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Abstract: This paper discusses the parameter estimation problems of multi-input output-error
autoregressive (OEAR) systems. By combining the auxiliary model identification idea and the data
filtering technique, a data filtering based recursive generalized least squares (F-RGLS) identification
algorithm and a data filtering based iterative least squares (F-LSI) identification algorithm are
derived. Compared with the F-RGLS algorithm, the proposed F-LSI algorithm is more effective and
can generate more accurate parameter estimates. The simulation results confirm this conclusion.
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1. Introduction

System modeling and identification of single variable processes have been well studied.
However, most industrial processes are multivariable systems [1-3], including multiple-input
multiple-output (MIMO) systems and multiple-input single-output (MISO) systems. For example,
in chemical and process industries, the heat exchangers are MIMO systems, in which the state of
a heat exchanger often is represented by four field input variables: the cold inlet temperature, the
hot inlet temperature, the cold mass flow and the hot mass flow; the outputs are respectively the
cold outlet temperature and hot outlet temperature [4]. In wireless communication systems, the
MIMO technology can increase wireless channel capacity and bandwidth by using the multiple
antennas without the need of additional power [5]. In computing system technology, the power
consumption model for host servers can be identified using a MISO model, in which the system
inputs have different forms, such as the rate of the change in the CPU frequency and the rate of the
change in the CPU time share, and the system outputs are the changes in power consumption [6].
With the development of the industrial process, the identification of multivariable processes is in
great demand. Researchers have studied the problem of identification for multichannel systems from
different fields [7-9], and many methods have been proposed for multivariable cases [10,11].

Recursive algorithms and iterative algorithms have wide applications in system modeling and
system identification [12-14]. For example, Wang et al. derived the hierarchical least squares based
iterative algorithm for the Box-Jenkins system [15]; and Dehghan and Hajarian presented the iterative
method for solving systems of linear matrix equations over reflexive and anti-reflexive matrices [16].
Compared with the recursive identification algorithm, the iterative identification algorithm uses all
the measured data to refresh parameter estimation, so the parameter estimation accuracy can be
greatly improved, and the iterative identification methods have been successfully applied to many
different models [17-19].
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In the field of system identification, the filtering technique is efficient to improve the
computational efficiency [20-22], and it has been widely used in parameter estimation of different
models [23,24]. Particularly, Basin et al. discussed the parameter estimation for linear stochastic
time-delay systems based state filtering [25]; Scarpiniti et al. discussed the identification of
Wiener-type nonlinear systems using the adaptive filter [26]; and Wang et al. presented a gradient
based iterative algorithm for identification of a class nonlinear systems by filtering the input—-output
data [27].

This paper combines the filtering technique with the auxiliary model identification idea to
estimate parameters of multi-input output error autoregressive (OEAR) systems. By using a linear
filter to filter the input-output data, a multi-input OEAR system is transformed into two identification
models, and the dimensions of the covariance matrices of the decomposed two models become
smaller than that of the original OEAR model. The contributions of this paper are as follows:

e By using the data filtering technique and the auxiliary model identification idea, a data filtering
based recursive generalized least squares (F-RGLS) identification algorithm is derived for the
multi-input OEAR system.

e A data filtering based iterative least squares (F-LSI) identification algorithm is developed for the
multi-input OEAR system.

e The proposed F-LSI identification algorithm updates the parameter estimation by using all of the
available data, and can produce highly accurate parameter estimates compared to the F-RGLS
identification algorithm.

The rest of this paper is organized as follows: Section 2 gives a description for multi-input
OEAR systems. Section 3 gives an F-RGLS algorithm for the multi-input OEAR system by using
the data filtering technique. Section 4 derives an F-LSI algorithm by using the data filtering technique
and the iterative identification method. Two examples to illustrate the effectiveness of the proposed
algorithms are given in Section 5. Finally, Section 6 gives some concluding remarks.

2. The System Description

Consider the following multi-input OEAR system:

x]'(t) + 11]1x]( 1)+ a]zx](t 2)+ -+ ﬂ]'n].x]'(t — nj)

= bjlu]( ) +b]2u]( 2) + .- —I—bjn].uj(t—nj), @)

x(t) = Z;x]-(t), 2
j=

w(t) + cw(t—1)+cw(t—2)+ - +cyw(t—n:) =o(t), 3)

y(t) = x(t) +w(t), 4

where u;(t) € R, j = 1,2,---,r are the inputs, y(f) € R is the output, x(t) € R represents the

noise-free output, v(t) € R is random white noise with zero mean, and w(t) € R is random colored

noise. Assume that the orders n; and n. are known, y(t) = 0, u;(t) = 0 and v(t) = 0 for t < 0. The

parameters a;;, bj; and c; are to be identified from input-output data {u;(t),y(t),j =1,2,--- ,r}.
Define the parameter vectors:

0 = [l?T,C ] eR", n:=ng+ne
= [19 ...,ﬂr] E]Rno, Mg := 211 +2ny + - - - + 2n,,
c = [C Cy, - /CnC]T c Rm,
1,] = [ajll Ajp, "+ ,{ljn],,b]‘l, ij/ L ’bjnj]T c RZn]-,
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and the information vectors as

o) = [¢'() 9" (D] eR",

p(t) = [p1(t), P2(t),---, ¢ (H)]" € R™,

cpj(t) [—xi(t—=1), =xj(t =2), -+, —xj(t =n),u;(t = 1),u;(t =2), - ,uj(t —n;)]" € R,
p(t) = [-wlt-1),-w(t-2), -, -w(t-n)]" € R™

The information vector @(t) is unknown due to the unmeasured variables x;(t — i) and w(f — 7).
By means of the above definitions, Equations (2)—(4) can be expressed as

) = Yx0 =Y. el ©
W) = gi(De+o(t) =y(b) - $7()e, ©

= ¢'(Ho+o(b). )

Equation (7) is the identification model of the multi-input OEAR system, and the parameter
vector 0 contains all the parameters to be estimated.

3. The Data Filtering Based Recursive Least Squares Algorithm

Define a unit backward shift operator g=' as ¢~'u(t) := u(t — 1) and a rational function
C(q) ==1+c19 ' + 2972+ -+ +cnq . In this section, we use the linear filter C(q) to filter the
input-output data and derive an F-RGLS algorithm.

For the multi-input OEAR system in Equations (1)-(4), we define the filtered input-output data
uje(t) and y¢(t) as

uig(t) = C(q@ui(t) = uj(t) +cruj(t —1) + couj(t —2) + - + cpuj(t — nc), 8)
ye(t) = Cly(t) = y(t) +ery(t = 1) +eay(t = 2) + -~ +ony(t = ne). ©)

Multiplying both sides of Equations (1) and (4) by C(g), we can obtain the following filtered
output-error model:

vilt) = Y wlt) +o(t) = x(t) + o), (10)
=1
x]-f(t) = — lejix]'f(t - l) + Z bjiu]-f(t —1). (11)
i=1 i=1

Define the filtered information vectors ¢(t) and ¢ jf(t) as

oe(t) = [P1(t), Po(t), -, ppe(t)]" € R™,
(ij(t) = [_xjf(t_l)/ _xjf<t_2)/' e /_x]‘f(t—nj),ujf(t—1),Mjf(t—2),~~~ ,u]-f(t—n]-)]T & Ran'

Equations (10) and (11) can be rewritten as
xe(t) = ¢js(t)d), (12)

w(p) = ﬁ«p;f(twﬁv(t)
L
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= P8 +o(t). (13)

Taking advantage of the idea in [28] for the filtered identification model in Equation (13),
we can get

t -1 t
o(t) = [Z% ¢f(i)4>}(i)1 §¢(i)yf(i)~ (14)

Since the information vector ¢((t) contains the unknown variables u¢(t) and xj(t), the algorithm
in Equation (14) cannot be applied to estimate #(t) directly. According to the idea in [29], the
unknown variables xj(t) are replaced with the outputs of relevant auxiliary model, and the
unmeasurable terms u¢(t) and y¢(t) are replaced with their estimates il;¢(t) and §¢(t), respectively.
The derivation process is as follows.

Let 8(t), &(t) and f’j(t) be the estimates of ¢, c and 8 at time ¢, respectively. Use the estimates
%j(t —1), 2j¢(t — i) and @j¢(t — i) to define the estimates of ¢(t) and ¢(t) as

¢(t) = [P1(t), @y(t), -+, ()] € R™,

$i(t) = (=2t —1),=%(t=2),- -, —Fi(t —ny),uj(t = 1), u;(t = 2), - u;(t —nj)]" € R,
Pe(t) = [Ps(t), Pay(t), -, ()] €R™,
Gi(t) = =Ryt = 1), =25t —2), -, =Ryt — ), et = 1), ye(t = 2), -+, e(t — n))]" € R?",

ae,-f(t> = rp,-f(t)f%-(t).

Define the covariance matrix

Prl(t) = ) (i) s(i) = P (t—1) + (i) g (0), (15)

i=1

and the gain vector

t
3(t) = Pe(t) ) p(i)ie(i)

i=1
t—1
= Py(t) ;éf(i)?f(i)ﬂi)f(t)?f(t)
= P[Py (t—1)B(t — 1) + pe(£)7¢(1)]
= P[Py (t—1) — de()d(1)]B(t — 1) + Pe(t) (1) 91(1)
= ¥t —1) + Pe(t) pe(£) [75(t) — p(1)B(t —1)].

Applying the matrix inversion formula (A + BC)™! = A™! — A™'B(I+ CA™'B)"!1CA™! to
Equation (15), we can obtain the following recursive least squares algorithm for estimating @(t):

B(t) = B(t—1)+ Le(t)[ys(t) — (1) (t —1)], (16)
L(t) = Pg(t—1)e(t)[1+ de(H)Ps(t — 1) (1)), (17)
Pe(t) = [I—Le(t)de(t)]Pe(t —1). (18)
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Applying the least squares principle to the noise model in Equation (6), we can obtain the
following algorithm to estimate the parameter vector c:

e(t) = e(t=1)+ La()[w(t) — ¢ (t)e(t - 1)], (19)
La(t) = Po(t=1)g()[1+ ¢ ()Pa(t—D)gp(1)] 7, (20)
Py(t) = [I—La(t)9"(t)|Pn(t—1). (21)

The noise information vector 1 (t) involves the unknown term w(t — i). From Equations (6)
and (7), once the estimate @(t) is obtained, the estimate @(t) can be computed by

D(t) =y(t) — ' (1)B(t - 1).

Replace the unmeasurable noise terms w(t — i) in ¢(t) with estimates @(t — i) and define the
estimate of 9 (t) as

P(t) = [—w(t—1),—D(t—2), -+, —D(t — n;)] € R™.
Use the estimate &(t) := [¢1(t),E2(¢), - -+, En (t)]" € R™ to form the estimate of C(q) as follows:
C(t,q) :==1+e1(g  +a(t)g 2+ +En (g™

The estimates of the filtered input u¢(t) and the filtered output y¢(t) can be computed through

nie(t) = C(t,quj(t) = w;(t) + [uj(t — 1), u;(t =2),- -, u;(t = nc)Je(t),
7(t) = Cltqy(t) =y(t) +y(t=1),y(t=2),- -, y(t —nc)le(t).

Replacing ¢(t) and y¢(t) in Equations (16)—(18) with their estimates ¢((t) and 7¢(t), and
replacing 1 (t) and w(t) in Equations (19)-(21) with their estimates ¢ (¢) and @(t), we can summarize
the data filtering based recursive generalized least squares (F-RGLS) algorithm for the multi-input
OEAR systems:

d(t) = Bt —1)+Le(t) [95(t) — p()B(t — 1)), (22)
Le(t) = Pg(t —1)e(H)[1+ dr(H)Pe(t — 1) ()], (23)
P(t) = [I—Li(t)g¢(1)]Pe(t 1), (24)
e(t) = ¢i()d;(t), (25)
$i(t) = [ri’lf()ri% (), (D], (26)
Pi(t) = [—2(t—1),- ]f(t_) s =Ryt —mp), (= 1), e (t = 2), -+ e (E = np)]", (27)
1¢(t) uj(t )—l—cl(t)u](t — 1) +é(t)uj(t —2) + -+ En (Huj(t —ne), (28)
ge(t) = yB)+a®yt—1)+et)y(t—2)+ -+ & (Dy(t —ne), (29)
e(t) = e(t—1)+La()[d(t) — ' (et - 1)], (30)
Lo(t) = Pa(t=1)$(H)[1+ (H)Pa(t—1)P(t)] (31)
Pa(t) = [I-La()§'(1)]Pa(t 1), (32)
(t) = y(t)—¢'(Hd(t-1), (33)
%) = (), (34)
¢(t) = [P1(t), dp(t), -, (D], (35)
j)j(t) = [=%(t=1),=%;(t=2), -, =%;(t = nj),uj(t —=1),uj(t =2), - ,uj(t —n)[", (36)
Pp(t) = [~o(t-1),-d(t—-2),--,—D(t—n)]", (37)
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B(t) = [B1(1),85(t), -, B(D)], (38)
Bi(t) = [an(t),ap(t), - 4, (1), b (£), b (8), - -, By ()], (39)
e(t)y = [ai(t), ea(t), -, e (B)]" (40)

The F-RGLS estimation algorithm involves two steps: the parameter identification of the
system model—see Equations (22)-(29)—and the parameter identification of the noise model—see
Equations (30)—(37). The F-RGLS algorithm can generate the parameter estimation of the multi-input
OEAR system; however, the algorithm uses only the measured data {u;(i),y(i) : i = 0,1,2,---,t}
up to time ¢, not including the data {u(i),y(i) : i = t+1,t+2,---,L}. Next, we will make full
use of all the measured data to improve the parameter estimation accuracy by adopting the iterative
identification approach.

4. The Data Filtering Based Iterative Least Squares Algorithm

Suppose that the data length L > n( 4 n.. Based on the identification models in Equations (6)
and (13), we define two quadratic criterion functions

L) = Y [ye(t) — pi(H)8]%,

ﬁ
= L=
S
—

~
=

|
<=

S
—~

~~
=

h

N

]2((3) =

.*
Il
—_

Minimizing the above two quadratic criterion functions, we can obtain the estimation algorithm
of computing #(t) and &(t):

_1 L
«m(t)ﬂ(t)] t_21¢f<t)yf<t>, (41)

gl

N
Il
—

() = l

™=

-
Il

1

—1 L
e(t) = l r/J(t)t/fT(t)] }:1¢(t>w<t>. (42)
t=

Because the vectors ¢((t) and §(t) are unknown, the parameter estimates #(#) and &(t) cannot
be computed directly. Here, we adopt the iterative estimation theory. Letk = 1,2,3, - - - be an iterative
variable, & and & denote the iterative estimates of # and c at iteration k. Let ik (t) and @y (t) be the
estimates of x;(t) and w(t) at iteration k. Replacing ¢ j(t) and ¢; in Equation (5) with their estimates
cﬁjlk(t) and f?j,k at iteration k, ¢(¢) and # in Equation (6) with their estimates ¢, (t) at iteration k and
the #_ at iteration k — 1, the estimate £ x(t) and @y (t) can be calculated by

2p(t) = @ik (43)
W(t) = y(t) = r(H)d1. (44)
Replacing x;(t — i) in ¢j(t) with £ _1(t — i), w(t — i) in () with Dx_1(t — i), the estimates
¢ (t), #;,(t) and ¢(t) can be obtained by
() = [ @rp(t), Por(t),---, (D], (45)
pic(t) = [=Rjpa(t=1), -, =2t —ny)ui(t =1), - u(t —n)]", (46)
() = [~ (t—1), —Dp g (t—=2), -+, —Wp1(t —nc)]" (47)
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Using the parameter estimate & = &1, ok, - - - , €y k)" to form the estimate of C(q) at iteration k:
A e A -1 A -2 ~ —_
Ce(q) =1+ g +lopg "4+l pq ™

Filtering the input-output data u;(t) and y(t) by Cy(q), we can obtain the estimates of u¢(t)
and yg(t)

digx(t) = Ck(ﬂ)“

(8) = uj(t) + [uj(t = 1), uj(t = 2), -, uj(t —nc)]eg, (48)
9ec(t) = Celg)y(

H=yt)+yt—=1),y(t—2), -yt —nc)lé. (49)

Let £i¢4 () be the estimate of xj(t) at iteration k, replacing ¢jf(t) and ¢; in Equation (12) with
their estimates ¢ ]-f,k(t) and f?j,k at iteration k, the estimate £¢(#) can be computed by

Rig(t) = @i (1) (50)

Replacing x;j¢(f — i) and uj¢(t — i) in gbjf(t) with their estimates £;¢; 1 (# — i) at iteration k — 1 and
fjgx(t — i) at iteration k, we can obtain the estimates:

Ger(t) = [ Prer(t), Pogr (), - by (D] (51)
Pik(t) = [=Zjpra(t=1), -, =Zjppa(t —m), Wigg(t = 1), -, djexe(t — mp)]". (52)

Replacing ¢(t) and y¢(t) in Equation (41) with their estimates ¢ (t) and ¢ (t), and replacing
¥ (t) and w(t) in Equation (42) with their estimates §,(t) and @ (t), we can obtain the data filtering
based iterative least squares (F-LSI) algorithm of estimating the parameter vectors ¢ and c:

L
% = [Z& ()«ﬁ?,k(t)} Z«m k(1) k=123, (53)
t=1

L . L
& = [Ztli()t/ﬂk(t)] Y ()i (t). (54)

t=1 t=1

From Equations (43)—(54), we can summarize the F-LSI algorithm as follows:

X L o

% = lz () et )1 Y B (O)Pe(t), k=123, (55)
=1 t=1
Ger(t) = [ Prer(t), Por(t), - drer (D], (56)
Piec(t) = [—Xepa(t—1), -+, =Fpp1(t =), gx(t = 1), djgge(t —mp)]", (57)
Dig(t) = wuj(t) +Eppuj(t —1) +Epuj(t —2) + - + gt (t — nc), (58)
Per(t) y(#) + eyt —1) + Copy(t —2) + - + 8 kY (t —1e), (59)
Rigk(t) = ¢]fk() ik (60)
& = lZl?Jk(t)ti)Z(f)] thifk(t)@k(t)f (61)
t=

P(t) = [~ a(t—1), —p1(t=2), -, D1 (t — 1), (62)
Pr(t) = [P1x(t) ¢2,k(t)/ O (63)
Pit) = [— Riga(t=1), -, — ]k—l(t_”j)/”j(t_l)f'“f”j(t_”j)]T/ (64)
G(t) = @itk (65)
() = y(t) — Pt B, (66)

B =[Ot 000 (67)
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A ~ ~

Bk = [Anedpe Ak Ok b bkl (68)
& = [eip ok Cukl™ (69)

We list the steps for computing the estimates 8y and ¢ as iteration k increases:

1. To initialize, let k = 1, %j0(t) = 1/po, Bjso(t) = 1/po, Jeo(t) = 1/po, %j0(t) = 1/po,
Wo(t) = 1/po, po = 10°.

Collect the input-output data {uq (f), ua(t),-- -, u,(t),y(t): t =1,2,--- ,L}.

Form ¢, (t) by Equation (64), ¢;.(t) by Equation (63), and ,(t) by Equation (62).

Compute @y (t) by Equation (66), update the parameter estimate ¢, by Equation (61).

Read ¢; by Equation (69), compute ¢ (t) and ¢ (t) by Equations (58) and (59).

Form ¢, (t) and éjf’k(t) by Equations (56) and (57), update the parameter estimate &; by
Equation (55).

7. Read f’]-,k by Equation (68), compute £j¢(t) and £ (t) by Equations (60) and (65).

SANR LI RS N

~

. - o ¢ PN oA A . . .
8.  Give a small positive ¢, compare 60y = Ak with 0;_q, if |0 — 0_1|| < ¢, obtain the iterative
Ck

time k and the parameter estimate 8y, increase k by 1 and go to Step 2; otherwise, increase k by 1
and go to Step 3.

Remark: The computational complexity implies the computational amount of multiplications and
adds in the algorithm, depending on the sizes and lengths.

5. Examples

Example 1: Consider the following multi-input OEAR system:

xl(t) + apx (t — 1) + a12x1(t — 2) = bnul(t — 1) + b121/l1(t — 2), (70)
XZ(t) + Ll21X2(t — 1) + lezXz(t — 2) = bzﬂlz(t — 1) + bzzuz(t — 2), (71)
w(t) + cw(t—1)=0v(t), (72)
y(t) = x(t) +xa(t) +w(t). (73)

The parameter vector to be estimated is

0 = [a11,a12, 011, b1, 801,022, b21, b2, 1"
= [0.15, 0.25,0.99, —0.78, —0.10,0.35, —0.50, —0.80, O.ZO}T.

The inputs {u;(t), up(t)} are taken as two persistent excitation signal sequences with zero mean

and unit variance, and {v(t)} as a white noise sequence with zero mean and variance ¢ = 0.20? and
2 — 0602
o- = 0.60".

Applying the F-RGLS algorithm to estimate the parameters of this example system, the

parameter estimates and their estimation errors ¢ := ||8(t) — ||/ ||8|| are shown in Table 1. Applying
the F-LSI algorithm to estimate the parameters of this example system, when the data length L = 2000
the parameter estimates and their estimation errors § := ||8; — 8]|/||0|| are shown in Table 2 with

different noise variances. When the data length L = 4000, the parameter estimates and their errors §
are shown in Table 3 with different noise variances. Under different noise variances and different data
lengths, the parameter estimates and their errors J are shown in Table 4 when the iteration k = 10.
Under different noise variances, the parameter estimation errors J versus k are shown in Figure 1.
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Table 1. The F-RGLS estimates and their errors for Example 1.

o? t=1L

an ap b1 b1z ax axn b2 by 1 3 (%)

0.20> 100
200
500
1000
2000
3000

0.14240 0.23494 096900 —0.75613 —0.11071 0.35200 —0.51875 —0.80734 0.00302  12.18486
0.14579 0.25005 0.96382 —0.78341 —0.10189 0.35013 —0.49750 —0.78942 0.11045  5.68913
0.15222 0.26364 097647 —0.77308 —0.09060 0.35005 —0.48724 —0.78857 0.13262  4.41957
0.15892 0.25970 0.98546 —0.76410 —0.10005 0.34897 —0.49297 —0.78559  0.15257  3.28600
0.15443 0.25820 0.98663 —0.77005 —0.10214 0.34954 —0.49407 —0.79532 0.15569  2.85038
0.15318 0.25979 0.99026 —0.77528 —0.10025 0.35272 —0.49559 —0.79963  0.15830  2.63155

0.60> 100
200
500
1000
2000
3000

0.16661 0.22088 0.97687 —0.76637 —0.04796 0.28133 —0.58256 —0.92613 —0.01077 16.67281
0.14230 0.24704 0.95213 —0.83607 —0.06133 0.30376 —0.51120 —0.82406 0.10977  7.91161
0.15181 0.28154 0.96971 —0.78348 —0.06034 0.33148 —0.46893 —0.78559 0.14472  5.25893
0.17142 027161 0.98894 —0.74692 —0.09093 0.33498 —0.48227 —0.76910 0.15722  4.45410
0.16154 0.27069 0.98704 —0.75643 —0.10049 0.34152 —0.48438 —0.79306 0.16109  3.31329
0.15847 0.27633 0.99597 —0.76992 —0.09664 0.35335 —0.48844 —0.80372 0.16376  2.95257

True values

0.15000 0.25000 0.99000 —0.78000 —0.10000 0.35000 —0.50000 —0.80000  0.20000

Table 2. The F-LSI parameter estimates and errors for Example 1 (L = 2000).

an aiz b b1z a az b b2 C1 d (%)

—0.02217 —0.02741 0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 —0.04161 100.72791
0.00000  0.00000 0.97952 —0.91091 0.00000 0.00000 —0.49792 —0.86478 0.15858  29.65842
0.15601 0.25797  0.98928 —0.77078 —0.09937 0.34653 —0.49427 —0.79873  0.19811 0.92811
0.15519  0.25727 0.98927 —0.77191 —0.09993 0.34719 —0.49479 —0.79810 0.20207 0.83049

o? k
0202 1
2

5

10

0.602 1
2

5

10

—0.02217 —0.02741 0.00000  0.00000  0.00000  0.00000  0.00000  0.00000 —0.04161 100.72791
0.00000  0.00000 0.97808 —0.90354 0.00000 0.00000 —0.48514 —0.86083 0.16440  29.49952
0.16653  0.27248 0.98778 —0.75450 —0.09914 0.34084 —0.48385 —0.79505 0.20121 2.56878
0.16596 027194 0.98782 —0.75539 —0.09986 0.34146 —0.48438 —0.79426 0.20209 249317

True values

0.15000 0.25000  0.99000 —0.78000 —0.10000 0.35000 —0.50000 —0.80000 0.20000

Table 3. The F-LSI parameter estimates and errors for Example 1 (L = 4000).

an ap b1 b1z an axn bxn b2 1 3 (%)

—0.00166 —0.02686 0.00000  0.00000 0.00000  0.00000  0.00000 0.00000 —0.04216 100.60660
0.00000 0.00000 0.98621 —0.91856  0.00000 0.00000 —0.50246 —0.86196 0.16056  29.74749
0.15307  0.25903  0.99062 —0.77955 —0.09866 0.34570 —0.49802 —0.80145 0.18988 0.89726
0.15239 025845 0.99072 —0.78046 —0.09964 0.34658 —0.49821 —0.80051 0.19238 0.74333

o? k
0202 1
2

5

10

0602 1
2

5

10

—0.00166 —0.02686 0.00000  0.00000 0.00000  0.00000  0.00000 0.00000 —0.04216 100.60660
0.00000 0.00000 0.98710 —0.92316 0.00000 0.00000 —0.49770 —0.86426 0.16301  29.83299
0.15776 0.27565 0.99202 —0.78054 —0.09757 0.33874 —0.49436 —0.80278 0.19163 1.87793
0.15708 0.27501  0.99217 —0.78149 —0.09882 0.33965 —0.49462 —0.80160 0.19240 1.79377

True values

0.15000  0.25000  0.99000 —0.78000 —0.10000 0.35000 —0.50000 —0.80000  0.20000

Table 4. The F-LSI parameter estimates and errors for Example 1 (k = 10).

o? L an an b bz as ax by by c1 0 (%)
0.202 2000 0.15519 0.25727 098927 —0.77191 —0.09993 0.34719 —0.49479 —0.79810 0.20207 0.83049
4000 0.15239 0.25845 0.99072 —0.78046 —0.09964 0.34658 —0.49821 —0.80051 0.19238 0.74333
0.602 2000 0.16596 0.27194 098782 —0.75539 —0.09986 0.34146 —0.48438 —0.79426 0.20209 2.49317
4000 0.15708 0.27501 0.99217 —0.78149 —0.09882 0.33965 —0.49462 —0.80160 0.19240 1.79377

True values

0.15000  0.25000 0.99000 —0.78000 —0.10000 0.35000 —0.50000 —0.80000 0.20000
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Figure 1. The estimation errors J versus .

From Tables 14 and Figure 1, we can draw the following conclusions:

e Increasing the data length L can improve the parameter estimation accuracy of the F-RGLS
algorithm and the F-LSI algorithm, and as the data length L increases, the parameter estimates
are getting more stationary.

e Under the same data length, the estimation accuracy of the F-RGLS algorithm and the F-LSI
algorithm increases as the noise variance decreases.

e Under the same data length and noise variance, the estimation errors of the F-LSI algorithm are
smaller than the F-RGLS algorithm.

e  The F-LSI algorithm has fast convergence speed, and the parameter estimates only need several
iterations close to their true values.

Example 2: Consider the industrial process with colored noise, which has two inputs and one output
as shown in Figure 2 and described as

y(t) = Gi(z2)ur(t) + Ga(z)ua(t) + H(z)o(t)
= 22:[ ayixy (t — i) + byjuq (t — i) +22: —agixa(t — i) + byjup(t —i)] — crw(t — 1) +o(t),
1

i=1 i=

where Gy(z) = (bnz '+ bipz 2) /(1 +anz t +apz72), Go(z) = (buz L+ bpz2)/(1+anz 1 +
apz=2)and H(z) =1/(14+c1z71).
The parameters to be estimated are

[ﬂu, aio, bllr ber ar1,a22, bZl/ bzz, CﬂT = [015, 0.25,0.99, —-0.78, —0.10,0.35, —0.50, —0.80, OZO]T

The simulation conditions are the same as those of Example 1, and the noise variance
02 = 0.30%. Applying the F-RGLS and the F-LSI algorithms to estimate the parameters of the system,
the parameter estimates and their errors are presented in Tables 5 and 6.

From Tables 5 and 6, we can see that the estimation errors become smaller with the increase of ¢
and the F-LSI algorithm can get accurate parameter estimates by only several iterations, which shows
the effectiveness of the proposed algorithms.

The power consumption in host servers can be concerned by the model of Example 2. The two
inputs are the changes in CPU frequency of the host server and the changes in the guest server’s time
share to use the physical CPU of the host server, and the power consumption is the system output.
The configuration and the allocation of memory, storage and network bandwidth for the guest server
are the random disturbances of the system.
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o(t) 1
14cyz71

ul(t) b]1271+b12272 X1(t) w(t)

l+ﬂ]1271 +ﬂ]2272
x(t) y(t)

uz(t) b11271+b12272 x2(t)

1+a112*1 +1112272
Figure 2. The diagram of a multi-input OEAR system.
Table 5. The F-RGLS parameter estimates and errors for Example 2.

t an an b b1z an ax ba bz c1 0 (%)
100 0.31044 0.27323 047823 0.79593 —0.16988 0.31233 0.34733 0.79082 —0.35990 11.48781
200 0.35712 0.26107 0.47534 0.80554 —0.20188 0.32807 0.38468 0.77922 —0.30469  7.07660
500 0.37558 0.30333 0.48485 0.83653 —0.22143 0.30058 0.41246 0.78396 —0.28669  4.56000
1000 0.36022 0.29164 0.49690 0.84216 —0.23072 0.29199 0.40519 0.76406 —0.27138  2.49100
2000 0.36115 0.29540 0.49771 0.84667 —0.24094 0.30037 0.39938 0.74612 —0.27434  2.05076
3000 0.36636 0.30139 0.50263 0.84719 —0.24389 0.30650 0.39658 0.74012 —0.26554  1.89797

True values 0.35000 0.30000 0.50000 0.84000 —0.25000 0.30000 0.40000 0.75000 —0.25000
Table 6. The F-LSI parameter estimates and errors for Example 2.

k ai a2 b b1z a az by ba C1 J (%)

1 —0.00611 0.03601 0.00000 0.00000  0.00000  0.00000 0.00000 0.00000 0.00165  99.63926

2 0.00000 0.00000 0.49960 0.67716  0.00000  0.00000 0.41014 0.84617 —0.26452 43.64422

3 0.48512  0.14379 0.50775 0.90619 —0.22359 0.25926 0.39984 0.75210 —0.26452 15.35917

4 0.35231 0.33645 0.50464 0.84218 —0.25181 0.31725 0.39804 0.73802 —0.10385 10.48969

5 0.35968  0.29443 0.50270 0.84889 —0.24823 0.31243 0.39831 0.73841 —0.04162 14.44370

6 0.36474  0.29771 0.50305 0.84987 —0.24911 0.31358 0.39819 0.73823 —0.24951 1.76580

7 0.36336  0.29924 (0.50326 0.84956 —0.24869 0.31289 0.39808 0.73850 —0.25696  1.73424

8 0.36328  0.29861 0.50327 0.84966 —0.24868 0.31286 0.39809 0.73855 —0.25698  1.73382

9 0.36336 0.29862 0.50327 0.84967 —0.24865 0.31286 0.39808 0.73856 —0.25703  1.73724
10 0.36335 0.29864 0.50327 0.84966 —0.24865 0.31285 0.39808 0.73856 —0.25702  1.73638

True values  0.35000 0.30000 0.50000 0.84000 —0.25000 0.30000 0.40000 0.75000 —0.25000

6. Conclusions

This paper discusses the parameter estimation problem for multi-input OEAR systems. Based
on the data filtering technique, an F-RGLS algorithm and an F-LSI algorithm are developed.
The proposed methods are effective for estimating the parameters of multi-input OEAR systems. The
simulation results indicate that the proposed F-LSI algorithm achieves higher estimation accuracies
than the F-RGLS algorithm, and the convergence rate of the proposed methods can be improved by
increasing the data length. The methods used in this paper can be extended to study the identification
of other linear systems, nonlinear systems, state space systems and time delay systems.
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