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Abstract: In an asynchronous data stream, the data items may be out of order with respect
to their original timestamps. This paper studies the space complexity required by a data
structure to maintain such a data stream so that it can approximate the set of frequent items
over a sliding time window with sufficient accuracy. Prior to our work, the best solution
is given by Cormode ef al. [1], who gave an O ¢ log W log (=55 ) min{log W, ¢} log |U])-
space data structure that can approximate the frequent items within an € error bound,

where W and B are parameters of the sliding window, and U is the set of all
possible item names. We gave a more space-efficient data structure that only requires

O (£ log W log( IOEgBW) log log W) space.
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1. Introduction

Identifying frequent items in a massive data stream has many applications in data mining and network
monitoring, and the problem has been studied extensively [2-5]. Recent interest has been shifted

from the statistics of the whole data stream to that of a sliding window of recent data [6-9]. In most
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applications, the amount of data in a window is gigantic when compared with the amount of memory
available in the processing units. It is impossible to store all the data and then find the exact frequent
items. Existing research has focused on designing space-efficient data structures to support finding the
approximate frequent items. The key concern is how to minimize the space so as to achieve a required

level of accuracy.
1.1. Asynchronous Data Stream

Most of the previous work on data streams assume that items in a data stream are synchronous in the
sense that the order of their arrivals is the same as the order of their creations. This synchronous model
is however not suitable to applications that are distributed in nature. For example, in a sensor network,
the sink collects data transmitted from sensors over a large area, and the data transmitted from different
sensors would suffer different delay. It is possible that an item created at time ¢ at a certain sensor may
arrive at the sink later than an item created after ¢ at another sensor. From the sink’s viewpoint, items in
the data stream are out of order with respect to their creation times. Yet the statistics to be computed are
usually based on the creation times. More specifically, an asynchronous data stream (a.k.a. out-of-order
data stream) [1,10,11] can be considered as a sequence (a1, t1), (as, t2), (as, t3), . . ., where a; is the name
of a data item chosen from a fixed universe U, and ?; is an integer timestamp recording the creation time
of this item. Items arriving at the data stream are in arbitrary order regarding their timestamps, and it is

possible that more than one data item has the same timestamp.
1.2.  Previous Work on Approximating Frequent Items

Consider a data stream and, in particular, those data items whose timestamps fall into the last 11 time
units (W is the size of the sliding window). An item (or precisely, an item name) is said to be a frequent
item if its count (i.e., the number of occurrences) exceeds a certain required threshold of the total item
count. Arasu and Manku [6] were the first to study approximating frequent items over a sliding window
under the synchronous model, in which data items arrive in non-decreasing order of timestamps. The
space complexity of their data structure is O(2(log )? log(eB)), where € is a user-specified error bound
and B is the maximum number of items with timestamps falling into the same sliding window. Their
work was later improved by Lee and Ting [7] to O(+log(eB)) space. Recently, Cormode et al. [1]

initiated the study of frequent items under the asynchronous model, and gave a solution with space

eB
logW

Later, Cormode ef al. [12] gave a hashing-based randomized solution using O( log |U|) space. The

complexity O(Z log W log( ) min{log W, 1}log |U|), where U is the set of possible item names.
space complexity is quadratic in % which is less preferred, but that is a general solution that can solve
other problems like finding the sum and quantiles.

The earlier work on asynchronous data stream focused on a relatively simpler problem called

e-approximate basic counting [10,11]. Cormode et al. [1] improved the space complexity of basic

eB
log W

requires O(2log(eB)) space [9]. It is believed that there is roughly a gap of log W between the

counting to O( log W log( )). Notice that under the synchronous model, the best data structure

synchronous model to the asynchronous model. Yet, for frequent items, the asynchronous result of
Cormode et al. [1] has space complexity way bigger than that of the best synchronous result, which is
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O(% log(eB)) [7]. This motivates us to study more space-efficient solutions for approximating frequent
items in the asynchronous model.

1.3.  Formal Definition of Approximate Frequent Item Set

For any time interval / and any data item a, let f,(/) denote the frequency of item « in interval I,
i.e., the number of arrived items named @ with timestamps falling into /. Define f.(I) = >, fo({) to
be the total number of all arrived items with timestamps within /.

Given a user-specified error bound € and a window size W, we want to maintain a data structure to
answer any e-approximate frequent item set query for any sub-window (specified at query time), which
is in the form (¢, W’) where ¢ € [e, 1] is the required threshold and W’ < W is the sub-window size.
Suppose that 7., is the current time. The answer to such a query is a set S of item names satisfying the

following two conditions:

(C1) S contains every item a whose frequency in interval [ = [7eur — W/ + 1, Teur] 1s at least ¢ f,. (1),
y q y

e, fo(I) 2 ¢f(1).
(C2) For any item a in S, its frequency in interval [ is at least (¢ —€) f. (1), i.e., fo(I) > (¢ —€) fo(1).

The set S is also called an e-approximate ¢-frequent item set. For example, assume ¢ = 1%, then the
query (10%, 10,000) would return all items whose frequencies in the last 10,000 time units are each
at least 10% of the total item count, plus possibly some other items with frequency at least 9% of the

total count.
1.4.  Our Contribution

This paper gives a more space-efficient data structure for answering any e-approximate frequent

eB
logW

smaller than the one given by Cormode et al. [1] (see Table 1). Furthermore, this space complexity

item set query. Our data structure uses O( log W log( ) log log W) words, which is significantly
is larger than the best synchronous solution by only a factor of O(log W log log W), which is close to
the expected gap of O(log V). Similar to existing data structures for this problem, it takes time linear

to the data structure’s size to answer an e-approximate frequent item set query. Furthermore, it takes

O(log(lO;BW)(log L+ loglog W)) time to modify the data structure for a new data item. Occasionally,

we might need to clean up some old data items that are no longer significant to the approximation; in the
worst case, this takes time linear to the size of the data structure, and thus is no bigger than the query

time. As a remark, the solution of Cormode et al. [1] requires O(log(longW) log W log log |U]) time for

an update.
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Table 1. The space complexity for answering e-approximate frequent item set query in a
sliding time window. Results from this paper are marked with [{]. Note that we assume
B > %log W otherwise, we can always store all items in the window for exact answer,

using O(% log W) words. Similarly, for the result with tardiness, we assume B > % log dpax.

Space Complexity (words)

Synchronous [7]  O(+1log(eB))

Asynchronous [1]  O(%log W log(i5 <B-) min{log W, 1} log |U|)

Asynchronous [{] O(% logWIOg( ) loglog W)

Asynchronous

O(¢ log diax 1 10g 10g duna
with tardiness [T] ( 08 Og(logd )og og )

In the asynchronous model, if a data item has a delay more than W time units, it can be discarded
immediately when it arrives. In many applications, the delay is usually small. This motivates us to extend
the asynchronous model to consider data items that have a bounded delay. We say that an asynchronous
data stream has tardiness d,,, if a data item created at time ¢ must arrive at the stream no later than time
t + dpax- If we set dj . = 0, the model becomes the synchronous model. If we allow d,,,,, > W, this is
in essence the asynchronous model studied above. We adapt our data structure to take advantage of small
tardiness such that when d,,,,, is small, it uses smaller space (see Table 1) and support faster update time
(which is O(log(
time of our data structure match those of the best data structure for synchronous data stream.

og 4 ax)(log + loglog dmax))). In particular, when dp.x = O(1), the size and update
Remark. This paper is a corrected version of a paper with the same title in WAOA 2009 [13]; in

particular, the error bound on the estimates was given incorrectly before and is fixed in this version.
1.5. Technical Digest

To solve the frequent item set problem, we need to estimate the frequency of any item with relative
error €f.(I) where I = [Tcyr — W + 1, 7ey| is the interval covered by the sliding window. To this end,
we first propose a simple data structure for estimating the frequency of a fixed item over the sliding
window. Then, we adapt a technique of Misra and Gries [14] to extend our data structure to handle any
item. The result is an O(f.(I))/\)-space data structure that allows us to obtain an estimate for any item
with an error bound of about A log . Here A is a design parameter. To ensure A log W to be no greater
than ef.(I), we should set X < ef.(I)/log W. Since f.(I) can be as small as O(+ log W) (the case for
smaller f,(/) can be handled by brute-force), we need to be conservative and set A to some constant.
But then the size of the data structure can be O(B) because f.(I) can be as large as B. To reduce
space, we introduce a multi-resolution approach. Instead of using one single data structure, we maintain
a collection of O(log B) copies of our data structure, each uses a distinct, carefully chosen parameter A
so that it could estimate the frequent item set with sufficient accuracy when f, (1) is in a particular range.
The resulting data structure uses O(+ log W log B) space.
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Unfortunately, a careful analysis of our data structure reveals that in the worst case, it can only
guarantee estimates with an error bound of ef,(H U I) where H = [7cyy — 2W + 1, 7y — W], not
the required € f, (). The reason is that the error of its estimates over / depend on the number of updates
made during /, and unlike synchronous data stream, this number for asynchronous data stream can be
significantly larger than f,(7). For example, at time 7., — W + 1, there may still be many new items
(@, u) with timestamps u € H, for which we must update our data structure to get good estimates when
the sliding window is at earlier positions. Indeed, the number of updates during / can be as large as
f«(H U I), and this gives an error bound of e f,(H U I).

To reduce the error bound to €f,(I), we introduce a novel algorithm to split the data structure into
independent smaller ones at appropriate times. For example, at time 7.,, — W + 1, we can split our
data structure into two smaller ones Dy and D;, and we will only update Dy for items (a, ) with
u € H and update D; for those with v € I. Then, when we need to find an estimate on [ at time Tcy,,
we only need to consult D;, and the number of updates made to it is f.(/). In this paper, we develop
sophisticated procedures to decide when and how to split the data structure so as to enable us to get

good enough estimates when sliding window moves continuously. The resulting data structure has size

O({(logW)? log(longW)). Then, we further make the data structure adaptive to the input size, allowing

us to reduce the space to O(2(log log W) log W log(loegBW)).

2. Preliminaries

Our data structures for the frequent item set problem depends on data structures for the following two
related data stream problems. Let 0 < ¢ < 1 be any real number, and 7., be the current time.

e The e-approximate basic counting problem asks for data structure that allows us to obtain, for
any interval [ = [7oy — W/ + 1, 7¢yr] where W < T, an estimate f*(I ) of f.(I) such that
e The e-approximate counting problem asks for data structure that allows us to obtain, for any item

a and any interval [ = [Teyy — W’ 4 1, Teyr] where W/ < TV, an estimate fa(I ) of f,(I) such that
’fa(j) - fa(I)’ S Ef*([)

As mentioned in Section 1, Cormode er al. [1] gave an O(logW log(5

log W
structure B, for solving the e-approximate basic counting problem. In this paper, we give an

))-space data

O(LlogW log(loegBW) log log W)-space data structure D, for solving the harder e-approximate counting
problem. The theorem below shows how to use these two data structures to answer e-approximate

frequent item set query.

Theorem 1 Let ¢, = €/4. Given B, and D.,, we can answer any e-approximate frequent item set query.

The total space required is O(Xlog W log(lo"‘gBW) loglog W).

Proof The space requirement is obvious. Consider any e-approximate frequent item set query (¢, W)
where e < ¢ < land W' < W. Let I = [Ty — W/ + 1,7cu). Since €, = €/4, the estimates
given by B, satisfy | f*(I ) — f(I)| < {f.(I), and for any item a, the estimates given by D,, satisfy
|fuD) — fo(D)] < $f«(I). To answer the query (¢, W’), we return the set

Ss={al full) = (6 = §) (D)}
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which satisfies the required conditions (C1) and (C2) because

o for any item a with fo(I) > ¢f.(I). fu(I) > fll) = §f:(1) 2 (¢ = D) = (&
—)(—)f*( ) > (¢ — (1 — ) f(I) > (¢ — £)f.(I), and a € Sy; thus (C1) is satisfied, and

A

o foreverya€S¢, we have fo(I) > fo(I) — (1) > (éb—%)f*(I)_if*(I) > (¢ —35)(1—
DfI) = $f(D) = (¢ — €) f«(1); thus (C2) is satisfied.

The building block of D, is a data structure that counts items over some fixed interval (instead of the
sliding window). For any interval I = [/}, r;] of size W, Theorem 4 in Section 4 gives a data structure
Djc thatuses O(£ log W 10g(10gW 1ng) (log %A—Hog log W)) update
time, and enables us to obtain, for any item a and any time ¢ € I, an estimate f,([t,7]) of fu([t,71])
such that

) log log W) space, supports O(log(

[fa(ltrr]) = fa(lts )| < efu([t. 7)) (D)

Given Dy, ., Dy, , ... where I; = [(i — 1)/ + 1,ilV], we can obtain, for any W’ < W, an estimate
fa([s, Teur)) Of fo([S, Teur|) Where s = 7oy — W/ + 1 as follows.

e Let /; and I;, 4 be the intervals such that [s, 7oy ] C I; U I;41.

e Use Dy, to get an estimate f,([s,iW]) of f.([s,iW]), and Dy,,, . an estimate f,([iW + 1,
(1 + D)W]) of fo([W +1,(i+ 1)IW])).

e Our estimate f,([s, Tewr]) = fa([s,iW]) + fo([iW + 1, (i + 1)W]).

By Equation (1), we have

| fal[s,iW]) = fa([s,iW])] < efu([s,iWV]) (2)

and
ol W + 1, (i + DW)) = fa(iW + 1, (i + DW))| < efu([(W + 1, (i + 1IWV]) 3)

Observe that any item that arrives at or before the current time 7, must have timestamp no greater than
Teur; Nence fo ([(W+1, (i+1)W]) = fo(iW +1, Tewr]) and fo (W +1, (i+ V)W) = fou([iW +1, Tewe)),
and Equation (3) is equivalent to

|fa([ZW +1, (l + 1)W]) - fa([ZW +1, Tcur]>| < Gf*([ZW + 177—cur]) “4)

Adding Equations (2) and (4), we conclude | fa([s, Teur)) — fa([$, Teur))| < €fi([S, Teur]), as required.
Our data structure D, is just the collection of Dy, ., Dy, ., . ... Note that we only need to physically

store in D, the data structures Dy, . and Dy, , . where [Tewr = W + 1, Tewr] € I; U I;14. The intervals

of the earlier ones will no longer be covered by the sliding window and the corresponding D; .’s can be

thrown away. Together with Theorem 4, we have the following theorem.

Theorem 2 The data structure D, solves the - approximate counting problem. The space usage is
O(2log W log(< >>) - (log  + loglog W)) update time.

o W) loglog W) and it supports O(log(
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3. A Simple Data Structure For Frequency Estimation

Let [ = [¢;, 7] be any interval of size . To simplify notation, we assume that W is a power of 2, so
that log W is an integer and we can avoid the floor or the ceiling functions. In this section, we describe
a simple data structure Cy ) , that enables us to obtain, for any item a, a good estimate of a’s frequency
over /. The parameters A\ and x determine its accuracy and space usage. However, its accuracy is not
enough for answering any e-approximate frequent item set query. We will explain how to improve the
accuracy in the next section.

Roughly speaking, C; » . is a set of queues Q‘}}/\, ie,Cry,s = {Q‘iA | @ € U}. For an item a, the
queue ()7 , keeps track of the occurrences of a in /. Each node N in ()7 , is associated with an interval
i(N), a value v(N), and a debit d(V); v(/N) counts the number of arrived items (a,u) with u € i(N),
and d(N) is for implementing a space reduction technique. Initially, (7 , has only one node N with
i(N) = I, and v(N) = d(N) = 0. In general, QF , is a queue (Ni, N, ..., Ny) of nodes whose
intervals form a partition of I, i.e.,

(i(N1),i(Na), ... i(Ni)) = ([p1, 1], [P2; @2l - - - [Pk, @i])

where g; 1 + 1 = p; < ¢; and J,;[pi; ¢:] = I. When an item (a,u) with u € I arrives, we update
Q7 ) as follows.

Q5 , Debit()
I: find the unique node N in Qf , with u € i(N) = J = [p, qJ;
2: increase the value of N by 1, i.e., v(N) = v(N) + 1;
3: if (|.J| > 1 and A units have been added to v(/N) since J is assigned to i(/N')) then
4: [+ refine J */

5 create a new node N’ and insert it to the left of V;

6: leti(N') = [p,m],i(N)=[m+1,q] wherem = |(p + q)/2];
7: letv(N') = 0and d(N') = 0;

8:  /x we make no change to v(N) and d(N) */
9: end if

Figure 1 gives an example on how 7 , is updated using the procedure.
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Figure 1. Suppose that A = 4. (i) shows the queue (7, before the arrivals of items
(a,1),(a,2),(a,3),(a,8); (ii) is the resulting queue after the updates for these items;
(iii) shows that after the arrival of another item (a,1), the first node in (ii) is updated

and refined.

[1,4] [5,8]
(I) v=0 v=4
d=0 d=0

.. [1,4] (5,8]
(i) v=3 v=5
d=0 d=0

[1,2] [3,4] [5,8]
(i) v=0 v=4 v=5
d=0 d=0 d=0

207

Obviously, a direct implementation of C; ) . uses too much space. We now extend a technique of

Misra and Gries [14] to reduce the space requirement. For any ()7 ,, we say that )7 , is frivial if the

queue contains only a single node N with (i) i(N) = I, and (i) v(N) = d(N) = 0. Every queue in

Cr.xx 1s trivial initially. The key for reducing the space complexity of C; » , is to maintain the following

invariant throughout the execution:

(x) There are at most ~ non-trivial queues in Cy » 4.

We call « the capacity of C; .. The invariant helps us save space because we do not need to store trivial

queues physically in memory. To maintain (x), each queue Q)7 , supports the following procedure, which

is called only when v(Q7 ,), the total values of the nodes in Q7 ,, is strictly greater than d(Q? ), the total

debits of the nodes in (7 ,.

Q7 ,-Debit()

1 if (0(QF ) < d(Q7,)) then
return error;
: else

2

3

4:  find an arbitrary node N of Q¢ , with v(N) > d(N);

5: /x such a node must exist because v(Q7 ,) > d(Q7 ) */
6

T

d(N)=d(N)+1;
end if

Note from the implementation of Debit( ) that v(Q7 ) is always no smaller than d(Q7 , ), and for each
node N of Qf , v(N) > d(N). Furthermore, if v(QF ) = d(Q7 ,), then v(N) = d(N) for every node

N in Qf . To maintain (), Cr x » processes a newly arrived item (a, u) with u € I as follows.
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Cr o x-Process((a, u))

1: update Qf , by calling Q% ,.Update((a, u));
2: if (after the update the number of non-trivial queues becomes «) then

3:  for each Q7 , with v(Q7,) > d(Q7 ) do Q7 ,.Debit();

4. for each non-trivial queues Q7 , with v(Q7 ) = d(Q7 ) do
5: delete all nodes of ()7 , and make it a trivial queue;

6:  /x Note that each deleted node N satisfies v(N) = d(N). */
7: end if

It is easy to see that Invariant (x) always holds: Initially the number m of non-trivial queues is zero,
and m increases only when Process((a, u)) is on some trivial )7 ,; in such case v(Q7 ) becomes 1 and
d(Q$,,) remains 0. If m becomes « after this increase, we will debit, among other queues, Qf , and its
d(Qf,,) becomes 1 too. It follows that v(Qf ) = d(Q7 ), and Lines 4-5 will make Qf , trivial and m
becomes less than x again.

We are now ready to define C; , ,.’s estimate £, ([t,r;]) of f,([t,7;]) and analyze its accuracy. We need
some definitions. For any interval J = [p,¢] and any t € I, we say that J covers t if t € [p,q], is to
the right of t if t < p, and is ro the left of t otherwise. For any item a and any t € I = [{;,7/], Cr 'S

estimate of f,([t,r/]) is

fa([t,71]) = the value sum of the nodes N currently in Q% ., whose i(N) covers or is to the
right of ¢.

For example, in Figure 1, after the update of the last item (a,1), we can obtain the estimate
fa(2,8) =0+4+5=09.

Given any node N of ()7 ,, we say that IV is monitoring a over J, or simply N is monitoring .J if
i(N) = J. Note that a node may monitor different intervals during different periods of execution, and
the size of these intervals are monotonically decreasing. Observe that although there are about 1?2 /2
possible sub-intervals of size-WW interval I, there are only about 21/ of them that would be monitored by
some nodes: there is only one such interval of size W, namely I = [(;, 7], which gives birth to two such
intervals of size W/2, namely [¢;, m] and [m + 1, ;| where m = | (¢; +r)/2], and so on. We call these
O(W) intervals interesting intervals. For any two interesting intervals J and H such that J C H, we
say that .J is a descendant of H, and H is an ancestor of J. Figure 2 shows all the interesting intervals
for I = [1, 8], as well as their ancestor-descendant relationship. The following important fact is easy to

verify by induction.

Fact 1 Any two interesting intervals J and H do not cross, although one can contain another, i.e., either

J C H,or HC J,orJNH = (. Furthermore, any interesting interval has at most log W ancestors.
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Figure 2. Interesting intervals for I = [1, 8].

I [1,8] |

I [1,4] | I [5,8] |

[ 1,21 | [ 34 | [ 560 | [ 781 |

[l (2] [B31] [s4] [i55] [661] [17.71] |188]]

For any node NV, let Z(V) be the set of intervals that have been monitored by NV so far. The following
fact can be verified from the update procedure.

Fact 2 Consider anode N in Q% ,, where i(N) = J.

e [f J covers or is to the right of t, then all intervals in T(N') cover or are to the right of t.
o [f J is to the left of t, then all intervals in T(N) are to the left of t.

We say that N covers or is to the right of t if the intervals in Z(NN) cover or are to the right of ¢;
otherwise, N is o the left of t. For any queue () ,, let alive(Q{ ,) be the set of nodes currently in Qf ,,
dead(Q7 ) be those nodes of Q7 , that have already been deleted (because of Line 5 of the procedure
Process( )), and node(Q% ,) = alive(Q7 ,) U dead(Q7 ,). Note that the estimate fa([t,71]) is the value
sum of the nodes in alive(Q} ,) that cover or are to the right of ¢. For simplicity, we need to express it
more succinctly. Let

alive(Cr ) = [ {alive(Qf.) | Qf 5 € Cran}

be the set of nodes currently in C; , .. Define dead(C; ) and node(Cy » ) similarly. For any item a
and any subset X C node(Cy ), let X* be the set of nodes in X that are monitoring a (and thus are
the nodes from ()7 ,). Forany ¢ € I, let X'>; denote the set of nodes in X' that cover or are to the right of
t. Define v(X) = > yex v(NV) and d(X) = >y d(V). Then, fa([t, 71]) can be expressed as follows:

fa(lt, 1)) = v(@live(Qf \)>1) = v(alive(Cra.)l,)
The following theorem analyzes its accuracy, as well as gives the size of Cj j .

Lemma 3 Foranyt € I, f,([t,r]]) — %f*(l) < fa([t,m]) < fa([t,71]) + Alog W. Furthermore, Cj »
has size O(f.(I)/X + k) words.

Proof Recall that f,([t,r/]) = v(alive(Qf,)>¢). Consider any node N € alive(Qf,)>;. Note that
O(N) = > jez(n) Vaga(V, J) where vaga(IN, J) is the value added to v(NV) during the period when
i(N) = J. By Fact 2, we can divide it as v(N) = > {vaaa(N,J) | Jcoverst} + > {vaaa(N, J) |
J is to the right of ¢}. It follows that
o(@lve(5,)50) = S weaneos ., (V)
= ZNealive( ¢ )t > {vaaa(N, J) | J covers t}+
- Nealive(@? , )»; 24 Vada(N; J) | J is to the right of ¢} %)
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Note that  ycaive( @ s > {vaaa(N,J) | Jistotherightoft} < f,([t,r]), because if an arrived
item (a,u) causes an increase of vnq4(/V,J) for some J that is to the right of ¢, then u must be
in [t,r;]. By Equation (5), to show the second inequality of the lemma, it suffices to show that
S, = ZNea”VG(Q?’A)zt > {vadd(N, J) | J covers t} = vaga(N1, J1) + Vaga(Na, Jo) + -+ - + Vaga(Nk, Ji)
is no greater than A log IV, as follows.

Without loss of generality, suppose |Ji| > |Ja| > - -+ > |Jg|. It can be verified that once an interval
J is assigned to a node, it will not be assigned to other nodes; thus the J;’s are distinct. Furthermore,
note that for 1 < i < k, J, C J; because (i) t is in both J; and J; (ii) J}, is the smallest interval; and
(iii) interesting intervals do not cross; thus .J is a descendant of .J;, and together with Fact 1, £ < log W.
By Line 3 of the procedure Update( ), vaga(V;, J;) < A for 1 < i < k. It follows that S, < Alog W.

For the first inequality of the lemma, it is clearer to use f,([t,r;]) = v(alive(C;, ae)3i). Note that
every arrived item (a,u) with u € [t,r;] increments the value of some node in node(Cr x «)%;; thus
fa([t,71]) < v(node(Crax)%;) and

fa([t,71]) — v(alive(Crax)%y) < v(node(Crak)s;) — v(alive(Crax)l,) = v(dead(Crax)%;)

From Lines 4-6 of the procedure Process(), when we delete a node N, v(N) = d(N). Hence,
v(dead(Crax)%;) = d(dead(Cr.)%;), which is equal to the total number of debit operations made
to these dead nodes. Since whenever we make a debit operation to Qﬁ, y» we will make a debit operation

to K — 1 other queues,
K - d(dead(Crax)%;) < d(node(Cr k) < v(node(Crak)) = fo(I) (6)

In summary, we have f,([t,71]) — fo([t,71]) = fa([t,r1]) — v(alive(Crx)%;) < v(dead(Crak)ly) =
d(dead(Crx)%;) < f«(I)/k, and the first inequality of the lemma follows.

For the space, we say that a node is born-rich if it is created because of Line 5 of the procedure
Update( ) (and thus has A items under its belt); otherwise it is born-poor. Obviously, there are at most
f«(I)/ A born-rich nodes. For born-poor nodes, we need to store at most ~ of them because every queue
has one born-poor node (the rightmost one), and we only need to store at most x non-trivial queues; the
space bound follows.

If we set A\ = X\, = €2//logW and k = %, then Lemma 3 asserts that C; ), = CI,/\i,l is an
O(fET(I) log W + %)-space data structure that enables us to obtain, for any item a € U and any timestamp
t € I, an estimate f,([¢,7;]) that satisfies

fa([t’rf]) - Gf*(]) < fa([t7r1]) < fa([t7rf]) + €2'

If f,(I) does not vary too much, we can determine the ¢ such that f,(I) ~ 2/,and C; , 1 isan O(log W)
space data structure that guarantees an error bound of O(ef.(I)). However, this approach has two

obvious shortcomings:

(1) f.«(I) may vary from some small value to a value as large as B, the maximum number of items
falling in a window of size WW; hence, there may not be any fixed 7 that always satisfies f.(I) ~ 2°.
(2) To estimate f,([t,r]), we need an error bound of ef.([t, r]), not e f. ().

We will explain how to overcome these two shortcomings in the next section.
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4. Our Data Structure for e-Approximate Counting

The first shortcoming of the approach given in Section 3 is easy to overcome: a natural idea is to
maintain C; , 1 for different ); to handle different possible values of f.(/). The second shortcoming
1S more funda;ilental. To overcome it, we need to modify Cj ,, substantially. The result is a new
and complicated data structure DY@ where Y is an integer determining the accuracy. As asserted in
Theorem 7 below, this data structure uses O(% log W log log W) space, supports O(log% + loglog W)
update time, and for any ¢ € I, it offers the following special guarantee:

e When f.([t,r]) <Y, Dj can return, for any item a, an estimate fal[t, 1)) Of fa([t,r1]) such that

| fut. 1)) = fal(t,r1])] < €Y.

e When f,([t,r;]) > Y, Dy does not have any error bound on its estimate Ful[t, 1))

Before giving the details of DY75, let us explain how to use it to build the data structure D;
mentioned in Section 2 for the e-approximate counting problem. To build D;., we need another
O( log W log —5=- o ) -space data structure B ., which is a simple adaption of the data structure B, of
Cormode et al. [1] for the e-approximate basic counting problem; B; . enables us to find, for any ¢ € I,
an estimate f,([t,77]) of f.([t,;]) such that

Folltorr)) < fltri]) < L+ @) fullt, 7)) (7

B, is implemented as follows. During execution, we maintain the data structure B/, of Cormode
et al. to count the items in the sliding window. When 7., = r7, we duplicate B, /4 and get B’. Then, B’ is
updated as if 7, was fixed at ;. To get the estimate f, ([t, r;]), we first obtain an estimate f’ of £, ([t,/])
from B’, which satisfies | f' — f.([t,r7])| < {f«([t,71]). Then, fo(t, ) = 1—16/4]” It can be verified
that f.([t,r]) satisfies Equation (7). Our data structure D, is composed of (i) B; ., and (ii) D] 4 Tor
each integer ¢ from log(+log W) + 1 to log B. It also maintains a brute-force O(% log W)-space data
structure for remembering the % log W items (a, u) with the largest u € I; this brute-force data structure
will be used for finding f,([t,;]) only when f,([t,r;]) < Llog W.

Theorem 4

(i) The data structure Dy, has size O(2(loglog W)(log W) log(IO;BW
O((log % + loglog W) log(logw)) update time. )

(ii) Given Dy, we can find, for any a € ¥ and t € I, an estimate of f.([t,71]) of fu([t,71]) such that
’fa([tv TI]) - fa([t’ 7’[])| < Ef*([t7r1])'

Proof Statement (i) is straightforward because there are log B — log(% log W) different D};, each has

)) words, and supports

size O((loglog W)log W) and takes O(log + + loglog W) time for an update. For Statement (ii), we
describe how to get the estimate and analyze its accuracy.

First, we use B; . to get the estimate f, ([t, ;]). If f,([t,r;]) < Llog W, then f.([t,r]) < f(lt,r]) <
% log W and we can use the brute-force data structure to find f,([t, ;]) exactly. Otherwise, we determine
the ¢ with 21 < f,([t,r;]) < 2'. Note that

° > log(% log W) + 1 and we have the data structure D%ji’ and
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o folt.ri]) < fulltirr)) < 2.
We use D?ji to obtain an estimate f,([t,r7]) with | fu([t,71]) — fa([t,71])] < (£)2. By Equation (7),
21 < f.([t,r1]) < (1 + €)f.([t, 77]). Combining the two inequalities we have

fallt ) = falltraD)] < 209271 < 29+ @) fullt,r1]) < efullt 7))

We now describe the construction of Dj . First, we describe an O((log W)?)-space version of the
data structure. Then, we show in the next section how to reduce the space to O(% loglog Wlog W). In
our discussion, we fix A = €Y/ log W and x = 2log W.

Initially, D}; is just the data structure Cy .. By Lemma 3, we know that its size is O(fT(I) + k) =
O£ 1og W + Llog W), which is O(Llog W) when f.(I) < Y. However, it is much larger than
%1og W when f,(I) > Y, and to maintain small space usage in such case, we trim C; ) ,, by throwing
away a significant number of nodes. This is acceptable because Cj ) , only guarantees good estimates
for those ¢ € [ with f.([t,r;]) < Y. The trimming process is rather tricky. The natural idea of throwing
away all the nodes to the left of ¢ when we find f.([t,r;]) > Y does not work because the resulting data
structure may return estimates with error larger than the required €Y bound. For example, let I = [1, W].
For each item a; € {aj,as,...,a,_1}, there are m = Y/k copies of (a;,t + 1) arrive at time W + ¢ for
every t € [0, W — 1]. Also, there are m copies of (a, W) arrive at time W + ¢ for every t € [0, W — 1].
Hence, at each time W + ¢, there are mx = Y items with timestamps in [t, W] arrives, m items for each
of the « item name in {a, ay, .. ., a._, }. We are interested in the accuracy of the estimate f,([IW, W]). It
can be verified that at each time W + ¢, Lines 4-5 of the procedure Process( ) will eventually trivialize
Q4  and thus f,([W,W]) = 0. Since f,([W, W]) = (t + L)m, | fu([W, W]) = fu([W,W])| = (¢ + D)m.
When ¢t = 2¢Y/m — 1, the absolute error is 2¢Y” which is larger than the required error bound €Y.

To describe the right trimming procedure, we need some basic operations. Consider any C ) , where
J = [p, q]. The following operation splits C,  ,, into two smaller data structures Cj,  , and C, » , Where
Jy = [p,m] and J, = [m + 1,q] with m = [(p + ¢)/2].

D}fe Split(Cx )

1: for each non-trivial queue Q7 , € C; . do

if (QF , has only one node N monitoring the whole interval .J) then
/* refine J */
insert a new node N’ immediately to the left of N with v(N') = d(N') = 0;
i(N') = Jp,and i(N) = J,;
end if
divide Q7 , into two sub-queues QF , and QF , where
Q?,b , contains the nodes monitoring some sub-intervals of J,, and

D AL R o

Q9. contains those monitoring some sub-intervals of J,;
10:  put Qj‘,M inCy, », and Qj‘,w\ inCy, »x-
11: end for

12: / For a trivial Q7 ,, its two children in Cj, » » and C;, ) » are also trivial. +/

We say that Cj, . and Cj, », are the left and right child of C;, ., respectively. Figure 3 gives
an example of Split(Cpy gxx). the split of Ci1 ). Which has three non-trivial queues Q ,, Q" , and
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Q7 x> into C1 47 1~ and Cjs g » - Note that the queues for b and c in Cjy 41 » are trivial and we have not
stored them.

Figure 3. Split of Cj; g «-

[1,2] —1 B4 [5,8]
a v= v=1 v=2
d=3 d=0 d=1
[1,4] [5,8]
b v=0 — v=3
d=0 d=2
[1,8]
C v=3
d=0
[5.8]
[1,2] — [34] a: v=2
a v=3 v=1 d=1
d=3 d=0
b [5,8]
v=3
d=2
[5.8]
C v=3
d=0

Using Split( ), we can trim, for example, Cp, .+ 1),1,x int0 Cppy1,p41),0, s follows: Split Cpp ,117,2, into
Cipplak and Cppi1pi1)., and throw away Cp, 5. The following recursive procedure LeftRefine( )
generalizes this idea for larger J: Given Cj .. = Cip g r . it returns a list (Cyy x, Crines - - -5 Cae)
where the J;’s form a partition of [p, ¢|, and Jy = [p,p|. Throwing away C, » ., and the remaining
Cy, a’s all together monitor [p + 1, ¢.

Dy . LeftRefine (Cjp.g) )

if (|[p, ql| = |[p,p]| = 1) then
return (Cpp ) 2 x)

1:

2

3: else

4: split Cpp, g2« into its left child Cpy, 1)z« and right child Cjpy, 11,610 5
5. /xwherem = |[(p+q)/2] +/;

6: L = LeftRefine(Cp )\ x);

7: suppose L = (Cronnms Coyns - s Cronn)s

8 return (Cjo xxs - - - > Capans C[m+1,q],/\,n>§

9: end if

For example, LeftRefine(Cjy 5),5,) gives us the list (Cj1.1)x ., Cr2.21,005 Ci3.41 0,0, Cls.81,04) - Note that
Jo = [p, p] because the recursion stops only when |[p, ¢|| = 1. The list returned by LeftRefine(C, 4,1,
has another useful property, which we describe below.
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Given L = (Cz A, ---+Cz ax), We say that L is an interesting-partition covering the interval J if
(i) the Z;’s are all interesting intervals and form a partition of J; and (ii) for 1 < i < k, Z; is to the left of
Zi1, and |Z;| < £|Z;41|. The fact below can be verified by induction on the length of the list returned
by LeftRefine( ).

Fact3 Let J be an interesting interval, and L = (Cjrx,---,Cs,rx) be the list returned by
LeftRefine(C ). Then, the list (Cj, xr,---,Cy,, Ax) (i.e., the list obtained by throwing away the head

Coas Of L) is an interesting-partition covering [p + 1, q|.

For example, if [1,8] is an interesting interval, then the list (C12,21,3,xCp3,41. 0,55 Cl5,8),0,x) Obtained
by throwing away the first element Cpj 1y, from LeftRefine(Cp g,5,) is an interesting-partition
covering |2, 8].

We now give details of D}fg. Initially, it is the interesting-partition (Cy , ) covering the whole interval

I = [¢1,r]. Throughout the execution, we maintain the following invariant:
(%) Dj . is an interesting-partition covering some [p, 7] C I.

When Dy, = (Cj, ax;, - - - Cupne) is covering [p, 7], it only guarantees good estimates of f,([t, /]) for
t € [p, r1], and this estimate is obtained by

fallt.71]) = v(@live(Cr, ) %) + 31 cicm v(@NIVE(Cs 0 k)%

(or equivalently, f,([t,;]) = v(alive(QF, \)>t) + 2 hi1<icm v(@live(QY. ), where Jj is the interval in
{J1,J2, ..., } that covers t. When an item (a, u) with u € [p, r1] arrives, we find the unique C,  ,, in
D}fe where u € J;, update it by calling C, , ..Process((a, u)). Note that this update has no effect on the
other C; . in Dj .

During execution, we also keep track of the largest timestamp p,., € [ such that the estimate
f+([Pnax, 71]) given by B is greater than (1 + €)Y (which implies f,([pnax; 71]) > Y because of
Equation (7)). As soon as pya, falls in the interval covered by D};, we use the following procedure
to trim D}; to cover the smaller interval [pya, + 1, 77].

Suppose that L = (Cj, ax,---,Cy,, 1) 18 an interesting-partition covering [p,r;], and t € [p,ry].
Trim(L, t) constructs an interesting-partition covering [t + 1, r;] recursively as follows.

Dj . Trim(L, t)
1: find the unique Cj, » . in L such that t € J;;

2: L' =LeftRefine(Cy, ) ,);

3: suppose L' = (Cxyams Ckyams - - - s Crydn)s

4: if (Ko = [t, t]) then

5: return (Cx, x> Cronms Cripinms - -5 Ca )

6: /xi.e., throw away Cj xr,-..,Cs 2k and Cg e, ¥/

7: /% and return an interesting-partition covering [t + 1, 7;]. */
8: else

9:  return Trim((Cr, A ks - - - Cryrms Cupiinms - - - s Caae ) 1)
10:  /x throw away Cj, xx,---,Cr ;A and Cry . */

11: end if
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For example, Figure 4 shows that when D}fe = (Cr22.00 Ci3,410,, Cl5.,8] 2 1) » Trim(D};,?)) return
(C,a 20, Cps.8),0,x)- Based on Fact 3, it can be verified inductively that after D}/’E — Trim(D};, Pnax)>
the new D}; is an interesting-partition covering [pax + 1, 7;]; Invariant (xx) is preserved. In the rest of
this section, we analyze the size of D}; and the accuracy of its estimates.

Figure 4. Trim((C[mL,\,,{, C[3,4]’)\7m C[578]7,\,,{>, 3).

| [1,8] |

| [1,4] | | [5,8] |

[ 1,21 | [ 341 | [ 56 | [ 781 |

[Lu| |22 [B31] [84] |55 |66 [771] |1881]

Before trimming

I [1,8] |

| [1,4] | | [5,8] |

L 2 | L 34 | [ 56 | L (781 |

L | (2] [B31] [@s4a] [6s1] Les]| [771] [88]]

After trimming

Let ALL be the set of all Cj ,’s that ever exist, i.e., if C;), € ALL, then either (i) it is currently
in Dy ; or (ii) it has been in Dy, some time earlier in the execution, but is thrown away during some
trimming of D}fe. For any p € I, define

ALL>, = {CJ,M | Csxx € ALL, and J covers or is to the right ofp}

Let v,44(C . ) be the total value added to the nodes of Cj, . during its lifespan. We now derive an upper
bound on ZCJ,M EALLs, Vaaa(Cya ), Which is crucial for getting a tight error bound on the accuracy of
Dy ’s estimates.

Recall that initially Dy, = (Cr,»«) and thus Cy . € ALL. For any other C; . € ALL, Cj, must
be a child of some Cp ) , € ALL (i.e., C; . is obtained from Split(Cy » ). Given C . and Cp » ., We
say that C; . is a descendant of Cy ) ., and Cp » . is an ancestor of C » .., if either (i) Cj  , is a child of
Cr x» or (ii) it is a child of some of Cp » ,.’s descendants. Note that the original Cy ) , is an ancestor of
every Cj . € ALL, and in general, any C » , € ALL is an ancestor of every C; , € ALL with J C H.
We have the following lemma. (Note that we are abusing the notation here and regard D}fe as a set.)

Lemma 5 Suppose that D}; = (Chams---+Cyan) Is covering [p,r|.  Let anc(D};) =
anc((Cj, ans- - - Cy,an)) be the set {CH’,\W | C.\x is an ancestor of some Cy, 5, € D}ie}. Then,

(1) ALLs, C Dy, Uanc(D},),
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(2) vaaa(Cirk) < (1 + €)Y foranyCy, . € ALL, and
(3) |D} . Uanc(D],)| < 2logW.

Therefore, > {vaaa(Cirx) | Cirn € ALL>,} < 2(1 + €)Y log V.

Proof For (1), it suffices to prove that for any C; « € ALL>,, Csxx € Dy, Uanc(Dy ). By definition,
J covers or is to the right of p; thus J N (J; U--- U J,,) = J N [p,r;] # 0. Since the intervals are
interesting and do not cross, there is an 1 < ¢ < m such that either (i) J = J;, and thus C; ,, € D}fe,
or (ii) J; C J, which implies C; , ,, is an ancestor of Cj, » ., i.e., Cjr . € anc(D}/’E). (It is not possible
that J C J;; otherwise Cj, ) . would have been split and should not be in the current D}fe. Hence,
CJ,)\’Vv € 'D}/’E U anc(D}fE).

To prove (2), suppose that J = [z,y] and vaq4(Cy ) has just reached (1 + €)Y. This implies
fu(lz,r1]) > (1 + €)Y, and so does its estimate f,([z,7;]) given by By (as f.([z,77]) < fil[z,71])
by Equation (7)). Then, the procedure Trim( ) will be called and C;, , will be either thrown away or
split, and no more value can be added to C; . It follows that va44(Cyx ) < (1 4+ €)Y

For (3), recall that D}fe = (CrynnsCryrns---Curi). Among the intervals Ji, ..., J,, interval
Jp is the leftmost interval and its left boundary ¢;, = p. We now prove that D}; U anc(D}fG) =
D}; U anc(Cy, » ) Where anc(Cy, » ) is the set of ancestors of C, » .. Then, together with the facts that
IDy.| < logW (by Property (ii) of interesting-partition) and |anc(C;, x.)| < logW (as each Split
operation would reduce the size of interval by half), we have

]D}; U anc(D}f€)| = \D}fe Uanc(Cy, pr)| < ]D}fg\ + |anc(Cy, 0 0)| < 2log W

To show D} U anc(Dj ) = Dy, Uanc(Cy, »x), it suffices to show that for any Cy . € anc(Dj,),
Cuan € anc(Cj k). Since Cyya. € anc(Dj,), it is the ancestor of some Cj, . € Dj.. Thus
Ji = [ly,,r5] C H = [lg,ry]. Since Cp ), is already an ancestor, it no longer exists, and all the
Cjax to its left have been thrown away. Thus, Dfe has no C;, , where J is to the right of /z. This
implies (g < p=4{;, and lg < l; <ry; <r; <rg. ltfollows that J; C H and Cy ), is an ancestor

of CJl,)\7H, ie., CH,)\,H € anC(CJh)\,,Q).
We are now ready to analyze the accuracy of DY s estimates.

Theorem 6 Suppose that Dy _ is covering [p,r;]. For any item a and any t € [p,r;], the estimate
fal[t, 1)) of fa([t.r1]) obtained by Dj . satisfies |t 1)) = fa([t,71]))| < €Y. Furthermore, Dj . uses
O(2(log W)?) space.

Proof Let alive(Dj ) be the set of nodes currently in Dj , dead(Dj ) the set of those that were in Dj
earlier in the execution but have been deleted, and node(Dy ) = alive(D;,) U dead(Dj,). It can be
verified that f,([t,7;]) = v(alive(Dy,)<,). Below, we prove that

fallt, 1)) — 2N Nog W < v(alive(D).)%,) < fallt, 1)) + Alog W (8)

Recall that we fix A = €Y/ logW and k = % log W; the €Y error bound follows.
The proof of the second inequality of Equation (8) is identical to that of Lemma 3, except that we
replace all occurrences of Cy » ., by D}/’e. The proof of the first inequality is also similar. We still have

fa([t,r1]) — v(alive(D],)%,) < v(node(Dy,)%,) — v(alive(Dy,)%,) = v(dead(Dy,),)
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which equals d(dead(Dj,)%,). As in Lemma 3, we can derive the bound d(dead(Dj,)%,) <
~v(node(Dy,)) = < f.(I), but we can do better here.

Observe that for any node N € dead((Dj,)%,). N can only be in those C;, € ALL>, (because
t € [p,r1]), and when we debit N, if it is in C ., then we debit x — 1 other nodes in C; , , monitoring
# — 1 items other than a. Thus, « - d(dead((Dj,)%,)) is no more than the total value available in the

Cias € ALL>p, which i Y {vaaa(Csrk) | Cins € ALLs,}. Together with Lemma 5 we conclude
k- d(dead(Dy)%,) <Y {vaaa(Can) | Coan € ALLzp} < 2(1+ €)Y log W

and the first inequality of Equation (8) follows.

For the size of D};, similar to the proof of Lemma 3, we can argue that the number of born-rich nodes
isonly O(Y/\) = O(% log W), but the number of born-poor nodes can be much larger. A born-poor
node of a non-trivial queue is created either when we increase the value of a trivial queue, or when
we execute Lines 2-6 of procedure Split. It can be verified that every queue ()7, has at most one
born-poor node, which is the rightmost node in Q7 ,. Since there are O(log W) C;,,’s in D}fe and
each has at most x non-trivial queues, the number of born-poor nodes, and hence the size of D}fe, is
O(rlogW) = O(1(log W)?).

To reduce D) s size from O(£(log W)?) to O(L loglog W log W), we need to reduce the number
of born-poor nodes; or equivalently, the number of non-trivial queues in D}fe. In the next section,
we give a simple idea to reduce the number of non-trivial queues and hence the size of D}; to
O(% loglog W log W). In Section 6, we show how to further reduce the size by taking advantage of
the tardiness of the data stream.

5. Reducing the Size of D}

Our idea for reducing the size is simple; for every C; ) . € D};, its capacity is no longer fixed at
K = %log W instead, we start with a much smaller capacity, namely % log log W, which is allowed to
increase gradually during execution. To determine C; ) .’s capacity, we use a variable to keep track of
the number f,(J) of items (a,u) with u € J that have arrived since C .’s creation. Let v be the total
value of the nodes in C;  , when it is created (v; may not be zero if C , , is resulted from the splitting

of its parent). The capacity of C; .. is determined as follows.

When (lc%_nm}/ <w;+ f.(J) < lngYW for some integer ¢ > 1, the capacity of Cj, . is

k(c) = “loglog W, i.e., set k = k(c) and allow (c) non-trivial queues in Cy) .

Note that when we increase the capacity of C; , ., to k(c¢), we do not need to do anything, except that we
allow more non-trivial queues (up to x(c)) in the data structure. Also note that when C, , , is created
during the trimming process, its inherited capacity may be larger than the supposed capacity x(c); in
such case, we simply debit every non-trivial queue until some queue Q7 , has v(Q7,) = d(Q7 ) and we
execute Lines 4 and 5 of the procedure Process( ) to make this queue trivial. We repeat the process until
the number of non-trivial queues is at most x(c). The following theorem asserts that D}fe maintains the

accuracy of its estimates under this new implementation. It gives the revised size and the update time.

Theorem 7
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(1) Suppose that D}/’e is currently covering [p,r|. For any item a € 3 and any timestamp t € [p,r;],
the estimate f,([t, 1)) of fa([t, 1)) obtained by the new Dy satisfies |t 1)) = fa([t,71])| < €Y.
(2) DKG has size O(%(log log W) log W), and supports O(log % + loglog W) update time.

Proof Suppose that D = (Cpa w(e)s - Camn ,{(Cm)>. From the fact that we are using Cj, x x(c;) O
monitor J; we conclude (CZ ) <wy + f. ( i) It follows that > 7, ;155 logW <Y iciam i, + () +

D i<i<m 10;/W’ which is O(Y) because (i) [D},| = m = O(logW) and (i) Y-, ;.. (vs, + fo(Ji)) =
O(Y') (otherwise D, would have been trimmed). Thus,

Z1§z‘§m ci = O(log W) )

For Statement (1), the analysis of the accuracy of f,([t, 7;]) is very similar to that of Theorem 6, except
for the following difference: In the proof of Theorem 6, we show that d(dead(Dj ,)%,) < M log W,
and since « is fixed at 2 log W, d(dead(Dj,)%,) < €Y. Here, we also prove that d(dead(Dj,)%,) < €Y,
but we have to prove it differently because the capacities are no longer fixed.

As argued previously, any node in dead(Dj ), is in some Cx . € ALL>,. Below, we show that for
eY

any Cj . € ALL3,, we can make at most 5;=;- debit operations to the queue Q5 , of C;  , during its
lifespan. Together with the fact that [ALL,| < 2log W, we have d(dead(Dj,)%,) < €Y.

Consider any C;), € ALL>,. Note that the smaller its capacity, the larger the number of debit
operations can be made to the queue Q% , of C; .. To maximize the number of debit operations made
to 7, suppose that v; = 0 and thus C; . has the smallest capacity x(1) when it is created. Before
increasing its capacity to x(2), C;, can make at most ﬁ : logW
arrivals of items (a,u) with u € J, 10§W <o+ fu(J) <

debit operatlons to Q5. Then,

. Y . .
during the next ; W bgw, the capacity is

k(2), and at most debit operations can be made to )7 . In general, during the period when

R
(2) logW
(=Y cY 1

log W < v+ f*< ) log W K(c) ) logW
capacity is K(Cmax), the total number of debit operations made to Q9 is at most

debit operations can be made to ()7 ,. If the largest

Y 1 1 _ eY 1 1 €Y (In(cmax)+1)
logw(m ot H(Cmax)) - 4(10glogW)logW(1 + 2 +oee Tt ) < m

Cmax

which is smaller than &= EY 7 because by Equation (9), cax = O(log W), which implies
In(Cmax) + 1 < 2log log W (suppose that IV is larger than some constant).

We now prove (2). Note that the total number of non-trivial queues in Dy, and hence the number
of born-poor nodes, is at most >, ;... k(c;) = >, o, 2% loglog W. By Equation (9), Y-, ;.,, ¢; =
O(log W), and it follows that the size of DY, is O( loglog W log V). o

For the update time, suppose that an item (a,u) arrives. We can find the Cj, 5, in D{E =
(Criams--sCuam) Withu € J; using O(logm) = O(loglog W) time by querying a balanced search
tree storing the J;’s. By hashing (e.g., Cuckoo hashing [15], which supports constant update and query
time) we can locate the queue ()5, , € Cj, 5, in constant time. Then, by consulting an auxiliary balanced
search tree on the intervals monitored by the nodes of 7, ,, we can find and update the node N of Q7, |
with u € i(N) using O(log(Y/))) = O(log  + loglog W) time. At times we may also need to execute
Lines 3 and 4 of the procedure Process( ), which debits all the non-trivial queues in C, ) ,. Using the
de-amortizing technique given in [16], this step takes constant time.

Note that occasionally, we may also need to clean up D}fe by calling Trim( ); this step takes time
linear to the size of Dy, which is O(+ loglog W log W).
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6. Further Reducing the Size of D], for Streams with Small Tardiness

Recall that in an out-of-order data stream with fardiness d,.x € [0, W], any item (a, u) arriving at
time 7.y, satisfies u > Tcur — day; in other words, the delay of any item is guaranteed to be at most dy ..
This section extends D}; to a data structure 8}; that takes advantage of this maximum delay guarantee
to reduce the space usage. The idea is as follows. Since there is no new item with stamps smaller than
Teur — dmax, W€ Will not make any further change to those nodes to the of left 7., — d.x and hence
can consolidate these nodes to reduce space substantially. To handle those nodes with timestamps in
[Teur — dmax, Teur|» We use the data structure given in Section 5; since it is monitoring an interval of d,«
instead of W, its size is O((10g 10g diax) 10g dax) instead of O(2(loglog W) log W).

To implement 8};, we need a new operation called consolidate. Consider any list of queues
(Qﬁh)\, QIyns -+ s Q‘}m,)), where Ji, Jo, ..., J,, are ordered from left to right and form a partition of
the interval J; ,, = J; U --- U J,,. We consolidate them into a single queue Qf‘}hm’ » as follows:

(1) Concatenate the queues into a single queue, in which the nodes preserve the left-right order.

(2) Starting from the leftmost node, check from left to right every node NV in the queue, if [V is not
the rightmost node and v(/N) < A, merge it with the node N’ immediately to its right, i.e., delete
N,setv(N') =v(N)+v(N'),d(N') =d(N)+d(N')and Z(N') = Z(N) UZ(N’).

Note that after the consolidation, the resulting queue ()5, has at most one node (the rightmost one)
with value smaller than .

Given the list (C, Ar(en)s -+ C, ,\7,i(cm)), we consolidate them into C JioaL by first consolidating,
for each item a, the queues QF, ..., Q5 i Cr xn(er)s -« Crmrn(en) INEO the queue )5, and put
itinCy, 1. Then, we apply Lines 3-5 of procedure Process( ) repeatedly to reduce the number of

non-trivial queues in the data structure to %

ey
log dmax’
without loss of generality, we assume that I = [1, 1¥/]. Recall that p,,, denotes the largest timestamp in /

such that f, ([puax, 71]) > (14 €)Y (which implies f.([puax,71]) > Y). We partition I into sub-windows
I, Iy, ..., Iy, each of size dyay (ie., I; = [(i — 1)dmax, idmax]). We divide the execution into different

and

We are now ready to describe how to extend D}fe to 8};. In our discussion, we fix A =

periods according to 7., the current time.

Y
I e

e During the 1st period, when 7oy € [1, dimax] = 11, 8}; simply is D
e During the 2nd period, when 7cu; = I5, £, maintains Dy _ in addition to D .

e During the 3rd period, when 7., € I3, &), maintains D), in addition to D}, .. Also, the

€
D} « = (Crinier)s - - - »Cmrm(en)) is consolidated into C;, 5 1.

e In general, during the ith period, when 7oy € [(i — 1)dpmax + e1, idmax] = I;, €] . maintains D}
and D};E, and also Ch..HA,l where [ ; o = [; U, U---UI;,_5. Observe that in this period, there
is no item (a, u) with u € I 1.i—o arrives (because the tardiness is d,.x), and thus we do not need
to update C;, ., 1. However, we will keep throwing away any node N in C;, , , 1 as soon as
we know i(N) is to the left of Pnax + 1. 6

e When entering the (¢ + 1)st period, we do the followings: Keep D};E, create DY

Tii1,co Merge

Cr, ;o With D};he = (Crane)---+Churn(en))» and then get Ch.,H,A,% by consolidating

<CIIA41'—2,>\7%7CJ17A7“{(CI) e ’CJWHA?K(CW)>'
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Given any t € [pnax + 1, 7], the estimate of f,([t, r;]) given by &7 is

Ja([t,r1]) = v(alive (€7 )%,)
The following theorem gives the accuracy of fa([t, r1]), 5};’8 size and its update time.

Theorem 8§

1. Foranyt € [puax + 1,71), the estimate f,([t, 7)) given by &) . satisfies

Fallt, 1)) = 26V < Fu([t, 1)) < fa([t,71]) + 2¢Y

2. &) has size O(%(10g10g dinax) 108 dmax), and supports O(log + + 10g1og dax) update time.

Proof Recall that [ is partitioned into sub-intervals Iy, I5, ..., [,,,. Suppose that ¢ € ;. Note that if we
had not performed any consolidation,

v(alive(€7,)%,) = v(alive(Dy, )%,) + > i 1<icm v(@live(Dy )%

Note that for k + 1 < i < m, v(alive(Dj )*) < fo(I;), and for v(alive(Dj, )%,), since |Ix| = dimaxs
the same argument used in the proof of Lemma 3 gives us v(alive(D;] )%,) < fa([t,71,]) + Mog diax.
Hence

o(alve(E),),) = (@lve(DY, )%,) + T 1cicy, l@live(DY )9
< fa([t, 1)) + Alog dmax + D g1 <icm fa(li) = fal[t,71]) + Aog dinax (10)

The consolidation step may add errors to v(alive(£),),). To get a bound on them, let N1, Ny, ... be the
nodes for a in 5};, ordered from left to right. Suppose that ¢ € N,,. Note that

e the consolidation step will added at most A units to v( NV}, ) before we move on to consider the node
immediately to its right, and

e for node NNV; with ¢« > h + 1, any node /N that has been merged to N; must be to the right of
of Ny, and thus is to the right of #; it follows that N is contributing v(N) to v(alive(&7,)%,) in

Equation (10) and its merging will not make any change.

In conclusion, the consolidation steps introduce at most A\ extra errors, and Equation (10) becomes
v(alive(£7,)%,) < fallt,ri]) + MogW + X < fo([t,71]) + 2€Y, which is the second inequality of
the lemma.

To prove the first inequality, suppose that we ask for the estimate fa([t,rl]) during the ith
period, when we have C; . 2 AL DZ_LE and D}f’e. Recall that Cy, , , ». comes from consolidating
DY DY

oDy .,...,D] As in all our previous analyses, we have

I’L‘727€'
fa([t,71]) — v(alive(£7,)%,) < v(node(€r,)%,) — v(alive(€r,)L,) = d(dead(&7,)%,)
(Note that the merging of nodes during consolidations would not take away any value). To get a bound

on d(dead(£],)%,), suppose that puay € I;. Then, all the nodes to the left of J; have been thrown away.

Among Dy Dy . ...,Dy . only Dy may have been trimmed. Note that
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o d(dead(¢},)%,) < d(dead(Dy, )%,,.,) + jii<e<n d(dead(Dy, )%),

> Pnax

e as in the proof of Theorem 7, we can argue that d(dead(Dj )%, ) < €Y, and

e for the other DY _, since their capacity is at least
£,€ €

Zk+1§f§m d(dead(D};e)a) < Zk+1§€§m foe)/(1/€) < €fil[pnax + 1,71]) < €Y

Thus, d(dead(£7,)%,)) < 2€Y, and the first inequality follows.

For Statement (2), note that both D} and Dy _ have size O( 108108 diax 10g dimax) (by Theorem 7,
and |I;_1| = |I;| = dmax), andforC; 1, ithassize O(Y/A+1) = O(L1og dpay); thus the size of £},
is O(% log log dyax log dinax ). For the updaite time, it suffices to note that it is dominated by the update
times of D} . and D .
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