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Abstract

Sparse autoencoders (SAEs) decompose transformer activations into sparse feature dic-
tionaries, but one-shot support selection can leave many features unused and become
difficult to optimize at very small active budgets. We study an SAE-like dictionary-
learning procedure that combines a learned TopK encoder with a few unrolled Fast Iterative
Shrinkage-Thresholding Algorithm (FISTA) steps for coefficient refinement. On GPT-2
Small layer-11 residual streams, a 12,288-feature TopK256 model with five FISTA steps
achieves ∆CE = 0.0745 and a 3.09% dead-feature ratio, compared with 0.0859 and 50.76%
for a matched TopK SAE. Ablations show that initialization and learned TopK feature selec-
tion explain most of the reduction in dead features, while FISTA further improves fidelity.
In a 32,768-feature regime, direct exact-TopK32 training is unstable. Training becomes
feasible by retaining a TopK128 candidate support while reducing the final active budget
from TopK128 to TopK64 and then TopK32. Five refinement steps reach ∆CE = 0.2442
and 17.84% dead features after 264 million token presentations. A residual-gain-ranked
loss over candidates at ranks 33–48 improves near-boundary feature recruitment with a
modest fidelity cost. These results show that lightweight iterative correction can improve
fixed-budget sparse decomposition without replacing one-shot SAE inference with a full
optimization solver.

Keywords: sparse autoencoder; dictionary learning; FISTA; TopK sparsity; mechanistic
interpretability

1. Introduction
Mechanistic interpretability seeks to explain model behavior in terms of internal

computational elements rather than only input–output statistics. Transformer residual
streams are a particularly useful substrate because they aggregate contributions from
attention and MLP sublayers and can be cached, reconstructed, and causally patched
through hook-based tooling such as TransformerLens [1,2].

A central difficulty is superposition: more potentially meaningful features may be
represented than there are model dimensions, so individual neurons or basis directions can
respond to multiple unrelated patterns. Sparse dictionary learning and sparse autoencoders
(SAEs) address this problem by reconstructing dense activations from a sparse combination
of atoms in an overcomplete dictionary. Classical sparse coding established that learned
sparse dictionaries can recover structured factors, and recent work has applied the same
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principle to transformer activations, reporting semantically coherent features and finer
causal localization than neuron-level analyses [3–6].

Modern SAE research has therefore focused not only on reconstruction error, but also
on exact sparsity control and dictionary utilization. TopK autoencoders, including the
original k-sparse autoencoder formulation, directly enforce a fixed active-feature budget [7],
while large-scale studies emphasize decoder normalization, initialization, auxiliary losses,
and dead-latent mitigation [8]. Gated SAEs separate support selection from activation
magnitude [9], JumpReLU learns activation thresholds [10], BatchTopK reallocates sparse
capacity across a batch [11], and end-to-end dictionary learning optimizes features for
downstream functional objectives [12]. At the same time, benchmark and critique work
shows that reconstruction, sparsity, automated interpretability, and downstream usefulness
are related but non-equivalent properties [13–17].

Most practical SAEs nevertheless infer their sparse code in a single encoder pass
followed by TopK selection, gating, or thresholding. This amortized inference is efficient,
but the resulting code is an encoder prediction rather than the solution of a reconstruction
problem for the current activation and dictionary. Classical dictionary learning instead
separates dictionary optimization from per-example coefficient inference [18,19]. Recent
work has formalized the discrepancy between SAE encoder outputs and more directly
optimized sparse codes as an amortization gap [20].

FISTA provides a natural way to test whether a small amount of optimization can
correct this one-shot prediction. FISTA is an accelerated proximal-gradient method for
smooth reconstruction objectives combined with nonsmooth sparsity penalties [18], and
it has previously been used to infer nonnegative sparse coefficients over transformer
factors [4]. Our aim is not to replace the encoder with a long-running sparse-coding solver.
Instead, the learned TopK encoder proposes a candidate support, and only a few unrolled
FISTA steps refine the coefficient magnitudes before an exact final TopK projection. When
λ = 0, these steps act as reconstruction-driven nonnegative coefficient correction without
additional ℓ1 shrinkage. We use the term FISTA-style refinement because the updates retain
the accelerated momentum and step-size structure of FISTA; when λ = 0, the shrinkage
operator reduces to nonnegative projection.

The ultra-sparse TopK32 setting raises a second problem. When the candidate and
final supports are both restricted to 32 features, only a very small set of coefficients con-
tributes directly to each reconstruction, which can repeatedly reinforce already selected
features and make it difficult for nearby alternatives to enter the support. We therefore
separate candidate generation from final sparsity: a TopK128 candidate set is refined and
then projected to an exact TopK32 output through a shared TopK128→TopK64→TopK32
curriculum. This design allows the model to consider a wider near-boundary feature set
while preserving the final active budget.

We further introduce a near-miss ranking objective for candidates immediately below
the TopK32 boundary. The loss compares weak active features with positive-gain candidates
at ranks 33–48 and promotes either the four candidates with the largest detached residual
gain or four randomly selected candidates from the same positive-gain pool. To the best of
our knowledge, prior SAE work has not used a residual-gain-ranked pairwise objective
to train the one-shot support selector specifically at the exact TopK boundary. This loss
differs from AuxK-style dead-latent reconstruction losses [8,21]. AuxK trains dead latents
through an auxiliary reconstruction of the main residual, thereby providing gradients
to their encoder and decoder parameters. In contrast, our auxiliary gradients flow only
through the selected initializer-score entries, while the dictionary and FISTA refinement
path are detached. Like AuxK, the proposed loss does not directly modify the exact TopK32
reconstruction produced by the main branch.
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The paper makes three empirical contributions. First, it separates the effects of initial-
ization and learned support selection from the effects of iterative coefficient refinement in
a matched 12,288-feature TopK256 benchmark. Second, it shows that candidate-to-target
training and a small number of λ = 0 FISTA steps substantially accelerate learning in a
32,768-feature exact TopK32 regime. Third, it demonstrates that convergence is sensitive to
a narrow group of near-boundary features and evaluates a gain-ranked loss for recruiting
those features. All models are evaluated by activation patching with ∆CE, logit-difference
preservation, effective L0, dead-feature ratio, and feature-usage entropy.

2. Materials and Methods
2.1. Model, Data, and Activation Source

All main experiments use GPT-2 Small loaded through TransformerLens as a Hooked-
Transformer, with the target hidden representation taken from the residual stream at
blocks.11.hook_resid_post. GPT-2 is a standard decoder-only transformer language model,
and TransformerLens provides the hookable forward interface used for both training-time
activation extraction and evaluation-time causal patching [1,2,22].

Two experimental regimes are reported. The original 12,288-feature benchmark retains
its one-epoch protocol over 24 million GPT-2 tokens, using sequence length 128 and batch
size 8. The ultra-sparse experiments use K = 32,768 and a cached set of residual-stream
activations corresponding to 24 million training tokens per epoch. The same cached token
set is reshuffled and reused across epochs, with sequence length 128 and batch size 160.
For the cached 32,768-feature experiments, the activation corpus was reshuffled using a
fixed cache seed of 0 and an epoch-dependent deterministic generator, so the data order
was reproducible across runs. In all ultra-sparse runs, the learned initializer forms a
candidate TopK128 code, whereas the target active budget follows a shared curriculum:
TopK128 in epoch 1, TopK64 in epoch 2, and TopK32 from epoch 3 onward. Evaluation
uses 200,000 WikiText-103 validation tokens at sequence length 128. For trajectory analyses,
each saved model is evaluated using the target TopK active at its corresponding training
epoch: TopK128 at epoch 1, TopK64 at epoch 2, and TopK32 thereafter. The project uses
Hugging Face’s wikitext-103-raw-v1 representation of WikiText [23]. All experiments were
implemented in Python 3.12.13 using PyTorch 2.7.1+cu126 and TransformerLens 3.4.0.
The 12,288-feature experiments were run on an NVIDIA A100-SXM4 GPU with 40 GB of
memory, and the cached 32,768-feature experiments were run on an NVIDIA RTX PRO
6000 Blackwell GPU with 96 GB of memory. For the 32,768-feature experiments, the batch
size of 160 was selected conservatively after preliminary GPU-memory stress testing so
that the largest refinement-step configurations used in the study could be executed without
memory failure.

2.2. Candidate-to-Target SAE-like Dictionary-Learning Architecture

The proposed SAE-like dictionary-learning model decomposes a transformer residual-
stream activation h ∈ Rd into sparse nonnegative coefficients over a learned dictionary
D ∈ Rd×K. Here d = 768 and K is either 12,288 in the original benchmark or 32,768 in
the ultra-sparse experiments. The learned encoder first proposes a wider candidate code
and optional FISTA iterations refine its coefficients. A second exact TopK projection then
enforces the smaller target active budget used for reconstruction and downstream activation
patching. Thus, candidate support generation and final sparsity enforcement are treated
as separate operations. The reconstruction is ĥ = Da, and the dictionary columns are
renormalized after every optimizer step. The decoder dictionary is initialized elementwise
from a Gaussian distribution with standard deviation 1/

√
d [4,18,19].
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A standard TopK SAE uses a learned encoder to produce latent scores, retains the TopK
entries as the sparse code, and reconstructs the input through a learned linear decoder. Our
model retains this encoder–dictionary structure but uses the encoder output as the starting
point for optional reconstruction-driven coefficient refinement. The learned encoder first
determines a candidate support, FISTA-style iterations adjust coefficient magnitudes on that
support using the current dictionary and input activation, and a final exact TopK projection
determines the code used for reconstruction. When the number of refinement steps is
zero, the iterative refinement is absent and inference reduces to the model’s one-shot TopK
encoder–decoder path. This zero-step condition is not identical to the separately trained
standard SAE baseline because the proposed model uses different encoder/dictionary
initialization and dictionary normalization during training. These differences are examined
empirically in the 12,288-feature benchmark and the SAE initialization controls.

Let z denote the nonnegative scores produced by the learned initializer:

z = ReLU(Wench + benc) (1)

The candidate code is a(c) = TopKc(z), where c is the candidate budget. In the
32,768-feature experiments, c = 128 throughout training. The corresponding mask
mc = 1

[
a(c) > 0

]
restricts the iterative coefficient updates to this candidate support. The

encoder is initialized from the decoder transpose, Wenc ← D⊤ , with zero bias [8,21]. After
optional refinement, a separate post-FISTA projection retains the largest k coefficients,
where k is the target budget supplied by the curriculum.

Given the initializer a0, the code can be refined by solving a nonnegative sparse-coding
problem of the form

mina≥0
1
2
∥ h− Da ∥2

2 +λ ∥ a ∥1 (2)

using a fixed number of FISTA iterations [18]. Let f (a) = 0.5∥h−Da∥2
2 denote the smooth

reconstruction term, and let yt denote the FISTA momentum point at iteration t. The
gradient of the smooth term at yt is

∇ f
(
yt) = D⊤

(
Dyt − h

)
(3)

We then take a gradient step

ut = yt − ηD⊤
(

Dyt − h
)

(4)

where η is the step size. In our implementation, L ≈ ∥DT D∥2 is estimated using three
power iterations without explicitly forming DT D, and the step size is set to η = 1/L. The
proximal shrinkage step becomes the nonnegative one-sided map

at+1 = max
(
0, ut − ηλ

)
(5)

Thus, ut is the pre-proximal gradient-update vector, η is the FISTA step size, and λ controls
the strength of the sparsity-inducing shrinkage. When λ > 0, Equation (5) performs
the usual one-sided shrinkage step. When λ = 0, it reduces to nonnegative projection,
so the resulting update is more precisely an accelerated nonnegative projected-gradient
refinement. We therefore use “FISTA-style refinement” to emphasize that the momentum
and step-size structure are retained even in this zero-shrinkage special case.

FISTA refinement is restricted to the candidate mask mc = 1
[
a(c) > 0

]
rather than

directly to the final target support. After N iterations, let
∼
a denote the refined candidate

coefficient vector. The final sparse code is a = TopKk

(∼
a
)

, with k ∈ {128, 64, 32} in

https://doi.org/10.3390/a19080697

https://doi.org/10.3390/a19080697


Algorithms 2026, 19, 697 5 of 20

epochs 1, 2, and 3 onward, respectively. When N = 0, the procedure reduces to learned
candidate scoring followed by the exact target TopK projection. When λ = 0, the proximal
map reduces to nonnegative projection, so the unrolled iterations act as reconstruction-
driven coefficient refinement without additional ℓ1 shrinkage. This candidate-to-target
construction preserves exact target sparsity while allowing gradients to pass through a
wider set of near-boundary candidate features during training.

2.3. Training Objective and Optimization

In the SAE experiments, the pre- and post-MLPs are disabled, so the model consists of
a learned sparse encoder, a linear dictionary decoder, optional candidate-support FISTA
refinement, and an exact target TopK projection. Given h, the model produces the final
target code a and reconstruction ĥ = Da. The primary training objective is a mean squared
reconstruction error

Lrecon =∥ h− ĥ ∥2
2 (6)

averaged over token activations from the target residual-stream hook. The sparse
code is nonnegative. In the 32,768-feature ablations, the shared target curriculum is
128→ 64→ 32 and the candidate budget remains 128. The principal step-count experi-
ments use N ∈ {0, 1, 3, 5, 8} with λ = 0; an additional comparison uses N = 3, λ = 0.01.
The near-miss ranking experiments use N = 3, λ = 0, αrank = 0.03 unless otherwise stated.
All models are optimized with Adam [24] using a learning rate of 3× 10−5 and bf16 mixed
precision. Adam used the PyTorch default coefficients (β1,β2) = (0.9,0.999) with zero weight
decay, and gradients were clipped to a maximum norm of 1.0. Checkpoints were saved at
epoch boundaries, and reported models correspond to the predefined training endpoints
described in the Results rather than to post hoc selection of the best validation checkpoint.

Randomness in the optimization procedure is limited to specific components. The
TopK projection and the FISTA-style coefficient-update equations do not themselves involve
random sampling; for a fixed input, model parameters, candidate support, and step-
size value, they produce the same coefficient update. Stochasticity during training can
instead arise from parameter initialization, epoch-wise ordering of the training activations,
and the initialization used in the power-iteration estimate of the FISTA step size. In
addition, Random-4 explicitly samples candidates from the positive-gain pool. For the
cached 32,768-feature experiments, activation ordering was controlled by a fixed cache
seed of 0 with an epoch-dependent deterministic reshuffling rule, while Random-4 used
a separate random generator with seed 0. Thus, data exposure is reproducible across
the controlled ablations, and the additional stochastic candidate selection in Random-4 is
also reproducible.

Representative wall-clock measurements were obtained for the 32,768-feature step-
count experiments on the RTX PRO 6000 Blackwell GPU with batch size 160. Processing
one 24-million-token training epoch required approximately 36 min 48 s for n_steps = 0,
47 min 21 s for n_steps = 5, and 54 min 43 s for n_steps = 8. Thus, the five- and eight-
step configurations increased the observed training time by approximately 29% and 49%,
respectively, relative to the zero-step condition.

During training, the fixed number of FISTA refinement steps is unrolled as part of the
computation graph. Reconstruction gradients therefore propagate through the final target
projection and through the coefficient-refinement path on the candidate support. The dic-
tionary and learned initializer are updated by Adam, after which every dictionary column
is renormalized to unit ℓ2 norm. For ranking experiments, the auxiliary ranking branch
is added only to the training objective; it does not alter the exact TopK32 reconstruction
returned by the main branch.
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2.4. Near-Miss Ranking Loss

The ultra-sparse TopK32 setting exposes a narrow boundary between selected and
excluded features. Let

∼
a be the refined candidate coefficient vector before the final TopK32

projection. For each token, S contains the indices at ranks 1–32, W contains the weakest
m = 4 indices in S, and T contains the near-miss indices at ranks 33–48. Candidate ranks
are determined from

∼
a, whereas the pairwise loss is applied to the learned initializer scores

z so that the auxiliary gradient directly trains support selection.
For each j ∈ T, define cj =

∼
a jdj and the detached main residual r = stopgrad(h− Da).

A residual-optimal nonnegative scale and its normalized reconstruction gain are com-
puted as

γj = clip

( 〈
r, cj
〉

∥ cj ∥2
2 +ε

, 0, γmax

)
(7)

gj =
2γj
〈
r, cj
〉
− γ2

j ∥ cj ∥2
2

∥ r ∥2
2 +ε

(8)

Equation (8) measures the reduction in squared residual error obtained by adding the
candidate contribution γjcj. Specifically, expanding the new residual gives

∥ r− γjcj ∥2
2=∥ r ∥2

2 −2γj
〈
r, cj
〉
+ γ2

j ∥ cj ∥2
2 . (9)

Therefore, the reduction in residual error is 2γj
〈
r, cj
〉
− γ2

j ∥ cj ∥2
2. The γ2

j term arises

because scaling a vector by γj scales its squared norm by γ2
j . Division by ∥ r ∥2

2 +ε

normalizes the gain across tokens with different residual magnitudes. In our experiments,
γmax is set to 1.0, and negative gains are clamped to zero. In the proposed Gain-ranked-4
condition, P contains the four candidates in T with the largest positive gj. In the matched
Random-4 ablation, up to four candidates are sampled from the same positive-gain pool
using a fixed random generator with seed 0. Thus, Gain-ranked-4 and Random-4 use the
same pool of positive-gain candidates and differ only in how candidates are selected from
that pool: by descending gain or at random. Candidates with zero or negative residual
gain are excluded from both conditions.

For every selected near-miss candidate p and weak active feature w, we apply a
pairwise hinge loss that encourages the initializer score zp to exceed zw by a margin of
δ [25].

Lrank = meanp∈P, w∈WReLU
(
δ + zw − zp

)
, δ = 0.05 (10)

The total objective is L = Lrecon + αrankLrank. The ranking order used to define the active,
weak-active, and near-miss sets is treated as fixed in the auxiliary branch. Residuals, dictio-
nary atoms, gain values, and the discrete sets P and W are also detached. Gradients from
Lrank flow only through the selected initializer-score entries

{
zp
}

p∈P and {zw}w∈W , thereby
updating the learned initializer parameters but not the dictionary or FISTA refinement
path. Consequently, the ranking loss trains the one-shot support selector while leaving
the main exact TopK32 reconstruction and its active budget unchanged. The complete
candidate-to-target inference and optional near-miss ranking procedure is summarized in
Algorithm 1.
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Algorithm 1. Candidate-to-target TopK inference with optional FISTA refinement and
near-miss ranking

Input:
hidden vector h; dictionary D; encoder Wenc, benc

candidate budget c; target budget k; steps N; step size η; coefficient λ
rank interval [rs, re]; promoted count m; margin δ; rank mode q ∈{gain,random}
All vectors are written as column vectors.
1: z← ReLU(Wench + benc)

2: ac ← TopK(z, c); mc ← 1[ac > 0]
3: a← ac; y← a; s← 1
4: for t = 1, . . ., N do
5: grad← D⊤(Dy− h)
6: u← y− η grad
7: anext ← max(0, u− ηλ)⊙mc

8: snext ← 1+
√

1+4s2

2

9: y←
[
anext +

s−1
snext

(anext − a)
]
⊙mc

10: a← anext; s← snext

11: end for
12:

∼
a ← a

13: a← TopK
(∼

a, k
)

; recon← Da
14: Lrank ← 0
15: if αrank > 0 and k = 32 then
16: W ← weakest m indices among ranks 1, . . . , k of

∼
a

17: T ← indices at ranks rs, . . . , re of
∼
a

18: r ← stopgrad(h− recon); compute detached
{

gj : j ∈ T
}

19: P← top-m positive-gain indices (gain mode) or random positive-gain indices
(random mode)
20: Lrank ← meanp∈P, w∈WReLU

(
δ + zw − zp

)
21: end if
22: return recon, a,Lrank

2.5. Baseline and Ablation Controls

The matched 12,288-feature TopK SAE baseline uses PyTorch’s default Kaiming-
uniform-style initialization separately for the encoder and decoder. The auxiliary DL-style
SAE control initializes D ∼ N (0, 1/d), sets Wenc = D⊤, and uses zero biases. For the
32,768-feature ultra-sparse study, the no-ranking controls vary only N and λ while retaining
the candidate TopK128 and the 128→ 64→ 32 curriculum. To isolate the effect of the
candidate-selection strategy, the Gain-ranked-4 and Random-4 experiments use the same
target TopK32 schedule, data, seed, optimization settings, rank interval 33–48, m = 4,
margin 0.05, and αrank = 0.03. Random-4 differs from Gain-ranked-4 only in selecting
candidates randomly from the positive-gain pool rather than ranking them by detached
residual gain.

2.6. Evaluation Protocol

Evaluation is performed by patching the reconstructed hidden state back into the
transformer continuation at blocks.11.hook_resid_post [1,2]. Each checkpoint is evaluated
with the same candidate budget, FISTA step count, λ, and checkpoint-specific target TopK
used by its training condition. The auxiliary ranking branch is disabled during evaluation;
Gain-ranked-4 and Random-4 therefore use the same candidate-to-target reconstruction
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path without random candidate sampling. Here, CE denotes next-token cross-entropy
loss. We measure: (i) baseline CE loss, (ii) patched CE loss, (iii) ∆CE = patched_loss−
baseline_loss, (iv) logit-difference preservation, and (v) effective L0, density, dead-feature
ratio, and feature-usage entropy.

The evaluator uses cached validation tokens and cached residual-stream tensors
whenever available, which greatly reduces the cost of causal patching. Specifically, before
evaluation, the validation split is tokenized once and the target residual-stream activations
at blocks.11.hook_resid_post are precomputed and stored. During each evaluation run,
the sparse model is applied directly to these cached activations to produce reconstructed
residuals, which are then patched back into the transformer continuation for CE and
logit-margin measurement.

The logit-difference preservation ratio measures how much of the model’s original
next-token preference is retained after patching. For each correct next-token ID y, we
define a deterministic reference token with vocabulary ID

∼
y = (y + 1) mod V, where V is

the vocabulary size. The logit margin is then computed as the logit of the correct token
minus the logit of this reference token. These logits are pre-softmax values and therefore
have no absolute reference level, because a common additive shift of all vocabulary logits
leaves the softmax distribution unchanged. Subtracting a fixed deterministic reference logit
removes such common shifts and expresses the correct-token score relative to a reproducible
reference. The reported ratio is the mean patched margin divided by the mean baseline
margin. Values close to 1 indicate that patching preserves this reference margin. This
is a lightweight causal-preservation metric rather than a replacement for CE, and is best
interpreted jointly with ∆CE.

To quantify direct reconstruction quality in activation space, we additionally report
normalized mean squared error (NMSE) and fraction of variance explained (FVE) for
selected ultra-sparse models. Let hi denote the original residual-stream activation for token
i, ĥi its sparse reconstruction, and h the mean validation activation. We define

NMSE =
∑N

i=1 ∥hi − ĥi∥
2

∑N
i=1 ∥hi∥2 (11)

FVE = 1− ∑N
i=1 ∥hi − ĥi∥

2

∑N
i=1 ∥hi − h∥2 (12)

Lower NMSE and higher FVE indicate better direct reconstruction. These metrics are com-
puted directly from the cached validation activations and sparse reconstructions and there-
fore do not require a transformer continuation pass. For the epoch-11 comparisons reported
in Section 3.3, 198,656 token activations were included under the existing 200,000-token
evaluation cap.

Effective L0 denotes the average number of active sparse coefficients per token. For
each evaluation token, coefficients with magnitude greater than 10−8 are counted as active,
and the count is then averaged over all evaluation tokens. Density is effective L0 divided
by the dictionary size K, and therefore represents the average fraction of dictionary features
active for one token.

For each feature j, we count the number of evaluation tokens on which its activation
exceeds 10−8. A feature is classified as dead when this count is zero, and the dead-feature
ratio is the number of dead features divided by K. Thus, a high dead-feature ratio indicates
that a substantial portion of the learned dictionary is never used on the validation activation
cache. To assess the sensitivity of this statistic, we additionally evaluated selected epoch-11
TopK32 checkpoints using activation thresholds ϵ ∈{10−8, 10−4, 10−3, 10−2} and nested
validation prefixes containing 49,152, 98,304, and 198,656 token activations. The sensitivity
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results are reported in Supplementary Table S9. We additionally examined the magnitude
distribution of the retained TopK32 coefficients to determine why the dead-feature counts
were invariant across these thresholds.

Feature-usage entropy measures how evenly activation events are distributed across
the dictionary. Let nj denote the number of tokens on which feature j is active, and define
pj = nj/∑K

ℓ=1 nℓ. The entropy is

H = −∑K
j=1 pjlog pj (13)

Higher entropy indicates that activation events are distributed more evenly across fea-
tures, whereas lower entropy indicates that a relatively small subset of features accounts
for most activations. The maximum value is logK when all features are used equally of-
ten. This metric reflects dictionary utilization rather than the semantic interpretability of
individual features.

3. Results
3.1. 12,288-Feature Benchmark

In the 12,288-feature benchmark, the candidate and final TopK budgets are identical
(c = k), so FISTA refines coefficient magnitudes within the same TopK support rather than
using a wider candidate set. The TopK sweep shows that increasing the active budget
predictably improves fidelity, but the best matched-budget operating point is not the largest
budget. Instead, TopK256 with n_steps = 5 provides the most compelling in-regime trade-
off between language-model preservation and feature utilization. The results of the TopK
sweep and the matched SAE baseline are summarized in Table 1.

Table 1. TopK sweep and matched sparse autoencoder (SAE) baseline.

Model TopK n_Steps Lambda ∆CE Logit_Ratio Effective_L0 Dead_Ratio_% Entropy

DL SAE-like 64 0 0.00 0.2803 0.9271 64.0000 7.2917 6.5050
DL SAE-like 64 5 0.01 0.2814 0.9286 64.0000 7.2591 6.5157
DL SAE-like 128 0 0.00 0.1758 0.9502 128.0000 4.5166 7.7727
DL SAE-like 128 5 0.01 0.1618 0.9562 128.0000 3.1250 7.7040
DL SAE-like 256 0 0.00 0.0834 0.9680 256.0000 8.8623 7.6892
DL SAE-like 256 5 0.01 0.0745 0.9702 256.0000 3.0924 8.1136
DL SAE-like 512 0 0.00 0.0143 0.9812 512.0000 35.3109 6.6611
DL SAE-like 512 5 0.01 0.0177 0.9783 511.9999 27.1973 6.6452

TopK SAE baseline 256 - - 0.0859 0.9673 256.0000 50.7568 6.3688

At TopK256, the proposed method improves the matched SAE baseline from ∆CE
0.0859 to 0.0745, increases the logit ratio from 0.9673 to 0.9702, keeps the active budget
fixed at 256, and reduces the dead-feature ratio from 50.76% to 3.09%. This is the paper’s
strongest headline result because unlike the TopK512 model, it does not change the active-
feature budget.

3.1.1. TopK256 n-Step Ablation

Only TopK256 has the full sweep over n_steps ∈ {0,1,3,5,8}, making it the natural
setting for isolating the effect of iterative refinement. The pattern is clear: small positive
step counts help, and five steps are best overall. The detailed results of the TopK256 n-step
ablation are summarized in Table 2.

The sweep suggests the following interpretation. Moving from n_steps = 0 to
n_steps = 3 steadily reduces the dead-feature ratio and modestly improves CE. Moving to
n_steps = 5 further improves both metrics and produces the highest feature-usage entropy.
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At n_steps = 8, dead features decline slightly further, but fidelity degrades relative to the
five-step model, indicating over-refinement in the present configuration.

Table 2. TopK256 ablation.

n_Steps Lambda ∆CE Logit_Ratio Effective_L0 Dead_Ratio% Entropy

0 0 0.0834 0.9680 256.000 8.8623 7.6892
1 0.01 0.0829 0.9642 256.000 7.0719 7.7007
3 0.01 0.0788 0.9695 256.000 4.6387 7.8347
5 0.01 0.0745 0.9702 256.000 3.0924 8.1136
8 0.01 0.0861 0.9695 255.698 2.8483 7.7791

3.1.2. Decomposing the Gain: Zero-Step DL Configuration and FISTA Refinement

The benchmark strongly suggests that the dead-feature gain is not a single-factor
effect. Table 3 provides a compact decomposition of the gains attributable to the zero-step
dictionary-learning configuration and the subsequent FISTA refinement.

Table 3. Decomposition of the TopK256 gain.

System ∆CE Logit_Ratio Effective_L0 Dead_Ratio_% Entropy

TopK SAE baseline (k = 256) 0.0859 0.9673 256 50.7568 6.3688
DL SAE-like, learned TopK init,

n_steps = 0 0.0834 0.9680 256 8.8623 7.6892

DL SAE-like + FISTA refinement,
n_steps = 5, λ = 0.01 0.0745 0.9702 256 3.0924 8.1136

The most important quantitative observation is that moving from the matched SAE
baseline to DL SAE-like n_steps = 0 reduces dead features by 41.89 percentage points,
whereas the subsequent FISTA refinement from n_steps = 0 to n_steps = 5 reduces dead
features by an additional 5.77 percentage points. By contrast, the CE improvement between
SAE and DL n_steps = 0 is small but positive, while the CE improvement from n_steps = 0
to n_steps = 5 is much larger in relative terms. Thus the best-supported interpretation is
that DL-style support selection and initialization dominate the dead-feature improvement,
while FISTA provides the larger fidelity gain and an additional utilization gain.

3.1.3. Auxiliary Control: SAE Initialization Sweep

The project also contains a separate archived SAE control study in which a TopK SAE
was retrained under different initialization schemes. These values are useful for causal
interpretation of the dead-feature phenomenon, but they should be treated as an auxiliary
control, not as part of the fully DL-vs-converted-SAE main benchmark. In this auxiliary
sweep, the “Existing SAE TopK256” row corresponds to the standard TopK SAE trained
with the default PyTorch linear-layer initialization, whereas the “DL-style init” row replaces
only the initialization scheme with a Gaussian decoder dictionary, transposed encoder
initialization, and zero biases.

In PyTorch’s default linear initialization, the encoder and decoder use different fan-
in values because their input dimensions differ. The encoder weight has shape K × d
and therefore fan-in d = 768, whereas the decoder weight has shape d × K and therefore
fan-in K = 12,288. Because the default uniform bound is proportional to 1/

√
fan-in, the

decoder is initialized with a bound four times smaller than the encoder. Thus, the two
transpose-shaped matrices do not begin at comparable scales.

This scale asymmetry is important for interpreting Table 4. “initT” first initializes the
decoder with the default Kaiming-uniform scheme and then sets the encoder weight to the
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decoder transpose. It therefore aligns the initial encoder and decoder directions but retains
the decoder’s smaller K-based scale; it does not reproduce the residual-dimension scale
used by the dictionary-learning initialization. “normD” renormalizes each decoder column
to unit ℓ2 norm before and after optimizer updates. Accordingly, “normD only” controls
decoder-atom norms without aligning the encoder, whereas “initT + normD” combines
directional alignment with decoder-column normalization. The “DL-style init” condition
instead initializes the decoder from a Gaussian distribution with standard deviation 1/

√
d,

sets the encoder to the decoder transpose, and uses zero biases. The results of the auxiliary
SAE initialization sweep are summarized in Table 4.

Table 4. Auxiliary SAE initialization control at TopK256.

Setting ∆CE Logit_Ratio Effective_L0 Dead_Ratio_% Entropy

Existing SAE TopK256 0.0859 0.9673 256 50.7600 6.3690
initT only 0.1069 0.9581 256 40.8700 6.2510

normD only 0.0853 0.9625 256 63.8600 6.5290
initT + normD 0.0897 0.9614 256 70.4900 6.5380
DL-style init 0.0941 0.9624 256 11.9100 6.7550

The re-evaluated initialization control confirms that the dead-feature conclusion is
stable under the corrected evaluator. The default TopK SAE retains a dead-feature ratio
of 50.7600%, whereas the DL-style initialization reduces it to 11.9100%. The ∆CE values
shift slightly under the corrected evaluation path, but the utilization pattern is unchanged:
initT alone only partially reduces dead features, normD does not help in this run, and the
full DL-style initialization package produces the largest utilization gain among the SAE
initialization controls. Importantly, DL-style initialization mainly explains the utilization
improvement rather than the final fidelity improvement; the best corrected DL model with
FISTA refinement is the condition that improves both ∆CE and dead-feature ratio.

3.2. 32,768-Feature Matched-Support TopK Sweep

To determine whether the matched-support design remains trainable after expanding
the dictionary to K = 32,768, we first set the candidate TopK equal to the final TopK and
trained each condition for three epochs, corresponding to 72 million tokens. Table 5 shows a
sharp degradation at TopK32. With n_steps = 0, ∆CE remained 0.7465 and the dead-feature
ratio reached 63.12%. Adding five FISTA steps with λ = 0.01 did not recover this setting; it
yielded ∆CE = 0.7575, a logit ratio of 0.8398, and 72.27% dead features. In contrast, TopK64
and TopK128 were substantially more stable, and the refined variants produced small gains
at these larger active budgets.

Across the sweep, larger active budgets predictably improved reconstruction fidelity,
but dictionary utilization was non-monotonic. TopK128 and TopK256 benefited from refine-
ment in both ∆CE and dead-feature ratio, whereas TopK512 and TopK1024 achieved very
low ∆CE while leaving approximately 44–49% of the dictionary dead. The direct TopK32
regime therefore remained poorly trained after 72 million tokens when the candidate and
final supports were identical. This result motivated the candidate-to-target design used
in the following experiments: the model retained a wider TopK128 candidate support for
coefficient refinement and gradient flow, while the final reconstruction budget was reduced
through the shared TopK128→ TopK64→ TopK32 curriculum.
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Table 5. 32,768-feature TopK sweep after 72 million training tokens (candidate TopK equals fi-
nal TopK).

TopK n_Steps λ ∆CE Logit Ratio Effective L0 Dead Ratio (%) Entropy

32 0 0.00 0.7465 0.8465 32.00 63.12 4.6119

32 5 0.01 0.7575 0.8398 32.00 72.27 4.4812

64 0 0.00 0.3013 0.9168 64.00 13.47 6.9096

64 5 0.01 0.2966 0.9210 63.97 13.32 6.9616

128 0 0.00 0.1631 0.9437 127.50 11.24 7.8158

128 5 0.01 0.1430 0.9497 127.40 9.51 8.3241

256 0 0.00 0.0694 0.9652 251.73 22.08 7.9389

256 5 0.01 0.0630 0.9666 251.05 15.16 8.1014

512 0 0.00 0.0150 0.9793 506.59 47.45 6.9606

512 5 0.01 0.0270 0.9698 511.94 44.61 6.9664

1024 0 0.00 −0.0005 0.9995 1022.73 48.94 6.9768

1024 5 0.01 −0.0037 0.9939 1023.51 44.28 7.0016

3.3. Ultra-Sparse TopK32 Training Trajectories

Figure 1 tracks the 32,768-feature runs under the shared TopK128→ TopK64→ TopK32
curriculum, with the target budget changing at the start of epochs 2 and 3. The transition
to TopK32 produced a synchronized disturbance across all conditions: the dead-feature
ratio and ∆CE rose sharply, while logit preservation and feature-usage entropy fell. The
post-transition recovery indicates that optimization can continue to improve the exact
TopK32 model when coefficients are refined over a wider TopK128 candidate set before the
final TopK32 projection.

With λ = 0, three FISTA steps primarily accelerated early recovery rather than changing
the apparent endpoint. At epoch 3, n_steps = 3 improved ∆CE from 0.7323 to 0.6966 and
reduced the dead-feature ratio from 65.56% to 60.92% relative to n_steps = 0. By epoch
11, however, the two runs were nearly identical: ∆CE was 0.2915 versus 0.2895, and the
dead-feature ratio was 24.41% versus 24.51%. This pattern is consistent with short unrolled
refinement reducing the amortization gap during training while leaving the exact TopK32
output budget unchanged [20].

Five and eight refinement steps produced a stronger effect. At epoch 11, n_steps = 5
achieved ∆CE = 0.2442, a logit ratio of 0.9414, a dead-feature ratio of 17.84%, and entropy
of 6.4934. The n_steps = 8 run produced slightly better fidelity (∆CE = 0.2430; logit
ratio = 0.9453), but its dead-feature ratio was 24.34% and its entropy was 6.3930. Thus, five
steps gave the more balanced fidelity–utilization endpoint. By contrast, n_steps = 3 with
λ = 0.01 remained weaker than the corresponding λ = 0 run through most of the TopK32
phase and ended at ∆CE = 0.3034 with 26.02% dead features. In this exact-budget setting,
additional ℓ1 shrinkage did not improve the trajectory, whereas λ = 0 allowed FISTA to act
as reconstruction-driven coefficient refinement within the candidate support.

Figure 2 isolates the effect of the near-miss ranking objective. The n_steps = 3, λ = 0
reference, Gain-ranked-4, and Random-4 runs share the same TopK128 and TopK64 training
history and branch from the same completed TopK64 checkpoint. The two ranking variants
differ only in how four positive-gain candidates from ranks 33–48 are selected for auxiliary
score updates.
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Figure 1. Ultra-sparse TopK32 training trajectories under the shared TopK128→ TopK64→ TopK32
curriculum. Panels show (a) dead-feature ratio, (b) ∆CE, (c) logit-difference preservation ratio, and
(d) feature-usage entropy for n_steps ∈ {0, 1, 3, 5, 8} with λ = 0 and for n_steps = 3 with λ = 0.01. All
models use K = 32,768 and a candidate TopK128 support; the target budget is TopK128 at epoch 1,
TopK64 at epoch 2, and TopK32 from epoch 3 onward. Each epoch corresponds to 24 million training-
token presentations, and the plotted trajectories cover 11 epochs (264 million token presentations).
Each condition represents one training run (n = 1).

Both ranking variants accelerated feature-utilization recovery immediately after the
TopK32 transition. At epoch 3, the dead-feature ratio was 50.12% for Gain-ranked-4 and
55.26% for Random-4, compared with 60.92% for the unranked reference. Gain-based
selection was consistently stronger than random promotion. At epoch 11, Gain-ranked-4
reached ∆CE = 0.3028, a logit ratio of 0.9324, 18.46% dead features, and entropy of 6.3109;
Random-4 reached 0.3216, 0.9257, 20.11%, and 6.2898, respectively. Gain-ranked-4 did
not surpass the reference in ∆CE at epoch 11 (0.3028 versus 0.2895), but it substantially
reduced the dead-feature ratio while preserving a similar logit ratio. Because the auxiliary
objective changes only four candidates in the narrow rank-33–48 band, the result indicates
that ultra-sparse convergence is sensitive to a small set of near-boundary features and that
ranking them by detached reconstruction gain is more effective than random selection.
Positive-gain candidates in ranks 33–48 were available for essentially all evaluated token
positions during training (>99.99% in both ranking conditions). The required ranking
margin was not yet satisfied in 97.85% of valid comparisons for Gain-ranked-4 and 98.60%
for Random-4, indicating that the auxiliary ranking loss provided a nonzero training signal
for most comparisons. The mean promoted residual gain was higher for Gain-ranked-4
(0.0328) than for Random-4 (0.0161).

To complement the causal patching metrics with direct activation-space reconstruction
measures, we evaluated selected epoch-11 TopK32 checkpoints using the NMSE and
FVE definitions in Section 2.6. Table 6 reports these measures alongside ∆CE and logit
preservation. The five-step model achieved the lowest NMSE (0.0293) and the highest FVE
(0.8421), while the eight-step model was close behind (0.0295 and 0.8411, respectively). The
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ordering is not identical to the downstream metrics, indicating that direct activation-space
reconstruction and causal preservation capture related but distinct aspects of fidelity.

Figure 2. Effect of near-miss ranking during ultra-sparse TopK32 training. The n_steps = 3, λ = 0
reference is compared with Gain-ranked-4 and Random-4, and the n_steps = 5, λ = 0 trajectory is
shown as an additional no-ranking reference. All models use K = 32,768 and a candidate TopK128
support under the shared TopK128 → TopK64 → TopK32 target curriculum. Gain-ranked-4 and
Random-4 use n_steps = 3, λ = 0, and ranking-loss weight 0.03; both promote four positive-gain
candidates from ranks 33–48, with Gain-ranked-4 selecting the largest detached residual gains and
Random-4 sampling from the same positive-gain pool. Panels show (a) dead-feature ratio, (b) ∆CE,
(c) logit-difference preservation ratio, and (d) feature-usage entropy. Each epoch corresponds to
24 million training-token presentations, and the plotted trajectories cover 11 epochs (264 million
token presentations). Each condition represents one training run (n = 1); therefore, uncertainty bands
are not shown.

Table 6. Direct reconstruction metrics for selected epoch-11 ultra-sparse TopK32 models. ↑ indicates
that higher values are better, whereas ↓ indicates that lower values are better.

Condition ∆CE Logit Ratio NMSE ↓ FVE ↑
n_steps = 0, λ = 0 0.2915 0.9294 0.0310 0.8331

n_steps = 3, λ = 0 0.2895 0.9314 0.0315 0.8305

n_steps = 5, λ = 0 0.2442 0.9414 0.0293 0.8421

n_steps = 8, λ = 0 0.2430 0.9453 0.0295 0.8411

Gain-ranked-4 (n_steps = 3) 0.3028 0.9324 0.0317 0.8293

All rows use K = 32,768, candidate TopK128, final TopK32, and λ = 0 at epoch 11 (264M
token presentations); Gain-ranked-4 uses n_steps = 3. NMSE and FVE were computed on
the same 198,656 cached validation-token activations.

The dead-feature ratios were identical across activation thresholds from 10−8 to 10−2.
This invariance reflects the exact TopK32 projection rather than insensitivity of the metric to
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arbitrary thresholds: across the five evaluated models, the smallest retained nonzero coeffi-
cient ranged from 2.19 to 3.78, well above the tested threshold range. Consistently, extend-
ing the threshold analysis showed no change in effective L0 or dead-feature ratio through
a threshold of 1.0. Increasing the evaluation-set size reduced the absolute dead-feature
ratios, as expected, while the main utilization advantage of the five-step and Gain-ranked-4
models over the zero-step model was preserved (Supplementary Tables S9 and S10).

Complete epoch-wise values are reported in Supplementary Tables S1–S8. The supple-
mentary trajectories also show that no single condition dominates every metric: n_steps = 8
slightly favors endpoint fidelity, n_steps = 5 provides the best balanced utilization, and
Gain-ranked-4 most clearly accelerates near-boundary feature recruitment at a modest
∆CE cost.

3.4. Final Comparison of Selected Ultra-Sparse Models

Table 7 compares five representative endpoints: the matched-duration n_steps = 3
and n_steps = 5, λ = 0 runs after 11 epochs; the Gain-ranked-4 run after 11 epochs; the
extended n_steps = 3, λ = 0 reference after 16 epochs; and the OpenAI 32k SAE as an
auxiliary external reference. The in-house rows share the exact TopK32 output budget,
while the epoch-11 rows permit a direct training-duration-matched comparison.

Table 7. Final comparison of selected ultra-sparse TopK32 models.

Condition Training Endpoint ∆CE Logit Ratio Effective L0 Dead Ratio (%) Entropy

FISTA-refined, n_steps = 5,
λ = 0 Epoch 11 (264M) 0.2442 0.9414 32.00 17.84 6.4934

FISTA-refined, n_steps = 3,
λ = 0 Epoch 11 (264M) 0.2895 0.9314 32.00 24.51 6.2867

Gain-ranked-4, n_steps = 3,
λ = 0 Epoch 11 (264M) 0.3028 0.9324 32.00 18.46 6.3109

FISTA-refined, n_steps = 3,
λ = 0 Epoch 16 (384M) 0.2359 0.9454 32.00 18.56 6.6049

OpenAI SAE 32k [8,21] Billions+ tokens 0.3300 0.9500 32.00 9.95 8.4140

Among the in-house models, the epoch-11 comparison shows that increasing refine-
ment from three to five steps substantially accelerated convergence at the same 264-million-
token endpoint: ∆CE improved from 0.2895 to 0.2442, the logit ratio increased from 0.9314
to 0.9414, the dead-feature ratio fell from 24.51% to 17.84%, and entropy rose from 6.2867 to
6.4934. The extended n_steps = 3 run achieved the best endpoint fidelity after 384 million
tokens (∆CE = 0.2359; logit ratio = 0.9454), but the n_steps = 5 model nearly matched it
after only 264 million tokens and retained a slightly lower dead-feature ratio, 17.84% versus
18.56%. This matched-duration and extended-training comparison suggests that five-step
refinement primarily accelerates convergence toward a useful fidelity–utilization region
rather than producing a fundamentally different endpoint.

Gain-ranked-4 reached a dead-feature ratio of 18.46% after 264 million tokens, but
its ∆CE of 0.3028 was weaker than both matched-duration unranked endpoints: 0.2895
for n_steps = 3 and 0.2442 for n_steps = 5. The ranking loss therefore appears to act
primarily on support utilization and convergence speed rather than directly optimizing
final reconstruction fidelity. The OpenAI 32k SAE achieved the lowest dead-feature ratio
(9.95%) and the highest entropy (8.4140), but it was trained on billions or more tokens under
a different pipeline [8,21]. It is therefore included as a scale reference rather than a matched
benchmark. Its reported metrics were recomputed using the same evaluation pipeline and
cached WikiText-103 validation activations used for the in-house models; therefore, the
evaluation protocol is matched, whereas the training conditions are not. Its ∆CE and logit
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ratio also show that the two metrics do not always change in the same direction across
different models.

4. Discussion
The experiments support a specific claim: learned TopK support selection and

lightweight coefficient refinement can improve the fidelity–utilization trade-off of SAE-style
decompositions, but the two components contribute in different ways. In the matched
12,288-feature TopK256 benchmark, the proposed five-step model improves ∆CE from
0.0859 to 0.0745 and reduces the dead-feature ratio from 50.76% to 3.09% without changing
effective L0. In the 32,768-feature experiments, the main role of few-step FISTA is most
visible as faster recovery after the transition to exact TopK32 rather than as evidence for a
fundamentally different eventual fidelity–utilization endpoint.

We frame this contribution as an optimization study of fixed-budget sparse decom-
position rather than as a claim about semantic feature quality. The metrics reported here—
patched cross-entropy, logit preservation, normalized MSE, fraction of variance explained,
dead-feature ratio, and usage entropy—characterize reconstruction fidelity and dictionary
utilization, and the algorithmic mechanisms we study (learned-TopK-plus-FISTA refine-
ment, the candidate-to-target curriculum, and the residual-gain-ranked near-miss loss)
are defined over a dictionary and a sparse-coding objective independently of the specific
residual-stream layer that supplies the activations. The GPT-2 Small layer-11 residual
stream therefore serves as a controlled testbed on which each mechanism is isolated and
measured, not as a claim that the specific numerical values transfer unchanged to other
layers or models.

Table 3 separates the improvements obtained before FISTA refinement from the ad-
ditional improvements obtained after coefficient refinement. Moving from the matched
TopK256 SAE baseline to the zero-step dictionary-learning model reduces the dead-feature
ratio from 50.76% to 8.86%, a decrease of 41.89 percentage points. Adding five FISTA steps
with λ = 0.01 further reduces the dead-feature ratio to 3.09%, an additional decrease of
5.77 percentage points, while providing the larger improvement in reconstruction fidelity.
Thus, most of the feature-utilization gain in this TopK256 experiment arises before itera-
tive refinement, through DL-style initialization and the joint optimization of the learned
TopK initializer and normalized dictionary decoder. FISTA then refines the coefficient
magnitudes within the selected support and provides an additional utilization and fidelity
benefit. This interpretation is consistent with the support-versus-magnitude distinction
emphasized by gated SAEs [9].

We emphasize that these SAE variants—gated, JumpReLU, BatchTopK, and AuxK-
enhanced encoders—modify the encoder or activation rule that produces the one-shot
support. The refinement and candidate-curriculum mechanisms studied here are orthogo-
nal to that choice: they act on the coefficients after support proposal and could in principle
be combined with any of these encoders.

The initialization control further shows that high dead-feature ratios are not an un-
avoidable consequence of TopK sparsity. Under PyTorch’s default linear initialization, the
encoder has fan-in d = 768 while the decoder has fan-in K = 12,288, so their transpose-
shaped weights are initialized at different scales. Replacing this arrangement with a decoder
initialized with standard deviation 1/

√
d, where d = 768, a transposed encoder, zero biases,

and dictionary-column normalization reduces dead features from 50.76% to 11.91% even
within an SAE control. However, initialization alone does not reproduce the best ∆CE or
the 3.09% dead-feature ratio of the refined model, indicating that training dynamics and
coefficient correction remain consequential.
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The direct 32,768-feature TopK32 experiments clarify why ultra-sparse learning is
difficult. When the candidate and final supports are identical, the model repeatedly
reconstructs each token from only 32 of 32,768 atoms, and features that fall just below the
cutoff have little opportunity to displace the current support. After three epochs of direct
TopK32 training, corresponding to 72 million token presentations, both the zero-step and
five-step models still showed high ∆CE and dead-feature ratios above 60%. Retaining
a wider TopK128 candidate set and gradually reducing the final budget to 32 changes
this optimization geometry: near-boundary coefficients can be refined before the final
projection, and the support selector is trained while exposed to a broader set of plausible
atoms. The resulting recovery after epoch 3 shows that exact TopK32 is trainable, but only
after the support bottleneck is relaxed during candidate generation.

The λ = 0 trajectories are especially informative. With no additional shrinkage, FISTA
performs reconstruction-driven nonnegative coefficient updates within the candidate sup-
port. Three steps improve the early TopK32 trajectory but converge toward the zero-step
run by epoch 11, whereas five steps reach a substantially better fidelity–utilization region
at the same 264-million-token endpoint. The extended three-step run later approaches the
five-step result, supporting an acceleration interpretation. By contrast, n_steps = 3 with
λ = 0.01 is consistently weaker in the ultra-sparse phase. Because the final TopK projection
already fixes L0 = 32, extra ℓ1 shrinkage appears unnecessary in this setting and may
suppress useful candidate coefficients before the final selection.

The ranking experiments identify the rank-33–48 band as an important optimization
boundary. Promoting only four positive-gain near-miss features reduces the epoch-11
dead-feature ratio from 24.51% in the unranked three-step reference to 18.46% with Gain-
ranked-4. Because Random-4 uses the same auxiliary loss but selects candidates at random,
the lower dead-feature ratio of Gain-ranked-4 suggests that residual-gain-based candidate
selection is more effective than random selection. Nevertheless, Gain-ranked-4 has higher
∆CE than the unranked references. The ranking loss should therefore be interpreted as a
support-utilization and convergence mechanism, not as a direct fidelity improvement. To
the best of our knowledge, this form of residual-gain-ranked near-boundary training has
not previously been applied to SAEs.

This ranking objective differs materially from the AuxK mechanism used in large-
scale SAE training [8,21]. AuxK adds an auxiliary reconstruction using selected dead or
underused latents, thereby giving those latents a direct role in reconstructing the residual
and providing auxiliary gradients to both their encoder parameters and decoder atoms.
Our loss instead compares initializer scores for weak active and near-miss candidates, uses
detached residual gain only to select the ranking targets, and sends auxiliary gradients
only through the selected initializer-score entries. The auxiliary branch therefore does not
update the dictionary or backpropagate through the FISTA refinement path, and it does not
directly modify the exact TopK32 reconstruction produced by the main branch. Accordingly,
AuxK is primarily a dead-latent reconstruction mechanism, whereas the proposed loss is a
boundary-ordering mechanism for the one-shot support selector.

The findings are consistent with an amortization-gap perspective, but they do not
directly measure the optimal sparse code or prove that the gap is closed. In the present
model, a few unrolled FISTA steps insert reconstruction-aware computation between
the encoder scores and the final sparse code. The improved trajectories show that this
correction can compensate for part of the one-shot encoder error, especially when λ = 0 and
the candidate support is wider than the final budget.

The OpenAI 32k SAE is useful only as a scale reference. It reports a lower dead-feature
ratio and higher usage entropy than the in-house TopK32 models, but it was trained on
billions or more tokens under a different architecture and optimization pipeline [8,21].
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The comparison therefore does not isolate a method effect. More broadly, ∆CE, logit
preservation, dead-feature ratio, and entropy measure different aspects of decomposition
quality and need not move together. In particular, broader feature usage does not by itself
establish semantic coherence, causal usefulness, or canonical feature recovery [13–17].

Limitations and Future Work

Several limitations define the scope of the present study and motivate future work.
First, the experiments are restricted to GPT-2 Small layer-11 residual-stream activations
and therefore do not establish generality across models, layers, or activation sites. Future
evaluation should include additional transformer layers, larger models, and alternative
activation sites such as MLP and attention outputs. The ultra-sparse experiments also
repeatedly optimize over a fixed cached 24-million-token activation corpus; although
this provides a controlled multi-epoch setting for comparing optimization mechanisms,
direct comparison with fresh-token or online activation training would test whether the
observed gains transfer to continually refreshed data. In addition, the present metrics
characterize reconstruction fidelity and dictionary utilization rather than semantic feature
quality. Semantic purity, human or LLM-based interpretability, sparse probing, and feature-
level causal or circuit analyses therefore remain important next-stage evaluations [26].
Direct comparisons with modern SAE variants, including gated, JumpReLU, BatchTopK,
and AuxK-enhanced approaches, under a common evaluation pipeline would further
clarify the relative contribution of the proposed refinement strategy.

Several experimental factors also remain to be isolated more systematically. The prin-
cipal comparisons are based on single training runs. The fixed data-ordering used in the
cached experiments, and the separate fixed candidate-sampling seed used for Random-4,
make those sources of randomness reproducible; however, multi-seed replication is still
needed to quantify run-to-run variability arising from parameter initialization and opti-
mization. The direct-TopK32 experiment uses a shorter training budget than the curriculum-
based models and should be repeated under duration- and compute-matched conditions.
Likewise, the wider TopK128 candidate support and the TopK128→TopK64→TopK32
curriculum are used jointly, and their individual contributions should be separated in a
controlled ablation. The near-miss ranking experiments use a single configuration of ranks
33–48, four promoted candidates, and a ranking-loss weight of 0.03; systematic sensitiv-
ity analyses over these hyperparameters are also needed. A more direct analysis of the
amortization gap should compare the learned code with a well-converged sparse-coding
solution under the same dictionary and active-budget constraint [20]. Finally, although
representative wall-clock measurements are reported for the refinement-depth experiments,
systematic condition-by-condition peak-memory profiling and hardware-normalized com-
putational analysis remain for future work.

Within these limits, the results support a conservative conclusion: a wider candidate
support, a learned selector, and a few reconstruction-aware refinement steps form a practical
hybrid for training fixed-budget sparse decompositions.

5. Conclusions
This work evaluates a hybrid SAE-like dictionary-learning system in which a learned

TopK encoder selects candidate features and a small number of FISTA iterations refines their
coefficients before exact TopK reconstruction. In the 12,288-feature TopK256 benchmark,
the five-step model outperforms the TopK SAE baseline under the same dictionary size and
active-feature budget. The ablations show that initialization and learned support selection
account for most of the reduction in dead features, while iterative refinement provides the
larger incremental fidelity gain.
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The 32,768-feature experiments show that exact TopK32 learning is limited by support
selection as well as coefficient estimation. Direct TopK32 training remains poorly optimized,
whereas a TopK128 candidate support, a TopK128→TopK64→TopK32 curriculum, and a
small number of FISTA refinement steps with λ = 0 substantially accelerate convergence.
The near-miss experiments further show that a small group of features at ranks 33–48 can
strongly influence feature recruitment. Gain-ranked promotion reduces dead features more
effectively than random promotion, although the present loss trades some reconstruction
fidelity for faster and broader support utilization.

The main design implication is that support selection and coefficient refinement should
be treated as separate but interacting components of sparse representation learning. A
one-shot encoder provides efficient candidate selection, while short optimization-based
correction can reduce encoder error without replacing SAE-style inference with a full solver.
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//www.mdpi.com/article/10.3390/a19080697/s1, Table S1: Training trajectory for n_steps = 0 and
λ = 0; Table S2: Training trajectory for n_steps = 1 and λ = 0; Table S3: Training trajectory for
n_steps = 3 and λ = 0 (epochs 1–16); Table S4: Training trajectory for n_steps = 5 and λ = 0; Table S5:
Training trajectory for n_steps = 8 and λ = 0; Table S6: Training trajectory for n_steps = 3 and λ = 0.01;
Table S7: Training trajectory for Gain-ranked-4 (rank weight = 0.03, n_steps = 3, λ = 0); Table S8:
Training trajectory for Random-4 (rank weight = 0.03, n_steps = 3, λ = 0); Table S9: Sensitivity of dead-
feature ratio (%) to activation threshold and evaluation-set size for selected epoch-11 ultra-sparse
TopK32 models; Table S10: Magnitude distribution of retained nonzero coefficients in the epoch-11
TopK32 sensitivity models.
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