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Abstract: In this article, we propose a Fourier–Legendre (FL) polynomial forest height estimation
algorithm based on low-frequency single-baseline polarimetric interferometric synthetic aperture
radar (PolInSAR) data. The algorithm can obtain forest height with a single-baseline PolInSAR
configuration while capturing a high-resolution vertical profile for the forest volume. This is based
on the consideration that the forest height remains constant within neighboring pixels. Meanwhile,
we also assume that the coefficients of the FL polynomials remain unchanged within neighboring
pixels, except for the last polynomial coefficient. The idea of using neighboring pixels to increase
the observations provides us with the possibility to obtain high-order FL polynomials. With this
approach, it is possible to obtain a high-resolution vertical profile that is suitable for forest height
estimation without losing too much spatial resolution. P-band PolInSAR data acquired in Mabounie
in Gabon and Krycklan in Sweden were selected for testing the proposed algorithm. The results show
that the algorithm outperforms the random volume over ground (RVoG) model by 18% and 16.7% in
forest height estimation for the Mabounie and Krycklan study sites, respectively.

Keywords: forest height; fourier–legendre polynomials (FL polynomials); single baseline; neighboring pixels;
polarimetric interferometric synthetic aperture radar (PolInSAR)

1. Introduction

Forest height, as an important vertical profile parameter, is vital information for
forest stock estimation and forest management. Rapid access to forest canopy height over
a wide area is important and positive for obtaining the vertical structure of the forest
and thus inferring the biomass accumulation in the area. In this article, we focus on
polarimetric interferometric synthetic aperture radar (PolInSAR). PolInSAR has already
been demonstrated to be a useful technique for estimating forest height [1–8].

The random volume over ground (RVoG) model, which was proposed by Treuhaft
in 1996, is a common model in forest height estimation from PolInSAR [9–14]. Under
the framework of the RVoG model, the forest layer is considered to be a homogeneous
volume, and the scatterers are assumed to be uniformly distributed. It is thus easy to
understand that the RVoG model is no longer applicable when the forest scatterers are
anisotropically distributed along the vertical direction. In order to address this problem,
models based on a vertically varying mean extinction coefficient [15–17] and models based
on the presumption of a backscattered power distribution following a Gaussian law in the
vertical direction [16,18,19] have been proposed. However, these two approaches still only
describe the vertical profile of the specific forest volume [20]. In fact, the vertical profile of
the forest volume is complex, and it is difficult to express in terms of a definite function.
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In view of this, tomographic SAR (TomoSAR) has been used to estimate the vertical
profile without depending on a scattering model [11,21–24]. However, TomoSAR requires a
large number of SAR images characterized by uniformly distributed baselines. In addition,
Cloude and colleagues [11,25,26] proposed polarization coherence tomography (PCT) tech-
nology. In a single-baseline configuration, PCT uses a second-order Fourier–Legendre (FL)
polynomial to describe the vertical profile of the forest volume, with the prior information of
the forest height and ground phase. In order to obtain a more refined vertical profile for the
forest volume, i.e., more terms in the FL polynomials, increasing the number of observations
is necessary. Under the PCT framework, Ghasemi et al. [27,28] combined FL polynomials
with the random motion over ground (RMoG) model. Similarly, multi-baseline PolInSAR
data are required when using high-order FL polynomials to estimate forest height. Recently,
a forest height inversion model based on FL polynomials has been proposed [20]. Forest
height can be estimated by this model, without any prior information. Nevertheless, the
model-based forest estimation needs to be performed in a multi-baseline multi-polarization
PolInSAR configuration. Caicoya et al. [29] demonstrated that a third-order FL polynomial
is required for forest biomass estimation. However, due to the insufficient observation
information of single-pixel in a single-baseline configuration, the above algorithms cannot
be expanded up to a third-order polynomial in a single-baseline configuration, which be-
comes the limitation of forest canopy height estimation based on a single-baseline PolInSAR
configuration.

In this paper, we propose an FL polynomial forest height estimation algorithm based
on a single-baseline configuration. The main objective of this algorithm is to obtain the forest
height with a single-baseline PolInSAR configuration while capturing a high-resolution
vertical profile for the forest volume. In other words, to obtain a high-order FL polynomial
in the single-baseline configuration. For a single-baseline PolInSAR configuration, it
is considered that the forest height and the ground height remain constant within the
neighboring pixels. Meanwhile, it is also assumed that the coefficients of the FL polynomials
remain unchanged within the neighboring pixels, except for the last polynomial coefficient.
This idea increases the number of observations, and a high-order FL polynomial can be
obtained. Consequently, without losing too much spatial resolution, a high-resolution
vertical forest profile can be obtained.

The rest of this article is organized as follows. Section 2 introduces the scattering
model of PolInSAR forest height estimation, and Section 3 introduces the FL polynomial
forest height estimation algorithm based on a single-baseline configuration. The P-band
PolInSAR experimental results are introduced and analyzed in Section 4. In Section 5, we
discuss the effectiveness of the proposed forest height inversion method in forest height
inversion and the contribution of different Fourier orders to forest height inversion, as well
as the limitations of the study. Finally, our conclusions are provided in Section 6.

2. The Scattering Model of PolInSAR Forest Height Estimation
2.1. Complex Coherence Observations of PolInSAR

The complex coherence observations of PolInSAR are the basic observations in model-
based forest height inversion. The polarimetric interferometric coherences in different
polarization channels can be expressed as follows [11–13,30]:

γ(w) =
E
(
s1(w) · s∗T

2 (w)
)√

E
(
s1(w) · s∗T

1 (w)
)
·
√

E
(
s2(w) · s∗T

2 (w)
) (1)

where s1 and s2 denote the polarimetric radar signal from two SAR images, w represents
the polarization channel, E() means the mathematical expected value, ∗T represents the
combined transpose and conjugate operations, and γ(w) denotes the polarimetric complex
coherence at the given polarization.
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As is well known, γ(w) can be expressed as a multiplicative combination of different
decorrelations [11,12,30]. After system calibration and pretreatment, the polarimetric
interferometric coherence is mainly composed of the following four components:

γ(w) = eiφ0 γtemporal γSNR γv γprocess (2)

where i refers to the imaginary part of the complex numbers; φ0 denotes the ground phase;
γprocess represents the loss of coherence due to the associated processing errors; γtemporal
represents the temporal decorrelation mainly caused by the difference of the scatterers in the
two SAR images; γSNR represents the signal-to-noise decorrelation, which is mainly due to
additive white noise in the SAR signals; and γv denotes the volume decorrelation. In a forest
scene, γv mainly originates from the vertical distribution of the forest volume scatterers,
and represents the volume-only coherence. With a variation of scatterers distributed with
z given by a vertical structure function f (z) and the height of the forest volume (forest
height) hv, the expression of γv is as shown in Equation (3):

γv =

∫ hv
0 f (z)eikzzdz∫ hv

0 f (z)dz
(3)

where kz represents the effective vertical wavenumber [7,25], and is a function related to
the vertical baseline length B⊥, incidence angle θ, slant range R, and wavelength λ:

kz =
4πB⊥

λR1 sin θ
(4)

Note that the volume decorrelation is a complex coherence observation and contains
information on the vertical structure of the forest volume, i.e., forest height. Furthermore,
the function f (z) represents the variation of the scattering power with the microwave
penetration depth.

2.2. RVoG Model

In practice, a specific case is often used to describe the vertical structure function f (z).
For a forest scene, a widely used structure function is the exponential function, which can
depict the physical effects of SAR signal propagation through the homogeneous forest
volume layer [9,11–13]. In this situation, the contribution from the top of volume scatterers
is stronger in the complex coherence estimation than the contribution from the bottom of
volume scatterers, because the deeper scatterers lead to a weakly incident SAR signal, due
to the wave extinction. The effect of the wave extinction can be represented by a power
loss extinction coefficient σ.

In a forest scene, by assuming a random layer for the forest volume and assuming that
the second layer acts as a hard boundary behind the volume, the vertical structure function
f (z) can be expressed as follows [9,11]:

f (z) = mv(w)e
2σ

cos θ z + mg(w)δ(z) (5)

where mv(w) denotes the effective volume scattering, mg(w) represents the effective ground
scattering, and δ() is the Dirac delta function. By assuming that γprocess, γSNR, and γtemporal
can be ignored, Equations (3) and (5) can be combined into Equation (2) [9,11–13]:

γ(w) = eiφ0
γv + µ(w)

1 + µ(w)
(6)

where µ(w) denotes the effective ground-to-volume scattering ratio (GVR), which can be
expressed as follows [9,31]:

µ(w) =
mg(w)

mv(w)e2kzhv/ cos θ
(7)
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γv represents the volume-only decorrelation, and the expression of γv is [9,31]:

γv =
2σ

(
e2σhv/cos θ+ikzhv − 1

)
(2σ + ikz cos θ)

(
e2σhv/cos θ − 1

) (8)

As it is well known, Equation (6) is the expression of the RVoG model.

2.3. Forest Height Inversion Model Based on Fourier–Legendre Polynomials

In Section 2.2, a specific case for the vertical structure function was described. Never-
theless, the vertical structure function changes with the polarization channels because the
polarimetric SAR signals are sensitive to the dielectric characteristics, the orientation of the
forest scatterers, etc. [18,20,21,26]. According to the description in Section 2.1, the vertical
structure function f (z) is a crucial factor for accurate forest height estimation.

However, due to the complexity of the distribution of forest volume scatterers, it is
difficult to be described by a specific function. To solve this problem, FL polynomials
are a good approach because of their flexibility and the fact that they are related to the
polarimetric complex interferometric coherence.

In the framework of the forest height inversion model based on FL polynomials, the
polarimetric SAR interferometric coherence modeled by the FL series can be expressed by
the following (9) [9,11,20,25,26]:

γ(w) = eikv eiφ0( f0 + ia10(w) f1 + a20(w) f2 + ia30(w) f3 + · · ·)
kv = kzhv

2
φ0 = kzhg

f0 = kzhv
2

f1 = i
(

sin kv
k2

v
− cos kv

kv

)
f2 = 3 cos kv

k2
v

−
(

6−3k2
v

2k3
v

+ 1
2kv

)
sin kv

f3 = i
((

30−5k2
v

2k3
v

+ 3
3kv

)
cos kv −

(
30−15k2

v
2k4

v
+ 3

2k2
v

)
sin kv

)
(9)

where hg represents the ground surface height; and a10(w), a20(w), and a30(w) are the
unknown coefficients of the FL polynomials. By justifying the coefficients, the vertical
structure profile will be fitted in an arbitrary structure function.

In the forest height inversion model based on FL polynomials (FL model), the for-
est height, ground height, and the coefficients of the FL polynomials are unknown and
computed simultaneously. In such a case, the single-pixel forest inversion method cannot
provide sufficient observations to support forest height retrieval with a single-baseline
configuration. Therefore, we need a new forest height estimation algorithm based on the
FL model in a single-baseline configuration to solve the problem.

3. The FL Polynomial Forest Height Estimation Algorithm Based on a Single-Baseline
Configuration

In order to describe the vertical profile of the forest volume accurately in a single-
baseline PolInSAR configuration, we introduce neighboring pixels to solve the problem.
The expression of the unknowns in Equation (9), then, is as follows:

(1) Forest height in the neighboring region: According to Tobler’s first law of geography
“everything is related to everything else, but near things are more related than distant
things” [32]. We can extend this to the assumption that, within a certain range of small
space, things have similar characteristics. In this article, without loss of generality, we
assume that the forest height is consistent within the neighboring pixels, as shown in
Figure 1. Meanwhile, maps of large-scale forest biomass are mainly produced using
the average forest height [33]. This assumption is also reasonable for large-scale and
even global-scale forest height mapping.
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(2) Ground height (i.e., ground phase) in the neighboring pixels: The ground height is
considered to be different for each pixel. Meanwhile, it is considered that the single-
pixel single-baseline PolInSAR configuration cannot provide enough observations for
the forest height estimation based on the FL polynomial model, we make a compro-
mise in this article: The ground phase can be calculated by the line-fit method in a
three-stage inversion process for each pixel [30,34], and can then be removed from
the PolInSAR observations. However, the line-fit method cannot be used to estimate
a high-precision ground phase. The residual ground height error will also affect the
accuracy of the forest height estimation. It should be noted that the three-stage inver-
sion process has been shown to be relatively robust. In other words, the magnitude of
the residual ground height error may not be very large. Therefore, in this article, we
assume that the residual ground height is the same within the neighboring pixels, as
shown in Figure 1b–c. In addition, the ground phase can be removed by the use of an
external digital elevation model (DEM) (e.g., the Shuttle Radar Topography Mission
(SRTM) DEM) in the InSAR configuration.

(3) The coefficients of the FL polynomials in neighboring pixels: In a single-pixel algo-
rithm, all the coefficients of each pixel are likely to be different. Nevertheless, in this
article, we assume that the coefficients remain unchanged within the neighboring
pixels, except for the last polynomial coefficient. The reason for making such an
assumption is the following: (1) As Figure 1b shows, it is considered that although
the forest height in the neighboring region is unchanged, the details of the vertical
structure profile cannot be exactly the same. In addition, the lower-order terms of
the FL polynomials are used to describe the forest trunk, and the higher-order terms
describe the detail of the vertical profile of the forest volume [9,20]. (2) For spaceborne
SAR imagery, the values of kz stay constant along the azimuth. If the coefficients of
the FL polynomials are all the same, no difference will be found on the right-hand
side of Equation (1) for any pixel. However, there may be errors during the SAR data
collection, and the left-hand side is different for each pixel. In order to avoid this
contradiction, it is necessary to introduce an adjusting factor to balance the variation
of the complex observations. Meanwhile, our previous work showed that the vertical
profile of the forest volume is different with different polarizations [20], and we keep
this view in this article.
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Figure 1. Simplification of a forest stand in the neighborhood pixels.

We summarize the above description with the following assumptions:
(1) The forest height remains unchanged within neighboring pixels; (2) the residual

ground height can be considered consistent within neighboring pixels; (3) the coefficients
of the FL polynomials remain unchanged within neighboring pixels, except for the last
polynomial coefficient; and (4) the vertical profile of the forest volume is different with
different polarizations.
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The polarimetric complex interferometric coherence can be related to the FL polyno-
mials of Equation (3) in the framework of single-baseline full polarization. Here, we take
the third-order FL polynomials as an example:

γ
pq
(w)

= eikpq
v eiφpq

0

(
f pq
0 + ia10(w) f pq

1 + a20(w) f pq
2 + iapq

30(w) f pq
3

)
kpq

v = kpq
z hv
2

φ
pq
0 = kpq

z hg

(10)

where w = 1, 2, ..., m; hg represents the ground height; p is the p-th row in the neighboring
pixels, where p = 1, 2, ..., P; and q is the q-th column in the neighboring pixels, where q = 1,
2, ..., Q. In this case, the number of unknowns is 2 + m(n − 1) + PQm.

Determining the order of the FL polynomials is an important step for forest height
estimation. The order of the FL polynomials determines the ability to describe the resolution
of the vertical profile of the forest volume. In this study, we estimated the forest height by
the use of the neighboring pixels and multi-polarizations under the framework of single-
baseline PolInSAR data. Thus, the order of the FL polynomials can be calculated by (4)
the following:

FLorder ≤
2PQm − 2 − PQm + m

m
=

PQm − 2 + m
m

(11)

where m represents the number of polarizations.
According to Equation (11), the number of polarizations in forest height estimation is

also worth investigating. The polarization selection has been described in [20], but we still
suggest the use of phase diversity (PD)-optimized polarizations for the forest height esti-
mation. By maximizing the phase difference between polarizations, PDHigh represents the
volume-dominated scattering polarization, and PDLow represents the ground-dominated
scattering polarization.

At the same time, with the increase in the pixel number, the order of the FL polynomials
can also increase. That is to say, there can be a very high resolution for the vertical profile
function of the forest volume. For instance, we can obtain ninth-order FL polynomials
at most with m = 2 and PQ = 9, which is far beyond the third-order FL polynomials
required for forest biomass estimation [14,19]. Nevertheless, with the increasing pixel
numbers, the ability for the reconstruction of the forest volume vertical structural details is
improved, while we lose the spatial resolution. How to balance the resolution of the forest
volume reconstruction and the spatial resolution of the interferogram is a problem that is
worthy of investigation. However, in this article, we do not pay too much attention to this
contradiction, and the forest height is estimated with the 3 × 3 neighboring pixels.

Finally, the unknown parameters can be calculated by a non-linear least-squares
optimization algorithm, and the corresponding objective function is

F = ∑
∣∣∣γpq

(w)
− γ̂

pq
(w)

∣∣∣2
p = 1, 2, 3, · · ·
q = 1, 2, 3, · · ·
w = 1, 2, 3, · · ·

(12)

In order to obtain satisfactory forest height estimation results by the non-linear least-
squares optimization algorithm, we need to provide reliable initial values and reasonable
upper and lower bounds. In this study, the initial values were calculated as follows:

(1) Forest height: The forest height of every pixel can be obtained by the three-stage inver-
sion algorithm under the framework of the RVoG model [34]. The mean forest height
is then calculated as the approximate values of the forest height within p × q pixels.

(2) Ground height: According to Section 2.3, we set the initial value of the ground height
to 0.
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(3) Coefficients of the FL polynomials: The coefficients of the FL polynomials can be
obtained by the method proposed in [9,20].

(4) Upper and lower bounds of the forest height: The bounds of the forest height are
set to 0.5h0 ≤ hv ≤ 1.5h0, where h0 represents the approximate value of the forest
height [17,20,30].

4. Results

In order to validate the performance of the proposed forest canopy height inversion
model, we selected the Mabounie region of Gabon in Africa as the first study area. The area
is about 180 km away from the airport of Libreville, the capital city of Gabon, and the main
vegetation types in the Mabounie experimental area are mature primary tropical forests and
some degraded tropical rainforests, of which the mature forests mainly have tree heights
of 40–60 m, and the degraded forests mainly have tree heights of 20 m. The Mabounie
experimental area is an important experimental site for tropical rainforest research, and
the ground survey data and LiDAR data are complete, which can provide sufficient data
guarantee for the experimental validation of the algorithm proposed in this paper. We
selected two airborne P-band multi-polarization SAR images obtained in the AfriSAR
campaign in 2016 to verify the accuracy of the proposed method. The main details of the
interferometric pair are listed in Table 1. Moreover, in this study area, LiDAR data have also
been collected by the National Aeronautics and Space Administration Land, Vegetation,
and Ice Sensor (LVIS), and were used to validate the forest height estimation results [35].

Table 1. The main details of the Mabounie interferometric pair.

Image Spatial Baseline Interval of k Range Pixel Size of SLC Azimuth Pixel Size of SLC

1 Master image Master image 2.4 m 1.2 m
2 40 m 0.06–0.13 2.4 m 1.2 m

Polarimetric SAR images 1 and 2 formed an interferometric pair. For the interfer-
ometric pair, a series of PolInSAR preprocessing steps were executed, including image
co-registration, flat-earth removal, and multi-look processing [9]. We then used the PD
optimization method to estimate the polarimetric coherences. The scale of the multi-look
processing was set to 4 × 2 (azimuth/range), and the window size for the coherence esti-
mation was set to 11 × 11. Finally, we obtained the PDHigh polarimetric coherences and
PDLow polarimetric coherences.

In this study, we estimated the forest height by the FL model within the 3 × 3 neigh-
boring pixels, and the number of complex observations was 18. Meanwhile, the number
of unknown parameters was 24. Concretely, the unknown parameters were the forest
height hv, the ground height hg, and the coefficients of the FL polynomials: a10(PDHigh),
a20(PDHigh), apq

30(PDHigh), a10(PDLow), a20(PDLow), and apq
30(PDLow).

Figure 2a shows the forest height estimated from the RVoG model, Figure 2b shows
the forest height estimated by the third-order FL model with neighboring pixels, and
Figure 2c shows the LiDAR forest height product. It can be seen that the forest height
estimated by the third-order FL model is closer to the LiDAR product. The results also
show a left-to-right trend. The main reason for this trend is the variation of kz along the
range direction since the incidence angle increases along the range direction for an airborne
system [36].

The root-mean-square error (RMSE) is widely used for accuracy assessment in tasks
such as forest canopy height inversion [31]. In order to further analyze the performance
of the different models, the root-mean-square error (RMSE) was calculated with respect
to the LiDAR forest height product. A total of 1170 forest stands were uniformly selected,
where the size of each stand was 51 × 51 pixels [20,30,31]. The RMSE of the RVoG model is
5.28 m, and the RMSE of the third-order FL model with 3 × 3 neighboring pixels is 4.32 m,
which are shown in Figure 3. The accuracy of the forest height estimation by the third-order
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FL model is improved by 18% when compared with the RVoG model. According to the
RMSE, it can be stated that the third-order FL model is superior to the RVoG model in
forest height estimation. The tree species in the Mabounie area are mainly tropical species,
and the vertical distribution of the canopy scatterers can be complicated. Meanwhile, in
the field of low-frequency radar, the forest scatterers are branches with anisotropy. In this
configuration, the hypothesis of a uniform canopy, as required by the RVoG model, may no
longer be appropriate. In contrast, the forest vertical profile described by the third-order FL
polynomials is more consistent with the forest at Mabounie.
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5. Discussion

In this section, we describe the experiments conducted to evaluate the generalizability
of the proposed forest canopy height inversion model in different types of forest canopy
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height inversion tasks. The second point of discussion is constructed based on the FL
polynomial forest height estimation algorithm based on a single-baseline configuration, as
described in Section 4 and is used to discuss the effect of different orders of FL polynomials
on forest canopy height inversion. Finally, in Section 5.3, we describe the limitations of the
model proposed in this study and potential future research.

5.1. Inversion of Forest Canopy Height in a Boreal Forest Area by the Model Proposed in
This Article

As was demonstrated in Section 3, the proposed FL polynomial forest height estimation
algorithm based on a single-baseline configuration can obtain more accurate inversion
results in the forest canopy height inversion task than the RVoG model. It is worth noting
that the first study area was a tropical rainforest region, where the vertical structure of the
forest is easier to characterize, the forest area is more homogeneous, and because of the flat
understory topography of the area, there are fewer surface phases remaining after removing
the surface phases, which makes the inversion of the forest canopy height easy. In order to
study the performance of the model in forest canopy height inversion in different types
of forest areas, the model proposed in this article was used as a model for forest canopy
height inversion in a different forested area. We chose the Krycklan region of Sweden,
located at a high latitude in the Northern Hemisphere, as a study area (64◦14′N, 19◦46′E).
The predominant forest type in this area is boreal forest. The average forest height in this
area is about 18 m. Two P-band polarization SAR images acquired during the BioSAR 2008
campaign were used to verify the effectiveness of the proposed algorithm. The main forest
types in the study area are mixed coniferous and broadleaf forests, with Scots pine and
Norway spruce as the main species of coniferous forests and a few birches as the main
species of broadleaf forests and the highest forest height of about 35 m. The Krycklan River
basin belongs to the mountainous-hilly region, with a moderately varying topographic
gradient and a ground level that ranges from 150 m to 380 m above sea level. The main
details of the Interferometric pair are listed in Table 2. The LiDAR forest height product for
this area was used to analyze the performance of the algorithm proposed in this article.

Table 2. The main details of the Krycklan interferometric pair.

Image Spatial Baseline Interval of k Range Pixel
Size of SLC

Azimuth Pixel
Size of SLC

1 Master image Master image 1.50 m 0.95 m
2 30 m 0.04–0.10 1.50 m 0.95 m

For the interferometric pair, the preprocessing steps were the same as for the Mabounie
SAR data, except that the scale of the multi-look processing was set to 2 × 1.

Figure 4a shows the RVoG model forest height estimation results, Figure 4b shows the
results of the third-order FL model with 3 × 3 neighboring pixels, and Figure 4c shows the
LiDAR forest height product, which was used for the accuracy verification. According to
Figure 4, it is apparent that the RVoG model and third-order FL model show the same trend
of forest height estimation results, but the third-order FL model is closer to the LiDAR
forest height product.

Moreover, the RMSE was calculated with respect to the LiDAR forest height product,
for which we selected 1318 forest stands in this area [20,30,31]. Firstly, we note that
the RMSE of the RVoG model is 4.67 m, and the RMSE of the third-order FL model is
3.88 m. The results of the cross-validation show that the performance of the single-baseline
algorithm proposed in this article is improved by 16.7% when compared to the RVoG model.
However, it can be seen from Figures 4 and 5 that the algorithm proposed in this article
shows overestimation in the low forest areas and underestimation in the high forest areas.
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5.2. Effects of Fourier–Legendre Polynomials of Different Orders on Forest Canopy
Height Inversion

Although the previous experiments proved that the use of third-order FL polynomials
can satisfy the vertical distribution of forest scatterers, which in turn meets the needs of
forest biomass estimation, theoretically, when the FL polynomials are used to describe the
vertical distribution of forest canopy scatterers, the polynomials should be set to a high
order as much as possible. This is because the higher-order FL polynomial functions are
more complex and can more accurately describe the details of the forest vertical structure
while accurately describing the main body of the forest vertical structure. This detailed
information on the vertical structure of forests, including trunks, branches, etc., is positively
useful for obtaining information on the vertical structure and biomass of forests on a large
scale. Therefore, in this section, in order to investigate the effect of different orders of
FL polynomials in forest canopy height inversion, we describe the forest canopy height
inversion experiments conducted for the Mabounie rainforest experimental area and the
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Krycklan boreal forest experimental area by using FL polynomials of the third order, the
fourth order, and the fifth order. In this article, based on a spatial domain of 9 pixels
(3 × 3 pixels, with a spatial resolution of about 4.5 m in Mabounie and 11.0 m in Krycklan),
we briefly attempt to describe the vertical distribution of the forest canopy scatterers using
fourth-order FL polynomials and fifth-order FL polynomials. Based on this, PolInSAR
height inversion was conducted, taking into account the non-uniform distribution of
branches in the forest canopy, as shown in Figures 6 and 7.
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Figure 6. PolInSAR forest height inversion results based on third-, fourth-, and fifth-order Fourier–
Legendre (FL) polynomials describing the vertical distribution of the forest canopy scatterers and
the LiDAR forest height product covering part of the Mabounie area. (a) The forest height inversion
results based on third-order FL polynomials describing the vertical distribution of the forest canopy
scatterers. (b) The forest height inversion results describing the vertical distribution of the forest
canopy scatterers based on fourth-order FL polynomials. (c) The forest height inversion results
describing the vertical distribution of the forest canopy scatterers based on fifth-order FL polynomials.
(d) The LiDAR forest height product covering a part of the experimental area.
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Figure 7. PolInSAR forest height inversion results based on third-, fourth-, and fifth-order FL
polynomials describing the vertical distribution of the forest canopy scatterers, as well as the LiDAR
forest height product covering a portion of the Krycklan region. (a) The forest height inversion
results based on third-order FL polynomials describing the vertical distribution of the forest canopy
scatterers. (b) The forest height inversion results describing the vertical distribution of the forest
canopy scatterers based on fourth-order FL polynomials. (c) The forest height inversion results
describing the vertical distribution of the forest canopy scatterers based on fifth-order FL polynomials.
(d) The LiDAR forest height product covering part of the experimental area.
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On the whole, based on the region of 9 pixels, the trend of the PolInSAR forest height
inversion results are basically the same when FL polynomials of different orders are used
to describe the vertical structure of the scatterers in the forest canopy. The main reason for
this phenomenon is that the FL polynomials are orthogonal, and the addition and deletion
of one term have no effect on the other terms, i.e., when the coefficients of the higher-order
FL polynomials are zero or tend to zero, the higher-order polynomials can degenerate into
lower-order FL polynomials.

In order to quantitatively characterize the accuracy of the forest height inversion, based
on the 1170 forest stands selected as described in Section 4 and 1318 forest stands selected
as described in Section 5.1, the RMSE and correlation coefficient (R2) were used as the
measures of accuracy for the forest height inversion results, as shown in Figures 8 and 9.
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for the distribution of forest canopy scatterers in the vertical direction. We conducted ex-
periments based on different forest types and obtained more accurate inversion results for 
forest canopy height. However, the proposed method still has some limitations. Firstly, 
the most suitable Fourier polynomials cannot be determined at present. Although we ob-
tained third-, fourth-, and fifth-order FL polynomial inversion results according to the 
different forest types in the study areas, the errors of these results were convergent due to 
the fact that the propagation process of electromagnetic waves inside the forest canopy is 
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Figure 8. Cross-validation plots of the cross-validation results of the PolInSAR forest height inversion
results with the sample plots of the LiDAR forest height product covering part of the Mabounie area.
(a) Cross-validation plot of the forest height inversion results based on fourth-order FL polynomials
describing the vertical distribution of the forest canopy scatterers with sample plots of the LiDAR
forest height product. (b) Cross-validation plot of the forest height inversion results based on fifth-
order FL polynomials describing the vertical distribution of the forest canopy scatterers with sample
plots of the LiDAR forest height product.
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Figure 9. Cross-validation plots of the cross-validation results of the PolInSAR forest height inversion
results with sample plots of the LiDAR forest height product covering part of the Krycklan area.
(a) Cross-validation plot of the forest height inversion results based on fourth-order FL polynomials
describing the vertical distribution of the forest canopy scatterers with sample plots of the LiDAR
forest height product. (b) Cross-validation plot of the forest height inversion results based on fifth-
order FL polynomials describing the vertical distribution of the forest canopy scatterers with sample
plots of the LiDAR forest height product.

From the results, it can be seen that the RMSEs corresponding to the forest height
inversion results of single-baseline PolInSAR are 4.46 m and 4.91 m in the Mabounie region
and 3.90 m and 4.08 m in the Krycklan region, respectively. Although the RMSEs are at
the same level of accuracy, the accuracy of the forest height inversion decreases as the
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order of the FL polynomial increases. The main reason for this phenomenon is that, when
the higher-order FL polynomials are used, although the vertical structure of the forest
vegetation can be described more accurately, the value of the higher-order expansion term
fi tends to be close to 0, and the number of observation matrix conditions associated with
the higher-order expansion term fi is larger. This makes the parameter inversion process
more sensitive to observation errors (e.g., temporal decoherence, spatial decoherence, etc.),
which ultimately leads to a decrease in the accuracy of the forest height inversion.

5.3. Limitations and Future Research

In this article, we have proposed the use of FL polynomials to model the expression
for the distribution of forest canopy scatterers in the vertical direction. We conducted
experiments based on different forest types and obtained more accurate inversion results
for forest canopy height. However, the proposed method still has some limitations. Firstly,
the most suitable Fourier polynomials cannot be determined at present. Although we
obtained third-, fourth-, and fifth-order FL polynomial inversion results according to the
different forest types in the study areas, the errors of these results were convergent due
to the fact that the propagation process of electromagnetic waves inside the forest canopy
is complex. Furthermore, at the same time, the vertical structure of the forest canopy is
lacking in a priori information. Therefore, it is not possible to determine the optimal FL
polynomial order. Secondly, choosing the optimal number of neighborhood pixels is also
very difficult. As the number of neighborhood pixels increases, the ability to reconstruct
the details of the vertical structure of the forest volume improves. For example, when the
neighborhood region consists of 3 × 3 pixels, the highest order can be extended to the ninth
order, even if only two polarization methods are applied for the forest height inversion.
However, the spatial resolution will be lost. At the same time, the ninth-order FL coefficient
is not necessarily optimal. In future studies, we will use LiDAR to analyze and test data
from different types of forest areas, and use the results as a priori information to determine
the optimal Fourier polynomial order and the most appropriate number of neighborhood
pixels. Thirdly, there may be differences in the vertical structure of different tree species,
and the types of trees within the coverage of neighboring pixels may be different, which
was not taken into account in this study. In addition, when constructing the single-baseline
Fourier polynomial forest canopy height inversion model, we will use principal component
analysis (PCA) to consider the information of the dominant species in the neighboring
pixels and divide the neighboring pixel areas according to the different species for forest
height inversion.

6. Conclusions

In this article, we have proposed an FL polynomial forest height estimation algorithm
based on a single-baseline configuration. The main idea is that it is possible to estimate the
forest height without losing the spatial resolution. This is based on the assumption that
the forest height, the ground height, and the vertical profile of the forest volume remain
unchanged within the neighboring pixels. The P-band experimental results showed that
the method proposed in this article is feasible and effective.

A square area is typically used to carry out sub-area experiments. However, the
ground height and the vertical profile of the forest volume may be different in this sub-area.
Therefore, which shapes are appropriate to distinguish the sub-area needs to be investigated
in the future. Meanwhile, the temporal decorrelation cannot be ignored in the repeat-pass
configuration, so how to compensate for the influence of the temporal effect also needs to
be investigated.
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