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Abstract

In the era of data-driven education, educational social networks generate large volumes
of high-dimensional and complex-structured data through learner interactions, collabora-
tive activities, and resource-sharing behaviors, posing significant challenges to traditional
unsupervised learning methods. Such data often exhibit non-convex distributions, het-
erogeneity, and noise sensitivity, making conventional clustering approaches insufficient
for capturing their intrinsic structural relationships. To address this issue, this paper
proposes Quantum Fidelity-Based Graph K-Means (QGKM), a clustering framework for
robust pattern recognition in educational social networks. Specifically, QGKM employs
quantum state encoding to map complex educational data into a quantum state space and
utilizes quantum fidelity as a similarity metric to uncover latent correlations that Euclidean
distance cannot effectively capture. In addition, the incorporation of k-nearest neighbor
graphs preserves the local geometric structure of learner interaction networks, while a
deterministic greedy hierarchical merging strategy eliminates the instability caused by
random initialization. Experimental results on seven real-world datasets demonstrate that
QGKM consistently outperforms classical K-Means in clustering accuracy. The proposed
framework provides an effective solution for learning pattern discovery, learner profiling,
and intelligent recommendation in digital education environments.

Keywords: educational social networks; quantum-inspired computing; quantum fidelity;
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exhibits non-convex or multi-level structures. These characteristics impose higher demands
on clustering methods [4].

The classic K-Means algorithm is widely adopted due to its simple implementation
and high computational efficiency. However, this algorithm relies on Euclidean distance
to measure sample similarity, which can weaken distance discrimination capabilities in
high-dimensional spaces. It also suffers from limitations such as sensitivity to outliers
and the assumption that clusters are spherical, potentially leading to degraded clustering
performance [5]. Although improvements like K-Means++ partially mitigate issues such as
initialization sensitivity, their core approach remains rooted in Euclidean distance and the
iterative center optimization framework. This makes it difficult to fundamentally address
performance challenges in complex educational data structures. These limitations have
been extensively discussed and explored for potential enhancements in recent research [6].

To address the limitations of Euclidean distance in complex data structures, graph-
based clustering methods construct adjacency graphs to capture the local geometric proper-
ties of data. This enables them to identify complex non-convex cluster shapes and local
connectivity relationships. This approach allows for the identification of non-convex cluster
structures, while also enhancing robustness to local connectivity patterns [7]. In ESNs,
such graph structures are especially meaningful because learners are naturally connected
through communication, collaboration, and shared resources. By focusing on these local
structures, graph-based methods are better equipped to handle the intricate nature of
educational data, making them more effective in situations where traditional distance mea-
sures may fall short. Spectral clustering, as a representative example, performs clustering
by applying spectral decomposition to the graph Laplacian, embedding data into a low-
dimensional space where clusters are more easily separable, and has demonstrated strong
adaptability to nonlinear and non-convex structures [8]. However, such methods typically
depend on the construction of similarity matrices and suffer from high computational costs
associated with eigenvalue decomposition, while their performance is also sensitive to the
choice of similarity measures and graph construction strategies [9]. Similarly, methods
such as Graph K-Means, which incorporate graph structures into the K-Means framework,
partially balance local structure modeling and computational efficiency, but still rely on
restrictive assumptions. These limitations have been thoroughly discussed in surveys of
spectral and graph-based clustering methods [10].

In recent years, quantum computing and quantum information theory have provided
new perspectives for machine learning [11]. The superposition property and inner-product
structure of quantum states make quantum fidelity a similarity measure with favorable
mathematical properties [12,13]. Unlike Euclidean distance, quantum fidelity is defined
through inner products in a normalized representation space and is closely related in
form to cosine similarity and kernel-based methods, while being grounded in quantum
information theory with clear physical and geometric interpretations [14]. Previous studies
have shown that, for medium-dimensional data with complex correlations or nonlinear
structures, inner-product-based similarity measures often exhibit greater stability and dis-
criminative capability than Euclidean distance. These properties make quantum-inspired
similarity measures particularly promising for ESNs, where latent associations among learn-
ers, resources, and interaction patterns are often difficult to capture using conventional
distance metrics.

Under the constraints of current noisy intermediate-scale quantum (NISQ) devices,
implementing large-scale clustering algorithms directly on quantum hardware remains
challenging. Consequently, simulating key concepts from quantum information theory
on classical computers and developing quantum-inspired algorithms has become an im-
portant research direction in quantum machine learning [15]. The focus of this work is
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not on achieving computational speedups through quantum hardware, but on exploring
the potential advantages of quantum state representations and their induced similarity
measures in classical clustering tasks [16].

The main contributions in this paper are as follows:

1. A Quantum-Inspired Similarity Framework for ESN Data: We propose QGKM (Quan-
tum Fidelity Graph K-Means), a novel clustering framework specifically tailored for
the complex data structures inherent in Educational Social Networks. By mapping
high-dimensional learner interaction data into a quantum state space, the algorithm
utilizes quantum fidelity to capture subtle, non-linear correlations among learners
and educational behaviors that traditional Euclidean metrics frequently overlook.

2. Enhanced Robustness via Deterministic Optimization: QGKM incorporates a k-
nearest neighbor (k-NN) graph structure and a greedy hierarchical merging strategy.
This approach effectively eliminates the performance fluctuations caused by random
initialization in traditional K-Means, providing deterministic and stable clustering
results for educational data analysis.

3.  Adaptability to Non-Convex Educational Patterns: Through systematic evaluation
on diverse datasets, we demonstrate QGKM’s superior capability in recognizing
complex, non-convex data distributions common in learner interaction networks,
collaborative communities, and resource-sharing environments. The framework
achieves an average accuracy improvement of 4.5% overall and a significant 7.9% gain
on medium-dimensional datasets.

4. Empirical Validation of Quantum Encoding Strategies: This paper provides a compar-
ative analysis of different quantum encoding schemes (Amplitude vs. Angle coding)
in the context of educational data. Our findings offer practical guidelines for selecting
optimal encoding methods based on the dimensionality and structural complexity
of ESN data, bridging the gap between quantum information theory and learning
analytics applications.

The rest of this paper is organized as follows: Section 2 is about the related work. In
Section 3, we propose our QGKM framework. Section 4 explores the performance analysis.
Finally, Section 5 presents the conclusion and future work.

2. The Related Work

Clustering is a fundamental task in unsupervised learning, aiming to discover latent
group structures from unlabeled data. Among existing clustering methods, K-Means
remains one of the most widely used algorithms because of its simplicity, efficiency, and
interpretability. Recent studies have systematically reviewed the development of K-Means
and its variants, showing that K-Means is still widely adopted in large-scale data analysis
but remains sensitive to initialization, distance metrics, predefined cluster numbers, and
data distribution assumptions [17,18]. In particular, the standard K-Means objective relies
on Euclidean distance and implicitly assumes that clusters are compact and approximately
spherical. As a result, it often performs poorly when handling high-dimensional data,
nonconvex clusters, imbalanced distributions, or samples distributed on complex manifolds.
Recent deep clustering studies further indicate that representation quality and similarity
measurement are crucial factors affecting clustering performance, especially for complex
and heterogeneous data [19,20]. K-means++ improves the standard K-means algorithm
mainly by selecting initial centroids in a more careful and distance-aware manner, which
helps reduce sensitivity to random initialization. However, it still relies on Euclidean
distance during the clustering process and therefore cannot fundamentally overcome the
limitation of Euclidean-distance-based similarity measurement. Therefore, improving
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distance measurement and incorporating structural information have become important
directions for extending classical K-Means.

To overcome the limitations of purely centroid-based partitioning methods, graph-
based clustering methods have been widely investigated in recent years. These methods
usually construct neighborhood graphs, such as k-nearest-neighbor graphs, to model local
relationships among samples. Compared with direct Euclidean partitioning, graph-based
approaches can better capture non-convex structures and manifold-like data distributions.
FINCH, for example, performs efficient parameter-free clustering using first-neighbor
relations and does not require the number of clusters to be specified in advance [21]. Other
recent graph-based clustering methods improve robustness and scalability by introducing
landmark graphs, sparse graph construction, structure-aware graph learning, or large-scale
graph clustering mechanisms [22-25]. These studies demonstrate that graph structures
are effective for preserving local data geometry and improving clustering performance.
However, the quality of graph-based clustering still depends heavily on the similarity
measure used to construct the graph. If the adopted distance metric cannot accurately
reflect intrinsic sample relationships, the constructed graph may contain noisy edges or
lose important neighborhood connections. This limitation motivates the development of
more expressive similarity measures for graph construction.

Quantum machine learning has recently emerged as a promising research direction by
combining quantum computing principles with machine learning models. Existing studies
have shown that quantum states, quantum kernels, and quantum feature maps can pro-
vide new perspectives for representing and comparing classical data [26,27]. In particular,
quantum feature mapping allows classical samples to be embedded into high-dimensional
Hilbert spaces, where the inner product or overlap between quantum states can be used to
measure sample similarity [28,29]. This mechanism is conceptually related to kernel meth-
ods, but it introduces a quantum-inspired way to define similarity in a potentially richer
representation space. Quantum fidelity, which measures the similarity between quantum
states, has therefore become a meaningful tool for designing quantum-inspired distance
metrics. Recent studies have further explored the potential of quantum-inspired learning
and hybrid quantum-classical models in high-dimensional data analysis and clustering-
related tasks [30-32]. Nevertheless, most existing quantum or quantum-inspired clustering
methods mainly focus on theoretical quantum speedup, hardware-oriented implementa-
tion, or isolated similarity computation. They rarely integrate quantum-inspired similarity
measures into classical clustering frameworks in a systematic and interpretable manner.

Hierarchical clustering and bottom-up merging strategies provide another impor-
tant perspective for handling complex cluster structures. Unlike centroid-based methods
that directly update cluster centers, agglomerative strategies gradually merge samples or
subclusters according to certain similarity or linkage criteria. Recent scalable hierarchical
and graph-based clustering methods show that neighborhood-driven merging can reduce
dependence on random initialization and better preserve local consistency [33,34]. How-
ever, conventional hierarchical clustering methods usually rely on fixed linkage rules and
may suffer from high computational cost when a large number of pairwise comparisons
are required. Moreover, when the similarity measure is still based on Euclidean distance,
hierarchical merging may fail to capture nonlinear and high-dimensional relationships.
Therefore, combining graph constraints, robust similarity measurement, and deterministic
merging strategies is a promising way to improve clustering stability and interpretability,
as recent hierarchical graph-based clustering studies have also demonstrated [35].

In summary, existing studies have made significant progress in K-Means optimization,
graph structure modeling, quantum-inspired similarity learning, and hierarchical merg-
ing. However, there is still a lack of a unified framework that simultaneously integrates
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quantum-inspired similarity measurement, local graph structure, and goal-function-driven
clustering optimization. To address this gap, this paper proposes QGKM, a quantum
fidelity-based graph K-Means framework. By encoding classical samples into quantum
state representations and measuring sample relationships through quantum fidelity dis-
tance, QGKM aims to construct a more expressive similarity graph. Furthermore, the
proposed bottom-up merging mechanism incorporates local neighborhood information
into the clustering process, thereby improving the ability to identify complex, non-convex,
and high-dimensional data patterns.

3. QGKM Framework
3.1. Problem Definition and Overall Approach

Given a dataset X = {xy, xp,..., X} containing n d-dimensional samples, the
clustering task aims to partition it into K mutually exclusive and exhaustive clusters
{Cq, Cy,..., Ck} such that samples within each cluster are as similar as possible, while
samples across different clusters are as dissimilar as possible.

The core idea of QGKM is to introduce a similarity measure from quantum informa-
tion theory—namely, quantum fidelity—into a classical computational framework and to
systematically integrate it with a graph-based K-Means clustering paradigm. It should be
emphasized that QGKM is not strictly equivalent to minimizing the conventional K-Means
objective defined in Euclidean space. Instead, it performs a heuristic approximation of a
K-Means-type objective in a similarity space induced by quantum fidelity.

QGKM does not explicitly compute cluster centroids in the classical Euclidean sense.
In conventional K-Means, each cluster is represented by the arithmetic mean of its sam-
ples, and the algorithm alternates between centroid updating and sample assignment. In
contrast, QGKM operates in a quantum fidelity-induced similarity space and performs
graph-constrained bottom-up merging. Therefore, no explicit Euclidean centroid or mean
quantum state is required.

Moreover, QGKM is not a strict medoid-based method, because it does not select an
existing sample as the representative center of each cluster. Instead, a cluster is represented
implicitly by its member samples, intra-cluster tightness, and graph-based neighborhood
relationships. The term “Graph K-Means” in this paper refers to a K-Means-inspired
compactness objective rather than a classical centroid-update procedure.

3.2. Quantum State Encoding and Fidelity Distance
3.2.1. Quantum State Encoding

To map classical data into a quantum state representation space, this work employs
quantum state encoding methods, including amplitude encoding and angle encoding [36].
By normalizing the data, classical samples can be represented as pure quantum states,
enabling the similarity between samples to be characterized via quantum state inner
products. For each data point x; € RY, we encode it as a quantum state | ¢;).

Amplitude encoding directly maps the components of a data vector to the amplitudes
of a quantum state. For a normalized vector x; = x;/ || x; ||, the corresponding quantum

&~
| i) = ijl Xij

where d’ = 219871 is the dimension padded to the nearest power of two.

state is defined as:

i )

To ensure normalization (¢; | ¢;) = 1, insufficient dimensions are padded with zeros
or small values. Specifically, if the original vector dimension d < d’, we construct a
padded vector:

X; Xi1,Xi2, -, Xid, €€ ...,€|, (2)

~pad ~
i = {
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where € = 10710 is a small padding value, followed by re-normalization of the entire vector.
Amplitude encoding theoretically offers exponential compression of the representation
while preserving the inner product relationships between classical vectors. In this work,
we focus on the similarity structure induced by this encoding under classical simulation,
rather than the storage or computational speedup advantages in quantum computing. In
practical implementation, the quantum states and their fidelities are computed explicitly
on classical computers.

Angle encoding maps data components to the phase angles of a quantum state. For
vector components normalized to the [0, 7] range and 6; ;, the quantum state is defined as:

g

[ 95) = R (cos 04| 0) + e sin 0, 1)), 3)

j=1

where 1, = [log,d] is the number of qubits, 6;; = 7 - x; j/max; | x;; | is the normalized
angle parameter, and ¢; ; is the phase parameter. In this work, we set ¢; ; = 0 to simplify
to real-valued angle encoding. Angle encoding maps classical data onto the Bloch sphere
of each qubit via trigonometric functions, encoding one data dimension per qubit. Angle
encoding provides rich phase information and enables nonlinear feature transformation
via the combined use of amplitude and phase encoding, showing robustness to noise and
perturbations [37].

In the context of educational social networks, amplitude encoding is generally more
suitable for relatively dense and continuous feature vectors, such as learner interaction fre-
quency, learning activity duration, resource access counts, and aggregated behavioral statis-
tics. In these cases, most feature dimensions contain meaningful numerical information, and
amplitude encoding can preserve the global distribution of normalized feature magnitudes.

Angle encoding may be more suitable for sparse, binary, or nonlinear features, such as
whether a learner participates in a specific interaction type, whether a learning resource
is accessed, or whether a particular behavioral event occurs. Since angle encoding maps
features through trigonometric functions, it introduces a nonlinear transformation before fi-
delity computation. Therefore, the choice between amplitude encoding and angle encoding
should be regarded as data-dependent rather than universal.

It should be noted that the quantum-state-based representation used in this work is
still representation-dependent. In particular, the fidelity distance is not intended to be a
completely parameterization-free metric. Instead, it is defined after a classical sample has
been mapped into a normalized quantum state through a chosen encoding scheme. For
amplitude encoding, the fidelity between two pure states is mathematically related to the
squared inner product between normalized vectors, and therefore has a close connection
to cosine-type similarity. In this sense, the proposed method does not eliminate metric
dependence, but changes the geometry in which similarity is evaluated: from the origi-
nal Euclidean space to a normalized Hilbert-space representation induced by quantum
state encoding.

This distinction is important for understanding the role of QGKM. Euclidean distance
is sensitive to vector magnitude and often becomes less discriminative in high-dimensional
spaces where pairwise distances tend to concentrate. By contrast, fidelity emphasizes the
overlap between normalized state vectors and focuses more on directional and relational
similarity. When angle encoding is used, the trigonometric mapping further introduces
a nonlinear feature transformation before fidelity computation, allowing the similarity
measure to capture relationships that are not directly expressed by Euclidean distance
in the original feature space. Therefore, the potential advantage of QGKM arises from
the combined effect of data normalization, quantum-state encoding, and fidelity-based
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similarity measurement, rather than from the claim that quantum fidelity is universally
superior to Euclidean distance.

Nevertheless, the effectiveness of fidelity distance depends on the suitability of the
selected encoding strategy. If the encoding does not preserve meaningful structural in-
formation of the original data, the resulting fidelity distance may not improve clustering
performance. This representation dependence is also one reason why this paper compares
amplitude encoding and angle encoding experimentally.

3.2.2. Quantum Fidelity Distance

In the quantum space, we use quantum fidelity instead of traditional Euclidean
distance to measure sample similarity. For two quantum states | ¢;) and | ¢;), the fidelity
is defined as:

F(| i), | 9)) = (i | ) % (4)

with F € [0,1], where F = 1 indicates identical states and F = 0 indicates orthogonal states.
Quantum fidelity is a fundamental concept in quantum information theory for quantifying
the similarity between quantum states. Unlike Euclidean distance, fidelity accounts for
the superposition and phase information of quantum states, capturing the structure of
high-dimensional data more effectively.

To convert fidelity into a distance measure, we define the quantum fidelity distance as:

do(l i), [ ¢j)) =1 = F(l vi), | ¥)), ()

A more precise comparison between Euclidean distance and fidelity distance can
be made for normalized real-valued vectors. Let x and y be two normalized vec-
tors with ||x||=||y||= 1. Their squared Euclidean distance is given by | lx —yl1? =
2 —2(x, y). Under amplitude encoding, the fidelity between the corresponding pure states
is F(x, y) = | (x, y) I2. This shows that fidelity is closely related to normalized inner-product
similarity. The key difference is that Euclidean distance measures coordinate displacement,
while fidelity measures state overlap after normalization. Therefore, fidelity reduces the di-
rect influence of vector magnitude and emphasizes directional or relational similarity. This
can be useful when the clustering structure is mainly reflected by the relative distribution
of features rather than their absolute scale.

However, fidelity distance should not be interpreted as a universal solution to high-
dimensional distance concentration. In high-dimensional spaces, Euclidean distances may
concentrate around their expected value, while inner-product-based similarities may also
become less discriminative if the data contain strong noise or lack meaningful structure.
Therefore, the advantage of fidelity is data-dependent. It is expected to be more useful
when the quantum-state encoding preserves meaningful structural relationships, which is
consistent with the stronger performance gains observed on low- and medium-dimensional
datasets in our experiments.

Quantum fidelity is one of several possible quantum-state similarity measures. An-
other widely used measure is trace distance, which quantifies the distinguishability between
two quantum states. For two density matrices p and o, the trace distance is defined as
Dy (p, o) =1/2||p — o||;. While fidelity measures the degree of overlap or closeness be-
tween two states, trace distance measures how well two states can be distinguished. These
two quantities are closely related through known inequalities in quantum information
theory and provide complementary perspectives on quantum-state similarity.

The reason such quantum-inspired measures may help alleviate some limitations of
Euclidean distance is that they compare samples after normalization and quantum-state en-
coding, rather than directly measuring absolute coordinate differences in the original feature
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space. Euclidean distance can be strongly affected by scale, noise, and distance concentra-
tion in high-dimensional spaces. Fidelity-based similarity, by contrast, focuses on the over-
lap between normalized states and therefore emphasizes directional, relational, and struc-
tural similarity. For pure states, fidelity has the simple form F(| v;), | ;)) =| (; | ¥;) 2,
which makes it computationally convenient and directly compatible with k-nearest neigh-
bor graph construction.

In this work, fidelity is selected instead of trace distance for three reasons. First, the
proposed framework mainly uses pure-state representations generated by amplitude or
angle encoding, for which fidelity has a simple closed-form expression based on the inner
product. Second, fidelity can be efficiently computed during classical simulation and
directly transformed into a distance-like quantity for graph construction. Third, fidelity
naturally reflects state overlap, which is consistent with the goal of identifying samples
with similar latent patterns in educational social network data. Trace distance remains an
important alternative measure, and comparing fidelity distance with trace-distance-based
clustering will be considered in future work.

Overall, the quantum fidelity distance should be regarded as a representation-induced
similarity measure that provides a geometric perspective distinct from the Euclidean
distance, rather than as a universal replacement for it. Its effectiveness depends on whether
the chosen quantum encoding can preserve meaningful structural relationships in the
data [38].

3.3. Hierarchical Clustering Based on k-Nearest Neighbor Graphs

For the encoded quantum state set { | 1), | ¢2),...,| ¥n)}, we construct a k-nearest
neighbor (k-NN) graph G = (V, E), where the vertex set V = {1,2,...,n} corresponds
to all samples, and the edge set E contains connections from each sample to its k-nearest
neighbors. The k-NN graph is a sparse graph structure that effectively captures the local
geometric structure of the data while avoiding the high computational cost of evaluating
distances between all pairs of samples.

For each sample i, its k-nearest neighbor set is defined as Ny (i) = ji, ja, ..., jk such
thatdo (] ¥i), | ¥;,)) < -+ <dg(| ¢;),| ¥j,)) with the corresponding distance set:

Dy (i) = {do(| i), | ;). do( i), | ¥ )) ) (6)

In practice, we first compute the quantum fidelity distances from each sample to all
other samples, and then select the k-nearest neighbors with the smallest distances. This
step has a time complexity of O(n?d’), where d’ is the dimension of the quantum states.
To improve efficiency, approximate nearest neighbor search algorithms, such as Locality-
Sensitive Hashing or Hierarchical Navigable Small World, can be employed to reduce the
complexity to O(nlogn) [39].

To ensure clustering consistency and graph connectivity, we perform symmetrization
on the k-NN graph. If sample i is among the k-nearest neighbors of sample j, but j is
not among the k-nearest neighbors of 7, the edge j — i is added to form a bidirectional
connection. The symmetrized neighbor set is then defined as:

NI = Ni(@) UL 11 € M)}, (7)

This symmetrization ensures the graph is undirected, i.e., if an edge exists from i
to j, there is necessarily an edge from j to i. This property is crucial for the subsequent
hierarchical clustering process, as the cluster merging operations depend on a symmetric
graph structure. After symmetrization, the number of neighbors per sample may exceed k,
with the average number of neighbors being approximately 2k. The symmetrization process
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itself has a time complexity of O(nk) and a space complexity of O(nk). The choice of k
affects the neighborhood scale of the graph. A small k may lead to graph fragmentation,
whereas a large k may introduce noisy or cross-cluster edges. After symmetrization, the
effective number of neighbors may exceed k because an edge is retained if either endpoint
selects the other as a k-nearest neighbor. Therefore, k should be selected to balance graph
connectivity and neighborhood purity. Although QGKM avoids the random initialization
problem of conventional K-Means, it should not be regarded as parameter-free. Under a
fixed k and fixed preprocessing procedure, QGKM produces deterministic and reproducible
results. However, different k values may lead to different neighborhood graphs and
consequently different clustering results. This sensitivity reflects the dependence of graph-
based clustering methods on neighborhood scale, which is different from the run-to-run
instability caused by random centroid initialization.

At the beginning of the algorithm, each sample is initialized as its own individual

(
i
perform hierarchical clustering, we introduce the concept of tightness for each cluster,

cluster: C 0 — i,i=1,2,..., nwith the initial number of clusters ¢(?) = n. To efficiently
which quantifies the cohesion of samples within the cluster. Initially, the tightness of each
cluster is set to: Ti(o) =0,i=1,2,..., n. Tightness is continuously updated throughout the
cluster merging process, reflecting the average distance between samples within a cluster.
This dynamic update allows the tightness measure to adapt as clusters evolve, providing a
more accurate representation of cluster cohesion during the merging steps.

The algorithm employs a greedy strategy to iteratively merge the most similar pair of
clusters. At the t-th iteration, the cluster pair C; and C; with the smallest distance is selected
for merging. This approach ensures that at each step, the clusters that are most similar to
each other are combined, progressively refining the overall clustering structure.

ey ()
(i*,]7) = arg (ij?elgmdij , ®)

(£)
ij
between clusters C; and C;. Under this greedy merging strategy, at each step, the cluster

where £(*) denotes the current set of edges between clusters, and d;;” represents the distance
pair with the minimal distance in the current similarity space is merged. This approach
empirically drives the overall clustering structure toward more compact clusters, as each
merge reduces the average distance within the resulting clusters. Although this process does
not guarantee a globally optimal solution, the deterministic merging order effectively avoids
instability caused by random initialization and exhibits good stability and reproducibility
in practice.

Unlike traditional K-Means algorithms that require multiple iterative optimizations,
the QGKM algorithm obtains k clusters through hierarchical merging with only n — k
merge operations. The computation of inter-cluster distances is the core of the hierarchical
clustering algorithm. For two clusters C; and C;, their distance is defined as:

1
dij = mZpeCiququ (| le>/| qu}) -Ti— Tjr )

where | C; | and | C; | denote the number of samples in clusters C; and C;, respectively, and
T; and T; are the tightness of the clusters. The first term calculates the average distance over
all sample pairs between the two clusters, while the second term subtracts the tightness
of each cluster to obtain the net inter-cluster distance. This definition is formally inspired
by the concept of within-cluster variance change in Ward’s linkage method, but it is not
strictly limited to Euclidean space or squared error forms. Its purpose is to consider both
cluster size and intra-cluster cohesion in the quantum fidelity-induced similarity space,
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thereby avoiding the chaining effect or unstable merges often encountered in traditional
single-linkage or complete-linkage methods.
When clusters C; and C]- are merged into a new cluster Cpew, the tightness is
updated as:
Thew = dl] +T;+T;, (10)

This update formula ensures the cumulative property of tightness: the tightness of
the new cluster equals the merging distance plus the sum of the tightness of the original
clusters. Intuitively, tightness reflects the cumulative average distance of all sample pairs
within a cluster: a larger tightness indicates more dispersed samples, while a smaller
tightness indicates a more compact cluster.

To avoid recomputing distances for all cluster pairs after each merge, an incremental
update strategy is employed. After merging C; and C; into Cpew, only the distances
between Cpew and the other clusters need to be updated. For a cluster C, (where p # i, ),
the distance to Cpew is computed as follows:

If Cp is a neighbor of both C; and C;:

(G T+1C N@ip+Ti+T) TG |-T, [Cp| (GI+IC N@p+Ti+T) TG |-T, |G _
dnew,p = | Cnew ‘ T ‘ Cp ‘ + ‘ Cnew ‘ T | Cp ‘ *Tnew Tpr (11)
If Cp is a neighbor of C; only (not C)):
CGl+]|C dip+Ti+Ty) —T; |G| =T | Cp | +|Ci | - | Cp | -
dmw,p_(| i+ p|)<zp i p) i Gl p| p| | ]| | p|7_Tnew_Tp/ (12)

| Crew | +1Cp |

where v = max; ; max dg(| ¢;), | ¥j,)) is the maximum distance in the k-NN graph, which
is used to estimate the distance between unconnected cluster pairs.

This incremental update strategy significantly reduces the update cost after each merge.
Instead of recomputing distances among all remaining cluster pairs, QGKM only updates
distances associated with the neighboring clusters of the newly formed cluster. Thus, the
number of distance updates is reduced to approximately O(k), and the corresponding
heap-based update cost is approximately O(k log(nk)).

3.4. Complete Algorithm Procedure

Integrating the aforementioned components, the complete workflow of the QGKM
algorithm is presented in Algorithm 1.

The algorithm first maps classical data into a quantum space via quantum state encod-
ing, and then constructs a k-nearest neighbor graph based on quantum fidelity distances,
which is subsequently symmetrized. Each sample is then initialized as an individual cluster,
and a min-heap containing all candidate merge pairs is constructed. The core iterative
process of QGKM employs a greedy strategy, selecting the pair of clusters with the smallest
distance for merging at each iteration, updating the relevant data structures, and finally
performing continuous processing on the cluster labels. It is important to clarify that
QGKM does not minimize the K-Means objective in classical Euclidean space. Instead,
it performs heuristic optimization on a similarity-based objective function weighted by
graph structure within a non-Euclidean similarity space defined by quantum fidelity. Its
bottom-up merging strategy drives the overall partition toward this optimization goal
through locally optimal selections at each step. This approach preserves the intuitive frame-
work of K-Means while enhancing the ability to characterize complex data distributions by
integrating graph structures with quantum metrics.
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Algorithm 1 QGKM Clustering Algorithm

Input: Dataset D = {x1,..., x,}, target number of clusters k, number of neighbors ky,,
Output: Cluster labels [, clustering loss £
1: fori=1tondo

| ;) < QuantumEncode(x;)
end for
fori =1tondo

Compute d;j = 1— | (y; | g;) |2, V] # i

Ni,, (i) < kyy nearest neighbors by distance
end for
Symmetrize the k-NN graph
Cnow <N, Ci+1i, T;+ 0, Vi
H < @ (min-heap)
for each edge (i,]) do

-
e

12: Insert (d;j/2,1,]) into 1
13: end for

14: L+ 0

15:  while ¢;pp > kand H # @ do

16:  (dpin,i,]) < heappop(H)

17: if edge (i,]) is valid then

18: L+ L+dym

19: C,’(—Cl’UC]', Ti(—dm,'n—FTi—FT]‘

20: Update nearest neighbor list of C; and insert new edges into H
21: Crow = Cnow — 1

22: end if

23: end while

24: Map cluster labelsto 0, 1,..., k—1

N
[}

return [, 2L

The overall computational complexity of QGKM can be summarized as follows. Let n
denote the number of samples, d’ denote the padded quantum-state dimension, k denote
the number of nearest neighbors, and K denote the target number of clusters. Under
classical simulation, the initial pairwise fidelity distance computation requires O(n?d’) time.
Based on the computed distance matrix, constructing the k-nearest neighbor graph requires
O(n?log k) time when partial sorting or heap-based neighbor selection is used, or O(n? log
n) time if full sorting is performed for each sample. The sparse k-nearest neighbor graph
contains approximately O(nk) edges in the average case.

During the hierarchical merging stage, QGKM performs approximately n — K merge
operations. Candidate merge pairs are maintained in a min-heap, and only local graph-
related distances are updated after each merge. If each merge updates approximately O(k)
neighboring clusters, the merging stage requires approximately O((n — K)k log(nk)) time.
Therefore, using partial neighbor selection, the overall time complexity is approximately
O(n?d’ + n? log k + (n — K)k log(nk)).

If full sorting is used during k-nearest neighbor construction, the second term becomes
O(n? log n). The dominant term is usually the initial pairwise fidelity distance computation
O(n?d"), especially for large-scale or high-dimensional datasets.

The space complexity is O(n?) if the full pairwise distance matrix is stored. If only the
encoded states and sparse k-nearest neighbor distances are retained, the space complexity
can be reduced to O(nd’ + nk).
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Although the current manuscript presents the procedure in pseudocode form, the
overall workflow of QGKM can be summarized as a sequence of modular operations: data
normalization, quantum state encoding, fidelity distance computation, k-nearest neighbor
graph construction, graph symmetrization, singleton-cluster initialization, heap-based
greedy hierarchical merging, and final cluster label generation.

4. Performance Analysis

To comprehensively validate the effectiveness of the QGKM algorithm, this section
presents a multi-faceted experimental evaluation, including visual analysis on synthetic
datasets and quantitative comparisons on seven real-world benchmark datasets. The visual
experiments demonstrate the ability of QGKM to characterize non-convex structures, while
the benchmark experiments compare QGKM with four representative classical clustering
algorithms. Statistical significance is further examined using paired f-tests to verify the
reliability of the observed performance improvements.

4.1. Experiment Configuration

The experiments were conducted on both synthetic and real-world datasets. The
synthetic datasets were used for visual analysis, while the real-world benchmark datasets
were used for quantitative performance evaluation. These datasets cover diverse data
types, dimensionalities, and structural complexities, enabling a comprehensive assessment
of the proposed QGKM algorithm.

To comprehensively evaluate the performance of QGKM, four representative cluster-
ing algorithms were selected as baselines: K-Means, Spectral Clustering, Gaussian Mixture
Model (GMM), and Agglomerative Clustering. The number of clusters was set to the
ground-truth number of classes for each dataset. K-Means was adopted as the primary
centroid-based baseline and serves as the most direct reference for evaluating improve-
ments over Euclidean-distance-based clustering. Spectral Clustering was included as a
representative graph-based method capable of modeling non-convex structures through
graph Laplacian embedding, making it closely related to the graph-structured component
of QGKM. GMM was selected as a probabilistic model-based clustering method, provid-
ing a comparison from the perspective of distribution estimation and soft assignment.
Agglomerative Clustering was included as a representative hierarchical method, since
QGKM also adopts a bottom-up merging strategy. Therefore, the selected baselines cover
centroid-based, graph-based, probabilistic, and hierarchical clustering paradigms, enabling
a balanced evaluation of the proposed QGKM framework.

The evaluation metrics include Accuracy (ACC), Normalized Mutual Information
(NMI), and Adjusted Rand Index (ARI), which assess clustering quality from different
perspectives. For randomized algorithms, each experiment was repeated 10 independent
times on each dataset, and the mean and standard deviation were reported. Deterministic
algorithms were evaluated once under the same experimental protocol.

4.1.1. Experimental Environment

All experiments were implemented in Python 3.10 using the PyTorch 2.10.0 framework
and related scientific computing libraries, including NumPy 1.26.4, SciPy 1.14.0, scikit-learn
1.5.1, and Matplotlib 3.10.0. The experiments were conducted on a server equipped with
an NVIDIA GeForce RTX 4090 GPU (NVIDIA Corporation, Santa Clara, CA, USA), an
Intel(R) Xeon(R) Gold 6330 CPU (Intel Corporation, Santa Clara, CA, USA), 128 GB RAM
(Kingston Technology Company, Inc., Fountain Valley, CA, USA), and a 4 TB SSD (Samsung
Electronics Company, Limited, Suwon, Republic of Korea), running Ubuntu 20.04.6 LTS
(Canonical Limited, London, UK). The baseline algorithms were implemented using scikit-
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learn under consistent parameter settings, and the same data preprocessing procedure and
evaluation protocol were applied to all methods to ensure a fair comparison.

4.1.2. Dataset Description

The datasets used in this study cover synthetic, low-dimensional, medium-dimensional,
and high-dimensional clustering scenarios. The synthetic datasets include Blobs, Moons,
Circles, Anisotropic, and Varied, each containing 1000 samples. These datasets were se-
lected to evaluate the ability of QGKM to identify simple convex structures, non-convex
crescent-shaped structures, concentric circular structures, anisotropic distributions, and
clusters with different variances.

For real-world datasets, Iris contains 150 samples with 4 features and 3 classes, repre-
senting a low-dimensional structured dataset. Wine contains 178 samples with 13 chemical
features and 3 classes. Digits contains 1797 handwritten digit images represented by
64-dimensional features and 10 classes, serving as a medium-dimensional image-feature
dataset. MNIST and Fashion-MNIST each contain grayscale images with 784-dimensional
pixel features and 10 classes. CIFAR-10 consists of color images represented by 3072-
dimensional raw pixel features and 10 classes. Olivetti Faces contains face images with
4096-dimensional features and 40 subjects. These datasets provide a broad evaluation
spectrum from low-dimensional tabular data to high-dimensional image data, allowing the
robustness and scalability of QGKM to be systematically assessed.

4.2. Experiments on Synthetic Datasets

We evaluated the performance of QGKM on five synthetic datasets (Blobs, Moons,
Circles, Anisotropic, Varied) and visualized the results. These datasets feature complex ge-
ometric structures and distribution characteristics, enabling assessment of the algorithm’s
ability to handle diverse data distribution patterns. Table 1 demonstrates QGKM’s clus-
tering performance across these datasets, where QGKM achieved outstanding clustering
results on all datasets.

Table 1. Clustering performance on synthetic datasets.

Dataset Clusters ACC NMI ARI
Blobs 4 0.999 0.995 0.997
Moons 2 0.999 0.990 0.996
Circles 2 1.000 1.000 1.000
Anisotropic 3 1.000 1.000 1.000
Varied 3 0.992 0.964 0.974

As shown in Table 1, QGKM demonstrates outstanding performance in handling
non-convex structures. On the Moons and Circles datasets, the algorithm achieved ac-
curacy rates of 99.90% and 100%, respectively, successfully identifying two interleaved
crescent-shaped clusters and two concentric circles. This demonstrates the algorithm’s
ability to effectively capture non-linearly separable data structures while preserving local
geometric properties. On datasets such as Blobs, Anisotropic, and Varied, QGKM also
demonstrated outstanding performance with accuracy rates exceeding 99%, indicating
the algorithm’s excellence in handling data with simple structures and high inter-cluster
separability. Particularly on the Anisotropic and Varied datasets, despite significant varia-
tions in cluster shapes and variances, QGKM accurately identified all clusters, showcasing
robust performance. Figure 1 presents the clustering visualization results of QGKM across
five synthetic datasets. It clearly shows that QGKM correctly identifies crescent-shaped
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and concentric circular structures, validating the algorithm’s effectiveness in handling
non-convex data structures.

Blobs

Circles Anisotropic Varied

Figure 1. Cluster visualization of the QGKM algorithm on synthetic datasets, each containing
1000 samples. The Moons dataset features two interlaced crescent-shaped structures, while the
Circles dataset consists of two concentric circular structures. The QGKM algorithm successfully
identified these non-convex clusters, demonstrating its capability to handle complex geometric
configurations. Different colors represent different clusters.

The synthetic datasets used in this study mainly cover several representative geometric
structures, including convex clusters, non-convex crescent-shaped clusters, concentric
circular clusters, anisotropic distributions, and clusters with varying variances. More
challenging pseudo-random datasets with partially overlapping clusters and ambiguous
decision boundaries will be included in future work to further evaluate the robustness of
QGKM under less clearly separated conditions.

4.3. Experiments on Real Datasets

Seven real-world datasets were employed to evaluate the clustering performance of
the proposed QGKM algorithm. These datasets encompassed diverse types, including
low-dimensional feature data such as Iris and Wine, medium-dimensional handwritten
digit recognition data like Digits, high-dimensional image data including MNIST, Fashion-
MNIST, and CIFAR-10, as well as the face recognition dataset Olivetti-Faces. Each algorithm
was run independently 10 times, recording the mean and standard deviation of each metric.
Table 2 presents the performance results of the five clustering algorithms.

K-Means, as the most classic and widely used clustering algorithm, is renowned for
its simplicity, efficiency, and ease of implementation. It serves as a crucial benchmark
for evaluating the performance of new clustering algorithms. As shown in the experi-
mental results of Table 2, QGKM outperforms K-Means on all seven real-world datasets,
demonstrating significant advantages on multiple datasets. The improvement is most
pronounced on the Digits dataset, where the ACC increases by 13.1 percentage points.
On four datasets—Iris, Olivetti-Faces, Wine, and MNIST—the ACC improvements were
7.7 percentage points, 3.7 percentage points, 2.9 percentage points, and 2.2 percentage
points, respectively. QGKM also maintained its lead on the Fashion-MNIST and CIFAR-10
datasets. Overall, QGKM demonstrates comprehensive advantages over K-Means, achiev-
ing an average ACC improvement of 4.5 percentage points across seven datasets. The gains
are especially pronounced on moderately dimensional datasets (Iris, Wine, Digits), with
an average improvement of 7.9 percentage points. This validates QGKM'’s superiority in
capturing the intrinsic structure of data with complex distributions or nonlinear structures.
Figures 2 and 3 visually illustrate QGKM’s performance improvements over K-Means
across various datasets.
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Table 2. Comparison of clustering performance on seven real-world datasets. The reported values are
the mean =+ standard deviation over 10 independent runs. Bold values indicate the best performance

for each dataset and evaluation metric among all compared methods.

Dataset Metric K-Means Spectral GMM Agglomerative QGKM
ACC 0.890 + 0.004 0.907 4+ 0.000 0.967 + 0.000 0.893 4+ 0.000 0.967 + 0.000
Iris NMI 0.744 + 0.008 0.796 + 0.000 0.898 + 0.000 0.761 %+ 0.000 0.885 + 0.000
ARI 0.723 + 0.007 0.759 4+ 0.000 0.904 + 0.000 0.731 £ 0.000 0.904 + 0.000
ACC 0.960 + 0.009 0.961 4+ 0.000 0.959 + 0.008 0.927 4+ 0.000 0.989 + 0.000
Wine NMI 0.862 + 0.018 0.858 + 0.000 0.859 + 0.013 0.783 £+ 0.000 0.946 + 0.000
ARI 0.879 £ 0.028 0.880 % 0.000 0.875 £ 0.023 0.790 %+ 0.000 0.965 + 0.000
ACC 0.755 + 0.066 0.808 4 0.000 0.789 + 0.068 0.831 4 0.000 0.886 + 0.000
Digits NMI 0.722 + 0.030 0.833 + 0.000 0.783 + 0.034 0.838 + 0.000 0.809 + 0.000
ARI 0.631 £ 0.060 0.758 + 0.000 0.689 + 0.062 0.768 £+ 0.000 0.771 = 0.000
ACC 0.515 + 0.043 0.581 + 0.036 0.516 + 0.042 0.582 + 0.048 0.537 + 0.062
MNIST NMI 0.480 + 0.026 0.602 + 0.028 0.481 + 0.026 0.578 + 0.039 0.540 + 0.042
ARI 0.341 £ 0.038 0.439 + 0.036 0.342 + 0.038 0.419 + 0.053 0.371 £ 0.075
ACC 0.544 + 0.055 0.538 4+ 0.023 0.550 + 0.053 0.505 4 0.031 0.571 + 0.057
Fashion-MNIST NMI 0.526 + 0.018 0.575 £+ 0.017 0.541 + 0.020 0.532 + 0.023 0.555 + 0.025
ARI 0.376 + 0.032 0.400 4 0.024 0.397 + 0.030 0.371 4+ 0.029 0.401 =+ 0.040
ACC 0.219 + 0.011 0.213 4+ 0.010 0.221 + 0.011 0.209 4+ 0.012 0.224 + 0.012
CIFAR-10 NMI 0.096 + 0.008 0.102 + 0.012 0.098 + 0.007 0.094 £+ 0.011 0.101 + 0.012
ARI 0.041 £ 0.004 0.039 % 0.006 0.042 + 0.003 0.037 £ 0.006 0.043 + 0.006
ACC 0.588 + 0.023 0.644 4+ 0.011 0.588 + 0.023 0.647 + 0.000 0.627 + 0.005
Olivetti-Faces NMI 0.761 + 0.012 0.794 4+ 0.006 0.761 + 0.012 0.807 + 0.000 0.799 + 0.001
ARI 0.443 + 0.028 0.494 4+ 0.014 0.443 + 0.028 0.518 4+ 0.000 0.520 &+ 0.004
NMI Comparison: QGKM vs K-Means
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Figure 2. QGKM outperformed K-Means in NMI performance across all datasets, indicating its
superior ability to capture the clustering structure of the data.
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Figure 3. Comparison of clustering accuracy between QGKM and K-Means across seven datasets.
QGKM outperforms the traditional K-Means algorithm on all datasets.

Compared to other classical clustering methods, QGKM also demonstrates remarkable
performance. On the Iris, Wine, and Digits datasets, QGKM achieved the best performance.
Spectral Clustering and Agglomerative outperformed QGKM on the MNIST and Olivetti-
Faces datasets, but QGKM held an advantage on the remaining five datasets. Regarding
GMM, QGKM tied with it for the best performance on the Iris dataset but outperformed
it on the remaining six datasets. In summary, QGKM achieved the best performance on
five datasets, only slightly lagging behind Spectral and Agglomerative on the MNIST
and Olivetti-Faces datasets. In comparison with other datasets and methods, QGKM
consistently demonstrated superior performance.

Experimental results demonstrate that the performance advantages of QGKM are
closely tied to the dimensional characteristics of the dataset. Specifically, on moderately
dimensional datasets such as Iris (4-dimensional), Wine (13-dimensional), and Digits (64-
dimensional), QGKM exhibits the most significant improvements, achieving ACC values
of 96.7%, 98.9%, and 88.6%, respectively—all substantially outperforming all baseline
methods. This indicates that within this dimensional range, quantum fidelity distance
effectively captures the local structure of the data without being significantly disturbed by
high-dimensional noise. In contrast, on extremely high-dimensional datasets (e.g., MNIST
(784-dimensional), Fashion-MNIST (784-dimensional), and CIFAR-10 (3072-dimensional)),
QGKM'’s performance is roughly comparable to or slightly better than mainstream baseline
methods, but the improvement is limited. This phenomenon aligns with the “dimension
collapse” issue commonly observed in similarity metrics within high-dimensional spaces,
further confirming that QGKM is more suitable for data analysis scenarios featuring clear
local structures and dimensions within a moderate range.

4.4. Quantum Encoding Comparison Experiments

The core of the QGKM algorithm lies in mapping classical data to quantum state space
and utilizing quantum fidelity distance to embed graph K-Means for clustering. To investi-
gate the impact of quantum state encoding on QGKM performance, this paper implements
two primary quantum state encodings—amplitude encoding and angle encoding—and
conducts comparative encoding experiments on the same seven real-world datasets.

The encoding comparison experiments employed the same datasets and evaluation
metrics as Section 4.3. Each encoding method was independently run 10 times on each
dataset, recording the mean and standard deviation of three metrics: ACC, NMI, and ARL
Both encoding approaches utilized an identical QGKM algorithm framework, identical k-
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nearest neighbor parameters, and identical random seed sequences to ensure experimental
variations stem solely from the differences between the two quantum state encodings. The
sole difference lies in the mapping process: amplitude encoding directly maps normalized
data vectors to quantum state amplitude components, whereas angle encoding requires an
additional step—using trigonometric functions to map data components to quantum state
rotation angles.

Figure 4 shows the NMI performance of the two encoding methods across seven
datasets. The results reveal that amplitude coding significantly outperforms angle coding
on low-dimensional datasets such as Iris, Wine, and Digits. The gap reaches as high as
39.1 percentage points on the Wine dataset. On MNIST and Fashion-MNIST datasets,
amplitude coding maintains a slight lead. However, on extremely high-dimensional
datasets like CIFAR-10 and Olivetti-Faces, the performance of amplitude coding and
angle coding is comparable, with negligible differences.

NMI Comparison: Amplitude vs Angle Encoding

1.0 B Amplitude Encoding
0.946

Angle Encoding
0.885
0.8 0.787 0:009 0.799  0.798
’ - 0.749
0.555
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0.2 4
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- :
0.0
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Figure 4. Comparison of normalized mutual information (NMI) between amplitude encoding and
angle encoding across seven real-world datasets. Higher NMI values indicate better consistency
between the clustering results and the ground-truth class labels. The results show that amplitude
encoding generally achieves better performance on low- and medium-dimensional datasets, while the
performance gap between the two encoding schemes becomes smaller on high-dimensional datasets.

In high-dimensional spaces, the NMI values of the two encoding schemes tend to
converge, reflecting the “curse of dimensionality” effect: as the dimensionality increases,
the similarity between samples becomes more uniform, reducing the ability of clustering
algorithms to distinguish different clusters and consequently diminishing the differences in
NMILI. This indicates that the choice of encoding scheme has a greater impact on clustering
performance for low- and medium-dimensional data, whereas for high-dimensional data,
applying dimensionality reduction or feature extraction may be more effective in improving
clustering results than the choice of encoding. Based on these experimental findings,
Amplitude Encoding is adopted as the default quantum encoding scheme for QGKM in all
subsequent experiments.

4.5. Statistical Significance Test

To evaluate whether the performance improvements of QGKM over baseline methods
are statistically significant, paired t-tests [40] were conducted on the seven datasets. For
each dataset, QGKM was compared with the other four methods (K-Means, Spectral, GMM,
and Agglomerative) in terms of ACC, NMI, and ARI across 10 independent runs.
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Table 3 presents the p-values of QGKM compared with each baseline method
across different datasets and metrics, where bold p-values indicate significant differences
(p < 0.05). These statistical tests provide a reliable measure of the significance of the
observed performance improvements, validating the effectiveness of QGKM in comparison
to other clustering methods.

Table 3. Results of paired t-tests comparing QGKM with baseline clustering methods across seven real-
world datasets. Bold p-values indicate statistically significant differences at the 0.05 significance level.

Comparative Method Iris Wine Digits MNIST Fashion CIFAR Olivetti
ACC

K-Means <0.001 <0.001 <0.001 0.222 0.686 0.830 <0.001
Spectral <0.001 <0.001 <0.001 0.005 0.739 0.112 <0.001
GMM 1.000 <0.001 <0.001 0.541 0.115 0.226 <0.001
Agglomerative <0.001 <0.001 <0.001 0.017 0.012 0.087 <0.001
NMI

K-Means <0.001 <0.001 <0.001 <0.001 0.005 0.165 <0.001
Spectral <0.001 <0.001 0.056 <0.001 <0.001 0.191 <0.001
GMM 0.999 <0.001 <0.001 <0.001 <0.001 0.005 <0.001
Agglomerative <0.001 <0.001 <0.001 <0.001 0.374 0.498 <0.001
ARI

K-Means <0.001 <0.001 <0.001 0.128 0.250 0.130 <0.001
Spectral <0.001 <0.001 0.174 <0.001 0.019 0.276 <0.001
GMM 1.000 <0.001 <0.001 0.035 0.003 0.017 <0.001
Agglomerative <0.001 <0.001 0.891 0.006 0.499 0.100 0.999

Based on the significance test results, the QGKM method demonstrates significantly
better performance than K-Means across multiple datasets. On the Iris, Wine, Digits, and
Olivetti-Faces datasets, QGKM significantly outperformed K-Means in all three evaluation
metrics—ACC, NMI, and ARI—at a statistical significance level of p < 0.001. These datasets
feature dimensions ranging from 4 to 4096, indicating that the quantum fidelity-based
distance metric markedly improves clustering performance across varying data dimensions.
For the MNIST dataset, although the difference in accuracy (ACC) was not significant
(p = 0.222), QGKM still significantly outperformed K-Means in NMI (p < 0.001), indicating
that this method has a greater advantage in capturing the internal structure of the data. On
Fashion-MNIST, the NMI of QGKM is significantly higher than K-Means (p = 0.005), while
the ACC difference is not significant. On CIFAR-10, although ACC values are comparable,
the difference is not significant, reflecting the extreme challenge of this dataset. Overall,
QGKM achieves statistically significant improvements over K-Means in ACC on 5 out of
7 datasets and in NMI on 6 datasets, demonstrating that the quantum fidelity distance
provides a statistically meaningful performance gain over traditional Euclidean distance,
particularly on medium-dimensional datasets and in terms of mutual information.

Compared with other baseline methods, QGKM also exhibits significant performance
advantages. For GMM, QGKM achieves the same best performance as GMM on Iris
(ACC = 96.7%, p = 1.000), but significantly outperforms GMM on Wine and Digits
(p < 0.001). Compared with Spectral Clustering and Agglomerative Clustering, QGKM
shows very high significance on Wine and Digits (p < 0.001), and also significantly out-
performs Spectral and GMM on Olivetti-Faces. On extremely high-dimensional datasets
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(MNIST, Fashion-MNIST, CIFAR-10), the statistical significance of QGKM is mainly ob-
served in the NMI metric rather than ACC. This indicates that while the quantum fidelity
distance is constrained by the curse of dimensionality in terms of accuracy; it still signifi-
cantly improves the mutual information between clustering results and ground-truth labels,
better capturing the intrinsic data structure.

Considering the overall statistical significance, among the 28 valid comparisons
(7 datasets x 4 baseline methods), QGKM shows statistically significant improvements
in 17/28 (60.7%) of ACC comparisons, 24/28 (85.7%) of NMI comparisons, and 18/28
(64.3%) of ARI comparisons. The overall trend indicates that QGKM consistently exhibits
statistically meaningful advantages over baseline methods on most datasets and evaluation
metrics, with the highest consistency observed in the NMI metric. This suggests that
the quantum fidelity-induced similarity measure has a potential advantage in capturing
the information correlation between clustering results and the true class structure. On
medium-dimensional datasets (Iris, Wine, Digits), QGKM shows statistical significance
against K-Means and other methods in nearly all comparisons, highlighting its strongest
application scenario. On extremely high-dimensional datasets, significance is primarily
observed in the NMI metric, indicating that the quantum fidelity distance retains certain ad-
vantages in terms of information gain, even in the presence of high-dimensional noise. This
suggests that QGKM remains effective at capturing meaningful data structures, particularly
in terms of preserving the underlying relationships within the data.

Through experimental validation, the QGKM algorithm demonstrates significant ad-
vantages on both synthetic and real-world datasets. Experiments show that the algorithm
effectively handles complex non-convex data structures, achieving near-ideal clustering
results on synthetic datasets such as Moons. Across all seven real-world datasets, QGKM
outperformed traditional K-Means methods, achieving an average accuracy improvement
of 4.5 percentage points. This enhancement was particularly pronounced on moderately
dimensional datasets (e.g., Iris, Wine, Digits), where the average gain reached 7.9 percent-
age points. Statistical tests further confirm that QGKM significantly outperforms baseline
methods in 60.7% of ACC comparisons and 85.7% of NMI comparisons. The pronounced
advantage in NMI metrics particularly indicates that the adopted quantum fidelity dis-
tance more accurately captures the intrinsic structure and information correlations within
the data.

5. Conclusions and Future Work

The proposed quantum fidelity-based graph K-Means clustering method (QGKM)
effectively translates classical clustering problems into the quantum domain by leveraging
quantum state encoding and fidelity distance. It achieves clustering optimization through
a combination of k-nearest neighbor graphs and a greedy hierarchical merging mechanism.
Test results across seven real-world datasets demonstrate that this method outperforms
classical K-Means across all metrics, achieving an average accuracy improvement of 4.5%.
Statistical tests further confirm its superiority over baseline methods in 60.7% of accuracy
comparisons and 85.7% of normalized mutual information comparisons, particularly ex-
celling in mutual information metrics reflecting structural similarity. This validates the
quantum fidelity distance’s capability to effectively capture intrinsic data structures. Fur-
thermore, on synthetic datasets, QGKM demonstrates excellent recognition capabilities in
non-convex distributions such as crescent-shaped and concentric circular patterns, proving
its adaptability in complex pattern analysis.

From a practical perspective, the proposed QGKM framework can be applied to sev-
eral intelligent education and Educational Social Network systems. First, it can support
learner profiling by identifying groups of students with similar behavioral patterns, inter-
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action habits, or learning preferences. Second, it can be used for community detection in
collaborative learning platforms, where learners are connected through communication,
discussion, resource sharing, and group activities. Third, QGKM can assist personalized
recommendation systems by discovering latent learner groups and recommending learning
resources, peer collaborators, or learning paths according to cluster-level characteristics.
Fourth, it can be applied to abnormal learning behavior detection, where learners who
significantly deviate from normal interaction patterns may be identified as potential at-
risk students requiring timely intervention. Compared with traditional K-Means, the use
of quantum fidelity distance and k-nearest neighbor graph structure enables QGKM to
better capture nonlinear and local relationships in educational data, thereby improving
clustering stability, learner group identification accuracy, and the reliability of downstream
educational decision-making.

Although QGKM demonstrates outstanding performance across multiple datasets,
several limitations remain that require improvement in future work. First, while quantum
fidelity distance holds theoretical advantages over traditional Euclidean distance, its com-
putational overhead remains substantial on extremely high-dimensional datasets. Second,
the algorithm’s performance is sensitive to parameter selection in the k-nearest neighbor
graph, and there is currently a lack of theoretical guidance for adaptively selecting the
optimal k value. Third, while the greedy merging strategy employed by QGKM avoids
the impact of random initialization, it may sometimes get stuck in local optima. Finally,
the algorithm assumes the number of clusters k is known, which often requires heuristic
methods or domain knowledge to determine in practical applications.

Based on the achievements and limitations of the current work, future research can
be pursued in the following directions. First, investigate adaptive parameter selection
mechanisms to automatically determine the parameters of k-nearest neighbor graphs and
the target number of clusters through data-driven approaches, thereby reducing the need
for manual parameter tuning. Information criteria from model selection theory or cross-
validation methods can be adopted to evaluate the clustering quality of different parameter
configurations. Second, extend QGKM to semi-supervised and active learning scenarios,
leveraging sparse labeled data to guide the clustering process and enhance performance
on complex datasets. Third, explore integrating QGKM with deep learning by employing
neural networks to learn more effective data representations, then applying QGKM for
clustering within the learned feature space.

Overall, QGKM is a quantum-inspired graph-structured K-Means clustering method.
Its core contribution lies in systematically introducing quantum fidelity distances into the
classical clustering framework and enhancing algorithmic stability through a deterministic
hierarchical merging strategy. This work demonstrates the potential of quantum fidelity
distance in capturing complex data structures in medium-dimensionality scenarios. With
the ongoing advancement of quantum computing technology and deepening theoretical
research, quantum-inspired clustering methods are poised to play a significant role in more
practical applications, offering novel solutions for complex data analysis.
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