }  .     



(1)







Digital beamforming gives us spatial orthogonality (Figure 4). It allows us to transmit simultaneously to multiple nodes or to receive simultaneously from multiple nodes.



There are three main cases of spatial orthogonality (Figure 4):




	
No spatial separation. Transmission and reception utilize omnidirectional antennas. We can send data only to one neighbor node. The receiving node can only receive data from the source node.



	
Beamforming for transmission and omnidirectional antenna for reception. We can send data simultaneously to multiple neighbor nodes as long as they are far enough to be outside one transmission beam, i.e., we can activate multiple outgoing lines. However, receiving neighbor nodes can only receive data from one sending node.



	
Beamforming for transmission and reception. This case extends the previous one: receiving neighbor nodes can receive data from other nodes too.








Allowed line sets based on spatial orthogonality for omnidirectional antennas for transmission and reception:


   A  ( α ,  n α  )   s p a t i a l   = L \  {  {  ( α , n )  : n ∈  N α  }  ∪  {  ( n ,  n α  )  : n ∈  N  n α   }  }  .  



(2)







Allowed line sets based on spatial orthogonality for the transmission beamforming only:  


   A  ( α ,  n α  )   s p a t i a l   = L \  {  ( n ,  n α  )  : n ∈  N  n α   }  .  



(3)







Allowed line sets based on spatial orthogonality for the transmission and reception beamforming:  


   A  ( α ,  n α  )   s p a t i a l   = L \  { ∅ }  .  



(4)







Interference limitation is the key one: lines cannot “coexist” if their mutual interference does not allow the required bit error rate for each line. To obtain the set of allowed lines   A  i n t e r f e r e n c e    based on interference, we need to test the given line under the interference of each other line separately and estimate the bit error rate. If the bit error rate is less than the target one for the line, then the interfering line belongs to the set   A  i n t e r f e r e n c e   .



One of the most comprehensive ways to estimate the bit error rate for multiple mutually interfering lines is to use baseband equivalent simulation for the signals, propagation effects, and transceiver digital signal processing (DSP) pipelines [51]. However, this approach is computationally intensive.



Additive white Gaussian noise (AWGN) interference is the simplest assumption and does not require modeling the intrinsics of transceiver DSP stages. One of the main requirements is signal statistical independence. Line signals usually can be considered statistically independent ones due to random transmitted information, random signal carrier phase offset, random carrier frequency fluctuation, random channel propagation conditions, random clock drifts in the case of time division multiple access, etc. Having found the SINR for the line under the AWGN assumption, we can calculate the bit error rate based on the known formulas for various signal types.



We can derive the formula which depends only on distances between nodes and signal-to-thermal-noise ratio (SNR) for the signal-to-interference-and-noise ratio (SINR) for every line in a network:


  S I N R = 1 /  (  ( 1 / S N R )  +  ( 1 / S I R )  )  = 1 /  (  ( 1 / S N R )  + ∑  (  D  i n t e r f e r i n g  l i n e   /  D  i n t e r f e r i n g  t x  t o  r x   )  )  ,  



(5)




using the following assumptions:




	
AWGN independent interference.



	
Free space propagation signal attenuation.



	
Orthogonal channel resources are time slots, close frequency channels, with which we can neglect the free space propagation attenuation difference between different frequencies, set of mutually orthogonal code sequences using time or close frequencies, or both, and unique permutations of equal size of the aforementioned orthogonal resources.



	
Every transceiver has the same uniform omnidirectional antenna with isotropic gain equal to one.



	
Every line has an equal target SNR, and every transceiver uses power control to reach that target.








If the target SNR is equal to the minimal necessary to reach the target bit error rate, we cannot have any interference from other lines, and we have to assign different orthogonal resources for each line. If we have some line budget, we can allow line interference.



Let us elaborate on the distances in the equation with the help of Figure 5. We have the line from the node 1 transmitter to the node 2 receiver. Active lines between nodes 5 and 6 and nodes 3 and 4 are causing interference to the receiver of node 2. The inverse signal-to-interference ratio (SIR) for the line between nodes 1 and 2 is equal to the following:


    1  S I  R  l i n e  1 → 2      =    d i s t a n c  e  5 → 6     d i s t a n c  e  5 → 2      +    d i s t a n c  e  3 → 4     d i s t a n c  e  3 → 2      .  



(6)







We now have all the components to compute the mutually acceptable lines. The set of unilaterally acceptable lines is as follows:


   A l  u n i l a t e r a l   =  {  A l  s i m p l e x   ∩  A l  s p a t i a l   ∩  A l  i n t e r f e r e n c e   }  .  



(7)







And the mutually acceptable lines for the line l are as follows:


   A l  =  { x : x ≠ l ∧ x ∈  A l  u n i l a t e r a l   ∧ l ∈  A x  u n i l a t e r a l   }  .  



(8)








2.3. Function to Find the Candidate Sets


Let us sequentially assign the identifier to each line as a rising natural number sequence;   i d ( l )   is the identifier of line l.



We are constructing the tree of mutually acceptable interfering line sets (Figure 3). The candidate set is based on the current node n and all the previous ones up to the tree root:


   C n  =  { x :  ( x ∈  ⋂  z ∈  D n     A z  )  ∧  ( i d  ( x )  > i d  ( l  ( n )  )  )  }  .  



(9)







Essentially, we are taking the lines that do not mutually interfere with every line in the set   D n   of the current node n. Then we take the lines whose identifiers are higher than the node n line.



Getting the candidate set in this way, we make each set in the tree of mutually acceptable interfering line sets unique. We still explore all of the line sets: the line with the highest identifier has an empty candidate set, but the lines with lower identifiers will possibly have the line with the highest identifier in their sets.




2.4. Function to Find the Successor Sets


The successor set   S n   is the subset of the candidate set   C n  . We do the following to obtain the successor set. For every line   l ∈  C n    find   I  n , l    using the function   I ( )  . If    I  n , l   = t r u e  , add line l to the   S n  .



Function   I ( )   is the function to check for each line in the set if its bit error rate is lower than the target one under interference from other lines. The bit error rate can be estimated with baseband simulation of signals, their propagation and DSP at transceivers, or, under the assumption of AWGN, we can sum up the powers of other interfering lines and obtain the bit error rates with the known formulas for many types of signals.




2.5. Minimal Set Cover Search


Having constructed the tree of mutually acceptably interfering line sets, we take all the line sets and search for the minimal number of sets which cover every line to find the minimal quantity of orthogonal resources. It turns out to be a minimal set cover problem, which is one of Karp’s 21 NP-complete problems [52]. We have chosen the Caprara, Fischetti, and Toth algorithm (CFT) to solve the minimal set cover problem [53]. It is a sequential algorithm, but many parallel algorithms can be adopted for this problem [54,55,56,57].




2.6. Random Tree Pruning Based Search


With a large number of lines, we will obtain the combinatorial explosion of paths in the tree of mutually acceptable interfering line sets. To mitigate that, we can randomly prune the tree, by not choosing more than the given amount of nodes in the current layer. We need to set the maximal number of nodes to not be less than the number of lines, so that the first layer has all lines, and we are guaranteed to have the sets covering all lines. The second reason to make the maximum number of nodes equal to the number of lines owes to the fact that the number of sets in the minimum set cover over the full tree is always equal to or less than the number of lines. This means that the pruned tree needs to accommodate the number of leaf nodes to be more than or equal to the number of lines to guarantee the possibility of finding the min set cover over the pruned tree equal to the one over the full tree.



The higher the maximum number of nodes per layer, the higher the probability of randomly creating the pruned tree which gives the same minimal set cover as the full tree. Let us define the pruning scale factor which can be any natural number starting from one. If the pruning scale factor equals one, then the maximum number of nodes per layer is equal to the number of lines. The pruning scale factor cannot be less than one.



So, instead of using the full tree for finding min set cover, we need to find the pruned tree which gives the same min set cover. We can use the pruning information to represent the pruned tree. With the optimization of pruning information, we can find the best tree. We represent the pruning information for each layer with two elements: the number of layer nodes before pruning, and the set of indices chosen to be left after pruning.



To prune, we first find all nodes of the next layer. Then we randomly sample the nodes with one of the following distributions of choice: uniform, linear, or Pareto. Before sampling, we collect nodes of the next layer into the next layer node list and sort nodes by the identifier of their line in increasing order. To sample only unique nodes and to decrease the number of sampling operations if most of the nodes were chosen, we do the following: if the node was already chosen, we traverse to the end of the next layer node list until we find a not chosen node. If we reach the end of the list without finding an eligible node, we traverse backwards from the first chosen node to the start of the list. If the number of nodes in the layer is less than the maximum allowed number of nodes, then we take them all without sampling.



With the uniform distribution, we sample nodes with equal probability. With linear and Pareto distributions, we choose nodes having lower line identifiers with higher probability than nodes having higher line identifiers. This is realized because nodes with lower identifiers can have more children with higher probability, hence larger concurrently transmitting line sets.



We use the scale parameter for the linear and Pareto distribution, which shows how many times the probability of choosing the first node in the list having the lowest line identifier is higher than choosing the last node having the highest line identifier. For the Pareto distribution, we set the parameter   β = 1  . And the parameter  α  is variable.



Thus, we can generate randomly pruned trees. However, pruned trees do not always contain all the line sets of the smallest minimum set cover, unlike the complete tree. Thus, we need to perform the heuristic optimization to find the pruned tree which gives us the smallest minimum set cover.



We will use two ways to perform optimization: random search and genetic algorithm (GA) search.



Both approaches have the following common parameters: batch size (for the GA it is the population size), minimal number of iterations and the number of iterations after the best found solution has not improved. It is floating and represented in the ratios of the number of iterations that have happened. For example, if the number of iterations after the best found solution has not improved is 2 times larger than the number of iterations when improvement has happened. Consequently, if improvement happened at the 30th iteration, we stop at the 60th iteration if no new improvement has happened. If new improvement has happened after the 50th iteration, we slide the last iteration forward to the 100th iteration. The GA has one additional parameter: mutation probability.



A single iteration of the random search is described as the following pseudocode (Algorithm 1):






	Algorithm 1: Algorithm of a single iteration of the random search



	
	1:

	
Create randomly pruned trees batch.




	2:

	
Find the minimal set cover for each tree.




	3:

	
Find the tree with the smallest minimal set cover.




	4:

	
if (the size of smallest minimal cover < the size of best solution minimal cover) then




	5:

	
      Update the best solution.




	6:

	
      Update the iteration when the best solution has improved.




	7:

	
endif














The stopping criterion for the random search is met when two conditions are fulfilled: the minimal number of iterations has happened and the number of iterations after the best found solution has not improved.



The crossover and mutation operators for the GA are the following. For each layer of the tree, we record the set of chosen node indices after pruning for the layer is finished. The crossover performs the pruning information exchange and is described as the following pseudocode (Algorithm 2):






	Algorithm 2: Algorithm of the pruning information exchange



	
	1:

	
Find the deepest equal layer between the two solutions (trees).




	2:

	
{First solution unique indices set} ← {first solution indices set} ∖ {second solution indices set}.




	3:

	
{Second solution unique indices set} ← {second solution indices set} ∖ {first solution indices set}.




	4:

	
{Common between the two solutions indices set} ← {first solution indices set} ∩ {first solution indices set}.




	5:

	
Crossover point ← uniformly randomly chosen integer number between 1 and the size of first solution unique indices set.




	6:

	
Swap parts of unique indices sets for the two solutions between 1 and crossover point inclusively.




	7:

	
{First solution indices set} ← {common between the two solutions indices set} ∪ {first solution unique indices set}.




	8:

	
{Second solution indices set} ← {common between the two solutions indices set} ∪ {second solution unique indices set}.




	9:

	
Discard all the layers after the deepest equal layer for the first solution.




	10:

	
Discard all the layers after the deepest equal layer for the second solution.




	11:

	
Using the new chosen sets for pruning, regenerate the next layer after the deepest equal for the first solution.




	12:

	
For the first solution, regenerate other layers with random pruning.




	13:

	
Using the new chosen sets for pruning, regenerate the next layer after the deepest equal for the second solution.




	14:

	
For the second solution, regenerate other layers with random pruning.














Mutation discards all of the crossover results and creates new random pruning information. The mutation after crossover is performed as in the following pseudocode (Algorithm 3):






	Algorithm 3: Algorithm of the mutation after crossover



	
	1:

	
Take the deepest equal layer from the crossover.




	2:

	
Discard all the layers after the deepest equal layer.




	3:

	
Regenerate the tree after the deepest equal layer with random pruning.














Performing crossover and mutation starting from the next layer after the deepest equal layer, we preserve the pruning information for the previous layers. For the starting random population, the deepest equal layer is equal to one. It is the layer with all the lines. With crossover, we can evolve the next layer to obtain trees with smaller minimal set covers. However, the layers after the next one are pruned randomly. We can obtain better results if we sequentially optimize pruning data for each layer by evolving the population multiple times and increasing the deepest equal layer. To do that we use the following cycle of the genetic algorithm (Algorithm 4):






	Algorithm 4: Algorithm of the genetic algorithm cycle



	
	1:

	
Perform one layer evolution.




	2:

	
Take the best solution (the solution with the smallest minimal set cover).




	3:

	
if (the number of nodes of the next after the current deepest equal layer ≤ the allowed number of nodes after pruning) then




	4:

	
      Exit.




	5:

	
endif




	6:

	
Create the set S of N (N is the population size) empty solutions.




	7:

	
for i = 0 to   N − 2  




	8:

	
        S [ i ] ←   create mutated copy of the best solution after the current deepest equal layer plus one.




	9:

	
endfor




	10:

	
  S [ N − 1 ] ←   best solution.




	11:

	
goto perform one layer evolution.














The iteration of one layer tree evolution is described in Algorithm 5:






	Algorithm 5: Algorithm of the iteration of one layer tree evolution



	
	1:

	
Randomly split the current population into pairs.




	2:

	
Perform the crossover between pairs and the mutation of resulting offsprings.




	3:

	
Find the minimal set cover for every tree in the offsprings set.




	4:

	
Unite the current population and offspring population into one population.




	5:

	
Sort the united population in the rising order of minimal set cover size.




	6:

	
Take the best, first, and half of the united population into the next population.




	7:

	
Find the tree with the smallest minimal set cover among the new population. It is the first tree in the population, as we previously sorted the population.




	8:

	
if (the size of smallest minimal cover < the size of best solution minimal cover) then




	9:

	
        Update the best solution.




	10:

	
      Update the iteration when the best solution has improved.




	11:

	
endif














The stopping criterion for the one layer tree evolution is the same as the stopping criterion for the random search.




2.7. Complexity Estimation


Let us discuss the space and time complexity estimation for the minimal orthogonal channel resource allocation and concurrently transmitting lines grouping.



The space complexity is determined by the mutually acceptable interfering line sets tree space complexity which is equal to the number of tree nodes. The space complexity for the algorithm without tree pruning is just the node number in one tree. Space complexity for the random search and GA algorithms equals the largest sum of multiple pruned trees’ node numbers among multiple iterations.



The time complexity consists of the tree construction time complexity and minimal set cover search algorithm time complexity over that tree.



The time complexity of tree construction is the sum of the successor set creation time complexity for each node. The time complexity of successor set creation for each node is equal to   N  (  C n  )  ·  ( T + 1 )   , where T is layer depth and   N (  C n  )   is the size of the candidate set. It is proportional to the size of the successor set multiplied by the time complexity of mutual interference estimation. The time complexity of mutual interference estimation is proportional to the number of lines in the set, which is equal to the node layer depth plus one.



The tree construction time complexity for the algorithm without tree pruning is equal to the time complexity of one tree creation. The time complexity for the random search with tree pruning is equal to the sum of time complexities for all trees created during all iterations. The time complexity for GA is equal to the random search plus the time taken to regenerate trees after crossover and mutation.



Let us now estimate the worst-case time and space complexities for the search with full tree construction, with pruned tree construction, and for greedy search (Table 2).



We can represent the set of lines with a binary sequence of size N, where N is the number of lines, so that   { 1 , 0 , 0 , … , 0 }   is the set with line 1,   { 0 , 1 , 0 , … , 0 }   is the set with line 2,   { 1 , 1 , 1 , … , 1 }   is the set with all lines, and so on. The number of all line sets is the number of permutations for the binary sequence of size N without a full zero sequence (empty line set). This number is equal to    2 N  − 1  . The worst case for full tree construction is when all lines can coexist together, when we need to check all of the line sets. So, considering that the size of one set cannot be greater than N, the worst case of space complexity for the construction of the full tree is   O  (  (  2 N  − 1 )  · N )  ≈ O  (  2 N  · N )   . The time complexity of checking mutual interference inside one set cannot be larger than   N · ( N − 1 )  , so the worst-case time complexity is   O  (  2 N  · N ·  ( N − 1 )  )  ≈ O  (  2 N  ·  N 2  )   .



With pruning, the number of sets cannot exceed the product of the maximum number of layers (it is equal to the number of lines N) multiplied by the maximum number of nodes per layer (it is equal to the number of lines multiplied by the scale factor K→  N · K  ):   N · N · K =  N 2  · K  . As stated previously, the size of the set cannot be greater than N, so the worst space complexity cannot exceed   O  (  N 2  · K · N )  ≈ O  (  N 3  )   . We have omitted the scale factor K, because it is constant. With pruned trees, we create multiple trees, the quantity of which can be constant too; so for the complexity estimation, the number of iterations can be omitted too. Before pruning, we need to create all the nodes of children in the current layer, the maximal possible number of children is   N − 1  , and the maximum time complexity to estimate sets for mutual interference cannot be greater than   N · ( N − 1 )  , so the worst time complexity for pruned trees is   O  (  N 2  ·  ( N − 1 )  · N ·  ( N − 1 )  )  ≈ O  (  N 5  )   .



Let us propose a naive greedy search algorithm for mutually acceptable interfering line sets and estimate its worst space and time complexity. We start with the first line and check sequentially for all other lines if they are interfering acceptably. If, for example, the second line is interfering acceptably, we add it to the line set. Afterwards we check for the set of two lines, if we can add line number 3, and so on. We exclude the found set from the line set. For the remaining line set, beginning from the first line, we repeat the same process until no lines are remaining. The worst case is when all lines can coexist together; we check   N − 1   line sets with sizes from 2 to N. The worst case time complexity for this case is   O  (  ( N − 1 )  · N ·  ( N − 1 )  )  ≈ O  (  N 3  )   . If in the first iteration we obtain the set which does not include all lines, we work with the smaller N values on subsequent iterations which sum up to N. Assuming that   ∀ P , Q , N , σ ∈ N : P + Q = N ⇒  P σ  +  Q σ  <  N σ   , the worst time complexity of greedy search cannot exceed   O (  N 3  )  . Line set size cannot be greater than N. The number of line sets in the proposed greedy search also cannot exceed N (the case when all lines can transmit only separately from each other). So, the worst space complexity of greedy search is   O (  N 2  )  . At the same time, greedy search does not provide optimal or even suboptimal solution in most cases.



Worst-case complexities are presented on the Table 2. As we can see, tree pruning, compared to the full tree, shifts complexity from the exponential to the polynomial one, which is a quite substantial complexity reduction.




2.8. Parallelization Considerations


Parallelization is the availability of independent computations. The following criteria are present for the creation of a tree of mutually acceptable interfering line sets:




	
Mutually acceptable line sets calculation is independent for every line.



	
For each node, the creation of the candidate set is independent.



	
The creation of candidate set for one node is sequential.



	
The creation of a successor set is based on each element in the candidate set and is independent.



	
To check if the element in the candidate set can be promoted to the successor set, we need to perform mutual interference check for the set of lines. Estimating interference is independent for each line in the set.



	
Choosing which nodes to prune in the next layer is sequential.








For the random and GA search, the creation of the initial population and solution estimation is independent for each solution; crossover and mutation of the solution are independent for the pairs of solutions. Sorting the solutions and searching for the best one in the current iteration can be parallel. Each iteration of the random search is parallel, and for the GA each iteration is sequential.



Minimal set cover search can be parallel depending on the algorithm.





3. Results


The results of the proposed algorithm evaluation are described in this section. There are two extreme cases of topologies. The first one is when lines are too separated from each other, so that cumulative interference is negligible irrespective of the number of lines; then all lines can transmit together. The second one is a fully connected network when all lines are close together; then only one line at a time can transmit. The more interesting topology is an intermediate case, when nodes are uniformly distributed in the space, and their transmission ranges only slightly overlap with some closest nodes. Also, there are two extreme cases of SNR values. If the SNR value is chosen only to combat receiver thermal noise, than all lines must transmit separately. If the SNR is chosen to be quite large, we, essentially, neglect the thermal noise, and only the interference from other lines places the limit on the simultaneous line transmission; we obtain the case with the largest number of line sets to choose from. Irrespective of how large the SNR is, relative interferes will be the same, if all lines’ SNR is equal, and transmission power is chosen considering the space propagation signal decay to reach exactly the given SNR. For modeling, we have chosen the SNR to be equal to 30 dB (received signal power is 1000 times more than thermal noise power), which is reachable in many wireless communication systems and allows for low bit error rates for many modulation types.



To obtain the intermediate case of topology, we generate the following random network topologies (Figure 6). On the Figure 6, nodes are depicted as red cirles, the radius of circle is proportional to the number of lines coming from the node. We use the maximal connection distance approach: if nodes are separated for less than the maximal connection distance, then they have bi-directional lines. To create a random topology, we create randomly distributed points inside the circle of diameter 1. Firstly, we create the points with the coordinates uniformly distributed in the range from −0.5 to 0.5 and then reject points outside of the circle. We set the maximal connection distance equal to the estimated minimal one until the network is still connected. To do that, we start with the maximal connection distance equal to 1 and, with 30 iterations of dichotomy search, gradually reduce it up until the point where the network splits into the subcomponents.



We have chosen the target bit error rate for the modeling based on the following assumptions. The most widespread packet size in the Internet is 1500 bytes. The packet error rate is quite often required to be equal to 0.01. We can calculate the packet bit error rate using the following equation:   p a c k e t B i t E r r o r R a t e = 1 −   ( 1 − p a c k e t E r r o r R a t e )   1 / p a c k e t S i z e I n B i t s    . The target bit error rate is then equal to the 8.375 ×   10  − 7   . Using QPSK modulation, the target SINR can be calculated with the reverse of the following equation:   b i t E r r o r R a t e Q P S K = e r f c (   S I N R   ) / 2  . For the 8.375 ×   10  − 7    bit error rate the target SINR is about 12 dB. Given that the SNR is equal to the 30 dB, we have about 18 dB for the other lines’ interference.



We have performed a grid search to estimate the good parameters for pruning distributions and the GA: distribution scale factor:   { 10 , 100 , 1000 }  ; Pareto  α  parameter:   { 0.001 , 1000 }  ; GA mutation parameter:   { 0.1 , 0.2 }  . In total, we have tested 30 permutations with the number of nodes from 10 to 70 with step 10 and 30 random topologies for each test. The batch size is 128. The scale factor for pruning is equal to 1. The number of iterations after the best found solution has not improved is 2 times larger than the iteration when improvement has happened. The minimal number of iterations is 20. The AWGN mutual interference assumption is used. The SNR is 30 dB.



The cost value is the ratio of the minimal quantity of orthogonal resources to the number of lines. The lower the cost value, the better; a cost equal to 1 is the worst one. Figure 7 shows the cost values averaged over 30 random topologies. Figure 8 shows the place of algorithm parameters set in the sorted sequence of cost values; the less place, the better. Table 3 shows the sum of sorted ranks over all the number of nodes.



We have chosen pruning with uniform distribution: scale factors:   { 1 , 2 , 4 }  ; batch size: 128; mutation probability: 0.1; minimal number of iterations: 20; number of iterations to stop after the solution has improved: 2 times larger than the last improvement iterations; AWGN mutual interference assumption is used; SNR: 30dB. We have performed experiments on 30 random network topologies for each quantity of nodes from 10 through 250 with a step of 10. Averaged over 30 random topologies, results are presented in Figure 9 and Figure 10. Results without pruning are called ultimate. Experiments without pruning are realized for up to 60 nodes, for GA up to 100 nodes, and for random search the whole range.




4. Discussion


The grid search was conducted to choose the settings of the proposed algorithm. The results of the grid search (Table 3, Figure 7 and Figure 8) reveal the following. The genetic algorithm search performs better than the random search algorithm. Lower mutation probability, mP = 0.1 in our case, provides better results than mP = 0.2 and mP = 1 (random search is equivalent to the genetic algorithm with mP = 1). The uniform distribution for pruning gives better results than the linear and Pareto ones. The more the linear and Pareto distribution resembles the uniform one, the better the results. In all cases, we obtain monotonically decreasing cost function values as the number of nodes grows, except for the random search with extremely skewed Pareto distribution, where we have a convex cost function.



We have performed experiments on 30 random network topologies for each quantity of nodes from 10 to 250 with step 10 under the AWGN mutual interference assumption. Examples of random topologies consisting of 10, 50, 100, and 250 nodes are shown in Figure 6. The results are presented in Figure 9 and Figure 10.



We can see the following dependence for all algorithm settings: the more nodes in the network, the lower the ratio of minimal orthogonal resource quantity to the active lines quantity. Without pruning the tree of mutually acceptable interfering line sets, we obtain the best results.



Because the size of the tree of mutually acceptable interfering line sets grows exponentially (Figure 10a), we stopped the experiments with the complete tree at 60 nodes. The larger the pruning scale factor, the closer the results are to the complete tree case. Specifically, the results of the genetic algorithm with scale factor 4 are quite similar to the complete tree. The difference between results for scale factors 2 and 4 is less than between scale factors 1 and 2.



The stopping criterion for the genetic algorithm and random search is the sliding maximum number of iterations, which is 2 times larger than the last best solution improvement iteration. In addition, we forced the minimum number of 20 iterations. Figure 10c shows the mean number of iterations. Random search stops slightly above the minimal number of iterations regardless of the number of nodes. The genetic algorithm improves the solution for a larger number of iterations. The number of iterations for the genetic algorithm grows with the number of nodes. We see that, with smaller trees (smaller pruning scale factor), the genetic algorithm takes much more iterations to stop.



The time complexity is shown in Figure 10b. It grows proportionally with increase in space complexity. Time complexity is the highest for the genetic algorithm: we stopped the experiments with the genetic algorithm at 100 nodes. Despite the variety of pruning scale factors, the time complexity of the genetic algorithm differs slightly due to a very different number of iterations. The fastest and simplest way is to use random search. Its cost function is close to the genetic algorithm with the growing number of nodes.



Our proposed algorithm only mitigates the combinatorial explosion but does not eliminate it. To model the extremely large-scale scenario (tens of thousands, hundreds of thousands, or millions of nodes), we will, eventually, need some high-performance computing cluster or even a supercomputer. To make our algorithm even more scalable, we have to, with some heuristic, generate the multiple partitions of line sets and apply our proposed algorithm to each partition. Even though we partition, we still consider the global interference without localizing it. In the case of line partitioning, the minimal achievable number of resources is equal to the number of line partitions. We now have the optimization problem with two optimization spaces: the number of partitions and the partitioning composition itself. With this optimization, we can eventually stumble upon the same resource assignment solution as if we had applied our algorithm directly to the extremely large number of nodes. The case with only the partition of the lines reduces the aforementioned optimization into our proposed algorithm.



The experiments were conducted with the AWGN interference model, free-space propagation model, and uniform node distribution. But there can be many other cases of node distributions, interference, and space propagation models. The worst time complexity for mutual interference estimation still depends on the number of lines in the set irrespective of the interference and propagation models.



We need to mention the mutual pairwise interference limitation. We assume that if one or both lines exceed the interference thresholds of each other, then adding another line to the pair will make the interference worse. Hence, our proposed algorithm is not applicable in the case of constructive interference. An example of constructive interference is cooperative beamforming, when multiple nodes transmit the same packet to one node to enhance the resulting SNR.



As for the node distribution, lots of “clumped” together nodes would not be able to transmit together either due to a simplex restriction or due to mutual pairwise interference exceeding the threshold. Thus, tree construction will be much faster.




5. Conclusions


In this paper, we have proposed the parallel heuristic algorithm for the NP-hard problem of global minimal orthogonal channel resource allocation and grouping of concurrently transmitting lines for ad hoc and sensor networks.



Given the set of active lines, bit error rate requirements, and the model to estimate mutual interference, we can, in a parallel manner, find the minimal quantity of orthogonal resources for the lines. Simultaneously, we discover which lines can concurrently transmit together using one common orthogonal resource.



This is achieved with the developed approach of incrementally creating the tree with mutually acceptable interfering line sets using pairwise line limitations, and, using the minimal set cover algorithm, we obtain the smallest set of concurrently transmitting line sets. To combat the combinatorial explosion of tree size with the increase in active line quantity, we use tree pruning. Afterwards, we use the genetic algorithm to optimize the tree pruning information to find the pruned tree with the sets that give the smallest minimal set cover. The tree pruning lowers the worst case exponential complexity of full tree construction to the polynomial complexity.



We conducted a grid search to find the best parameters of the proposed technique. Using the parameters found, we conducted experiments that show the minimal quantity of orthogonal resources, space complexity, and time complexity of the proposed technique for random network topologies with up to 250 nodes and the mean number of lines up to 2000. The cases without tree pruning, with random search pruning, and with genetic algorithm pruning are considered. Genetic algorithm pruning achieves the best result, but has relatively high time complexity. Contrary, random pruning gives suboptimal results with substantially lower time complexity.



Due to the parallel nature and the combinatorial explosion of line sets mitigation, the proposed algorithm can be used for the optimal orthogonal channel resource allocation for large scale ad hoc and sensor networks.



An additional benefit of the algorithm lies in its usability to create training sets for machine learning algorithms for the real-time distributed channel resource allocation and to optimize the NOMA groups of 6G cellular networks.
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	6G
	Sixth-generation technology for wireless communications



	AI
	Artificial Intellingence
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	Additive white Gaussian noise



	CFT
	Caprara, Fischetti, and Toth algorithm for the minimal set cover search



	DSP
	Digital signal processing



	EHLO
	Elephant herding lion optimizer



	GA
	Genetic optimization algorithm



	GBD
	Generalized Benders Decomposition



	MFCM
	Multiple Fuzzy C-means Clustering algorithms



	MIMO
	Multiple Input–Multiple Output



	MPA
	Marine predator optimization algorithm



	NOMA
	Non-orthogonal multiple access
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Figure 1. Mutually acceptable interfering line sets illustration. 
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Figure 2. Pairwise mutually acceptable lines illustration. 
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Figure 3. Mutually acceptable interfering line sets search. 
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Figure 4. Spatial orthogonality. 
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Figure 5. Line interference in ad hoc network. 
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Figure 6. Random network topologies. 
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Figure 7. The cost for different settings of the algorithm. 
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Figure 8. Rankings of different settings of the algorithm. 
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Figure 9. Cost (the ratio of minimal quantity of orthogonal resources to the number of lines). 
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Figure 10. (a) Mean space complexity. (b) Mean time complexity. (c) Mean number of iterations. (d) Mean number of lines. 






Figure 10. (a) Mean space complexity. (b) Mean time complexity. (c) Mean number of iterations. (d) Mean number of lines.



[image: Futureinternet 17 00362 g010]







 





Table 1. The definitions to describe the algorithm to find mutually acceptable interfering line sets.
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	Symbols
	Descriptions





	T
	A tree representing sets of lines with mutual interference lower than acceptable threshold.



	L
	All lines set.



	  μ  
	An empty line.



	n
	The node of set tree of layer.



	   n ∈ T   
	



	   n =  l ,  n  p r e v i o u s      
	  l ∈ L   is the line of node;   n  p r e v i o u s    is the previous node.



	   v =  μ , v    
	The line set tree root node; the only node which contains an empty line  μ .



	   l ( n )   
	A line of node n.



	   A l   
	The pairwise mutually acceptable line set for the line   l ∈ L  . l can transmit simultaneously with any single line from   A l  : any pair of lines   l , ∀ x ∈  A l    can use the same orthogonal channel resource.



	   A ( l )   
	A function (algorithm) to obtain the pairwise mutually acceptable line set.



	   A ( μ ) → L   
	



	   A  ( l ≠ μ )  →  A l  ⊆  { L \ l }    
	



	   D n   
	A set of the lines taken from the set of nodes constituting the path to the tree root from node n.



	    D v  =  { μ }    
	



	    D  n ≠ v   =  { l  ( n )  , … , μ }    
	



	   C n   
	Candidate successor set of lines for the node n.



	   C ( n )   
	A function (algorithm) to obtain   C n  .



	   C ( v ) → L   
	



	   C  ( n ≠ v )  →  C n  ⊆  { L \  D n  }    
	



	   S n   
	Successor set of lines for the node n.



	   S ( n )   
	Function (algorithm) to obtain   S n  .



	   S ( v ) → L   
	



	   S  ( n ≠ v )  →  S n  ⊆  C n    
	



	    P  n , l   =  { l ∪  D n  }    
	Set union of line l and lines in the path to the root node from the node n.



	   I  n , l    
	Boolean value, if true: lines in the line set   P  n , l    mutually interfere with each other within given bounds; if false: lines in this line set cannot use the same orthogonal channel resource.



	   I (  P  n , l   )   
	A function (algorithm) to find   I  n , l   .










 





Table 2. Worst time and space complexities for the search with full tree construction, pruned tree construction, and greedy search.
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	Algorithm
	Worst Space Complexity
	Worst Time Complexity





	Full tree
	   O (  2 N  · N )   
	   O (  2 N  ·  N 2  )   



	Pruned tree
	   O (  N 3  )   
	   O (  N 5  )   



	Greedy search
	   O (  N 2  )   
	   O (  N 3  )   










 





Table 3. Grid search for the settings of proposed algorithm, ranks of settings.
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	Settings Names
	Rankings





	uniform, mP = 0.1
	14



	pareto (10.0, 0.001), mP = 0.1
	20



	linear (10.0), mP = 0.1
	26



	pareto (10.0, 0.001), mP = 0.2
	27



	uniform, mP = 0.2
	36



	linear (10.0), mP = 0.2
	36



	linear (100.0), mP = 0.1
	50



	linear (1000.0), mP = 0.1
	58



	linear (100.0), mP = 0.2
	61



	linear (1000.0), mP = 0.2
	69



	pareto (100.0, 0.001), mP = 0.1
	73



	pareto (100.0, 0.001), mP = 0.2
	82



	pareto (1000.0, 0.001), mP = 0.1
	86



	pareto (1000.0, 0.001), mP = 0.2
	97



	uniform, random search
	106



	linear (10.0), random search
	113



	pareto (10.0, 0.001), random search
	117



	linear (100.0), random search
	127



	linear (1000.0), random search
	133



	pareto (100.0, 0.001), random search
	139



	pareto (1000.0, 0.001), random search
	147



	pareto (10.0, 1000.0), mP = 0.1
	154



	pareto (100.0, 1000.0), mP = 0.1
	161



	pareto (1000.0, 1000.0), mP = 0.1
	168



	pareto (10.0, 1000.0), mP = 0.2
	175



	pareto (100.0, 1000.0), mP = 0.2
	182



	pareto (1000.0, 1000.0), mP = 0.2
	189



	pareto (10.0, 1000.0), random search
	196



	pareto (100.0, 1000.0), random search
	203



	pareto (1000.0, 1000.0), random search
	210
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